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NORMAL FORMS OF SYMPLECTIC STRUCTURES
ON THE STRATIFIED SPACES
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W. DOMITRZ anp S. JANECZKO (WARSZAWA)

Introduction. In this paper we consider the singular symplectic spaces
defined as follows. Let V be a stratified subspace of RY. We call it a
singular symplectic space if there exists a differential 2-form w on RY such
that the restriction of w to each stratum is a symplectic form. Spaces of
this type have been extensively studied by several authors [15, 10] in the
context of Marsden—Weinstein singular reduction. An approach to the local
classification of germs of such spaces was introduced in [8]. The germs of
singular symplectic spaces are classified by the corresponding coisotropic
varieties in the extended symplectic space.

One can get a representative example of a singular symplectic space
obtained by symplectic reduction by taking the generating family in the
following form (cf. [8]):

F:RmXRnXRk_)Ra F(qvav)‘):f(qv)‘)—l_a%ql"i'aQqQa
where f is a smooth function such that 92 f/0A? # 0. The reduction map

QSF‘EF : (Q7a7/\) - (€7O‘) = (g_Z(Q7Q7 )\),Q)

of the corresponding coisotropic variety C' C T*R™ (cf. [8]) defines the
symplectic space of bicharacteristics

W= {(6705) BeS| 7é 0} U {(6170‘) 16 =0, o = O}

endowed with the symplectic form Y ., d&; A da;. In what follows, we
shall take one component of W, ie. {a7 > 0} U{& =0, ag = 0}, as a
local model of stratified symplectic space (we call it a symplectic flag). We
obtain a generalization of this model by taking all pull-backs of this space
by smooth maps which are diffeomorphisms on the maximal strata.

The main results of the paper are Darboux-type theorems for a certain
class of stratified spaces and a general approach to the classification of such
spaces by germs of generating families. The observation that in contrast to
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102 W. DOMITRZ AND S. JANECZKO

the singular symplectic reduction theory, symplectic structures on stratified
spaces may be generated by singular symplectic two-forms in an ambient
space, is also the starting point of our paper.

This article is organized in three sections. The first section classifies the
symplectic structures on the flag model. An analogue of the Darboux theo-
rem is proved and the prenormal form of a symplectic structure is derived.
Finally, the stratified symplectic space with singular boundary of the maxi-
mal stratum is discussed. The second section gives a canonical construction
of generating families for singular reduction together with the formulation of
the problem of symplectic reduction from singular hypersurfaces of the sym-
plectic space. The third section gives an example of a singular symplectic
space encountered in classical physics of systems of rays.

1. Local models of singular symplectic structures. A stratified
space each of whose strata is a symplectic manifold is called a stratified
symplectic space. This notion was introduced in [15] (see also [8]) in the
context of standard symplectic reduction. For our purposes we will use
embedded symplectic spaces.

DEFINITION 1.1. Let S be a stratified subset of RY with each stratum
S; (even-dimensional) endowed with a symplectic structure wg,. Assume
that there exists a closed two-form w on RY such that w|s, = wg,. Then
the pair (S,w) is called a singular symplectic space.

A representative model of a singular symplectic space is a disjoint union
of semialgebraic sets. We consider the elementary symplectic flag

S = Son U Sop_a C R*™;
Son = {(z,y) € R?" .z > 0}, Son—o2={(z,y) € R*™ .z, =0, y; = 0},

endowed with a symplectic structure w. By ¢4 : Sy — RY we denote the
canonical inclusions of Sk, with Sa,—1 = {x € R?™ : gy = 0}.

Now we have a natural extension problem: Let @w be a symplectic form
on So,_9; we ask about the existence of a closed smooth two-form on R?"
such that w|s,, , = @ and w|g,, is symplectic.

The first step in approaching this problem is to classify singular sym-
plectic spaces (S,w), where w provides a symplectic structure on R?".

We denote by Gg the group of germs of diffeomorphisms (R*",0) —
(R?",0) preserving S, i.e. if & € Gg then &(Ss,) C So, and &(Ss, o) C
Son_s. It is easy to see that

ProrosiTiON 1.1. If @ € Gg, then

@(331,:1/1, v 7$n’yn)
= (:1:1<]§1(a:,y),:1:1¢12($,y) + y1¢22($,y), ¢3(‘T7y)7 s 7¢2n($7y))7
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where ¢1, P12, P22, 3, - . ., P2n are smooth germs of functions on (R*",0) and

(bl (0) >0

DEFINITION 1.2. Let wy,wy be two symplectic structures on S (closed
two-forms on (R?",0)). We say that w; and wy are equivalent (wy ~ wy) if
and only if there exists ® € Gg such that &*w; = ws.

THEOREM 1.1 (Darboux form). Let w be a symplectic structure on S.
Assume w is a symplectic form on R?™. Then w is equivalent to the Darbous
form:

w ~ zn:dxi A dy;.

i=1

Proof. First we reduce w to the Darboux form on Ss,_5. Let § =
t5,_1w. The rank of § at 0 is 2n — 2, because

(1) L;n_gw = Z dx; N dy;.

=2
We define the characteristic distribution on Ss,,_1 by
D= U D,, D,={veT,Sp,_1:6(,w)=0 for every w € T),52,—1}.
PES2n—1

Because 9 is a closed two-form, D is involutive.
Making use of (1) we can write

§ =" du; Ny +dys N (evide; + Bidy:) + 18,
1=2 1=2

where «;, 8; are smooth function-germs on Ss,_1 and ¢’ is a closed two-form
on So,_1 depending on the differentials of xo,¥ys, ..., Ty, y,. We have

dez A dyz + dyl A Z az dxz + ﬁZ( )dyz)

)

ai:—)\ﬂi(O), bz:)\az(o)a i:2,...,n, )\ER

Let Xy € Dy, i.e. Xo]0(0) = 0. Then

+Z< e

0 =2

0

)\ __
0 83/1’

oy

where
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+n — B; 8
8:1%-

=

2 )b
Dl

We immediately deduce that D is transversal to Ss,_o around 0. We set
8 =6lsy, » = D1 dr; Ady;. Then we extend & along the integral curves
of D. This means that there is a natural diffeomorphism ¢ : (S3,-1,0) —
(S2n—1,0) preserving Sa,_o such that ¢*6 = >"" , dx; A dy;. Now we write

@(l‘,y) :(m17¢(y1>x27y27"'7xn7yn))7 QSEGSv

and w1 = P*w, wo = Y ., dx; A dy;. We use Moser’s method [13] to show
the equivalence of wy and wy. We take the homotopy w; = twy + (1 — t)wo,
t € [0,1]. One can check that w; is a nondegenerate form for every ¢ € [0, 1].
We seek for a smooth family ¢ — &, such that

(2) @IWt — WO, @0 — idR2n .

So we can write

0
—l—aiO—
. ()ayi

Dy = span {XO = ai

ToSon—1 = span {X07

’L

.....

Differentiating (2) we get
Ly,wi +w; —wo =0,

where Ly, is the Lie derivative along the vector field V, generated by the
flow @t. But

Ly,w; = d(Vi |we) + Vi]dwy = d(Vi Jwy).
The differential d(wg —w1) = 0 and ¢5,_;(wo — w1) = 0. So by the relative
Poincaré Lemma (see e.g. [16]) there exists a one-form « such that da =
wo — w1 and « vanishes on Ss,,_1. Thus
(3) Vit =a and o, =0 for every (z,y) € San_1.

Because w; is a nondegenerate form, (3) is always solvable with respect to
Vi, and moreover, Vi (z,y) = 0 for every (z,y) € Sa,,—1. We deduce that &,
exists, preserves the submanifolds S, 1 and Sa,_2, and by compactness of
the interval [0, 1] we have ®jw; = wg. If @1 preserves So,, then it belongs
to Gg, otherwise we take I' o @1 € Gg, where I is the symplectomorphism

F(.T,y) = (—1'1,33'2,... yLny —Y1, Y2, - - - 7yn) u

Before we pass to a more detailed classification we recall the basic results
on the standard classification of singularities of differential forms [11].
Let w be a germ of a closed two-form on R?" at zero. We set

2, ={x € R*™ :rankw(x) = 2n — k}  for k even.

Let w™ = 12, where {2 is the volume form on R?".
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(i) If £(0) # 0 then w is a symplectic form (X in the standard notation)
and by the Darboux theorem we obtain

(4) w= Z dz; A dy;
i=1
in local coordinates around zero.
(ii) Next we assume f(0) = 0 while (df)(0) # 0. We have Xy = {f =0}
and let ¢ : Yy — R2" be the inclusion. If *w™ 1(0) # 0 then in local
coordinates

(5) w = x1dxy Ndy + Z dxz; A dy;

i=2
and this type of singular form w is denoted by Y5 (and called Martinet’s
singular symplectic form).

Both of these types of forms Xy and X3 o are locally stable (see [11]) and
we use them in what follows.

PROPOSITION 1.2. Let w be a symplectic structure on S. Assume f(0) =
0 and df(0) # 0. Then w is a singular form of type X5 at zero, i.e. w
belongs to the standard orbit of (5) in (ii).

Remark1.1. A symplectic form w on S may be quite singular in general.
The singular set of w is not visible from S (see Fig. 1). The above proposition
says that typical symplectic forms on S can only have a Y o type singularity
in the ambient space, i.e. the next two types of stable singular 2-forms,
2J5,2.0, do not appear in this approach.

n

5'27,,,1

o)

1
Son—2

S?n

\ L2y-++3Yn

Fig. 1



106 W. DOMITRZ AND S. JANECZKO

Proof of Proposition 1.2. We see that w is a symplectic form on
Son—2. Let S = {f = 0}, where w"™ = f{2 and {2 is the standard volume
form on R?". We have TyS = TySa,_1, because w is symplectic on Sa,.
Further, Sgn_g C SQn_l, SO TOSQn_Q C Tosgn_l and TgSQn_Q - T()S By
assumption i3, ow is symplectic. Thus (i3, ow)" ! # 0 and this implies
(t*w)"~ 1 # 0, where ¢ : § — R?" is an embedding. =

Let w be a symplectic form on S, w™ = f2, f(0) = 0 and df(0) # 0.
Then £2(0) = 0 and 2L(0) = 0fori =2,...,n, j = 1,...,n, 50 £L(0) # 0.
Thus

df Ndyy Ndxo ANdys A ... A dxy, A dy,(0) # 0,
so {y1,%2,Y2,...,Tn,Yn} defines a coordinate system on S = {f =0}

LEMMA 1.1. By using elements of Gs one can reduce w™ to the following
normal form:

(:l:xl + 1/1(917 L2,Y2y+++3Tn, yn))g

Proof. Since the vector field 9/0x; is transversal to the hypersurface
S at 0, S is the graph of a smooth function ¢ on S5, _1. Therefore one can
write
f(xhyla cee 7xn7yn) = T(xhylu s 7xn7yn)(xl - ¢(y17x27y27 .. 7xn7yn))'
The diffeomorphism
@(*/Ea y) - (.’E]_ - ¢(y17 L2,Y2y.+.,Tn, yn)7 Y1,22,Y2, . .-y Tn, yn)
reduces w” to the form ¢(x,y)x; (2. Define a diffeomorphism

W(@y) = (ﬂxl %g(ﬂfay)ayhxmyzwn,Jﬁmyn),

where g is the smooth function
1

g($7y) :fSQ(5x1a91,$27?/27---al”myn)d&
0

Since

x%g(m,y) = f tq(t?ylax%y% s >$n>yn) dt?
0
we have U*(w") = +x1 2. The diffeomorphism
Y(z,y) = x1+f¢(y1,...,xn,yn)

Ig
yla . axnayn)vylv e 'xnayn)>y1>' <oy Ty Yn

reduces w™ to the forrn
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w" = (:l:xl + h‘(yla cee 7$n7yn))9

The diffeomorphism 7" o ¥ o @ preserves the submanifolds Ss,,_o and So,_1.
If it preserves Ss,, then it belongs to Gg, otherwise we take ['oToWod € Gg,
where I is the reflection of 1. =

DEFINITION 1.3. Let 11,2 be function-germs on (R?"~! 0). We say
that 11,19 are contact equivalent if and only if there exists a diffeomorphism
@ : (R?"~1 0) — (R?"~1 0) and a smooth function-germ g : (R?"~1 0) — R,
g(0) # 0, such that 11 = g - (3 0 D).

Let w1, wo be two symplectic forms on S. Let fi, fo define their corre-
sponding singular hypersurfaces, w’ = f1f2 and wy = fof2, and let ¢y, 19
be as in Lemma 1.1. By a simple check we obtain the following

PROPOSITION 1.3. If wi and ws are equivalent, them 1 and o are
contact equivalent.

PROPOSITION 1.4. Let w be a symplectic form on S such that f(0) =0,
df(0) # 0. Then there exists a symplectic form wy on S, equivalent to w,
such that

n
wr = Z dx; A dy;,
=2

where 1 : S — R2" is the embedding.

Proof. First we reduce w to a form such that 5, _,w is the Darboux
form. Then making use of Lemma 1.1 we have

§: {idjl +¢(y17x27y27' .- 7xn7yn) - 0}

The last change of coordinates is the identity on So,,_1, so ¢35, _sw is still in
the Darboux form. So we can write

w= z”: dx; N\ dy; +dxy A (i aidr; + iﬂidyz)
i—2 i—2 i=1

n n
+ dyl AN (Z’Yid$i + Z 5zdyz> + xla + ylfu,
i=2 =2

where the 2-form & depends on the differentials of y1,z2,¥s,. .., 2y, y, and
w depends on the differentials of x2,¥2,..., 2y, y,. So the pull-back of w to
S has the form

> " dw; Ady; T dy A (Z aida; + ) ﬂidyz)
=2 i=1

1=2

+dy, A (Z%—dm + Z 5idyi> F Yo+ yfw

=2 1=2
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and

L*w(O) = idl‘l A\ dyl =+ dyl A (Z dl‘l + Z(S dyz),

7,:2 7,:

because (0) = 0 and dy(0) =
Consider the involutive distribution

D= U D,, D,={veT,S:VweT,s, r*u(v,w)=0}.

2 (03], 03] )}

We see that SN {y; = 0} is a (2n — 2)-dimensional submanifold of S and
(z2,Y2,...,%n,Yn) can be taken as coordinates on it. By (6), D is transversal
to SN{y, = 0} at zero. Let 7 denote a pull-back of t*w to SN{y, = 0}. We
can reduce 7 to the Darboux form " , dz; Ady;. Then we extend 7, along

One can easily check that

~5(0) 2

0 8:1,3

Do —
©  Do=spunf{ -

0

the leaves of D, onto S. Finally, we reduce ¢*w to the form > , dx; A dy;

preserving the set SN {y; = 0}. The diffeomorphism of S constructed in
this way has the form

(Y1, 22,Y25 - -+ s Tn, Yn)
= (1Y1(Y1, 22,92, - Ty Yn), - Y2n—1 (Y1, 02, Y2, - Tny Yin),
because it preserves the hypersurface {y; = 0} in S. Thus
P(21,Y1,22, Y25 - -+ Ty Yn) = (@1, ¥ (Y1, 22, Y2, - -+, Ty Yn))
is a diffeomorphism, ® € Gg and
n
VPt w = Zda:i Ady;. =
i=2

Before we formulate the main theorem concerning the normal form of w
we prove some necessary facts ([11]).

LEMMA 1.2. Let 7 be a k-form on R™ satisfying

(7) Omle =0,

(8) 881Jd7'—0

Then T = *1*1, where
m:R" - {x; =0}, w(x1,29,...,2,) = (0,22,...,2,),
t:{r1 =0} - R", Uxa, .. xn) = (0,29,...,2,).
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Proof. By (7), 7 does not depend on dx;. Equation (8) implies that
the partial differentials of the coeflicients of 7 with respect to x; vanish. So
the coefficients do not depend on z. =

LEMMA 1.3. Let 7 be a k-form on R™ satisfying

0
9) 8—leT =0,
0
(10) 8—ledT = T,

where ¢ is a smooth function on R™. Then T = (7n*.*1, where { is a smooth
function on R™ and (|(y,—0y = 1.

Proof. We seek for a smooth function 7 on R" such that 1|, —o; =1
and 77 satisfies the assumptions of Lemma 1.2. Then we have

9 oy 9 9
By (9) and (10) we have

on
11 — +np=0 —nn =1
( ) 9%‘1 n ) 77‘{:31—0}

and solving this we get

1

(T, .. Ty) :exp< f w(s,xg,...,xn)ds).
0

We thus obtained 7 such that n7 = 7**(n7) (by Lemma 1.2). However,
L*(n7) = "7, because 1|(;, —oy = 1. So finally,

1

* ok
T=—T L T. 1

Now we prove the main theorem concerning the normal form of the
symplectic structure on S, the geometrical content of which is illustrated in
Fig. 1.

THEOREM 1.2. Let w be a symplectic structure on S. Assume f(0) =0
and df (0) # 0. Then w is equivalent to the form

dh N (dy1 +dg + Zn: fb‘idyi) +h Zn: dz; N dy;,
i=2 i=2

where g is a smooth function-germ

($27?/2a o 7xn7yn) — g(x27y27 o 7$n7?/n)7
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and h is a smooth function-germ such that

+1
h(l‘,y) =1 7(:':])1 + 1/)(917372»92» cee axnayn))Q + 1>
2(n —1)!

where 1 is a germ at zero of a smooth function, ¥(0) = 0, g—i(O) =0,
1=2,...,n, g—Z(O) =0,1=1,...,n, andgz{(x,y) :+x + ¢ =0}

Proof. By Proposition 1.4 we have S = {(z,y) : £x1 + ¢ = 0}, where
1) does not depend on x1, and (*w = 2?22 dx; A dy;. There exists a 1-form
« such that w = da. Then

dii*a) = "w = Z dz; A dy;
i=2
and so

Ca=do+ ia:zclyZ

i=2
The form « can be chosen in such a way that t*a A (d(t*a))" =1 #£ 0 ([11]).
Thus

dp Ndxg Ndys A ... N dxy, A dy,(0) # 0.
In consequence, g—i(O) # 0. Therefore,
¢(Z/17$2>y2> s 7xn7yn) = 91C(Z/17$2>y2> s 7xn7yn) + 9(33273/% s >$n>yn)7
where ¢ and g are smooth on S. Now, by means of ® € Gg, where
é(xlvylvx%y% cee 7xn7yn)
- ($173/1C(yla$27?/27 o 7$myn),$27?/27 .. 7xn7yn)7
we reduce t*« to the form
Ca=dy +dg + Z x;dy;
i=2
preserving the form of (*w and S.

LEMMA 1.4. There exists a vector field X transversal to S at 0 and such
that

(12) X|a =0,
(13) X |da = pa,

where ¢ : R?® — R is a smooth function.
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Proof of Lemma 1.4. From the standard classification of 1-forms
we know ([11]) that a may be reduced to the form

2 n
_ | us
o= (1 + §>dy1 + ga:zdy,.

So d(a) = txydey Adyy + Yo dx; A dy; and
aA(da)" ' = (n—1)((1+22/2)dyy Adxy Adys A ... Adxy, A dyy
+ x1xodys Ndxy ANdyy ANdxs Adys A ... ANdxy, ANdy, + ...
+ x12dy, Ndxy ANdyy ANdzo ANdya A ... ANdxy—q1 A dyn—1).
Consider the vector field X defined by X |2 = a A (da)"~1. We have

2 n
_(n— 7y 9 9
X=(n 1)<<1i 2>8x1ix1§xl8xi>.
We also check that
X|la=0, Xl|do==x(n-1)zq,

and we see that X is transversal to S at 0, which finishes the proof of
Lemma 1.4.

LEMMA 1.5. By using an element of Gs one can reduce « to the form
o= h(dyl +dg + Z J:idyi>,
=2

where h : R™ — R is a smooth function such that h|g = 1.

Proof of Lemma 1.5. The diffeomorphism

@(xhyla e 7xn7yn) = (.’El :l:w(yh . 7xn7yn)7y17 e 7xn7yn)7

transforms S = {21 = F¢} onto {z1 = 0}. Let X be a vector field in-
troduced in Lemma 1.4. Thus ¢,X is transversal to {z; = 0} at 0 and
we can transform @, X into 9/0z; (cf. [2]) by a diffeomorphism ¥ such that
¥z, =0y = id. However, d/0z; satisfies the assumptions of Lemma 1.3 ((9),
(10)). So we immediately obtain

(14) (Wod) )a=(ms, 115, 1 (Wod) ) a
One can write ¥ in the form

U(T1, Y1y s Tny Yn)
= ($1¢1($ay)71‘1¢12(%y) + y1¢22(x7y)7¢3($7y)7 v 7¢2n($7y))’
Define

T(J:luylu"wxrwyn) = (le :le(xuy)w(y17 7xn7yn)7y17"' 7xn7yn)'
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Then

(T o¥o @)(xlvyla s axnayn)
= (3311/)1(33,3/),:611/)12(33,:1/) + 911/)22(33ay)>1/)3($>y)7 s ,¢2n($>y))-

If 41 > 0then A =T oWod € Gg, otherwise we take A = 'oT oWod € Gg
instead, where I is the reflection of x1. It is easy to check that

Vo 1 (T o @) o =dys +dg+ > widy;.

=2
Now using 7" in (14) we obtain the assertion of Lemma 1.5.

By Lemma 1.5 we get

o= h(dy1 +dg + ixidyz)a

=2

where h|g = 1. This implies

w = do = dh A (dy1 +dg + indyi) +RS d; A dy.
1=2 1=2
We also have

oh
do)” =nlh" 1 ——0.
( Oé) " 8:61
On the other hand, by Lemma 1.1 we have w™ = (+x1 +){2 preserving the

form of o. Hence

h
n!h”_lg—i1 =dz; + ¢

and
oh™ 1
= +
O0xq (n—l)!( T+ Y)
with an extra condition h|,, —+4) = 1. Solving this equation we get
1 +2?
A = 1

where n does not depend on z;. Inserting x; = Fv to this equation we
obtain
1 42
=14+ —
K (n—1) 2

and finally

+1
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Remark 1.2. Consider the semialgebraic set S = Sy, U So,_o C R?",
where

Son = {(z,y) € R2™ . :1::1)’ > y%}, Son—2 = {(z,y) € R* 2, =0, y; = 0}.

The difference between this space and the previous space S, is that in the
above model 0y, is a singular set (see Fig. 2).

n

z]

S2n—2

S?'n,

T2y.-3Yn

Fig. 2

We endow S with a symplectic structure w. As before, Gg denotes the
group of diffeomorphisms (R?",0) — (R?",0) preserving S. Let wy, wo be
two symplectic structures on S. We say that wy and ws are Gg-equivalent
if and only if @*w; = wy for some @ € Gg. Now we can show the following

PROPOSITION 1.5. Let w be a symplectic structure on S. Assume f(0) =
0 and df(0) # 0. Then w is a singular form of type Yoo at zero.

Proof. By straightforward use of the proof of Proposition 1.2.

An analogous Darboux theorem for the space S is proved by Arnold
([3]). Namely, if w is a symplectic structure on R?" then w is G'g-equivalent
to the Darboux form, i.e.

w ~ zn:da:i A dy;.

i=1

2. Generating families for singular reduction. So far we discussed
a concrete model of a singular symplectic space. We now consider the more
general framework enabling us to classify the local types of singular reduced
symplectic spaces.
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Let (M,w) be a symplectic manifold. Let C C M be an embedded,
connected, coisotropic submanifold of M, i.e. for every = € C the orthogonal
space C+ = (T,C)*, with respect to w, is contained in T,,C (see [16]). Then
dim Cy = codim C and D = |J,. Cy is the characteristic distribution of
w|c. This distribution is integrable and its maximal connected integral
manifolds are called characteristics. They form the characteristic foliation
of C. Let 9 : C — Y be the canonical projection along characteristics. If
Y admits a differentiable structure and p is a submersion, then there is a
unique symplectic structure 8 on Y such that

0B =wlc.
In analogy to the theory of Morse families, which generate Lagrangian sub-
manifolds, the notion of generating families for coisotropic submanifolds was
introduced in [8]. We recall this construction.
We assume M =T*X,Y =T*N, X =2R™, N 2R", and M and Y are
endowed with the Liouville symplectic structures wx and wy respectively.

DEFINITION 2.1. A smooth function (germ) F : X x N x RK — R is
called a C-generating family if the smooth map (g, o, \) — g—f\?(q, a,)\) € RE
is nonsingular on the stationary set

Zp = {(q,aak) : g—fm,w) = 0}

and the smooth map (q,a, \)|s, — (g—g(q, a, ), a) is surjective.

In what follows we assume that X' is a smooth component of the station-
ary set of dimension m+n. We easily see that the image of &y : Yp — T* X
SPp(q,a,\) = (%—g(q, a, ), q), provides a coisotropic variety C generated by
F. We have

oF
(15) C= {(Z% q) € T"X : Janenxrr such that p; = 8_q(q’a’ A)s

(3

oF

—(¢,,\) =0, 1<i<m, 1<k<Ky;.
Ok

The variety C obtained in this way is not necessarily smooth. There is a
class of families F' which provides smooth coisotropic submanifolds.

DEFINITION 2.2. Let F : X x N x R — R be a C-generating fam-
ily. F is called a C-Morse family if the smooth map ¥z : (q,a,\) —
(g—i(q, a, \), a) € T*N is regular along the stationary set Xp.

We can easily see that the variety C', generated by a C-Morse family
via (15), is an immersed submanifold of 7*X. The immersion is given by
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PROPOSITION 2.1 ([8]). For each coisotropic germ (C,0) C T*X, there
exists a C-Morse family germ F : (X x N x R¥ (0,0,0)) — R such that
(C,0) is defined by (15).

If (C,0) is the germ of a coisotropic submanifold then the corresponding
C-Morse family generating (C,0) is not uniquely defined. However, we can
easily show that all C-Morse families generating (C,0) are equivalent, i.e.
if Fy, Fy generate (C,0) then there exists a diffeomorphism &(q,a, \) =
(¢, a, A(q, o, N)) such that Fy = Fy 0 &.

Let C C T*X be a coisotropic variety defined by a C-generating family
F. Then C'is a stratifiable variety, C' = (J, C% . dy > ...>d, d; =dimC%.
We write C' = {(p,q,a,/\) ip = %—Z(q,a,)\), g—f(q,a,/\) = O} CT*X x N

x A. So we have a corresponding stratification of C: C = U, 6”1', C =

WT*X(C)y and of YJp: Yp = UZ—KSi, Xp = 7TX><N><A(C)-

COROLLARY 2.1. The {¥r(K?®)} form a collection of coisotropic vari-
eties of T*N if dimW¥p(K*) > dim N. Their corresponding C-generating
families are defined by the diagram:

XF
vy \, or
TN — — — -T*X

i.e. the q variable in F' is replaced by «.

Let V' be a hypersurface of X x N x A, dimV = 2n + K, transversal
to Xp. The manifold = =V N XYp, dim = = 2n, is a parameterizing space
of the reduced symplectic manifold of bicharacteristics in 7*N. The space
of bicharacteristics intersecting =, say =, is endowed with the symplectic
structure 2 = ¥p|twy provided ¥p|z is a regular map.

ExaMPLE 2.1. We consider the stable germ of the C-generating family
(see [8], p. 440)

F:R3xRxR,0) =R, F(qga ) =X+a\+ (¢ —q¢ — g
This family generates the coisotropic variety

{(p, @) : @2p1 + q1p2 = 0, g3p1 + q1p3 = 0},
Ur|se (0, ) = (A @3 + 65 — ¢ —30%) € T'R,
where
Ir={(g,,A\) 13\ +a+q¢f — ¢5 — ¢3 =0}
Let V. = {(q,a,\) : g1 = 0, ¢ = 0}. Then the corresponding variety

= of bicharacteristics is endowed with the singular symplectic structure
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DEFINITION 2.3. We say V is a coisotropic hypersurface if and only if
each stratum of Xy is a coisotropic or isotropic submanifold of (M, w).

Remark 2.1. We easily see that a typical hypersurface V' defined by a
polynomial equation F'(x,y) = 0 is not coisotropic. As an example, consider
the cusp-edge surface V in R* endowed with a symplectic form w in general
position with respect to V. In this case w|gingv is a symplectic form. It
is shown in [3] that (V,w) is diffeomorphic to ({3 — y? = 0}, dxy A dy; +
dxy A dys) and the reduced symplectic space of V' — Sing V' is isomorphic to
the singular edge of V.

We conjecture that if Sing V' is a coisotropic (or Lagrangian) submanifold
then (V,w) is locally diffeomorphic to ({23 — 23 =0}, >, dz; Ady;). Let
@ : R?~1 — R?" be the following parameterization of {z$ — 23 = 0}:

@(87y17y27$37y37 cee 7xn7yn) = (827y17 83792,$37937 .. 7xn7yn)'
Then

P*w = ds N d(35%ys + 2sy1) + Z dx; N dy;.
i=2
Let 7 : R2"»~! — R?"~2 be the mapping
7-((8? Y1,Y2,T3,Y3,- -, Tn, yn) = (87 382y2 + 233/1» Z3,Y35---,Tn, yn)
Let S be the image of m. Then

S={(z,y) eR*™ 2.2 A0} U{(x,y) ER*™ 2.2, =0, 29 =0}

and -
* ( 3 da A dyi) — P*w,
=1

The reduced space S endowed with the Darboux form on R?"~2 is a singular
symplectic space in the sense of Section 1.

3. Examples of singular symplectic spaces. Let (M, w) be the sym-
plectic space of oriented lines (optical rays) in Euclidean space. This space
is obtained by reduction from the level set of the free particle Hamiltonian

(see [1]),
(16) C={(p,q) e T"R" : []p[| = 1}.

We restrict ourselves to geometrical optics on the plane. We have a standard
optical system illustrated in Fig. 3 with interface refractive index n(q) < 1.

As in the standard construction of the phase space for optical systems
[9], we take the following three copies of the space (M, w):

(My,wy) — space of incoming rays,
(M, wy) — space of outgoing refracted rays,
(M3, ws) — space of outgoing reflected rays.
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(My,w1) Y (M3,w3)

(Ma,w9)

Fig. 3

We identify M; with the chart on M defined by p1, i.e. the rays directed
transversally to the OY-line. The Darboux parameterization of this set of
lines is given by (y, p) where y is the y-coordinate of an intersection point of
the ray with the OY-axis and p is the y-component of the direction of the
ray.

This phase space of rays is a stratified set,

(17) S = Sg US4,

SGZ{((yl7p1)7 (y27p2)7 (yS:pS))EMl X M2 X M3 D1 < 07 D2 < 07 pP3 > 0}7
Sy ={((y1,p1), (y2,p2), (y3,p3)) € My x My x M3 :
b1 <0’ p3>0’ p2:0’ 2/2:0}’
endowed with the canonical symplectic structure
2 =wy Dws Ow) = Tywsy + Tawsg — T W1.

In this structure reflection and refraction are each given by graphs of
symplectomorphisms [8], in the partial symplectic spaces (M7 x M3, w3 Sw1)
and (M; X My, ws © wy) respectively.

A suitable phase space for these collected phenomena, including internal
reflection, is the singular symplectic space (5, (2).

Let (M;,w;), i = 1,2,3, be three symplectic manifolds, dim M; = 2n.
We consider the product symplectic manifold

(M,.Q) = (Ml X My x M3, w3 © (w1 ng)).

The wave front evolution or transformation of systems of rays is constructed
as a symplectic image [7] by a class of generalized symplectic relations cor-
responding to concrete optical systems.
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DEFINITION 3.1. A cyclic symplectic relation in (M, §2) is a smooth sub-
manifold £ of M, dim £ = 2n, such that the canonical projections m2(L),
m13(L), ma3(L) are Lagrangian submanifolds in the corresponding symplectic
structures (Ml X Mz,wlg), (Ml X Mg,wlg), (MQ X Mg,(x)gg), where

w12 = w2 Owi, Wiz =w3Owl, W3 =wsO wa.

A straightforward generalization of our 6-dimensional optical example
gives the following physically relevant

CONJECTURE 3.1. An interface optical system is defined by a cyclic sym-
plectic relation in the singular symplectic space (Sg U Sy, £2).

ExAMPLE 3.1. We consider refraction and reflection on the plane with
refraction index n > 1 illustrated in Fig. 3. Here we have

w1 =dyy Ndp1, w2 =ndys Ndp2, w3 =dyz Adps3

and a cyclic symplectic relation £ defining this concrete simple optical sys-
tem is

L={(p1,91), (P2,92), (P3,¥3)) : P1 = —DP3: Y1 = —Y3»
\/1 —pi = \/1 — P3, Yop1 = npay1 }-

It is easy to check that ;;(L) are Lagrangian submanifolds in the respective
symplectic spaces.
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