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Rational Hopf G-spaces with two nontrivial homotopy
group systems

by

Ryszard D o m a n (Poznań)

Abstract. Let G be a finite group. We prove that every rational G-connected Hopf
G-space with two nontrivial homotopy group systems is G-homotopy equivalent to an
infinite loop G-space.

1. Introduction. It is known that a rationalH-spaceX of the homotopy
type of a connected CW -complex is homotopy equivalent to a weak product
of Eilenberg–MacLane spaces [3], and thus to an infinite loop space. In this
paper we study the question of whether there is an analogous result for X
admitting a finite group action compatible with the H-structure.

Let G be a finite group. G-spaces, G-maps and G-homotopies considered
in this paper will be pointed. We shall work in the category of G-spaces hav-
ing the G-homotopy type of G-CW -complexes [1]. In case of need, we shall
tacitly replace G-spaces by their G-CW -substitutes. We shall also assume
all G-spaces to be G-connected in the sense that all the fixed point spaces
XH are connected for all subgroups H of G.

Definition. A Hopf G-space is a Hopf space X on which G acts in such
a way that the multiplication m : X × X → X is G-equivariant, and the
composite X ∨X ⊂ X ×X m→X is G-homotopic to the folding map.

For example, if Y is a G-space, then the loop space ΩY is a Hopf G-space,
where the action of G is defined by (gf)(t) = g(f(t)).

Let X be a G-simple G-space (i.e. each XH is simple). We shall call
X rational if the homotopy groups πi(XH) are Q-vector spaces for each
subgroup H of G. Note that, by [4], every G-simple G-space, in particular
Hopf G-space, can be rationalized. Moreover, in the latter case, the resulting
G-space is a Hopf G-space.
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Let OG be the category of canonical orbits of G and G-maps between
them. A coefficient system for G is a contravariant functor from OG to the
category of abelian groups. We shall call a coefficient system rational if its
range is the category of Q-vector spaces. For a G-space X, the homotopy
and homology group systems πn(X) and H̃n(X) are defined by

πn(X)(G/H) = πn(XH), H̃n(X)(G/H) = H̃n(XH),

where H̃n denotes the reduced singular homology with Z-coefficients.
Given a coefficient system M for G and an integer m ≥ 1, an Eilenberg–

MacLane G-space of type (M,n) is a G-space X such that πm(X) = M
and πq(X) = 0 for q 6= m. Such G-spaces always exist and are unique up to
G-homotopy equivalence [1].

We shall call a G-space X0 an infinite loop G-space if there exist a
sequence X0, X1, X2, . . . of G-spaces and a sequence fn : Xn → ΩXn+1,
n ≥ 0, of G-homotopy equivalences.

Eilenberg–MacLane G-spaces ere examples of infinite loop G-spaces.
Moreover, using the G-obstruction argument [1], it can be shown that a
G-Hopf structure on an Eilenberg–MacLane G-space is unique up to G-
homotopy. We shall denote an Eilenberg–MacLane G-space of type (M,m)
by K(M,m). Recall also that Eilenberg–MacLane G-spaces represent Bre-
don cohomology [1]: H̃m

G (X,M) = [X,K(M,m)]G, where [ , ]G denotes the
G-homotopy classes of G-maps. The relation between H̃m

G (X,M) and H̃∗(X)
is given by a spectral sequence with Ep,q2 = Extp(H̃q(X),M)⇒ H̃p+q

G (X,M)
[1]. We shall refer to it as the Bredon spectral sequence.

Let Z/pk denote the cyclic group of order pk, where p is prime and k is a
positive integer. A theorem by G. Triantafillou [5] states that each rational
Z/pk-connected Hopf Z/pk-space is Z/pk-homotopy equivalent to a weak
product of Eilenberg–MacLane Z/pk-spaces, and hence to an infinite loop
Z/pk-space. In contrast to the nonequivariant case, however, rational Hopf
G-spaces do not split equivariantly into a product of Eilenberg–MacLane
G-spaces in general [5]. Nevertheless, the counterexamples given in [5] are
still infinite loop G-spaces. This gives rise to the question of whether every
rational Hopf G-space X is G-homotopy equivalent to an infinite loop G-
space.

In the present paper we answer the above question affirmatively in the
case where X has only two nontrivial homotopy group systems. Thus we
prove the following

Theorem. Let X be a rational G-connected Hopf G-space having only
two nontrivial homotopy group systems. Then X is G-homotopy equivalent
to an infinite loop G-space.
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2. Equivariant k-invariants of Hopf G-spaces. Let X be a Hopf
G-space with a G-multiplication m : X ×X → X and let N be a coefficient
system for G. An element u of H̃n

G(X,N) is called primitive if m∗(u) =
p∗1(u) + p∗2(u) in H̃n

G(X ×X,N), where p1 and p2 are the two projections.
Now, let

be an equivariant Postnikov decomposition of X (see [4]). We shall use the
following results of [5]:

Proposition 2.1. Each Xn is a Hopf G-space.

Proposition 2.2. The equivariant k-invariant kn+1∈H̃n
G(Xn−1, πn(X))

is primitive for all n ≥ 1.

3. Primitive elements in the Bredon cohomology of rational
Eilenberg–MacLane G-spaces. For a Hopf G-space Y with a G-multipli-
cation µ : Y × Y → Y and a coefficient system N for G, consider the
homomorphism t∗ = µ∗ − p∗1 − p∗2 : H̃n

G(Y,N) → H̃n
G(Y × Y,N), where p1

and p2 are the two projections. Let H̃n
G(Y,N) = J0,n ⊃ . . . ⊃ Jn,0 = 0

and H̃n
G(Y × Y,N) = F 0,n ⊃ . . . ⊃ Fn,0 = 0 be the filtrations corre-

sponding to the Bredon spectral sequences converging to H̃n
G(Y,N) and

H̃n
G(Y × Y,N), respectively. By our assumptions about G-spaces, the G-

cellular approximation theorem [1], and the construction of the Bredon
spectral sequence, the homomorphism t∗ preserves the filtrations, and the
induced homomorphism Ep,q∞ (Y )→ Ep,q∞ (Y × Y ) can be identified with the
one induced by Extp(t∗, N) : Extp(H̃q(Y ), N)→ Extp(H̃q(Y ×Y ), N), where

t∗ = µ∗−p1∗−p2∗ : H̃q(Y ×Y )→ H̃q(Y ) is a morphism of coefficient systems.
We can summarize the above in

Proposition 3.1. The homomorphism t∗ : H̃n
G(Y,N)→ H̃n

G(Y × Y,N)
is the limit of a morphism of the Bredon spectral sequences whose Ep,q2 -term
is Extp(t∗, N) : Extp(H̃q(Y ), N)→ Extp(H̃q(Y × Y ), N). We are now going

to examine the morphism t∗ : H̃q(Y × Y ) → H̃q(Y ) for Y being a rational
Eilenberg–MacLane G-space.

Proposition 3.2. Let Y be an Eilenberg–MacLane G-space of type
(M,m). Then the morphism t∗ : H̃q(Y × Y ) → H̃q(Y ) has a right inverse
for each q 6= m.
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P r o o f. For each subgroup H of G, the fixed point space Y H is a rational
Eilenberg–MacLane G-space of type (M(G/H),m). Thus, by [2, Appendix],
the Pontryagin algebra H∗(Y H) is the free graded commutative algebra
generated by H̃m(Y H). In particular, the multiplication µH∗ : H∗(Y H) ⊗
H∗(Y H)→ H∗(Y H) is a graded algebra homomorphism. Now suppose that
a1, . . . , ak belong to H̃m(Y H), and let a1 . . . ak ∈ H̃km(Y H) be their product.
Let ∆H : Y H → Y H × Y H be the diagonal map. Since every element of
Hm(Y H) is primitive, we have

(µH∗ − pH1∗ − pH2∗)∆H
∗ (a1 . . . ak) = µH∗ ∆

H
∗ (a1 . . . ak)− 2a1 . . . ak

= µH∗ ((a1 ⊗ 1 + 1⊗ a1) . . . (ak ⊗ 1 + 1⊗ ak))− 2a1 . . . ak

= (2k − 2)a1 . . . ak.

This implies that (1/(2k − 2))∆∗ : H̃km(Y ) → H̃km(Y × Y ), where ∆ :
Y → Y × Y is the diagonal, is a right inverse of t∗ for each k 6= 1. Since
H̃q(Y ) = H̃q(Y × Y ) = 0 for q 6= km, the desired result follows.

For each element u ∈ H̃n
G(Y,N), define the weight w(u) of u to be

the greatest lower bound of the integers q such that u ∈ Jn−q,q, where
H̃n
G(Y,N) = J0,n ⊃ . . . ⊃ Jn,0 = 0 is the filtration corresponding to the

Bredon spectral sequence.

Proposition 3.3. Suppose that Y is an Eilenberg–MacLane G-space of
type (M,m), where M is a rational coefficient system for G. Then w(u) ≤ m
for every primitive element u of H̃n

G(Y,N).

P r o o f. Let {Jp,n−p(Y )} and {Jp,n−p(Y × Y )} be the filtrations of
H̃n
G(Y,N) and H̃n

G(Y × Y ), respectively, which correspond to the Bredon
spectral sequences. Suppose that u ∈ H̃n

G(Y,N) is primitive and set w(u) =
q. Consider the commutative diagram

Jn−q,q(Y ) γ−−−−−→ En−q,q∞ (Y )
↓ α ↓ β

Jn−q,q(Y × Y ) −−−→ En−q,q∞ (Y × Y )

where α is the restriction of t∗ : H̃n
G(Y,N)→ H̃n

G(Y × Y ), β is induced by
Extn−q(t∗, N) : Extn−q(H̃q(Y ), N) → Extn−q(H̃q(Y × Y ), N), and γ is the
projection. If w(u) > m then, by Proposition 3.2, β is a monomorphism.
Thus βγ(u) 6= 0. Consequently, u cannot be primitive.

4. Proof of Theorem. Let X be a rational Hopf G-space having
only two nontrivial homotopy group systems πm(X) = M and πn(X) =
N , m < n. Then X is determined by its equivariant k-invariantk(X) ∈
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H̃n+1
G (K(M,m), N), which, by Proposition 2.2, is primitive. The cohomol-

ogy suspension σ∗ : H̃q+1
G (K(M, r + 1), N)→ H̃q

G(K(M, r), N), which cor-
responds to the map Ω : [K(M, r+1),K(N, q+1)]G → [K(M, r),K(N, q)]G,
is, by Lemma 3.3 of [5], the limit of a morphism of spectral sequences with
E2-term

Exti(σ∗, N) : Exti(H̃j+1(K(M, r + 1)), N)→ Exti(H̃j(K(M, r)), N),

where σ∗ : H̃j(K(M, r)) → H̃j+1(K(M, r + 1)) is determined by homology
suspension.

In order to prove the Theorem we only need to show that the equivariant
k-invariant k(X) belongs to the image of the composite

H̃n+k
G (K(M,m+ k − 1), N)→ H̃n+k−1

G (K(M,m+ k − 2), N)

→ . . .→ H̃n+1
G (K(M,m), N)

of cohomology suspensions for each k > 1.
By Proposition 3.3, we know that w(k(X)) ≤ m. Thus the proof of the

Theorem will be completed if we prove the following

Proposition 4.1. Let H̃q+1
G (K(M, r+1), N) = F 0,q+1 ⊃ . . . ⊃ F q+1,0 =

0 and H̃q
G(K(M, r), N) = J0,q ⊃ . . . ⊃ Jq+1,0 = 0 be the filtrations corre-

sponding to the Bredon spectral sequences, where q ≥ n+1 and r = m+q−n
− 1. Then the cohomology suspension σ∗ : H̃q+1

G (K(M, r + 1), N) →
H̃q
G(K(M, r), N) restricted to F q−r,r+1 gives an isomorphism σ̃∗ : F q−r,r+1

→ Jq−r,r.

P r o o f. Denote by E∗,∗∗ the Bredon spectral sequence converging to
H̃q+1
G (K(M, r), N), and by ′E∗,∗∗ the one converging to H̃q

G(K(M, r), N).
We have

Eq−1,r+1
2 = Extq−1(H̃r+1(K(M, r + 1)), N)

and
′Eq−r,r2 = Extq−r(H̃r+1(K(M, r)), N).

Hence Eq−r,r+1
∞ ∼= F q−r,r+1 and ′Eq−r,r∞ ∼= Jq−r,r. Under the above identi-

fication, σ̃∗ is induced by σ∗ : H̃r(K(M, r)) → H̃r+1(K(M, r + 1)). Since,
evidently, σ∗ is an isomorphism, so is σ̃∗.

R e m a r k 4.2. Since we have not used the assumption that the coefficient
system N is rational, the conclusion of the Theorem is valid for a Hopf G-
space X having only two nontrivial homotopy group systems πm(X) and
πn(X), m < n, with πm(X) rational.
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