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Sierpinski’s hierarchy and locally Lipschitz functions
by

Michal Morayne (Warszawa)

Abstract. Let Z be an uncountable Polish space. It is a classical result that if I C R
is any interval (proper or not), f : I — R and a < w; then fog € By(Z) for every
g € Ba(Z) N ZI if and only if f is continuous on I, where Bq (Z) stands for the ath class
in Baire’s classification of Borel measurable functions. We shall prove that for the classes
Sa(Z) (a > 0) in Sierpiniski’s classification of Borel measurable functions the analogous
result holds where the condition that f is continuous is replaced by the condition that
f is locally Lipschitz on I (thus it holds for the class of differences of semicontinuous
functions, which is the class S1(Z)). This theorem solves the problem raised by the work
of Lindenbaum ([L] and [L, Corr.]) concerning the class of functions not leading outside
Sa(Z) by outer superpositions.

1. Introduction. The classical Baire classification of Borel measurable
real functions defined on a metric space X is built as follows: By(X) consists
of all continuous real functions on X and then, inductively, for 0 < a < wy
we define

B, (X) = {lim f,, : the sequence (f,(x)), is convergent for every z € X,
with each f,, € B, (X) for some a,, < a, }.

The second classical classification, the one of Sierpinski, is built with the
use of absolutely convergent series of functions. We define Sp(X) to consist
of all continuous real functions on X (thus Sp(X) = By(X) = C(X)) and
then, inductively, for 0 < o < wy we set

So(X) = {Z fn :Z | frn(x)] < oo for every z € X,
n=1 n=1
with each f,, € S,, (X) for some «;, < a}.
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Note that S;(X) is the class of differences of upper (or, equivalently,
lower) semicontinuous functions on X.

It is obvious that S, (X) C B, (X) for every o < wq. In [Ke|] Kempisty
posed the problem whether S, ([0, 1]) # B, ([0, 1]) for every 1 < a < wy (pre-
viously it was shown independently by Sierpinski (in [S1]) and Mazurkiewicz
(in [Maz]) that S1(]0,1]) # B1([0,1])). Theorem 3.13 of [Mor] settled this
question: Sy (X) # B (X) for every 0 < a < wy.

Let Z be an uncountable Polish space. It is a classical result that if
I C R is any interval, f : I — R and o < wyq, then fog € B,(Z) for
every g € 2I N B,(Z) if and only if f is continuous on I. We shall prove
(Theorem 3.4) that for the classes S, (Z), 0 < @ < w1, the analogous result
holds where the condition that f is continuous is replaced by the condition
that f is locally Lipschitz on I.

Finally, applying the above mentioned theorem on superpositions we
shall give a characterization of the positive functions in S, (X). For example,
a positive function f is in §1([0,1]) if and only if f = g-h, where g is positive
and upper semicontinuous and h is positive and lower semicontinuous. Again
as an application of the theorem on superpositions we show that in this
statement we cannot replace “positive” by “nonnegative”.

2. Definitions and auxiliary facts. We shall use standard set-theoret-
ical notation. N will stand for the set of all positive integers, R will denote
the set of all reals. An interval in R will be any connected subset of R.
The term closed proper interval will only refer to intervals of the form [a, b],
where a,b € R, a < b. P(A) stands for the family of all subsets of a set A.
If o C P(A) and X C A thenlet &/|X ={Y NX:Y € &/}. Suppose that
o/ C P(A). We say that o is a lattice of subsets of A if {0, A} C o and
&/ is closed under finite unions and intersections. The range of a function
f will be denoted by Rg f. If A and B are sets then 4B will denote the
set of all functions with domain A and range contained in B. If f € 4B
and C C A then f|C denotes the restriction of f to C. If f : A — R
then inf f = inf{f(z) : * € A}, supf = sup{f(x) : x € A}. If # C PA
and B C A then let (#)p = {f € # : Rgf C B}. For ¥ C “R and
HCRlet G+ ={g+h:g€¥ and h € #} and define 4 — H# and
@4 . s analogously. The space {0, 1} with the usual product topology will
be denoted by ¢ (it is homeomorphic to the classical Cantor set).

Let I be an interval. A function f : I — R is locally Lipschitz on I if for
each point x in I there are a neighbourhood U(z) of x and a constant L,
such that f satisfies the Lipschitz condition with the constant L, in U(x)NI.

Let F € X*YR and (x,y) € X xY. We put F,(y) = F(z,y). A function
F e XXYR is called a universal function for a class 5 C YR if 5 = {F,:
x e X}
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Let & C P(A). By M.</ we denote the family of all functions f € 4R
such that f~!((—oco,c)) € & for every ¢ € R. Similarly, M.o/ is the family
of all functions f € 4R such that f~'((c,00)) € & for every ¢ € R. Note
that f € M./ if and only if —f € M.o/. We put M./ = Mo/ N Mo/ .

We use standard notation from Descriptive Set Theory. For example, for
X being a metric space X°(X) (II2(X), resp.) denotes the ath additive
(multiplicative, resp.) class in the hierarchy of Borel subsets of X.

For X a metric space and a < wy, let Bo(X) = {f € ¥R : f71(G) €
29, o(X) for each G open in R}. We have B, (X) = M XY, (X). We shall
also write Lo (X) and U, (X) to denote M XY, | (X) and M XY, (X), re-
spectively. Lo(X) and Uy(X) are, obviously, the classes of lower and upper
semicontinuous functions on X with values in R. The class L, (X) + U, (X)
will be denoted by S, (X).

We have the diagram

B.(X) Sa(X) — Bat1(X),

N /!
Lo (X)

where the arrows stand for inclusions (the properness of the first four in-
clusions in the case of X being an uncountable Polish space is classical; for
the last one, see [Mor, 3.13] or Corollary 4.1 of this paper). It is worth men-
tioning that B,41(X) is the closure of S, (X) in the uniform convergence
topology for each o < wy (the method of proof is given in [Ss], although this
result is formulated there for a more restrictive case; see also [H, IX, XVT],
[Mau, Th. 3.5] and [CM3, Th. 1] for more general results).

Remark. The Lebesgue-Hausdorff theorem ([Ku, 31, IX]) says that
Bo(X) = Ba(X) for @ < w and B, (X) = Bay1(X) for @ > w. It also
implies that Sp+1(X) = Sa(X) for a <w and S, (X) = Sa(X) for a > w.

Some of our considerations will have a more abstract setting where we
use a more general notion (introduced in [H]) than that of Baire’s classes.

A family % of real functions defined on a common domain D (we always
assume D # ()) will be called a complete function system on D if

(a) every real function which is constant on D is in .%;

(b) the maximum and minimum of two functions from .# is in .%;

(c) the sum, difference, product, and quotient (with nowhere vanishing
denominator) of two functions from .# is in .%;

(d) the limit of a uniformly convergent sequence of functions from .Z# is

in %.
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For us, the most important example of a complete function system is the
class B, (X) for a metric space X.
Let

Mz ={f1(0,0)): feF} and Az ={f"1(0,00)): fec F}

For a complete function system .# we have .7 = M(#z) ([H, XII,
p. 275]) and .Z# is a lattice of sets closed under countable unions ([H, VIII,
p. 273]).

Let Z(F) = M(Mz) and % (F) = M(Mz) and S (F) = L(F) +
U(F) (= ZL(F) - L(F)=U(F) - U(F)).

In the case of Baire classes defined on a metric space X for every a <
wy we have # (B, (X)) = X9, ,(X), L(Ba(X)) = Lo(X), % (Ba(X)) =
U, (X) and (B, (X)) = Sa(X).

THEOREM 2.A ([CM;, Prop. 1.1]). Let & C P(A) be a lattice of subsets
of A closed under countable unions and let B C A. Let I be a closed proper
interval. Then any function in (M (<7|B)); has an extension to a function
m (MM)] ]

Theorem 2.B is proved in [H, p. 278].

THEOREM 2.B. Let % be a complete function system. A function g is
in L (F) if and only if it can be represented as the sum of a pointwise
absolutely convergent series g = Y .| gn, where all functions g, belong
to F. m

THEOREM 2.B’. If in Theorem 2.B we assume that Rgg C I, where I is
an interval, then the functions g, can be taken in such a way that Rg s, C I,
where Sp = > | Gn.-

Proof. Let g, be the functions of Theorem 2.B. Write s, = > | gn.
Let a, be a nonincreasing sequence converging to inf I, b,, be a nondecreasing
sequence converging to sup I, and a.,, b, € I. Set

*

sy = min(max(sy,, ), by).

Then obviously

g(@) = T+ Y (shi(2) — 55 (@)).
We have "

|sna1 () — 57,(2)] < max(|gn+1(2)], an — ang1,bny1 — bn).
If I is bounded this finishes the proof. When, say, inf I = —oo then s, (z) >
ap, for n > n(x), for some n(x), and for n > n(x) we have
g1 (2) = s ()| < max(|gn+1(2)], bpt1 = bn).-

An analogous argument for sup I = oo finishes the proof. m
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Theorem 2.C follows from [CMjy, Th. 2.1] (applied to & = XY, in the
notation of [CM;]).

THEOREM 2.C. Let Z be an uncountable Polish space and let I C R be
a closed proper interval. Then there exists a function G € (U,(€ x Z));
universal for (Uy(Z))r. m

It follows from [Mor, Lemma 3.8] (applied to & = XY, , in the notation
of [Mor]) that the following theorem holds.

THEOREM 2.D. Let Z be an uncountable Polish space and let I C R be
a closed proper interval. Then there exists a function G € (Uy(€ X Z))1 —
(Ua(€ x Z))1 universal for (Uy(Z)); — (Un(Z));. =

LEMMA 2.E. Let Z be an uncountable Polish space and let I C R be
a closed proper interval. Then there exist two functions ¥ € (Uqa(Z?));
and ® € (Uy(Z?))r — (Un(Z?));1 such that for any ¢ € (Uy(Z)); and
¢ € (Ua(2)r — (Un(Z2))1 there is x € Z such that Y(y) = ¥(z,y) and
o(y) = P(x,y) for everyy € Z.

Proof. Let C' C Z be homeomorphic to the Cantor set ¥, where C is
considered with the topology inherited from Z. As % is homeomorphic to €2
we can choose a homeomorphism ¢ : C' — %2. By Theorem 2.C there exists
a function F' € (U, (% x Z)); universal for (U, (Z)); and, by Theorem 2.D,
there exists a function G € (U, (% % Z));r — (Uy(¥€ x Z))r universal for
(Ua(2)r — (Ua(Z))r. Let now ¥* : C x Z — Rand &* : C x Z — R be
defined as follows:

U*(c,z) = F(Ci(c),z) and D*(c,z) = G(¢2(0), 2),

where (G1(c), Ga(c)) = ¢(c) € %2,

Obviously ¥* € (Uy(CxZ))r and @* € (Uy(CxZ))1—(Un(CxZ))r. By
Theorem 2.A the function ¥* has an extension to a function ¥ € (U, (Z?));,
and @* has an extension to @ € (U, (Z2)); — (Uy(Z?));. It is now very easy
to see that ¥ and @ have the properties desired. m

From the equality .# = M (.##) which holds for any complete function
system we can immediately derive the following fact:

Fact 2.F. If % is a complete function system and f € F then for any
function h continuous on Rg f we have ho f € F. m

3. Superpositions with locally Lipschitz functions. This section
of the paper is divided into two parts. In the first one we prove a theo-
rem (Theorem 3.1) on superpositions with locally Lipschitz functions for
complete function systems. In the second one we prove its converse for the
particular case of Sierpinski’s classes of Borel measurable functions on un-
countable Polish spaces.
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A. A theorem on complete function systems

THEOREM 3.1. Let I C R be an interval, and let f : I — R be a locally
Lipschitz function on I. Let F be a complete function system on D. Then
foge S (F) for every g € (L (F));.

Proof. By Theorem 2.B’ the function g can be represented as the sum
of a pointwise absolutely convergent series g = >~ | g,,, where g,, € .Z and
Rg s, € I, for each n, where s,, = Y .- | g;. By continuity of f we have, for
every x € D,

(f 0 9)(@) = Tim(f o 5,)(x)
= (fosi)(x +Z (f o sn41) (@) = (f 0 50)(@)).

By Fact 2.F the functions f o s,, n € N, belong to .%.
As s, (z) tends to g(x) € I and f satisfies locally the Lipschitz condition
on I we have, for n large enough,

|(f 0 snt1)(x) = (f 0 8n)(@)| < Llsni1(x) = sn(2)]

with some constant L = L whence

g(z)»

|(f o s1)(x \+Z!fosn+1 — (fosn)(2)] < 0.

Thus by Theorem 2.B, fog e ./ (%). m
B. The converse of Theorem 3.1 for Borel measurable functions

LEMMA 3.2. Let </ be a lattice of subsets of A. Let uy € Mot , ug € Mo,
lu1| < C, |uz| < C for some C € R. Then for each e > 0 there exist functions
w; € Mot and wey € M such that

2¢e <wy; <20 +3e, e<wy <20 +2, Rg(ws —wy) C{0,e}

and

wi(z) — wa(x) # ur(x) — uz(x),

for every x € A (for short we shall write wy — wy Nuy — ug = 0).
Proof. Let K = [C/e] + 1. We put
A;j ={xie <u(z) < (i+1)e and je <wus(x) < (j + 1)e},
for —-K <14, j <K —1. For x € A; ; we put

(K +1+4+max(i,j))e ifi#j,
wl(x)_{(K+z'+2)e ifi=j,

wa(z) = (K + 1+ max(s, j))e.

It is easy to see that w; and ws satisfy the conditions desired. m
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LEMMA 3.3. Let .Z be a complete function system. Let & € ./ (F) and
suppose that f : [0,1] — R does not satisfy the Lipschitz condition in
any neighbourhood of zero. Then there are functions h € (% (F))p] —

(% ()01 and h € (% (F))0,1) such that h > 0 and (foh—foh)NE=10.

Proof. By our assumption, for each n € N there exist sequences x,,, ¥y,
in [0, 1] such that

(1) xn<1/n7 xn>yn207 a1 Zy227

(i) |f(zn) = fyn)l > n(zn — yn)-

Without loosing generality we can assume that

(ili) f(zn) > f(yn).

Let € = uy — ug, where uy € Z (F) and uy € % (F).

Assume first that at least one of the functions ui, us is not bounded.

For n € N, let

Ap = uiH((=n,n)) Nuy ' ((—n, n))
and write 4,, = Uf:;:l Ay, where A, ,,, € Nz. Order all the sets A,, ,,, into
a sequence I1,I5,..., and put Ay = Ule I;.

Let i(1) = min{i : A; # 0}. Then inductively for k > 1, set i(k) =
min{i : ¢ > i(k—1) and 4;\A;_1 # 0}. Because at least one of the functions
U1, ug is unbounded the numbers i(k) are defined for all £k € N. Let By =
Ai) \Aik)—1-

The functions u; and us are bounded on each set B, k& € N. Let
|ui|Bg| < Ck and |ug|Bg| < Ck, for some Cj € R.

Let now my € N be chosen in such a way that (compare (i))

(1) 20ymt 4 dx,,, <1
and, inductively, let my > myi_1, k > 1, satisfy
(2) 2CKkm; "t + ATy, < Ty — Yy, -

By Lemma 3.2, taking there ¢ = f(x,) — f(ym,) and C = Cj, there
are functions w%k) € M(.##|By) and wék) € M(.##|By) such that
(3) (wi? —wg?) 0 (ur —u2) =0,

(4) Rg(wi” —w§™) € {f(@m,) = f (), 0},

(5) 20 @me) = Flym,)) < 0t <20k +3(F (@) = F(ym,)

and

(6) F@m) = fym,) < w8 <20k +2(F (@my) = Fym,)-
For z € By, let
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(k) (k) Ty — Ymy,
g o) = 0l ) sy,

and

ol (2) = i) () L Y
® 2 () = vzl )f(xmk)—f(ymk)
Then, by (i)—(iii), (1), (2), (5) and (6) we get

(9) 1> sup v(l) > infv(l) > sup vgz) > inf v§2) >...>0,
(10) 1> sup v( ) > 1nfv(1) > sup 1152) > infvéQ) >...>0
and vgk) > vé ).

Now, put
(11) vi(2) = i (2),
for z € B, 1 =1,2, and
(12) h(z) = v1(z) — va(2),
and
(13) h(z) =Y Ymixs ()

k=1

for z € Z.

We now check that h and h satisfy the conclusion of our lemma.
Let z € Bg. By (4), (7), (8) and (11)—(13) we get

F(h(z)) = f(h(2)

. w(k)z _w(k)z Ty — Ymy, o o -

(GO O e f(ymk)w ) = 1o

:{f@mk)—f(ymk)—o if wi® (2) — w () = 0,
F@m) = Fyme) it wi?(z) - “”(z) F@my) = F G

= i () — w3 (2),
whence (f(h) — f(h))NE = 0.
It follows from (9) and (10) that vi € % (F)0,1) and v € % (F)(0,1)-

By the definition of the sets By and by (i) one can easily see that h €
(% (F)o.-

If u; and uo are bounded, we put By = D in the above reasoning and
the construction consists of only one stage. m

THEOREM 3.4. Let I C R be an interval, f: I - R and o < wy. Let Z
be any uncountable Polish space. Then fog € S, (Z) for every g € (Sa(Z))1
if and only if f is locally Lipschitz on I.

Proof. The easier “if” implication is contained in Theorem 3.1.
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We now prove the “only if” part. Assume for contradiction that fog €
Sa(Z) for every g € (So(Z))r and that f is not locally Lipschitz. It is enough
to consider the case where I = [0,1] and f does not satisfy the Lipschitz
condition in any neighbourhood of 0. By Lemma 2.E there are functions

D€ (Un(Z%); — (Un(Z2%); and W€ (Uy(Z%);

such that for any ¢ € (U, (Z2))r — (Un(Z2))r and ¢ € (Uy(Z))1 there is
x € Z for which ¢(y) = @(z,y) and ¢¥(y) = ¥(z,y) for every y € Z. Let now

{(z) = f(max(P(z,2),0)) — f(¥(z,2)).
By our assumption £ € S,(Z), but by Lemma 3.3 applied to . = B, (%)
there are h € (U (Z2))r — (Un(Z2))r and h € (Uy(Z))1, h > 0, such that

(foh—foh)NnE=0.
But there is # € Z such that h(y) = @(x,y) and h(y) = ¥(x,y) for each
y € Z and then f(h(x)) — f(h(z)) = &(z), which is a contradiction. m

Remark. Theorem 3.4 settles the question about the class of functions
not leading outside S, by outer superpositions, raised by the work of Lin-
denbaum (see [L] and [L, Corr.]).

4. Corollaries to Theorems 3.1 and 3.4

A. Baire’s and Sierpiniski’s classifications of Borel measurable functions.
Theorems 3.4 and 3.1 imply the following corollary solving the problem of
Kempisty (mentioned in the introduction) in a different way than it was
done in [Mor].

COROLLARY 4.1. Let Z be an uncountable Polish space. Then Bo11(Z)\
Sa(Z) # 0. Moreover, we can find f € Bay1(Z)\Sa(Z) such that Z =
XUY, XNY =0 and f|X € Sa(X) and f|Y =0.

Proof. By Theorem 3.4 there is a function h : Z — [0,00), h € S, (Z2),
such that f = Vh & So(Z). Let X = {z : h(z) > 0} and Y = {z : h(x) = 0}.
By Theorem 3.1, f|X € S, (X) and, obviously, f|Y = 0. On the other hand,
by [Ku, 31, ITT, Th. 2], f € Bay1(Z). =

B. The class L(F)- % (F). Let # be a complete function system. The
class 7 (F) is defined as L (F) + % (F). It is of interest to look at the
class L(.F)- % (). Since .7 (.F) is closed under multiplication, it contains
L(F) - U (F). We shall show, using Theorem 3.1, that a positive function
belongs to .7 (%) if and only if it belongs to £ (%) - % (%) (Corollary 4.2).
However, we shall apply Theorem 3.4 to show that this is not the case for
nonnegative functions (Corollary 4.3).

COROLLARY 4.2. Let F be a complete function system on D. Then
(Z(F))0,00) = (Z(F))(0,00) - (% (F)) (0,00)-
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Proof. Let f € (Z(%))(0,00)- By Theorem 3.1, log f € .#(.%). Thus
log f = g+ h for some g € Z(F) and h € % (.%). Since e* is continuous
increasing, it follows that e € Z(.F)g,00) and el e U (F ) (0,00, and clearly
f=ede. m

COROLLARY 4.3. If Z is an uncountable Polish space then (Sa(Z))0,00)\
L.(Z)-Uy(Z) #0.

Proof. By Theorem 3.4 there exists a function f € (So(Z))[0,00) such
that f1/° ¢ S,(Z). If f = g-h where g € Lo(Z) and h € U,(Z), then
f13 = g'/3 . p1/3. But ¢'/3 € Lo(Z) and h'/? € U, (Z), whence f1/3 €
L.(Z)-U,(Z) CS,(Z) and this is a contradiction. m
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