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A remark concerning random walks
with random potentials

by

Yakov G. Sinai (Princeton, N.J., and Moscow)

Abstract. We consider random walks where each path is equipped with a random
weight which is stationary and independent in space and time. We show that under some
assumptions the arising probability distributions are in a sense uniformly absolutely con-
tinuous with respect to the usual probability distribution for symmetric random walks.

We consider random walks on the d-dimensional lattice Z?¢ with each
path having a random statistical weight. Paths starting at (z, k) and ending
at (y,n) will be denoted by w?y, ie. W} = {w(t) € 2%, k < t < n,
wk) =z, w(n) =y, [|[w(t+ 1) —w(t)|] = 1}. To define a random weight
introduce a sequence of iidrv F = {F(x,t)}, z € Z¢, t € Z. Without any loss
of generality we may assume that the F(x,t) are given for all z € Z%, t € Z.
The space of all possible realizations of F' is denoted by &. The measure
corresponding to F' is denoted by @, the expectation with respect to @Q is
denoted by M. We do not use any special notation for the natural o-algebra
in @. Our main assumption concerning the distribution of F(z,t) is

M exp(2F (z,t)) < oc.

The natural group of space-time translations acting in @ is denoted by
{T**'}. It preserves the measure Q.
We shall consider the statistical weight of w!" equal to

() = exp { 30 Plwlt) ) g
t=k

Introduce partition functions

y,n __ y,n n __ y,n
Z:c,k - § : Tr(wx,k)7 z,k — § :Zac,k :
y,m y

woc,k
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Now we may define the “random” probability distribution Pp. , , defined on
paths w;"; by the formula

The induced probability distribution of y = w(n) is

Yy,n
y,mn __ (wyvn) _ Z'I>k
px,k_ § :p z,k/ T zmn .
WY z,k

x,k

We shall also need the usual transition probabilities

q(n_k) (y - x) = Z (Qd)lnk :

y,n
wac,k

It is well known that for any A > 0 and y for which |y — z| < Av/n,

" (y — )

1 dlly — z? n—k
where || - || is the Euclidean norm and v("~*)(2) tends to zero uniformly in

z satisfying the above-mentioned restrictions.

Our purpose in this note is to study the behavior of the distribution of
the normalized displacement

w(n) — w(k) y—x
(n—k)/d (n—k)/d

with respect to Pp. ., as n — 0o. The problem was considered by J. Imbrie
and T. Spencer [3] and later by E. Bolthausen [1]. In [1] and [3], it was shown
that if the F'(z,t) are small enough in appropriate sense, and d > 3, then the
limiting distribution of the displacement is Gaussian and for typical F' the
mean of the square of displacement grows proportionally to time. Recently
these results were extended to some random processes with continuous time
by J. Conlon and P. Olsen [2]. All these results can be formulated also in
terms of diffusion of directed polymers in random environments.

We show below that some of the results of [1] and [3] remain valid under
weaker assumptions on the distribution of F' and the dimension d. Define

ai=Y_ > (™)

n>0 z

This is finite if d > 3. Put
M exp{2F(z,t)} — A?

A= Mexp{F(z,t)} and \= NE
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Our main assumption is
(1) Aag < 1.

It is easy to see that (1) is valid for d > 3 if A is small enough. If F'(z,t)
takes two values +c¢ with probability 1/2, then (1) is valid for those d for
which ag < 1, and does not require the smallness of c. Indeed, in this case
always A < 1, i.e.,

M exp{2F (z,t)} < 242

because this is equivalent to the obvious inequality

LN 2
1 Cc C
S(ete) < 2<€+€> _

2 2
If the F(x,t) have Gaussian distribution N(0,¢), then (1) is valid for small
enough o.
Put

h(z,t) = eXP{F(ﬁt)} -y

and introduce the series
oz, k) = Z Z Z q(kl_k)(zl — x)q(]”_kl)(zg —21)...
r>1 k<ki1<...<kp Z1,.-:2r
g TR (o — o Dz, k) R(za, k) - Az, Ky,

Y(y,n) = Z Z Z q(kr’“)(zg —21)...

r>1ki1<..<kp<n 21,...,2r
gD (DR (y — 2z Ry - Rz K.
It is clear that ¢(x,t) and v¥(y,t) constitute stationary (with respect to
space-time translations) random fields, i.e. (x, k) = T%*(0,0) and 1 (y, n)
= TY"4(0,0). Also they are transformed into each other by reversal of time
in random walks. This implies, in particular, that the distributions of ¢(z,t)
and v (z,t) coincide.

Below we prove the following theorems.

THEOREM 1. If (1) is valid then the series giving ¢(x,k) and 1(y,n)
converge in the space L*(®, Q).

THEOREM 2. If (1) is valid and |y — z|| < Av/n —k where A is any

constant, then the partition function Z?) has the representation

205 = ARy — ) [(1+ (e, k) (L + b(y,m)) + 60),

where Mo} = 0 and M(égZ)Q — 0 as n — oo, x,k remain fired and y
satisfies the above-mentioned restriction.
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Proof of Theorem 1. It is clear that ¢ and ¢ are represented as
sums of orthogonal vectors in the space L?(®, Q). Therefore

k) _ Z)\r Z Z (k1 k) x))2

r>1  k<ki<...<kp 21,..
T T

= Z()\ad)r < 0.

r>1
The same is true for ¢ (z,t). We also have My(z, k) = My(y,n) =0. m
Theorem 2 is proven in Appendix 1.

THEOREM 3. If (1) holds then 1+ p(z,t) > 0 and 1+ ¢(y,t) > 0 for
Q-a.ce. F.

Proof. We already showed that Mo(z,t) = My(x,t) = 0, Mp*(x,t)
> 0 and Mv?(z,t) > 0. It is enough to consider ¢(z,k) since p(x,k) and
¥ (y,n) have the same distribution. By Theorem 2,

Zik (v.m)

An—k+1 q(n_k) (y —2)[(L+ oz, k) (1 +(y,n))] = 5(% k)4 (n= k)(y ).

Take a continuous non-negative function f with compact support on R,
and write

Zi’,? f<56—3/ \/&)

” ATL*]€+1 m
= (1 pla0) S0y = ) ( S=E V) 0+ ()

n— y—x n
2l 0y -0 (L) 5.

Theorem 2 immediately implies that the last term tends to zero in L?(®, Q)
for any fixed x, k and n — oo. Since M1)(y,n) = 0 the sum

(n—k)(, _ y—
Sl of (4=
converges in L?($,Q) to C = fe_”ZH2/2f(z) dz/(2m)#¥? > 0. Thus

: y—x
lril—'glocz/ln k1 (\/7/?\/&) =1+ p(a, k).

d)(l b))
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Now we can use the obvious inequality

1)? ,
Z:Zc/::—2 > Z <2d> eF(w,k—2)+F(z ,k:—l)Z;/’,Z _ g(x’ k— 2)25:27
)

(z,z’

where the last expression gives also the definition of g(x,k — 2) which is

positive a.e., and the sum is taken over a’ such that ||z — 2’| = 1. We use
the notation (x,z’) for the nearest neighbors on the lattice. Thus we have
(2) 1+90(x7k_2) 29(1’,]6—2)(1—1—80(1‘,]{1))

Assume that 1 4+ ¢(z,k — 2) = 0 with positive probability. Take x and
consider the set HT of those numbers 2k such that 1 + p(x,2k) > 0. It
follows from (2) that if 2k € HT then 2k —2 € H ™. Therefore HT = 2Z! for
a.e. F. The ergodicity of 7% implies that Q({F : 1+ p(x,k) =0}) =0. =

Let the conditions of Theorem 2 be valid. As in the proof of Theorem 3
take a continuous function f on R¢ with compact support. Using Theorem
2 we can write

a2
o Y=z
(Lt e R
-7,
y— T (n=k) (4, _
| (L) 0 - )1+ vt

Our estimations during the proof of Theorem 2 in the Appendix give

JoRa - ).

Zﬂ
l.im. .k

n—oo An—k+1

=1+ ¢(z,k).

Also the last sum in (3) tends to zero in L?(®, Q) as n — oo. Therefore, we
have the following theorem.

THEOREM 4.
2 dZ
Y,n —HZII /27~
n_>oo Z” Zf< )Zxk *ff (27T)d/2'

This theorem shows in what sense the normalized displacement (w(n) —
w(k))Vd/v/n =k has the limiting Gaussian distribution. Its variance is the
same as for the usual random walk.
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Appendix

Proof of Theorem 2. We have

Z;’:Z:Zexp{ZFtw }2d)1nk

— Zl;[ A+ exp{F(t,w(t ))}—A)W

— A”_k'H Z H(l + h(w(t)vt)) (2d)1n—k:

Wi =k

— A" k—i—l[(n k) y—ax _|_Z Z Z (k1— k) Zl—ZE)

r>1 k<k1<..<kp<mn 21,..., Zr

q(k2_k1)( (br—Fk

29— 21)...q T'_l)(zr*?«’r—l)

g ) (y — z)h(z1, k1) - Wz, Ky )Ry, n)} :

In what follows we only deal with the finite sum

=2 2 Y M —a)g BT (- 2

r>1 k<ki1<...<k,.<n z1,...,2r

g TR (o DR (y — 2 h(21, ) - (2 K.

It is clear that MZ;’Z =0 and

Z% Z A" Z Z (k1 k) J:))2

r>1 k<k1<..<kr<n 21,...,2r
x (g2 (g — 21))2 . (@ (y — 20))2

Fix some constant B whose value will be chosen later and consider

ZIUED S DD S COES

r<Blnnk<k;<...<k.<n z1,..., Zr
x q*F2 R (g — zy) g TR (2 — 2 )
% q(n—k,)(y _ ZT)h(Z]_’ kl) - h(ZT, k’r’)

Let ZY7(2) be a similar sum where r > Blnn. Then the trivial estimation
gives

MEZ@P < Y (agy = B0
oF - r>Blnn 1= )\de



Random walks with random potentials 179

Take B so large that

by Blnn 1
s < o forall lage cnongh .
We can write

Zl%

An—k+1 =4

By — 2) (1 + Z25 (1) + Z23(2)).
From our estimations it follows that

(i) for all y with |ly — z|| < Av/n —k the ratio Zg:g(Q)/q(”_k)(y —x)
tends to zero in L?(&, Q) uniformly in y;
(ii) for any continuous function f with compact support, the sum

y—z ZY,n
(= Ve
; (n—Fk)/d ’
converges to zero in L*(®, Q).
Thus it remains to study Zi’,?(l) assuming |ly — z|| < Av/n — k. Let us
call an interval (k;_1, k;) large if kj—k;_1 > nP for some S with 1/2 < 3 < 1.

Here kg = k, k41 = n. If r < Blnn then at least one large interval in
the sequence (0, k1, ks, ..., k,,n) is present. We shall show that the main

contribution to Z¥'(1) comes from r-tuples (ki,ks,...,k,) with only one
large interval. Write
ZY,n
Z)n(1,1)
} : k
_ E : § q( 1)(21 — )
0<r1<Blnn k<ki<..<kp<n — Ziye...zr
0<ro<Blnn (Krq ,kry+1) is the unique
1<r=ri+rz<Blnn large interval

% q(kz—/ﬂ)(zz _ 21) B 'q(krl+l_kT1)(zT1+1 _ Zﬁ)
X q(leJrQikrlel)(zrl—ﬁ—Q - Zrl—i-l) s o q(krikril)(zr - Zr—l)q(nikr)(y - ZT)
X [M(z1, k1) - b2y, k)] - T2 115 By 1) <o B2, )
We can write
Zye (1,1)
¢ (y —x)

The last formula also implies the definition of

= (1+ (@, k) (1 +(y,n)) — 1+ 501 (2).

(y;m)
Oak)
strict ourselves by summation over those (21,. .., z,) where ||z, — || < n?A,
|2, 41—yl < n?8, the summation over all other z is exceedingly small. Thus

M(6%7(2))* — 0 as n — oo uniformly over all y under consideration.

(2). Since we can re-
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The rest of our argument is to show that the contribution of r-tuples
where the number of large intervals is greater than 1 is relatively small.
Again we write down the square of the norm of the corresponding sum:

Stk =aa) () > 3 PP —a)

r>1 k<ki1<...<kr<n 2z1,...,2p
ko—k kpr—ky_
Xp(2 1)(2:2_2/1)._'1)(7‘ r l)(ZQ_Zl)...

(krfkrfl)(

--p Zr — Zr—l)p(nikr)(y - zr)a

where p()(2) = (¢'9(2))?/aq. The last double sum can again be considered
as the probability that the sum 77;+. . .+7], takes the values y—x, n—k, where
7; = (2j — zj—1,kj — k;j—1). It is easy to show that the distribution of the
time component of 7; decays as const/ t4/2. Direct probabilistic arguments
show that the probability to have at least two values of j for which the
value of the “time” component is greater than n® decays as 1/n(#+1)4, This
shows that the contribution of terms with two large increments (k; — kj_1)
to Sy (1) is small in L?(®,Q) compared with the norm of ¢ %) (y — ).
We omit the details.
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