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A cardinal preserving
immune partition of the ordinals

by

M. C. Stanley (San Jose, Calif.)

Abstract. It is shown that in a cardinal and GCH preserving generic extension of
L there exists a class of ordinals that neither contains nor is disjoint from any infinite
constructible set of ordinals. This answers a question of Sy Friedman’s and improves a
result of Shelah.

1. Introduction. An immune set (class) of ordinals is an infinite set
(class) of ordinals that neither contains nor is disjoint from any infinite
constructible subset of its supremum. The following result appears in Sy
Friedman’s paper [F|:

THEOREM 1 (Sy Friedman). There exists an immune class of ordinals
that is (class) generic over L. If 0% emists, then such a generic immune
class of ordinals is definable over L[0#].

Friedman’s model is not a cardinal preserving extension of L, though
it does satisfy the GCH. Collapsing R¥ is an essential feature of his proof.
The main result of the present paper settles his question whether this is an
essential feature of Theorem 1.

THEOREM 2. There exists an immune class of ordinals in a cardinal and
GCH preserving generic extension of L. If 0% exists, then such a generic
extension of L is definable over L[0#].

This improves a result of Shelah. He obtained a cardinal and GCH pre-
serving immune subset of N,,.

Of course, it is trivial to obtain large immune sets of ordinals if the
continuum hypothesis is sacrificed: The finite support product of k many
copies of the Cohen conditions adds an unbounded immune subset of k.
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Consequently, throughout we shall be interested only in models satisfying
the GCH.

There are two main ideas in Sy Friedman’s proof. We shall use the first
and provide a cardinal preserving alternative to the second.

The first of Friedman’s ideas is to consider partitions of the ordinals not
just into two cells, but into larger numbers of cells. Suppose that 1 < k < w.
He defines a k-partition of a set or class X to be a function f from X into &
and declares a k-partition to be immune if |f”z| = k whenever z is infinite
and constructible. (So the characteristic function of an immune set is an
immune 2-partition.)

Finding an immune w-partition of the ordinals suffices for Theorems 1
and 2 on account of this observation:

LEMMA 1.1 (Sy Friedman). Suppose that there exists an immune w-
partition of the ordinals. If x is a Cohen real over V', then in Vx| there
exists an immune class of ordinals.

(If F'is an immune w-partition and = : w — 2 is Cohen over V, then
x o F' is an immune 2-partition.)

Another result appearing in [F] is Hugh Woodin’s observation that if 0%
exists, then, letting (¢; : ¢ < w) enumerate all definable L-terms,

Fla) — {the least i such that o = L (e, ..., 1)
(a) = oo .
for some Silver indiscernibles ¢q, ...,
is an immune w-partition of the ordinals. Unlike Sy Friedman’s generic im-
mune w-partition, 0% € L[F].

A second question of Friedman’s is whether it is possible to prove (in class
theory) that the existence of an immune w-partition implies the existence
of an immune 2-partition. With a little care, this is settled in the course of
proving Theorem 2.

THEOREM 3. There exists an immune w-partition of the ordinals in a
cardinal and GCH preserving generic extension of L that contains no im-
mune reals. If 0% exists, then such a generic extension of L is definable
over L[0%].

The utility of w-partitions is found in

LEMMA 1.2 (Sy Friedman). Suppose X is an L-singular ordinal and that
there exists an immune w-partition of each o < X. Then there exists an
immune w-partition of \.

Since we shall be using this fact, we provide a proof for the reader’s
convenience.

Proof. Set = cf(\). Let (q; : i < p) be a constructible monotonically
increasing sequence of ordinals cofinal in A with ay = 0. Let g be an immune
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w-partition of p, and let f,, be an immune w-partition of «a;, for each 7 < p.
Define f: A — w by

f(&) = {(faia (§), 9(0))),
where i < y is such that & € [y, ;1) and ({a, b)) = 27 - 3°.
Suppose that y C X is infinite and constructible. Then 5§ C p is con-
structible, where

ey iff yn [ai,ai_ﬂ) =+ 0.
Since g is an immune w-partition of p, we may assume that 7 is finite. Then
there exists an i such that y N [a;, a;41) is infinite. Since f,,,, is an immune
w-partition, it follows that f”y is infinite. m

Friedman adds a generic immune w-partition of the ordinals with a back-
wards Easton support iteration. At each regular cardinal x he forces with
initial segments of an immune w-partition of . The difficulty he must over-
come is securing <k-distributivity. Specifically, if (g; : ¢ < 7) is a descending
sequence of conditions chosen to meet 7 many predense sets, measures must
be taken to insure that | J,_, ¢; is an immune w-partition when A is a limit
ordinal of cofinality w. (If countable limits can be handled, then uncount-
able limits will be automatic.) Friedman’s second main idea is to add Cy, a
generic closed unbounded subset of k such that every limit point of C; has
uncountable cofinality in L. Then, following Cj, the descending sequence
of conditions (g; : i < 7) can be chosen to outpace every constructible
w-sequence at limits.

Of course, this strategy requires collapsing wf.

In the proof of Theorems 2 and 3, we shall also use a backwards Eas-
ton support iteration, successively adding immune w-partitions of regular
cardinals. When we define a descending sequence of conditions (p; : i < T)
towards constructing a condition meeting 7 many predense sets, we shall
not attempt to outpace every constructible w-sequence y of ordinals, as did
Friedman. Instead, we shall make non-trivial moves so infrequently that if
the value of the generic w-partition on y is not determined by some successor
condition p; 1, then y must have an infinite constructible subset 3y’ with the
property that the value of the generic w-partition on 3’ is determined exclu-
sively at trivial steps. The trivial steps are entirely under our control, rather
than the control of the predense sets we are seeking to meet. Consequently,
we can insure that the image of y under the generic w-partition is infinite.

Unfortunately, I do not know how to use this idea at each step in the
iteration to obtain the necessary distributivity properties for the whole iter-
ation. Rather, it will be used on sequences of conditions in the full iteration.
As usual, we shall show that a tail of the iteration is appropriately distribu-
tive in an extension by an initial segment of the iteration. The problem is
that immunity is a property with respect to L, rather than such extensions



202 M. C. Stanley

of L. This is the main technical obstacle to the proof. It is overcome by car-
rying out the distributivity construction in L. To do this we must restrict
ourselves to well-behaved conditions in the iteration and, simultaneously,
prove that such conditions are dense in the full iteration.

The “infrequent moves” mentioned above are at steps indexed by ele-
ments of a sparse subset of 7.

DEFINITION. Suppose 7 is a cardinal. Then x C 7 is sparse iff z is
unbounded in 7 and whenever y C 7 is constructible and infinite, there
exists an infinite constructible ¥’ C y such that ' Nz = 0.

For example, a Mathias real is a sparse subset of w. However, Mathias
forcing adds immune reals. (If z C w is Mathias, then {n : |x N n| is even}
is immune.) Towards proving Theorem 3, we shall prove that certain Sacks
reals are sparse and that Sacks forcing adds no immune reals.

2. Sparse and immune reals. The main tasks of this section are
showing that Sacks forcing adds no immune reals over L and that there
exist Sacks reals that are sparse subsets of w.

To begin, let us fix our notation. The constructible Sacks conditions S
consist of all constructible perfect subtrees T' C 2<“. They are ordered by
set inclusion. If G C S is S generic over L, let rg denote the canonical Sacks
real added, namely,

reg={nc€w:IT € GVs €T (n € dom(s) = s(n) =1)}.
Let us turn first to our second task. In general, Sacks reals are not sparse.
Indeed, if x C w is co-infinite and constructible and we set
T, ={s €2 :n € zndom(s) = s(n) =1},
then T, is a constructible Sacks condition and T}, I+ & C 7g.
LEMMA 2.1. There exists a constructible Sacks condition T, such that
T, Ik “Fq is sparse”.

Proof Work in L. Let s — "s™ be a one-to-one function from 2<%
into w. For s € 2<%, set

Zg={"t":t€2¥ and s C t}.
The properties this secures are that Z; is infinite, that Zs; O Z, when 5 C s,
and that Z,~gN Z,~; = 0.
Define a sequence (ts : s € 2<¢) of nodes in 2<% by recursion on s: Set

tg = 0. To define t,~;, choose n to be least in Z,~; \ dom(ts) and set

ts(k) if k € dom(ty),

ts~i =40 if k € [dom(ts),n),
1 if kK =n.
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Set T, = {t € 2<¥ : t C t, for some s € 2<“}. Then T, is a Sacks condition.

Suppose now that G is S generic over L with Ty, € G. Let r : w — 2
be the characteristic function of the Sacks real r¢ C w. Note first that for
s € 2<%, we have

ts Cr = rg is eventually contained in Zs, i.e., 3k((rg \ k) C Z5), and
ts £ r = rg is eventually disjoint from Z;, i.e., Ik((rg \ k) N Zs = 0).
Suppose now that z C w is infinite and constructible and that = N r¢g is
infinite. Then
ts Cr = xNZ is infinite.
It must be, then, that there exists a t; € r such that z N Z; is infinite.
Otherwise,
ts Cr < xN Z, is infinite,

contradicting that r & L.

Fix a ts € r such that x N Z; is infinite. Then x N Z; is an infinite
constructible set such that rq N (z N Zs) is finite. Thus there exists an
infinite constructible y C x such that y Nrg =0. =

If T C 2<% is a tree, we say that ¢t € T is a branching node when both of
t~0 and ¢t"1 lie in T'. Define (T),, to be the initial segment of T consisting
of those nodes t € T such that ¢ has at most n proper initial segments that
are branching nodes. (Thus (7")¢ = stem(7’).) An easy induction on n shows
that (T), is finite, for all n. Define 77 <,, T to mean that 7" C T and
(T")n, = (T')n. The following facts regarding Sacks forcing are standard.

FusioN LEMMA. Suppose (T,, : n € w) is a sequence of perfect trees
such that Ty11 <, Ty, for each n. Then T =) T, is a perfect tree and
T <, T, for all n.

necw

LEMMA 2.2. Suppose (A, : n € w) is a sequence of antichains in the
Sacks conditions S and that T € S. Then there exists a Sacks condition
T < T such that |A,[T'] < 2™ for all n.

If X is a subset of a partial ordering and p is an element of that order-
ing, we write X [p to denote the collection of those elements of X that are
compatible with p.

LEMMA 2.3. Work in L. Suppose that u is an uncountable reqular cardinal
and that (X; : i < w) is a tower of countable elementary substructures of L,
that is,

(1) X; is countable;
(2) X; < X; <L, fori<j<w; and
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Suppose as well that the Sacks condition T € Xg. Then there exists a con-
dition T € S with T' < T such that if G C S is generic with T" € G,
then

XilG] < X;[G] < L,[G]
fori<j<uw.
This section’s first task remains:
LEMMA 2.4. Sacks forcing adds no immune reals over L.

Proof. Work in L. Let 7 be a term for a real and let T be a Sacks
condition. We may assume that

(2.1) {n€w:T"IFner}is finite for all T < T

Define an increasing sequence of natural numbers (n; : i < w) and a
fusion sequence (T; : i < w) such that T; |- n; € 7 by recursion on i: Set
TO =T and

| the least n > ny, for all j < i, such that
i = Tt i€ # for all t € (Ty);.

(Here T;[t = {s € T; : t C s or s C t}.) Using (2.1) and that (7;); is finite,
there exists such an n. To define T; 1, let X C (T;); comprise all C-maximal
nodes and choose T; < T;[t such that T; I n; & 7 for each ¢t € X. Then set
Tit1 = UteX T;.

Note that Tj11 <; T; and that Tj; Ik 7; & 7. Set T" = (), Ti- Then
T I-n; €7 for all i. m

Remark. An alternative to Sacks forcing is sparse tree forcing. We say
that a tree T C 2<% is sparse if t~0 € T whenever t~1 € T \ stem(7T). The
sparse tree conditions consist of all sparse perfect trees T' C 2<%, ordered
by set inclusion.

With sparse tree forcing it is not necessary to work below a special
condition to obtain a sparse real. In fact, if rg C w is sparse-tree-generic
over L, then r¢ has the following property which is strictly stronger than
sparseness:

Suppose F': w — w is constructible and non-decreasing. Then there
exists an infinite constructible y C w such that y N F7rg = 0.

(No real in a Sacks extension of L enjoys this property because in such a
model every f : w — w is dominated by a constructible function g : w — w.)
The Fusion Lemma and Lemmas 2.2-2.4 hold for sparse tree forcing by
essentially the same proofs.

3. Sparse sets of ordinals. Suppose that £ > w is regular. Let Q.
consist of all functions ¢ : @ — 2, for some a < k, such that if x is an infinite
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constructible set of ordinals, then there exists an infinite constructible y C x
such that y N ¢~ 1(1) = (. Let Q, be ordered by reverse inclusion, that is,
by reverse functional extension.

LEMMA 3.1. Suppose that G € Q, and that dom(q) < 6 < k. Then there
exists a condition q extending § in Q, such that q(d) = 1.

Proof. Define ¢ with dom(q) = 6 + 1 by setting ¢(§) = 0 for & €
[dom(q), d), and setting ¢(d) = 1. m

If G C Q, is generic, set
Qr =16 <k :q(d) =1 for some g € G}.

Then @, C k is sparse, since £ > w is regular in L. What is not evident
is that forcing with Q. preserves cardinals. In fact, if there exists a sparse
Q- C 7 for each regular 7 < k, then Qy is <s-distributive. A proof of this
is implicit in the proof of the analogous fact for the iteration PP in §5. Since
it is unnecessary, we shall not give an explicit proof.

4. Immune w-partitions of sets. Suppose that x > w is regular. Let
R, consist of all functions r : @« — w, for some a < k, such that if x C « is
infinite and constructible, then r”x is infinite. Let R, be ordered by reverse
set inclusion, that is, by reverse functional extension.

LEMMA 4.1. Assume that there exists an immune w-partition of T for
each infinite L-cardinal T < k. Suppose that 7 € R, and that § < k. Then
there exists a condition r extending T in R, such that 6 C dom(r).

Proof. Begin by noting that there exists an immune w-partition of 4.
Indeed, if g : |6|¥ — w is an immune partition of |§|* and h : § < [§]L is a
constructible bijection, then g o h is an immune w-partition of 4.

Let f: 0 — w be an immune w-partition and set r = 7 U (f [[dom(7), J)).
Then r is as required. m

It follows that if there exists an immune w-partition of each infinite
L-cardinal 7 < k, and if G C R, is generic, then R, = [JG is an im-
mune w-partition of k. Again, it is not evident that forcing with R, pre-
serves cardinals. Though, again, we shall not need this fact explicitly, if
also there exists a sparse subset of 7, for each regular 7 < k, then R, is
<k-distributive.

5. The iteration. Work in L. Let CARD denote the class of infinite
cardinals. If A, B C 2<%, it will be convenient to let A x B comprise only
pairs (a,b) with a € A and b € B such that dom(a) = dom(b). Let ht((a,b))
denote d, where ¢ is the common domain of a and b.
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If k is an infinite cardinal, let P denote the backwards Easton support
iteration of Sacks forcing below a fixed condition forcing the generic real
to be sparse, followed by Q. x R, for uncountable regular @ < k. We may
identify conditions in P® with functions p satisfying the following require-
ments:

(1) sp(p) € CARDNk and |sp(p) N 7| < 7 for all regular 7, where sp(p)
denotes the domain of the function p.

(2) Suppose that a € sp(p).

(a) If @« = w, then p(a) € S and p(a) < Tk, where T, is a fixed
condition forcing the Sacks real to be sparse;

(b) p(a) = 0 if « is singular; and

(c) pla) is a P“-term such that P* |- pla) € Q4 x R, if a is
uncountable and regular.

Set P = U,.ccarp P
In clause (2a) we can let T, be the Sacks condition constructed in §2.

Then P is definable without parameters in L.
As usual, P* is ordered by

p>p iff sp(®) Csp(p) and
plalFp(a) 2 p(a) for all regular a € sp(p).

The main fact to be proved about Pr is that if 7 < k is regular, then

" forces that IP”“+ is <r-distributive, where pr ", is the tail of the itera-
tlon beginning at/\TJr To do this, we shall deﬁne a descending 7-sequence
of conditions in P*, below a given condition, gradually meeting 7 many

predense sets in @ﬂ Of course, if p is a limit condition in this process and
« is an uncountable regular cardinal in the support of p, then p(«) must be
a term for a condition in Q, x R,. Conditions in Q, are approximations
to a sparse subset of a. The twist is that sparseness is a requirement with
respect to L rather than L[G], where G is P™' generic. And it is in L[G] that
this distributivity construction is naturally described. A similar observation
applies to R,.

One way out of this is to carry out the distributivity construction fol-
lowing elementary towers that are definable in L. Most of our work will be
with a sub-ordering P* of P* that comprises the conditions in P* that are
pointwise of low rank. We shall argue simultaneously by induction on x that
P has the distributivity property mentioned above and that P* is dense
in P~.

Define P* to consist of those conditions p € P+ satisfying the following
two additional requirements:
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(2¢) p(a) is a Po-term (rather than merely a P-term) and P* IF p(a) €
Qu X R, if a is uncountable and regular.
(3) If @ € sp(p) and a > w, then p(a) € L.

Then P is definable without parameters in L. R

The reason that it is not obvious that P* is dense in P* is that P* has
antichains of size AT when ) is singular.

Note that

(5.1) P* C L.+ for all infinite cardinals k;

(5.2) if kK > w is regular, then P~" C L, and P*' € Lgif B > Kk is a
ZF ™ -ordinal; and if k > w is singular, then P* is isomorphic to a
dense open subset of IP”‘””+;

(5.3) if k is inaccessible, then P* C L,; and

(5.4) P“r C L,, and P¥* € Lg if 8 > wy is a ZF ™ -ordinal.

Let us summarize the cardinality analogs of these observations, towards
verifying that P is cardinal and GCH preserving.
LEMMA 5.1. Suppose that k is an infinite cardinal. Then

(a) [P | =k if K > w is regular.
(b) |P*| =k if kK = w1, or if k is inaccessible, or if k is the successor of
a singular cardinal.

(c) |P*| = kT if k is singular.
Suppose that 7 is regular and that x > 77 is a cardinal. Set

Af+ ={pl[rt,k):p€ @“} and P, = @er NP,
Order @’L (respectively, P*, ) in L[G], where G is P (respectively, P™" )

generic, by
p>p iff puUp>p Up, for some p’ € G.

As mentioned above, the main fact to be proved is the

DiSTRIBUTIVITY LEMMA. Suppose that k is an uncountable cardinal and
that T < Kk is infinite and reqular. Then

IP)T+ I “PZ, ds <t-distributive”.
Three auxiliary facts will be needed.

ANTICHAIN LEMMA. Suppose thal r is an_uncountable cardinal, that
A, . v < a) is a sequence of antichains in P*, where a < kK, and that
%l

D € P*. Then there exists a condition p extending P such that |A,[p| < |«
for all v < a.

Recall that A,[p = {p’ € A, : p' is compatible with p}.

DENSITY LEMMA. Suppose that k is an uncountable cardinal.
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(a) P~ is dense in P~.
(b) If T < k is uncountable and regular, and if p € P, , then there exists
a condition p € P¥, such that Pk p <P.

Note that it follows from (a) that if 7 < & is an infinite cardinal, then
(5.5) P Ik “Pr, is dense in @ﬁ .

Part (b) is a stronger form of (5.5) that is useful in maintaining the inductive
proof of the Density Lemma.

EXTENSION LEMMA. Suppose that k is an uncountable cardinal, that
T < K is an infinite cardinal, thatp € P¥., and that f : CARDN[r1, k) — &
is such that f(a) < « for all a. If Pla Ik ht(p()) < f(a) for all un-
countable reqular o € sp(p), then there exists a condition p extending D in
P such that sp(p) = sp(p) and pla I ht(p(a)) = f(«) for all uncountable
reqular « € sp(p).

Of course, using these lemmas, we have what we want:

COROLLARY. Forcing with P preserves all L-cardinals and the GCH. In
any P generic extension of L there exists a sparse subset of and an immune
w-partition of each infinite cardinal.

To be precise, these four lemmas are proved simultaneously by induction
on k. The following table indicates how they depend on each other.

The proof at x of the | depends on the

Antichain Lemma Distributivity Lemma at « and Density Lemma at «
Distributivity Lemma | Extension Lemma at x and Density Lemma below
Density Lemma Extension and Antichain Lemmas below
Extension Lemma Density Lemma below

Proof of the Antichain Lemma. Set 7 = |a|. We may assume
that 7 is infinite.

First suppose that 7 is a regular cardinal. Note that Ptk “@f+ is <r-
distributive”. Indeed, Ptk “Pr, is dense in @’Tﬁr”, the sub-ordering P is
equivalent to P, and P7 I “Pr, is <7-distributive”. Also, Pr Pt *I/Es'j+
The lemma then follows from [P7'| = 7 if 7 > w, and from Lemma 2.2
(countable antichain reduction in S) if 7 = w.

If 7 is singular, say cf(7) = p, then let (5; : i < p) be an increasing
sequence of infinite regular cardinals that is cofinal in 7. For each ¢ < p, let
D; C P* be a maximal antichain of conditions p’ such that |A;Ip'| < B; for
all j < ;. Choose p <P such that |D;[p| < pforalli< u. m
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Proof of the Extension Lemma. For each uncountable regular
a € sp(p), choose ¢, and 7, such that

P Ik ¢o € Qa,
pla ik dom(ga) = f(e)",
P I Py € Rqy,
plal- dom(y) = f(a)Y,
P I (§a, Ta) < D().
Note first that we may assume that ¢,,7 € L. Indeed, using p(a) € L,

it is trivial to choose ¢, € L (cf. Lemma 3.1). By the proof of Lemma 4.1,
an adequate 7, can be defined in L, from

(1) B(a);
(2) an h: f(a) < |f(a)|"; and

(3) a term § such that P® [ “§ is an immune w-partition of | f(a)|*”,

provided that § € L,. If & = wyq, then (3) is trivial. If & > w; is not the

successor of a singular cardinal, then we have P/ @I" ¢ L, by lines (5.1)
and (5.2). Using the Density Lemma, it follows that there exists a term
g € L, as in (3). On the other hand, if & = AT, where \ is a singular
cardinal, then a term ¢ for an immune w-partition of X\ is definable from
terms for immune w-partitions of L-cardinals less than A (cf. Lemma 1.2).
It follows that there exists a term g € L, as in (3).

Let Z2, € L, be such that P IF 2, = (¢a, 7o) and set

() = Zo  if a € sp(p) is uncountable and regular,
pla)= P(a) if a € sp(p) is singular or « = w. =

Proof of the Distributivity Lemma. Suppose p € P* and
that D = (D, : i < 7) is a sequence of P™" _terms for predense subsets of

P, . We may assume that D e L,.++. We may also assume that 77 < k.
Define (X; : ¢ < 7) by setting

X; = Skolem Hull; ., (kU {5, D} U{X; :j <i}).
Next, for a™ € CARDN|[r ™", k), define
Xot+i = Skolem Hully, . (aU{at,k,p, D} U{X;:j < i})
and, if « € CARD N [7T, k) is inaccessible, define

Xqi = Skolem Hully, (w1 UTU {1, a, f@,ﬁ,ﬁ} U{X,:Jj <i}).
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Note that if ¢ < 7 is a limit ordinal, then

Xi = U Xj, and
j<i
X = U Xo; for all regular « € CARDN 77, k).
j<i
Also note that
(Xg;: 8 € CARDN[rT, k) is regular and j < i) € Xo41)
for all @ and all ¢. This is because these Skolem hulls obey
X <= X; <X < Ly++
and X; € Xq(i41)- Set
fila) = sup(Xa; N )

for i < 7 and regular « € CARDN[r", k). Then

(1) (fi(a) : i < 7)is a continuous, strictly increasing sequence of ordinals

less than «;

(2) fila®) =X+ Nat;

(3) if « is inaccessible, then f;(a) is a (singular) cardinal; and

(4) (fi:7 <1) € Xov(iy1)-
Set f7(a) = sup, fi(a).

Note that if p € P¥, N X,+;, then pla IF ht(p(a)) < fi() for all regular
a € sp(p). Let us make this observation explicit, since we employ the sub-
ordering P* mainly for its sake. Fix a regular o € sp(p). Then p € X,;, be-
cause the parameters from which p is definable in X, +; are included in X;.

Also, a € X,i, so p(a) € X,;. The term rank of p(a) can be calculated
in X,;, and this rank is less than f;(«), since p(a) € L. It follows that
plalkht(p(a)) < fi(a).

Our next task is to define functions gia+ canonically projecting f;(a™)
into « satisfying the following three requirements:

(1) g8+ fila®) S0
(2) gf‘+ - g;‘+ for i < j < 7; and
(3) (92" :at € CARDN[r+, k) and j < i) € Xyt (1)

Towards this, we shall need two auxiliary objects, namely an ordering <®
and a function h®.

Suppose that @« € CARDN([r, k). Let a<* denote the set of all finite
increasing sequences of elements of a. Let < be the L-least well ordering
of 7<% x a=* x w such that

—

(5.6) if7,7€ 7<* and max(7) < max(7), then (7,£,n) <® (7,¢,m)
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for all £, € o< and all n,m € w. Then (<1?: 3 € CARDN[1, k)) € Xas
for all a and i. Let h® be the L-least bijection
h* : 75 x a<¥ X w < a.
We use <¢ and h® to define go‘+ : fr(at) 2L o as follows:

h*({igy -, ik), {, T, where (7, 5, o™
5 ot (5 is the <“-least triple with the property that
(5-7) 9" (9) = 0 is the least ordinal such that

(pLNJmL [57 Xioﬂ s 7Xikag; a+7 K, Dy 5]
Since

fr(a%) = a" nSkolem Hully, ., (aU{a™,k,p, DYU{X;:i<T1}),

we have dom(g®') = f,(a™). Set ¢*" = g* [fi(a™). Then properties (1)
and (2) above are clear. For (3), note that <g;?‘+ :at € CARDN[7,K))

is (uniformly) definable in X +(;4q) from X;. This uses the fact that for
§ < fi(a™), the <“-least triple in (5.7) lies in X; on account of (5.6).

+CLAIM. There exists a p' < pltt in P™" such that if p € G and G is
P™ " generic over L, then

Xai [G] < Xaj [G] < LK++[G]

for all reqular « € CARDN[77,k) and all i < j < T.

Proof. If a > wy, then P U {IP)T+} C X0, using line (5.2) if 7 > w,
and line (5.4) and w1 C X, if 7 = w. The claim is immediate in this case.

On the other hand, if @ = w; and 7 = w, then by Lemma 2.3, there
exists a 77 < p(w) in S such that

T'IF X0,i[G] < Xy [G] < Ly++[G]

for i < j < w. Let p’ € P¥* be such that p’(w) = T’. The claim is proved. m

Without loss of generality, assume that p|7+ itself is such a master con-
dition.

Let Q- be a P -term for a sparse subset of 7 such that (for later con-
venience) p[7T IF 0 € Q,. We may assume that Q. lies in X 1.

For « € CARDN |7, k), let R, be a (canonically chosen) P*" -term for
an immune w-partition of a. The point of making these choices canonically

is insuring that (R, : « € CARDN |7, k)) € X, +¢.
We shall define (p; : # < 7), a sequence of conditions in %, , such that

(1) po =pl[r", k) and P Ik pi >pjifi<y <

(2) pila IF ht(pi(a)) = fi(a) if © > 0 and o € sp(p;) is regular and
uncountable; and
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(3) (pj:J <) € Xor(ivr)-

Begin by setting pg = pl[7 ", k).

Now suppose that p; has been defined. In defining p; 1, there are two
cases to consider. For simplicity, let us describe these cases as though we
were working in a P generic extension, keeping in mind that in fact we
are describing elaborate P™" _terms in L.

First of all, if i € @, choose p;11 < p; to be L-least such that p; ;1 meets
Doy, niy and pi1fa F ht(pir1(a)) = fiy1(a) for all uncountable regular
a € sp(pit+1). (Here ot(Q,N3) is the order-type of the set of ordinals @, N¢.)

Note that p;y1 € XT+(i+2)> since p; € XT+(i+1) and XT+(i+2)[G] <
L,++[G] when G is P™" generic with pl7+ € G. This insures that pf[G]
has an extension that lies in X +(;42)[G] meeting th[(cgmi). In fact, we
have (p; : j <i+1) € Xrt(i42)-

The other case to consider is that of ¢ ¢ . In this case, choose p;11 < p;
to be L-least such that sp(p;+1) = sp(p;) and, for each uncountable regular
a € sp(p;), the condition p;1[a forces

ht(piy1(a)) = firi(a) and  piyi(a) = (g,7),

where

q(6) =0 for all § € [fi(a), fiy1(@)),
7(0) = ((Rf, 1 (a)(9), R-(7))) if a is inaccessible and d € [f;(a), fiz1(a)),
r(6) = Rp(g41(0)) if o= B* and & € [fi(e), fir1()).
(Note that p;[a IF ht(p;(«)) = fi(a) for uncountable regular o € sp(p;),
since i # 0 on account of our insistence that 0 € Q.)

Note also that p;11 € Xr+(;42) and that, in fact, (p; : j < i+ 1) €
X+ (i+2)- This uses that COQT, <éa :a € CARDN|[1,k)) € X,+¢ and that
<g§3+ :3€ CARDN[7, k) and j < i+ 1) € X 1 (;49), as well as induction.

If 4 is a limit ordinal, choose p; to be L-least such that

pilelk pi(a) = A\ pj(a),
j<i

where /\j<i(Qj7Tj) = (Uj<¢ Qjan<irj)' Then p;[a IF ht(p;(a)) = fi(c) for
all uncountable regular a € sp(p;). The construction of (p; : j < %) can be
carried out inside X+ (;41y. Hence (p; : j <14) € X +(;11). The only clause in
the definition of P**, which is not evident for p; is that P* I p;(a) € Qo xR,
for o € sp(p;). It suffices to see that p;[a Ik p;(a) € Qq X R,.

Let H be P* generic over L with p;[a € H. (So, formally, we are pro-
ceeding by induction on a.) Work in L[H]. Say p;(a) = (g;,7;) for j < i.
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We must argue that ¢; = Uj<i ¢; € Qq and that r; = |J,_,7; € Ry. Let
ip < @ be the least j such that a € sp(p;).

First we argue that ¢; € Q. Suppose that y C f;(«) is infinite and
constructible. We may assume that y N f;(«) is finite for each j < i. Using
the fact that . C 7 is sparse and that (f;(«) : ¢ < 7) € L, we can find an
infinite constructible z C (y \ fi,(a)) such that

(5.8) 20 J [fi(@), fi1(a) = 0.

JEQ~r

j<i

But by construction,

g "\ fiol@) € | 1fi(a), fiaa(@)):

JEQ~

Thus 2z Ng; *(1) = 0, as required to verify that ¢; € Q,.

Next we argue that r; € R,. Suppose that y C f;(«) is infinite and
constructible. We must see that r;”y is infinite. Again we may assume that
yN fj(«) is finite for each j < i. As before, first choose z C (y\ fi,(a)) to be
infinite and constructible and as in (5.8). Then z is an infinite constructible
subset of U,aq. ui,[fi(@), fi+1(a)). It suffices to see that r;”z is infinite.
There are two cases to consider.

The first of these cases is that of inaccessible cardinals «. By construc-
tion,

nl U @) fine) = Ri(fi)n U (@) fi(a)),
JEQrUio JEQ+Uio
where R(0) = ((Ry,,(a)(0), Rr(4))), for 6 € [fj(a), fj41(a)). But Ry, (a) is
an immune w-partition of f;;1(a) and R, is an immune w-partition of 7. As
we saw in the proof of Lemma 1.2, the function R is an immune w-partition
of fr(a). It follows that r;”z is infinite.

The other case to consider is that of successor cardinals a. Say a = 7.
Then by construction,

rl U @), fia(@) = Reog)l | @) fri(a):
inTUiO jQQTUiO

Since g% is one-to-one and constructible, and since Rg is an immune w-
partition, it follows that r;” z is infinite.

This completes the construction of (p; : i < 7).

If Gis P generic with p|7T € G, then éf[G] is unbounded in the
regular cardinal 7. By construction, then, p, meets DiL[G] for each ¢ < 7.
The proof of the Distributivity Lemma is complete. m
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Proof of the Density Lemma. We shall argue for (b). Then for
(a) it suffices to see that P“2 is dense in P+2. This can be seen as below in
the case k = u™, where p > 77 is regular.

If x is inaccessible, or if Kk = p*, where y is singular, then our claim is
immediate by induction.

Suppose now that x = u™, where yu > 71 is regular. (The non-trivial
case is u = A1, where A is singular.) Let ¢ and 7 be PH_terms such that
P+ |- p(p) = (¢,7). By induction, it suffices to find P#-terms ¢ and 7/, and
a condition p extending plu in @f + such that

ej cL,andpl-¢ =g and
e €L,andpl-7 =7.

First, choose p’ < Plu in I/P\"T‘+ (that is, P p’ < Pplu) such that p’ I+
ht(p(p)) < B for some B < p. Then, for each v < £, let A, C P be
an antichain maximal among the set of conditions p” such that if p” is
compatible with p’, then p” IF g(§) =ifori =0ori =1, and p” I #(¥) = n
for some n € w. By induction we may assume that in fact A, C P*. Now
choose p < p’ in ]@Tﬁ such that |A,[p| < |B| for all v < 8. Then set

¢ ={((v1)",p"): p" € Aylp and p" IF 4(7) = 1}

and define 7' analogously. Note that since A, C P* C L, and |A,[p| < || <
p and p is regular, the terms ¢’ and 7/ lie in L,,. By construction, p IF ¢’ = ¢
and p Ik 7" = 7.

Note next that if & = p* and p = 7+, then in the above construction, it
is unnecessary to extend plu (now in IP’:i = {0}!) to force ht(p(u)) < 3 for
some (3 < pu, or to reduce the antichains A., because P* = Pt CL,.

Finally, suppose that k is singular. The construction in this case is a
diagonal version of the proof of the Distributivity Lemma. Note that it
suffices to handle the case 7 > cf(k); the case 7 < cf(k) then follows by
induction.

Fix a condition P in @:+ and let A > kT be a cardinal sufficiently large
that p € Ly and that PN L is equivalent to P*.

Let K = (k; : i < cf(k)) be a continuous, increasing sequence of cardinals
that is cofinal in xk with ko = 77.

For i < cf(k), set

R ot —
Di={peP " :P" IFp< PlTT, kiv1)}

Of course, D; is not predense in general. However, if p € P, and P I+
p < Plk;, then, by induction, p has an extension that lies in D;.
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Define the Skolem hulls X,; as in the proof of the Distributivity Lemma,
only taking hulls inside L+ and including the parameters £ and P* N Lj.

Then define f; and the gf‘+ as in the proof of the Distributivity Lemma.

Finally, define (p; : ¢ < cf(k)) as in the proof of the Distributivity
Lemma, except setting py = 0. (So at stages i € @, the condition p;11
is chosen to extend both p; and plk;11, and at stages i ¢ @, we have
sp(pi+1) = sp(p;).) Then p = /\i<cf(n) pi is a condition in P, such that
Pilkp<p m

6. One more time. Let us now turn to the class version R, of R,,
defined in a P generic extension of L. The purpose of R, is finally to add
an immune w-partition of the ordinals.

Working in a P generic extension of L, let R, consist of all functions
r @ a — w, for some ordinal «, such that if z C « is infinite and constructible,
then 7”7z is infinite. Let R be ordered by reverse set inclusion, that is, by
reverse functional extension. Set PT = P x R..

Using the fact that P adds an immune w-partition to each uncountable
cardinal «, the following extension lemma is clear.

LEMMA 6.1. Assume that (p,7) € P+ and that P I dom(7) = &v. Suppose
6 > a. Then there exists a term r € Ro such that (p,7) > (p,7) and
P IF dom(r) = 0.

It is evident, then, that if G x H is P generic over L, then
Roo = {r) . (p,7) € G * H for some p}

is an immune w-partition of the ordinals.

Since Ry adds an amenable class to a P generic extension, it is imme-
diate that PT is cardinal and GCH preserving. It remains to check that P™
preserves ZFC.

Working in L, define the sub-ordering P* of P+ to consist of all pairs
(p,r) such that

(1) p € P =U,ccarp P, and
(2) ris a P-term and P I-r € Ry

Then P+ is a dense subclass of P*. Let P', consist of those pairs (p,r) in
P* such that sp(p) N7+ = (. By the Density Lemma in §5, IP’:_F+ is dense
in @;ﬁr, when 7 is regular.

In order to verify that P+ preserves ZFC, it suffices to establish this

METALEMMA 6.2. Suppose T is regular. Then

PR« P.+ xRy is definably <t-distributive”.
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That is, if (ﬁz 11 < 1) is a uniformly definable sequence of P -terms for
predense classes in P+ xRy, and if (p,7) € P, then there exists a condition
(p,7) < (p,7) such that

plTT IF “(p][rT,00),7) meets 13;’
foralli < 7.

Proof sketch. The proof of this lemma is similar to that of the Dis-
tributivity Lemma in §5. Let us outline the necessary modifications of that
proof.

Suppose (D; : i < 7) is uniformly definable over L from the parameter a.
Begin by defining

a; = the least a such that 7 U {7,p,a} U{a; : j <i} C L, and L, <5, L,

where n > 2 is sufficiently large. Then, in the notation of the Distributivity
Lemma, set X; = L,,. Set

Xo+i = Xn-Skolem Hull, (e U {a™,p,al U{X; : j < i})
and, if « is inaccessible, set
Xapi = Xp-Skolem Hull, (wq UT U {7, o™, p,al U{X; : j <i}).

The proof then proceeds as does that of the Distributivity Lemma, mutatis
mutandis. (For example, instances of < are replaced with <y, and, in the

definition of g°‘+, the formulas ¢ are restricted to being Y, formulas.) m

This completes the proof of the first sentence of Theorem 3. Adding
a Cohen real over a PT generic extension suffices for the first sentence of
Theorem 2. To establish the second parts of these theorems what remains
is constructing P generic classes in L[0%].

7. The construction from 0%. Working in L[0#], our goal is to define
a class G that is P generic over L. If « is L-regular, let R, denote the
(canonical) immune w-partition of o added by this generic class. Then G
will have the following coherence property:

(7.1) R; = R,[t  whenever 7 < ¢ are Silver indiscernibles.

Let Z denote the class of Silver indiscernibles. Then R, = ULeI R, will
be an L[0#]-definable w-partition of the ordinals that is amenable to an
L-cardinal preserving inner model. It follows that R, is as required for the
second part of Theorem 3. Since wlL[Rw} =wk < wlL[O#], in L[0%] there exist
reals that are Cohen generic over L[R]. The second part of Theorem 2
follows.

It is not difficult to see that G * {Roo | : @ € OR} is P* generic over L.
However, we shall not need this fact.
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Some ad hoc conventions will be useful in this section. We shall use &, 5 ,
and so forth, to denote increasing finite sequences of ordinals (ay, ..., o)
where each o is either w; or is an L-inaccessible cardinal. We shall use a*
to denote the least L-cardinal greater than «, and a* to denote the least
indiscernible greater than c.

By recursion on |@| > 2 we shall define conditions p® in such a way that

o +
(1) p7 € P
+ B 5

(2) P IF p* > p* ¢ when o > max(&) is L-inaccessible; and

(3) the function @ +— p® is definable without parameters over L.
Then a P,, generic class will be generated by the conditions p® for @ €
({wr} UZ)<¥. The definition of the p®’s, and hence of this generic class, is
quite easy. The work to be done in this section is in verifying that this class

is indeed P,,, generic.
If |@| = 2, then choose p® to be L-least such that

(a) Sp(f&) :#{al}, and ]
(b) P IF p%(a1) = (U Qag, U Rag )

where éao and }OEQO are terms for Q,, and R,, generic objects, respectively.
If a > max(&) is L-inaccessible, choose p® © to be L-least such that

(a) P I p¥ > p@ @ and
(b) P I+ pf e e D,
where D is a term such that if H is P% generic over L, then

DHHY = ({ X 2 X € Skolem Hull, (ap U {@}) and

o +
XHH] is a dense open subset of P Y.
%o

—

+
. + «Q . . . . o, . ~
Since P% I “PL is <ap-distributive”, such a condition p* ¢
(0%
0

exists. This
completes the definition of p<.

Suppose that a <  and that D C PP is constructible and predense.
Then a condition p € P2 reduces D below « iff there exists a (constructible)
predense D’ C P such that p’ U p meets D whenever p’ € D’.

CrLAM 1. Suppose v € T and that D C P s a constructible predense
set. Then there exists an & € ({w1} UT)<¥ with a; = ¢ such that p® reduces
D below o .

Proof. Working in L, let us begin by making a general observation about
predensity reduction in P. Assume that 7 is an uncountable regular cardinal
and that x > 7 is a cardinal. Suppose that D C P* is predense and that
P € Pr, . Then there exists a condition p € P, such that P |- p <P and
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p reduces D below 7%, Indeed, it is a general fact about full iterations that
there exists p’ € P%, such that p’ reduces D below 7 and P¥, IF p’ < p.

(Simply construct a P™" term with this property.) But then by the Density
Lemma, there exists a condition p € P, as required extending p'.

Now suppose that D C Pt is a constructible predense set. Set a1 = ¢
and choose g and ag, ..., ar1 from {w;} UZ such that ap < oy < ag <
-+ < ags1 and D lies in the Skolem hull in L of ag U{ap,...,ap}. Let
X be a P% -term in this Skolem hull for

+
{p € P"L : p reduces D below ag b
0

[0

Q41

Then P I- “X is dense and open”. Setting & = («o,...,qr), we have
P |- pd o € X, m

=0

CrAIM 2. Suppose that @°,...,a" € ({w1} UZ)<¥. Then the conditions
p® ,...,p%" have a common extension in P.

Proof. The proof is really just an exercise in indiscernibility using two
features of the current setting, namely, the coherence enforced by our defi-
nition of p® when |@| = 2, and the fact that p(a) € L, when a > w.

We may assume that |@*| = |@7| for all i, j < n. Note first that sp(p® ) C
(ah, af’) U{al} by indiscernibility. Also by indiscernibility we may assume
that there exists a fixed sequence 7€ Z<“ such that @' = (af, o, ) for all
1 < n.

Choose a finite set B C {w;} UZ such that each of @°,...,&" lies in

{(Bo, B1,T) : Bo < Bi lie in B}.

And let (B, ..., k) enumerate B in increasing order.
We maintain that the condition p defined by

p= U p<ﬁi,ﬁi+17f)

i<k
is a common extension of all of p&o, ...,p%" . In fact, fixing i < k, let us
argue that
(7.2) p < pPPull forall j <.

This is trivial if ¢ = 0, so suppose that ¢ > 0. If j < 4, then
sp(pt® P07 C (85, Bi41) U{Bi},
and by indiscernibility
PP By, Biga) = VPP 1By, Bi11) = p(By, Byva)-
So p|B; < p'BiBi) 13 for all j < i.
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Now proceed by induction on ¢ — j, for i > j > 0, to see that
plB; I p<ﬁj,ﬁmf> (B:) > p(ﬁi—1a6i73> (B:).
Because p(3;) = p'#i-1:5:8) (5;), this suffices to finish the proof of (7.2).

If j =i — 1, then this claim is trivial. Suppose that 0 < j < i — 1. Note
first that by indiscernibility,

p(:@jvﬁhF) (BZ) = p(ﬁjvﬁj-Fl?F) (ﬁj-ﬁ-l)
So
(7.3) pwj’ﬁjﬁﬂ [Bj+1 1k pifut (Bi) € Qi1 X Rp, .-
Also,

(7.4)  pler P g1k Y(g,r) € Qs X R, (g,r) > plPrerPen (),
by the definition of p{fi+1:5:),
Now
pIB; < plBjr < pPPe g,
and
pIB; < pH(Bjs1, Bjga) = plietFirilp, o = pllivrBeliyg,
Hence from (7.3) and (7.4) we obtain
p1Bi I ptBaButd(5;) > plBir1:Bi) ()
and so by induction
plB; Ik p<ﬁj75u?> (B) > p<5i—1,6i$> (3i). =
If X C P, define Gen(X) by
p € Gen(X) iff there exist conditions py,...,p, € X such that
if p <p1,...,pn, then p’ < p.
Choose H C P2 to be Pw? generic over L. Then set
G =Gen(H U {p®:d e ({w}UI)<“}).

We maintain that G is P generic over L. It is evident from the definition
of p% when |@| = 2 that G has the coherence property (7.1). Thus showing
G to be P generic over L will complete the proofs of Theorems 2 and 3.

Certainly, if p € G and p > p, then p € G. It follows from Claim 2
(and the fact that w,w; & sp(p®) for @ € ({w1} UZ)<*) that G consists
of pairwise compatible conditions. Thus it suffices to see that G N A # ()
whenever A C P is an L-definable maximal antichain.

First note that if A C P is an L-definable antichain, then A € L. This
observation uses the facts that conditions in P have Easton support and that
in the presence of 07 there exist unboundedly many L-Mahlo cardinals o
such that L, < L.
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So suppose A € L is a maximal antichain in P. Then A is a maxi-
mal antichain in P* for some ¢ € 7, hence a maximal antichain in PLTt
follows from Claim 1 and the well-foundedness of the ordinals that there
exist finitely many a',...,a" € ({w1} UZ)<¥ such that if p@ L p% >,
then p reduces A below wi. Since H is Pes generic over L, we conclude
that GNA # 0.

Remark. It is evident from the construction of G that if j : L — L
is an elementary endomorphism, then p € G iff j(p) € G. It follows that
the Silver indiscernibles remain indiscernible in L[G] (and L[R], for that
matter).

8. Questions. It is possible to explore in at least two directions, namely,
(1) supplying appropriate definitions and considering immune s-partitions
for kK > w, and (2) considering immune partitions of unordered n-tuples of
ordinals for 1 < n < w. Some questions can be settled by adapting the proof
of Theorems 2 and 3.

For example, suppose 1 < £k < w and 1 < n < w and define an n-
immune k-partition of a set (class) X to be a function F' : [X]™ — k such
that if z C X is infinite and constructible, then |F”[z]"| = k. The immune
partitions discussed heretofore are 1-immune partitions in this terminology.
Let us briefly consider 2-immune partitions.

It is not difficult to see that 2-immune partitions can be added generically
by essentially the same method as 1-immune partitions. For example, the
following forcing operations add a 2-immune 2-partition of the ordinals:

(a) Add sparse subsets to w and wy, say using Sacks forcing and Q,, .

(b) Add a sparse subset to each regular « > w; and add a 2-immune
w-partition of the ordinals, using an adaptation of the backwards
Easton support iteration PT. At regular cardinals o > wi, add a
2-immune w-partition of o with conditions that are 2-immune w-
partitions of ordinals § < . Notice that there is no need to add any
new subsets of wy on account of F : [w1]? — w, where F({a < 8}) =
fa(a) and fg projects § into w.

(¢) Add a Cohen real to obtain a 2-immune 2-partition of the ordinals.

In fact, adding a 1-immune 2-partition of the ordinals adds a 2-immune
2-partition of the ordinals: If F' : p — & is a l-immune k-partition, then
G : [1)? — k defined by G({a < 8}) = F(p) is a 2-immune r-partition. The
converse is open.

Matters to explore include:

(1) Does the existence of an (n + 2)-immune k-partition ever imply the
existence of an (n + 1)-immune k-partition?
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(2) Is there anything interesting to say about immune k-partitions for
K> w?

(3) Is there anything interesting to say about immunity relativized to
inner models other than L?

(4) (Sy Friedman in [F]) Suppose that 1 < Kk <w. Wesay F': X — & is
weakly immune iff |F”z| > 1 whenever z C X is infinite. Does the
existence of a weakly immune x-partition, where 2 < kK < w, imply
the existence of an immune 2-partition?

We say that an immune s-partition F' : OR — & is munimal iff F is
definable over L[z| whenever x is an infinite set of ordinals with the property
that |F”z| < k.

The w-partition of Theorem 3 satisfies a weak version of this property.
Suppose that 1 < kK < w and F : OR — k is an immune k-partition of
the ordinals. We say that F is weakly minimal when there exists a fixed
non-constructible real r such that r» € L[z] whenever 2z C OR is infinite and
|F7z| < K.

THEOREM 4. There exists a weakly minimal immune w-partition of the
ordinals in a cardinal and GCH preserving generic extension of L. If 0%
exists, then such a generic estension of L is definable over L[0%].

Proof. The forcing property Pt is equivalent to S x @Il, where S is
Sacks forcing below the condition T}. Work in a Pt generic extension. Fix a
Sacks real . Suppose z is an infinite set of ordinals, but that R..”x is finite.
We may assume that x is countable. Since S I+ “Pufl is <w-distributive”, we

deduce that « € L[r] and that x is non-constructible. Thus r € L[z]. =

It remains open whether it is consistent that there exists a minimal
immune partition of the ordinals.
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