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Tracial states on crossed products associated with
Furstenberg transformations on the 2-torus

by

KAZUNORI KODAKA (Okinawa)

Abstract. Let ¢; be a Furstenberg transformation on the 2-torus T* defined by

dpl,y) = (*0 g, ™ =) gy for any z,y € T, where § is an irrational number and f
is a real-valued continuous function on the l-torus T. Let A{éy) be the crossed product
agsociated with ¢;. We show that A(#;) has a unique tracial state for any irrational
number § and any real-valued continuous function f on T.

1. Introduction. Let # be an irrational number in (0,1) and f a real-
valued continuous function on the 1-torus T. Let ¢ ¢ be a Furstenberg trans-
formation on the 2-torus T? defined by

b5(a,y) = (e, ¥ P ay)

for any @,y € T. Let A(¢;) be the associated crossed product C(T?) x4, Z.
In [5] Rouhani gave the following definition, result and question:

DEFINITION. We say that a real-valued continuous function f on T can
be split with respect to €™ & T if it can be written as

flz) = gle) — g(e®z) + ¢ ae.
for some real-valued measurable function g on T' and some real constant c.

PROPOSITION. If a real-valued continuous function f on T can be split
with respect to ¢*™?, then the associated crossed product A(dy) has o unigue
tracial state.

QuisTioN, If we drop the assumption that f can be split with respect
to 2™ in the above proposition, can we still conclude that A(¢y) has a
unique tracial state?

In this note we give an affirmative answer to this question.
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2. Result. Let C(T) be the C*-algebra. of all complex-valued continuous
functions on T and G(T)** its enveloping von Neumann algebra, which is
identified with its second dual.

Let u be a unitary element in C(T) defined by u(z) =  for any z € T
Let P(T) be a dense *-subalgebra of C(T) generated by u and P(T)sa a
subset of all selfadjoint elements in P(T).

LEMMA 1. For any f € P(T)s, there is an element g € P(T)sa such that
— [ f(z)da = g(w) - g(e*x).
T

Proof Since f € P(T), there is a finite set {an}i__y (N > 0) of
Z;’,\;_N anx™. Since f* = f,

N N
Z Gpx "= Z T_nz™

complex numbers such that f{x) =

N
E Az’ =

n=—N n=—N n=—~N
Hence ¢, =a@_, for n = — N, Let
a’ﬂ .
bn = mm if n # 0
and by = 0. Then if n £ 0,
+ tin _ Gy —b
T p2wind T ] _ p=2ming T T "

and by = by = 0. Let g{z) = ng——N brz™. Then g € P(T)s and for any

z €T,
N
g(a:) _ g(ﬁmrm&m) om Z bn(l ermé? Zanm
ne=— N nF#Q
Ean:c —ag=Ff ff Ydz. m
n=—N

Let f be a real-valued continuous function on T. Then there is a sequence
{fn} of selfadjoint elements in P(T) such that ||fn — f|| — 0 (n — o0). By
Lemma 1 for f, there is a gy, in P{T),, such that for any z € T,

ffn z) dr = gn(z) - gn(egwmm)'

Let ¢, = [y fu(2)de and ¢ = [ f(

fa(2) = cn = gn(z) - gn(e%w (zeT).
Hence we obtain

z) dx. Then ¢, — ¢ (n — o0) and

e——Zvri.::ﬂ e27r'i.fn(a:) — e21rign(w)e——27rign[32"wm) (.’E € T)
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Let Fy(z) = €m55) G, (z) = 793} F(z) = e274(®) and A, = e2vicn

X = e?™¢, Then clearly ||F, — F|| — 0, ,\n — A (n — o) and
AnFa(2) = Gn(2)Cr(e*72)

for any = € T. Thus we obtain
Fo(2)Gr(e® ) =

foranyz € Tandn €N,

AnGo(z)

LeMMma 2. With the above notations there is o G € L°(T) with |G(x)|
=1 for any = € T such that

P(z)G(e* ) = AG(z) (z € T).

Proof. Since |Gy| = 1 for any n € N and the unit ball of C(T)** is
weak* compact, there are a G € C(T)** and a subsequence {Gn,} of {Gn}

such that G, — G (j — oo) with respect to the weak* topology. For any
z € T let 6, be the pure state of point evaluation on C(T). Since §, € C(T)*,

55(Gny) = 62(G) =0 (j = )
for any z € T. Since 6,(Gn;) = Gn,(z),
Gloy(2) = 6:(G) €T (j = o0)

for any = € T. Let & be the function on T defined by G(z) = 6:(G) =
lim; oo G, (). Since Gy, is continuous, it is measurable. Hence & is mea-
surable. And for any z ¢ T,

||G(2)] = 1] = [16:(G)] = |Gy (@) | < [8:(8) = Gy ()] = 0
Thus |G(z)| = 1 for any € T. Hence G € L*°(T). Furthermore, since
Foy (2)Gy; (62’”.93:) = A, G, ()

for any z € T and j € N, we obtain F(z)G(e*"*2) = A\G{z) (z € T) since
By = F|| =0, Auy = A (j = 00). m

(4§ = o0).

Let ¢; be a Furstenberg transformation induced by a real-valued con-
tinuous function f on T.

THEOREM 3. With the above notations ¢y is uniquely ergodic.

Proof. In the same way as in Rouhani [5, Proof of Theorem 2.1], in order
to prove that ¢ is uniquely ergodic it suffices to show that the equation
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for any k € Z\ {0}, has no measnrable solution H : T — T. So let us assume
that such an H exists, so that H € L*(T). Since F' = &>/, we have

H(e¥™g) = F(z)fas*H(z) (ae.2€T)
for some k € Z \ {0}. Hence
(1) H(*™ ) H(z) = F(z)*a*  (ae. zeT).
And by Lemma 2 we also have
(2) Flz)*G(e*z)F = M G(z)* (zeT).
By (1) and (2) we obtain
(3) H{e>¥ )¢ (¥ )k = Nzt H(z)G(2)* (ae zeT).

Let h(z) = H(2)G(z)* for any 2 € T. Then {h(z)| = |H (z){|G(z)|* = 1 for
any z € T. Hence h € L*°(T). By (3) we see that

(4) W) = NoaPh(z) (ae z€T)

Since L°(T) ¢ L*(T), h can be represented by its Fourier series, hiz) =
Y% ane”, where {a,} € *(Z). Thus by (4),

n=-—00
o3 oG
E : aneQWanZ_n — Ak § anxn-J-k'
Nn=—0Q =m0

Therefore we deduce that |an|=|an_| for any n € Z. But since 3 07 |an[?
< oo and k # 0, we see that a, = 0 for any n € Z. Thus h(z} = 0 (ae.
z € T). On the other hand, |h(z}| = 1 for any = € T. This is a contradiction.
Thus ¢y is uniquely ergodic. m

Remark. In the above case since ¢ is minimal, A(¢;) has a unique
tracial state if and enly if ¢; is uniquely ergodic by Tomiyama [7, Corol-
lary 3.3.10].

COROLLARY 4. With the above notations A(¢y) has a unigque trocial
state.

Proof. This is immediate by Remark. m
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