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A fixed point theorem for demicontinuous
pseudocontractions in Hilbert space

by

JAMES MOLONEY and XINLONG WENG (Huntington, W.V.)

Abstract. Let C be a closed, hounded, convex subset of a Hilbert space. Let T :
@ «+ C be a demicontinuous psendocontraction. Then T has a fixed point. This is shown
by a combination of topological and combinatorial methods.

In a Hilbert space, a pseudoconiraction is a map satisfying
[Tz = Tyl < lle ~ yl)* + (T2 ~ o) — (Ty - 9)|?
or equivalently,
(Te =Ty, ¢ —y) < |l —yl*
Clearly, this is equivalent to
(I-Te-(I-Th,z—y 20

That is, (I —I") is monotone. Monctone mappings appeared in the proof of
Browder’s fixed point theorem.

A map T is demicontinuous if {x,} converging to @ in the norm implies
that {T'z,} converges weakly to T'z.

Qur main result is:

If Cis a closed, bounded, conver subset of a Hilbert spece, and T : C — C
18 a demicontinuous pseudocontraction, then T has o fizxed poind.

Martin [5] showed that if 7" is a norm continuous pseudocontraction,
then 1" has a fixed point (this was actually sort of a byproduct of some
other work). Browder [2] showed that it would be enough for T' to be demi-
continuons if ¢ were a hall. We were able to get the result for any closed,
bounded, convex subsel by the use of combinatorial methods (Ramsey's
Theorem) and by the use of a class of maps similar to the pseudocontrac-
tions. In fact, our actual result is for a class of maps slightly more general

1091 Mathematics Subject Classification: Primary 47H10; Secondary 47HO6.

[2171



218 J. Moloney and X, Weng

than pseudocontractions. We called them pseudocontractive type, and they
satisfy the inequality
(D) Tz —Tyf*
<z~ ylf* + max{||Te — 2| + | Ty ~ y*, | (T2 — &) — {Ty - y)|[*}.
This inequality arises in the following manner:
Consider the two inequalities:

(E) 1Tz - Ty|? < o~ yl* + |[ Tz = 2f* + [Ty — y|*
and
(F) [Tz =Tyl < o -yl + (T2 — 2) - (Ty — y)||*.

Observe that, for a pair z and y, if Tz - 2,Ty - y) > 0, then (E)
implies (F), and thus (D) implies (F). Again, if (Te — z, Ty ~ y) < 0, then
(F) implies (E), hence (D} implies (E). We shall show by combinatorial
methods (Ramsey’s Theorem) that for any infinite set R C dom 1", and for
any 4 > 0, there is an infinite subset S C R such that for 2 and y in 5,

ATz ~,Ty —y) 2 ~6|Tz - | - §| Ty — y|*.
(And this does not depend on T at all.) Thus, for # and y in S and satisfy-
ing (F),
(B() [Tz — Tyl < |z —y|* + (L4 6)[[Te = 2| + (1 + 8) | Ty ~ y||*.

This is very useful becanse for a closed ball B and a closed convex set
C CB,if p: B — O is the “closest point” projection and 7' : ¢ — O
satisfies (E) or (E(8)), then T 0 o: B — B will satisfy the same inequality.

We start with the map T'c ¢ : B — B and by topological methods,
namely Brouwer’s fixed point theorem, we find a sequence of points {z.}
and projections {II,} such that IT,7 o gz, = z,. These projections will be
such that for n > j, the range of IT,, will contain the range of I1;, as well
as T'o pw; and z;. Given § > 0, an infinite subsequence will satisfy (E(6))
for T, hence for T o p. Then, by an argument essentially trigonometric, we
show that a weal limit of the {2,} must be a fixed point.

THEOREM 1. Let ' be a closed, bounded, conven subset of ¢ Hilbert space,
Let T be a demicontinuous mapping, T : C — G, Let T aatisfy

IT2=Ty|* < llz—yi* +max{|[(Te—z) ~ (Ty~y)|?, | To-o|?+|Ty-y|*}.
Then T has a fized point,

. THEOREM 1. Let C be a closed, bounded, conver subset of o Hilbert
space. Let T : €' — (' be a demicontinuous pseudocontraction. Then T hos
a fized point.

It is clear that Theorem 13 is a epecial case of Theorem 1.
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Before proving our theorem, we need the following definitions and lem-
mas.

Norarron L. M will denote a Hilbert space. B will alﬁrays denote a
closed ball with center at zoro.

DuriNtTIon 1. A mapping T : €' — M is said to be hemicontinuous if
the map &~ T{(1 )z ty] is continuous from [0, 1] into the weak topology
of H. T is demiclosed at zero if {z,} converging weakly to z and {Tz,}
converging strongly to 0 imply T'z = 0.

DERINITION 2, A map T @ M — H is of pseudocontractive type if it
satisfies the inequality

T Ty)? < e — y)?

+ wax{ Tz — a|* + |7y — y[?, ||(Tz — 2) - Ty - v)||*}
for all @ and y.

LivMa 1. Let B be a closed ball in H and let T : B — B be demicon-
tinuous. Then there exists o sequence {z,} C B such that

(”‘) <Tz-n. ~ By L Ry = »’3m> = form -7'é 73
(b) <T2.’” Ry zn) = 0, and
(€) {T'z, — 2.} converges weokly to zero.

Proof. If the mapping T has a fixed point 7 in B, we complete the
proof by letting =, = 2 for all n. Assuming no fixed point, we let M, be
a l-dimensional subspace of H, and ITy : B — M; N B be the well defined
orthogonal projection. Thus, the mapping Iy o T : My N B — My N B
is continuous, and has a fixed point by the well known Brouwer theorem.
Since II'(Tz ~ z) = Il o Tz ~ [Tz = 0, we have (Tz; — z1) € M{. Let
My = My & (T2 —~ z1) and [Ty : B — My N B be the orthogonal projection.
As above, the mapping [T, o T has a fixed point zq in Az N B. Generally,
we construct a family of finite rank subspaces {M,} and a sequence {z,}
with z,, € M, N I3 such that (T2, ~ 2,) € M, Muy = My ® (Ton — 2n)
and JT, o T'(z,) = 24, To show that the sequence {z,} satisfies (a)-(¢c), we
obsorve that (T'z, ~— 2z, k) = 0 for all h € M, and (T2, ~ 2,) € M, for
mo< o Thuy, (T2, — 24, 2) = 0 and, by the symmetry of the inner product,
(T2 ~ 2, Ty, =~ 2) = 0 for all m 5 n. Since {T'z, — 2,} is an orthogonal
set of vectors in H, by Bessel’s inequality we have (T'z, — 2y, b} — 0 for all
heM. m

LEMMA 2, Let C be o conver subset of H, and let T : C' — C be a hemi-
continuous pseudoconiractive type mapping. Suppose {z,} to be a sequence
in O such that (T, — 2,) ~ 0 (weakly), (Tap — 2n,20) — 0, and 2, — o
(weakly). Then x ds a fived point of T
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Proof. First, by the law of cosines, the definition of pseudocontractive
type is equivalent to the mapping T satisfying

{Tw - Ty,w —y) < |lw~y|* +max{0, (Tw—w,Ty -y}, Ywyel
Let z = (1 —b)x + bTx for some b, 0 < b < 1. Since T' is hemicontinuous, we
can find a number b such that

{T'z - z,Tz —a) 2 (1/2)(Tz ~ &, Tz — z).
For any & > 0, there exists n large enough such that |(T'zy, — 24, 2~ 20)| < ¢,
{Tzpn ~ 2n, Tz — 2)| < g, and [{Tz ~ 2,2 ~ )| < &. Thus,
(T2~ T, 2 — Tp)
={Te—2,2—Tn) + {2~ Tpn, 2 — n) + (&n — Ty, 2 — Zn)
=iz —zp||* + (@n ~ Tn, 2 — n)
+ (Tz—2,b(Tz—z)} + Tz~ 2,0~ &n)
2 ||z = zal® + (0/2)| T2 — =|f* — 2.
On the other hand, T is of pseudocontractive type, so
(T2 —Tn, 2 — &) < ||2 — zo||* + max{0, (T2 — 2z, Ty — zn)}
< flz = zal® .
Finally, we have 3g > (b/2)||Tz — z||?, from which we have Tz = . =

Comnbining Lemma 2 with the definition of demiclosed, we imimediately
hawve the following:

- LeMMA 3. Let C be a closed, bounded, conver subset of H and let
T :C — C be o hemicontinuous pseudocontractive type mapping. Then
the operator I - T' is demiclosed at zero.

The next two lemmas will help us use Lemma 1's results in the case
where ' is not a ball.

LemmA 4 (Ramsey’s Theorem). Let V C N x N be the set of all ordered
pairs (m,n} such that m > n. Let ¢ : V — {0,1} be any function. Then
there evists A C N such that ¢ restricted to VN (A X A) is a constant.

For the proof, see [7].
Ramsey’s Theorem is often expressed in terms of graph theory. In that

case (m,n) is the edge from m to n, and {0, 1} is {red, green} or {adjacent,
not adjacent}.

LEMMA 5. Given any infinite set of vectors W in a Hilbert space, and any
& >0, there exists V, an infinite subset of W, such that for all yn, ym €V,

s =yl < (1 +8) fjyn]® + (1 + 8)|ym?.
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Proof We shall use Lerma 4, We define ¢ in this manner:

_ 1L ifyy and y, satisfy the inequality,
olm,n) = {0 if they do not.

Thus, either there exists the infinite subset V we desire, or there exists an
infinite subset § such that for all y,,, y,, € S,

Iy = yenl® 2 (L4 8)llyal|? + (1 + ) jym]?,
which, by the law of cosines, is equivalent to

= 2{YnrYm) 2 8llyn® + 8llyml®.

This easily implies that the ratio of the norms is bounded by 2/6; and,
without loss of generality, we can say that 1 > ||y | > §/2 for any ym € S.
We now complete the proof by a Gram-Schmidt process. We renumber
the elements of § as {2z,}. We then construct an orthonormal basis {un} 50
that
ZL= iU,z = bigty tague, .., 2Zn = binty F Banlip + - .. F Gnty,

where all the a;’s are positive. It is clear that by; < —(8/2)||2;| for all 4
and j. Thus, when j > [(2/6)2 + 1], we get ||z;]| > 1. This contradiction
proves the lemnma.

Proof of Theorem 1. To prove that the operator 7' has at least ore
fixed point in C, it suffices, hy Lemma 2 and the weak compactness of C,
to show that there exists a sequence {z,} in C such that

(i) {Twy ~ z,,} converges weakly to zero, and
(ii) (T ~ @y, zg) — 0.

Let B be a ball containing C and let g : H — C' be the retraction sending
z € M to the closest point to z in C. It is well known that p will satisfy

lez - gyl S lw ]l for all o,y € H, and
o ~ gyl < lle =yl ~ ey~ yIP forallceC, yet.

For the demicontinuous mapping Tog: B — B, there exists, by Lemma 1, a
sequence {2, } having the properties {a)-(c) listed in Lemnmea. 1. Set z,, = 02y,
Note that {i,} ¢ &, T'ew ~ o =T 0 08y — 2y + 2n — 22n, and
(T‘En “ Ly mu) == (T O Q&n = En, Zn.) + <T O P%p ~ B,y Q%n — z’n)
- (z'n, Dy, LBy zn) + (Zn — Q% zn)»

Now {T' o gz, — 2z, } weakly converges to 0, and (I 0 92, — 2n, 2n) = 0. Thus,
if liminf||pzn — 2n|| = 0, a subsequence of {@,} will satisfy (i) and (ii),
completing the proof. : '

- 'We assume toward a contradiction that there exists b > 0 such that
| o2zn — 2| 2 b for all n. By Lemma 3, there exists V, an infinite subset of
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{T o g2, — gzn} such that for two elements of V,
2 p2
(T 02 — 20) = (T'0 02— 02;)||* £ || T'0 020 ~ 02 |1 + [T 0 025 — 024 ||* + 2.

We will let W denote the corresponding subset of {z,}. Since T" is of pseu-
docontractive type, we have for zp,2; € W,

IT o 020 — T 0 0z]° .
< flozn — szHz + T 0 gz — Qzﬂ||2 + (|70 oz; = pz;||° + b
< Hzﬂ - zjllz + 1T o gzn — zn”2 - Hé’zn - 3n”2
2
+|T 0 025 — z||* ~ [loz; — 2 +b
< lzn = 2% + [T 0 02 — 2a® + | T 0 025 — 24]|* + b? — 207
< e = 211 + qlIT 0 020 — 2n* + 4| T 0 025 — 22
for some ¢ < 1. On the other hand, by the law of cosines, we have
T 0 gz ~ T 0 gz
> |zn = 2" + 1T © 020 ~ 02n[|* + | T 0 025 — 0%®
—2(T" 0 pzn, — 2n, T 0 025 — 2;)| — 21{T" © p2yy ~ 2y 20, ~ 2|
— 2T 0 025 — zj, % — 2;}].
Combining the two inequalities above, and noting that (T o gz, — 2y,
Toopz —z) =0forj# n, and (T opz; ~ 25,2, — 24) =0 for § > m,
we have
2{T © pzn — 2o, 2 — 2}
2 (1= )T 0 pzn ~ 2ul* + (1 = g)||T 0 027 ~ 2 }°
> (1~ g)llezn — 2a* + (1 = @)l 0z; = 2> 2 2(1 — ¢)b*.

Let § = {2,} be a subsequence of W; and let z be the weak limit of S,
Observe that

(T 02y, = 2, 2n ~ 2;) = (T 0 gzp, — 2y, 2y — II,2)
+{T 0 pzn — 2y, [z — 2)
+ (T o gzn — 24,2 ~ 2;).
Recall that (T'0pzn—2n, 2, — I, 2) = 0, that for sufficiently large n, [Ty 2—z|

is as small as necessary, and that for any fixed n, there exists 7 > n such

that [(T'o gzn — 2, 2~ 2;)| is also as small as desired. This gives the desired
contradiction. m : .
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