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1. Introduction. Let n be a non-negative integer and consider the set
of polynomials

Sp = {f(:c) = Zoejmj 15 € {0,1} for each j and ¢ = 1}.
J:

The condition €y = 1 ensures that the elements of S,, are not divisible by .
Let

S = fj S
n=0

There are interesting open problems concerning the polynomials in S. Using
the main result in [1] (with base 2) or using the well-known explicit formula
for the number of irreducible polynomials of degree < n modulo 2, one
can easily show that there are at least on the order of 2"/n irreducible
polynomials in S,,. Odlyzko (private communication) has asked whether
almost all polynomials in S are irreducible. In other words, does

lim {f(z) € Sy : f(x) is irreducible}|

n— o0 on

17

It is not even known how to establish that the limit (or the limit supremum)
is positive. Another open problem, posed by Odlyzko and Poonen [2], is to
determine whether it is true that if « is a root with multiplicity > 1 of some
polynomial f(z) in S, then « is a root of unity.

The purpose of this paper is to establish two results concerning the
polynomials in S. First, we shall show

THEOREM 1. Let b = 3, 4, or 5. Then there are infinitely many poly-
nomials f(x) € S for which f(b) is squarefree. Moreover, for such b, the

[191]



192 M. Filaseta and S. Konyagin

density of polynomials f(x) € S for which f(b) is squarefree is
. {f(x) € Sp: f(b) is squarefree}| 6 1\7!

n— 00 on

There are other trivial values of b for which one can obtain similar results
(when |b| < 2), but we do not know how to establish the analogous results
for b > 6. As an immediate consequence of Theorem 1, we deduce the

COROLLARY. Let b = 3, 4, or 5. There are infinitely many squarefree
numbers in base b consisting only of the digits 0 and 1.

The arguments can be modified slightly to allow for the possibility that
€p = 0 in the definition of S,,. Thus, for b = 3, 4, or 5, we can obtain
the density of squarefree numbers in base b among the positive integers
consisting only of the digits 0 and 1 in base b. For b = 4, the density is
1/2 times the expression on the right-hand side of (1); for b = 3 and 5, the
density is 3/4 times the expression on the right-hand side of (1).

It is of some interest to know a corresponding result for base 10. By
applying an argument similar to what we will use for b = 4 in Theorem 1,
it can be shown that there are infinitely many squarefree numbers which
consist only of the digits 0, 1, and 2. In fact, if dy, d2, and d3 are any three
distinct digits not equal to 0, 4, and 8 in some order, then there are infinitely
many squarefree numbers m in base 10 with each digit of m being either dy,
do, or d3. We will not address this issue further here.

Our second theorem concerns squarefree polynomials in S (polynomials
without any roots having multiplicity > 1). We shall see how to obtain the
next result as a fairly direct consequence of our approach to establishing
Theorem 1.

THEOREM 2. Almost all polynomials in S are squarefree. In other words,
lim Hf(z) € Sy : f(x) is squarefree}|

n— oo on

1.

In the next section, we give a proof of Theorem 1 for the case b = 3. In
the process, we will establish some preliminaries for the cases b = 4 and 5.
The remainder of the proof of Theorem 1 is given in Section 3. In Section 4,
we will establish Theorem 2 using a lemma (Lemma 9) which aided in the
proof of Theorem 1.

2. Some preliminaries and the case b = 3. Let n be a positive
integer. For integers b and m with m > 2, we define ¢(n) = t(n,m,b) as the
number of f(z) € S, for which m divides f(b). We begin with an estimate
for ¢(n). Suppose first that m and b are integers which are not relatively
prime. Then there is a prime p which divides both m and b. Observe that
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for every f(z) € S,,, we have f(b) =1 (mod p). Hence, for every f(z) € S,
m does not divide f(b), and we deduce that t(n) = 0. The next lemma deals
with the remaining situation where m and b are relatively prime integers.

LEMMA 1. Let m and b be relatively prime integers with m > 2. Then

n

) = 2 (1 + 0(1))

as n approaches infinity.

Proof. Since

m—1 .
2riaj/m _ J M if m|a,
, 0  otherwise,
=0
we obtain
m—1 m—1
1 wif(b)j/m 1 wif(b)j/m
(URES M SELTEEE'S Wi SRer
f(z)€Sy §=0 J=0 f(z)€S,

On the other hand, from the definition of S,,, we have

Z e2ﬂ'if(b)j/m _ e27r7,'j/m H(l +€27ribkj/m).

f(x)eS, k=1
Observe that when j = 0, the right-hand side is 2". Hence,
2n
tin) = — + F,
(m)="+
where
m—1 n
1 3 -
E= — 27ij/m 2mib" 5 /m )
- Z e H (1+e )
Jj=1 k=1
It remains to show that £ = o(2").
For each j € {1,...,m—1}, we rewrite the absolute value of the product
above as

‘ H(l i 627m'bkj/m)) _ ‘ H ewibkj/mH H(emb’fj/m i e—m’bk‘j/m)
k=1 k=1 k=1

n
= 2" [ lcos(xb*/m)].
k=1
Since m and b are relatively prime and 1 < j < m — 1, the expression
b*j/m is a rational number which differs from an integer by at least 1/m.
Therefore,

cos(mb*j /m)| < |cos(m/m)).
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Since m > 2, this last expression is < 1. We obtain

m—1 n
1 .
1< L3 [ artom
j=1 k=1
on m—1 n
= — H |cos(mb¥j /m)| < 2"|cos(m/m)|",
m

I
_

k

I
—

J
and the lemma easily follows. m

LEMMA 2. Let b be a positive integer, and let B be a real number > 0.
Denote by S(B,n) the number of f(x) € Sy such that f(b) is not divisible
by p? for every prime p < B. Then

S(B,n) = 2" p<]13_£+b <1 — plg) +0(2").

Lemma 2 follows from Lemma 1 by an easy sieve argument and we omit
the details. Observe that

11 <1 — p12> =11 (1 - p12>(1+0(1/3))

p<B,p{b ptb

6 1\!
= Wzg <1 - p2> (1+0(1/B)).

Fix € > 0. By choosing B sufficiently large and then choosing n sufficiently
large, we deduce from Lemma 2 that S(B,n) differs from

62" 1\ !
1— —
ST 5)

plb

by < e2™. Thus, to prove Theorem 1, it suffices to show that the number
of f(z) € S, such that f(b) is divisible by p? for some prime p > B is
< 2™, For such an estimate we may suppose that B is arbitrarily large;
more specifically, we can take B > By, where By is an arbitrary constant
depending only on e. The proof of Theorem 1 for the case b = 3 therefore
follows from the following lemma.

LEMMA 3. Let € > 0, and let B be sufficiently large. Then there are

< e2™ polynomials f(x) € S, for which there exists an integer d > B such
that d?| £(3).

Proof. Let d be an integer > B. Let r be the positive integer satisfy-
ing
37‘/2 < d S 3(7"—}—1)/2‘
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We fix ,, €41, ...,en € {0, 1} arbitrarily and consider f(x) = Z?:o g;al €

Sp. Observe that for any choice of €g,¢1,...,6,-1 € {0,1}, we have
r—1
0<> g3 <d”
§=0
Also, for distinct choices of the r-tuple (e9,€1,...,6,-1) with each ¢; €

{0, 1}, the numbers Z;;é £;37 are distinct; hence, they are distinct modulo
d?. We deduce that with &,,&,11,...,6, € {0,1} fixed, there is at most
one choice of (gg,¢1,...,&,—1) such that f(3) is divisible by d?. It follows
that there are at most 2"~"*1 choices for f(z) € S, such that f(3) is di-
visible by d?. The inequality 3"*1/2 > d > B implies that r is large.
Hence,

gn—r+l _ gntlg—r _ 2n+1(3r/2)7210g 2/log 3

< 2n+1(3(r+1)/2)75/4 < gntlg=5/4,

We deduce that the number of f(x) € S, such that f(3) is divisible by d?
for some integer d > B is

< 2n+1 Z d75/4'
d>B

Since B is sufficiently large and >~ d—°/* converges, we deduce that this

last expression is < £2", completing the proof of the lemma. =

3. The cases b = 4 and b = 5. In this section, we complete the proof of
Theorem 1. We will improve on the argument given for Lemma 3 to obtain
the desired result. We note that the work in this section allows us also to
handle the case b = 3 here, but we have chosen to indicate the proof of
the case b = 3 separately in the previous section partially because of its
simplicity and partially because the case b = 3 of Theorem 1 by itself can
be used to obtain Theorem 2 (see Section 4).

As in the previous section, we fix € > 0 and consider B to be sufficiently
large. Analogous to Lemma 3, we want to show for b = 4 and b = 5 that
the number of f(x) € S,, such that f(b) is divisible by d? for some d > B is
< 2™,

For b > 3, we define

S(b) = {Zajbj :e; € {0,1}, all but finitely many ¢; are 0}
5=0
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and
S = S/(b) = {m1 — Mg M1, Mo € S(b),m1 > mg}

= {Zgjbj €ZT :e; € {—1,0,1}, all but finitely many ¢; are O}.
§=0
For r and t positive integers, we consider the set
X(rt)=X(rt;b) ={uec ZN "1 b") : ged(b,u) = 1 and tu® € S'}.

The next several lemmas serve to estimate the size of X (r,t). In the end,
we will need a more intricate estimate for the case b = 5 than for the case
b = 4; in particular, for the case b = 5, we will need to strengthen our next
lemma which is a preliminary bound on | X (r,t)|.

LEMMA 4. Let b> 3, r > 2, and t > 1 be integers. Then
| X (r,t)] < 3" 102,

Proof. For any positive integers m and s, m is in S’ if and only if b*m
is in S’. Thus, we may suppose that btt, and we do so. We may also suppose
that | X (r,t)| # 0. Let u be in X(r,t). Then tu? is in S’. By the definition
of S’, an element of S’ is either relatively prime to b or it is divisible by b.
Thus, the conditions ged(b, u) = 1 and tu® € S” imply ged(b,t) = 1.

We write
o0
tu? = Z aib”,
k=0

where each o = ay(u) is in {—1,0,1}. There are 3" 7152 different values for
the (r + 2)-tuple (v/,af,a},...,al) where v’ is a non-negative integer < b?
and o), € {—1,0,1} for k € {0,1,...,7}. Consider a fixed such (r+ 2)-tuple.
The lemma will follow if we can show that there is at most one u € X(r,t)
for which u = v/ (mod b2) and ay(u) = o, for every k € {0,1,...,r}.

Let u and v be in X (r,t) with u = v (mod b?) and ay(u) = ay(v) for
every k € {0,1,...,7}. We want to show that u = v. Let p be a prime divisor
of b. Then ged(b, u) = 1 implies p{u. Since ged(u—v,u+v) = ged(u—wv, 2u),
we deduce that if p divides both u — v and uw + v, then p = 2. Also, u = v
(mod b?) implies p? | (u — v) so that in the case p = 2, we have 41 (u + v).
Since ged(b,t) = 1, it follows that ged (b, ¢(u 4 v)) is either 1 or 2 and,
hence, divides b. The condition ay(u) = ai(v) for every k € {0,1,...,7}
implies b" ! | (tu? — tv?). We deduce b" | (u — v). The conclusion u = v now
follows since uw and v are positive integers < b”. m

LEMMA 5. Let j and s be positive integers. Let K be a set of s-tuples
(K1,...,ks) satisfying the two conditions:

(i) For each i € {1,...,s}, k; € {1,2,3}.
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(ii) For eachi e {j+1,j+2,...,s}, if ki—; € {2,3}, then k; € {1,2}.

Then
3\ N
K| < 14+ v2)%.
< () oo
Proof. For each ¢t € {1,...,j}, consider the elements (k1,...,ks) of K
and define Ky as the set of [(s — ¢ + j)/j]-tuples (K¢, Kjye, - -5 Ki(s—t)/5]j+¢)-
Thus, |K| < [[]_, |K¢|. Also, observe that the number of components in
each element of K is the sum over ¢ of the number of components in each
element of K;. In other words,

@) Zj:[s—t—kj]

t=1

Fixing ¢t € {1,...,j}, we consider the elements (11, ..., Vs—t+j)/5) of K.

For each i € {1,...,[(s—t+7)/j]}, we define N; as the number of different
choices for 91,...,1; which arise. In other words, NN, is the number of i-
tuples (¢1,...,1;) obtained from the first ¢ components of the elements of

K. Thus, |K;| = Njs—t4j)/5- By condition (i), N1 < 3. By conditions (i)
and (i), Na2 < 7 (there are < 3 choices for (11,12) with ¢y = 1 and < 4
choices for (11, v2) with ¢y € {2,3}). Fixi € {3,4,...,[(s—t+7)/j]}. Let M
be the number of (i — 1)-tuples (¢1,...,%;_1) with ¥;_; = 1. Observe that
M < N;_5. By condition (i), there are < 3M possible i-tuples (¢1,...,1;)
with ¢;_1 = 1. On the other hand, by condition (ii), there are < 2(N;_1 —M)
possible i-tuples (¢1,...,1;) with 1;_1 € {2,3}. Therefore,

N; <3M +2(Nj—y — M) =2N;_1 + M < 2N;_1 + N;_».
Recall that Ny < 3 and Ny < 7. An easy induction argument now gives
N; < 3(1++v/2)i~ 1. Thus,

Ky = Nigoa1gy5 < 3(14+ VD071 — >(1 Byt

< 3
1+v2
The lemma now follows from |K| < ngl |K¢| and (2). m

LEMMA 6. Let b be an odd integer > 5, and let v and j be positive integers
with j < r. Let a and t be positive integers and suppose that b’ || a. Then the
number of positive integers u < b" with ged(b,u) = 1 and such that both tu?
and t(u + a)? are in 8" is < (b—1)37(1 +/2)" 7.

Proof. As in the proof of Lemma 4, we may suppose that ged(b,t) =1
and do so. Let © be as in the statement of the lemma. Let

D(u) = t(u + a)?® — tu* = ta(2u + a).
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Since tu? and t(u + a)? are in S’, we have

(3) tu? = Z apb® and  t(u+a)? = Eﬁkbk
k=0

k=0

for some integers ay, and Sy in {—1,0,1}. We write

r—1 o9
(4) u= Zukbk and D(u) = debk,
k=0 k=0

where, for each non-negative integer k, uj € [0,b — 1] and
(5) di = ﬁk — o € [—2, 2].

Note that since b > 5, D(u) has a unique representation as in (4) with
dy € [—2,2]. Suppose now that v is a positive integer < b" with v # u and
ged(b,v) = 1 and such that both tv? and (v + a)? are in S’. Let [ be the
non-negative integer satisfying b' || (v — ). Then D(v) — D(u) = 2ta(v — u)
so that
¥ (D) - D(w).

Viewing the numbers ug, u1,...,u;—1 in (4) as fixed, we deduce that the
numbers do, d1, ..., di+;—1 are uniquely determined. Furthermore, the num-
ber v; uniquely determines the value of d;1; and different values of u; lead
to different values of d;4;. In particular, there is at most one choice of v,
which leads to d;4; = 0. We refer to such a choice of u; as “nice”.

We keep the notation above and still view wug, uq,...,u;_1 as fixed. Sup-
pose that I > 1. Since b is an odd integer relatively prime to tu, we ob-
tain that ged(b,t(u +v)) = 1 so that b || (tv? — tu?). Hence, the numbers
g, a1, ...,q;—1 in (3) are uniquely determined. Different values of u; lead
to different values of ;. We are interested only in u for which tu? € S’ so
that oy € {—1,0,1}. Therefore, there are at most 3 different values of v,
such that tu? € §’.

Since oy and (3 are in {—1,0, 1}, for each d; € {—2,—1,0, 1,2}, there are
at most 3 — |d;| values of a; such that (5) holds. In particular, we deduce
that if [ > j and w;_; is not nice (so that d; # 0), then there are at most two
values of oy, and hence at most two values of u;, for which tu? and t(u + a)?
are both in 5.

Since bfu, there are at most b — 1 choices for uy in (4). Fix uy and

consider the choices for uy,...,u,—1 as in (4) with u as in the lemma. For
le{l,...,7r—1} and for any given uy,...,u;_1, there are at most 3 different
values of u;, say v; = ~vi(ug,u1,...,u;—1) where i is a positive integer <

3. At most one such wu; is nice, and if such a choice of wu; exists we can
suppose that it is y; and do so. We define ¢;(u;) = 4, where i € {1,2,3}
with u; = ;. Observe that u in (4) is uniquely determined by the value of
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(p1(u1), ..., ¢r—1(ur—1)) (where we are still viewing ug as fixed). Also, if
le{j+1,j+2,...,r—1} and ¢—j(u—;) € {2,3} (so that u;_; is not nice),
then ¢;(u;) < 2. Thus, the set of (r — 1)-tuples (¢1(u1),...,¢r—1(ur-1))
satisfies the conditions of the set K in Lemma 5 with s = r — 1. Recalling
that there are < b—1 choices for the value of ug, we deduce that the number
of u < b" with ged(b, u) = 1 and such that both tu? and t(u + a)? are in S’
is

3\’ ,
<b-1D[———=) 0+V2)" P <b-1)31+V2) 7
<0-1( ) VI <003 VD
establishing the lemma. =

LEMMA 7. Let b be a positive integer > 3. Let r and | be positive integers
with 1 <1 <r. Let t be a positive integer. Then there exist 372 gntervals
each of length < 2b' with the union of these intervals containing all numbers
w for which b"~1 < u < b" and tu® € S'.

Proof. Let s be the positive integer satisfying

s—1 s

< .
b—1 'S

For u < b" and tu? € S’, we obtain

2r+s—1

tu? = Z apb®  for some ay € {—1,0,1}.
k=0
Fixapforr+s+1—-2<k<2r+s—1. Let
2r+s—1 r4+s+01—3 2r+s—1 r4+s+1—3
a= Y b= Y b and g= > a0
k=r+4s+1—2 k=0 k=r+s+1—2 k=0

For o™= < wu < b" and tu? € S’, we deduce that tu? is in some such [a, 5]
so that u € [, 6], where

\/7 \/7 br 1 br
Observe that
rtsti-3 oprt+s+i—2

B8—a=2 Z bk < 1

Therefore,

00—«
o — —Va/t=
VSV B

<5 5 a  20mtsH=2/(h 1)

= 2p.
ty T br+s=2/(b—1)
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Hence, the 3"~!*+2 choices for a4 172, .., Q2.4+5_1, €ach in {—1,0, 1}, lead
to 3"~!*+2 intervals [y,d] of length < 2b' satisfying the conditions of the
lemma. =

Since b > 3, it is not difficult to check that the intervals in the proof of
Lemma 7 above are disjoint. On the other hand, it is already clear in the
statement of Lemma 7 that we may consider these intervals to be disjoint.

LEMMA 8. Let b be an odd integer > 5. Let r and t be positive integers.
Then

X (r,1)] < exp <1°g 3(log bljgl(%gbgl + ﬁ))r)v

where the implied constant depends on b but not on r ort.

Proof. Consider an arbitrary positive integer [ < r. By Lemma 7, X (r,t)
is contained in the union of 3"~!*2 disjoint intervals [y;,d;], with 1 < i <
3=1+2 where each interval is of length < 2b'. For each i € {1,...,3" %2}
and k € {1,...,b— 1}, we set

Xik(r,t)={ue X(r,t) :u€[y,d and u =k (mod b)}.
Let n; = | X; k(r,t)|. Then

37‘ Z+Qb 1
Sy raslne 2 L)
=1 k=1

32 1
= {(u,v) :uw € X; ,(r,t),v € X, ,(r,t), and u < v}

=1 1

o
Il

3r—it2 g
= Z H{(u,v) :u € X, k(r,t),v e X, ,(r,t), and v —u = a}|

1<a<2bt =1 k=1
bla

IN

Z H{(u,v) :ue X(r,t),ve X(rt), and v —u = a}|.

1<a<2bt
bla

From Lemma 6, we now deduce that

3rit2 ln n _1 l
I D S RO
i=1 k=1 J=1 1<a<2b!

b ||a

Z D3 (14 V2)" 7 < bl(1+V2)".
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Therefore,
3Tty 3Tty ( 1)
g 6\ Tk —
EDIDWTED DM (R ey
i=1 k=1 i=1 k=1
3r7l+2 b—1 37‘7L+2 b—1 ( 1)
Mgk \Mi k. — r— r
= 1+ %«3 Lbi(1+V2)"
i=1 k=1 i=1 k=1
We choose

[ (log 3 — log(1 + v/2)) r 41
N log(3b)
to obtain the lemma. =

LEMMA 9. Let b =4 or 5. Let € > 0, and let B = B(e) be sufficiently
large. Then the number of f(z) € S, such that f(b) is divisible by d* for
some integer d > B is < g2".

Proof. Since B is sufficiently large, the number of f(z) € S,, as in the
lemma is 0 unless n is also large. We therefore consider n large. Let r be
a positive integer for which " > B. We consider the integers d such that
b=t < d < b For f(z) € S,, we have 0 < f(b) < b"T! so that if f(b) is
divisible by d? (which is > b?"~2), then r < (n+3)/2. We therefore suppose,
as we may, that » < (n+ 3)/2.

Recall that each f(x) € S, has constant term 1 so that if f(b) is divisible
by d?, then ged(b,d) = 1. If f(b) = td?, then we also have 1 <t = f(b)/d*> <
b =2r+3 5o that d € X (r,t) for some positive integer t < b" 273, We use
Lemmas 4 and 8 to deduce that the number of f(z) € S,, for which there
exists a d € [b"~1,b") such that d?| f(b) is

pr—2r+s gn=2rgr for b= 4,
< log 3(log 5 + log(1 2
< X Xeol< 5n_2TeXp<<>g (og5 + log( +f>>7“> for b=5.

In either case, if r > n/(2.4), the above expression on the right is easily
< 2™ /(nB). We restrict our attention now to r < n/(2.4). We note that our
method for obtaining this bound on r is not the best possible, and it would
be easy to replace 2.4 with a larger number; however, 2.4 will be sufficient
for what follows.

Let s denote a positive integer < n—2r. We consider f(z) = Z;L:O gl €
Sp with 9,452,827 451, ..., &p fixed elements from {0, 1}. Thus, we obtain
22r+s=3 different values of f(b). Let N(d) denote the number of different
(2r + s — 3)-tuples (e1,€2,...,c2,45—3), with each ¢; € {0,1}, such that
d?| f(b). Suppose N(d) > 1. Consider the f(z) counted by N(d), and let
fi(z) denote the f(z) which minimizes the value of f(b). Then there are
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N(d)—1 other f(x) counted by N (d) each having the property that d*| f(b).
For each of these N(d) — 1 different f(z), we obtain

0< f(b) = fa(b) <P H*72 < d?p®.
Thus, there are at least N(d) —1 different f(x) € S,, (with 9,152,897 45-1,
..., &n fixed) such that f(b) — f1(b) = td? for some positive integer ¢t < b°.
Different choices for f(z) give different values for t. We deduce that there
are at least N(d) — 1 different ¢ < b° for which d € X(r,1).

With €9, 45-2,2p45-1, - - . , £ still fixed, we bound the number of f(x) €
S, such that there is a d € [b"~1,b") for which d? | f(b). This number is

< Y Nd= > (N@-1D+ > L

br—1§d<b7‘ br—1§d<br br—1§d<br
N(d)>1 N(@)>1

From our comments above and from Lemmas 4 and 8, we deduce that

> W@-np< Yy > =Y Y 1

br71§d<br br—1§d<br IStSbS 1§t§b3 by‘—1§d<br
N(d)>1 deX(rt) de X (rt)
= > |X(r1)]
1<t<bs
453" for b =4,
log 3(log 5 + log(1 2
<950 exp 0g3(log5 + log(1 + v2))r for b= 5.
log 15
Also,
doo1<w.
b l<d<b”
N(d)>1
Letting €2y4s5—2,€2r45-1,--.,En Now vary, we deduce that the number of

f(z) € S, such that there exists a d € [b"~!,b") for which d? | f(b) is
L 2NN L 20 TEIT for b =4
and
log 3(log 5 + log(1 + v/2)) 7
log 15

In the case b = 4, we choose

. {rlog(4/3)
log 4

< 272855 exp ( ) + 2nT2rS5T for b= 5.
] + 1;

and in the case b = 5, we choose

r log 5 + log(1 4+ v/2)
=|—|1 — 1 1.
g [10g5 ( 085 log 15 (log3) J | +
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It is easily checked that since 1 < r < n/(2.4), in either case the choice of
s is a positive integer < n — 2r. We deduce that the number of f(x) € S,
such that f(b) is divisible by some d? with b"~! < d < b" is

2" exp(—0.14r)  for b =4,

n—2r—sir
<2 < { 97 exp(—0.0347) for b= 5.

In either case, b = 4 or b = 5, since €2 > b, the above bound is <
2716727"/100 < 2nbfr/100‘

Letting r vary over the positive integers for which b > B, we easily
deduce now that the number of f(x) € S,, such that f(b) is divisible by d?
for some d > B is < 2"B~1/100_ Since B is sufficiently large, the proof of
the lemma is complete. m

4. The proof of Theorem 2. Let R be a fixed real number > 1. We
begin by estimating the number of f(x) € S, divisible by the square of a
non-constant polynomial in Z[z| of degree < R. We will show that there are
0(2") such f(x).

Odlyzko and Poonen [2] have obtained extensive results about the roots
of polynomials in S,,. For our purposes, it suffices to know that these roots
are bounded in absolute value by 2 which is easily established as follows.
Let f(z) € Sy, and write f(x) = > 7.2/ where m < n, e; € {0,1} for
each j, and eg = ¢, = 1. If & € C and |a| > 2, then

m m—1 |Oé|m _1
1f(a)| > ‘Zejoﬂ‘ > Ja|™ = Y Jai = |of™ — o
§=0 §=0
_ o™ =2Jafm+1  (Jo| = 2)|a|™ +1
- ol =1 B ol =1

Thus, f(a) # 0, and we deduce that all roots of the polynomials in S,
necessarily have absolute value < 2.

Let g(z) € Z[z] of degree r € [1, R], and suppose that g(z) is a factor of
some polynomial in S,,. It follows that the roots of g(x) have absolute value
< 2. Also, since polynomials in S,, are monic, the leading coefficient of g(x)
must be +1. Since the degree of g(x) is < R, it follows that each coefficient
of g() has absolute value less than or equal to the product of 2% (an upper
bound on the absolute value of the product of the roots of g(x)) and 2% (an
upper bound on the number of combinations of » < R roots taken k at a
time where k € {0,1,...,7}). Since the absolute value of the coefficients of
g(z) are bounded by 4 and since g(z) has degree < R, there are

> 0.

different possible values of g(z). To establish what we first set out to show,
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it suffices then to deduce that for each such g(z), there are o(2") different
possible f(z) € S, divisible by g(z)?.

Fix g(x) as above. Suppose that f(x) = Z?:o g;x? € S, is divisible by
g(z)?. We consider the set T,,(f(x)) consisting of the polynomials w(z) =

Yo &jx! € Sy, where there is exactly one k € {1,...,n} for which &, # e
In other words, w(z) = Z?:o il € To(f(x)) if and only if there is a

k € {1,...,n} such that ¢) = ¢; for every [ € {0,1,...,n} with [ # k and
gy =1 —¢g. Thus, |T,,(f(x))| = n. Since f(z) is divisible by g(x)? and f(z)
has constant term 1, it must be the case that g(z) is not divisible by x.
If w(z) = Z?:()s;xj € T,,(f(z)) and k € {1,...,n} with €, # e, then
f(x) —w(z) = £2* is not divisible by g(x)2. We deduce that the elements
of T,,(f(x)) are not divisible by g(z)2.

Now, suppose that fi(z) and fa(z) are distinct polynomials in S, each
divisible by g(x)2. We show that T, (f1(z)) and T, (f2(z)) are disjoint. If the
sets were not disjoint, then there would be some w(x) which differs from
each of fi(x) and fo(x) by a power of z. By considering fi(z) — fo(z), it
follows that for some k and [ in {1,...,n} with k > [, 2% £ 2! = 2!(zF~1 £ 1)
is divisible by g(z)2. Since the roots of z*~! 41 are distinct and since g(z) is
not divisible by z, we deduce that g(x)? cannot divide x!(x*~! £ 1). Hence,
T, (f1(z)) and T),(f2(x)) are disjoint.

For each f(z) € S, divisible by g(z)?, there correspond n polynomials,
namely the elements of T}, (f(x)), which are not divisible by g(x)?, and these
n polynomials are different for different f(z). Thus, there are < 2"/(n + 1)
polynomials in S, divisible by g(z)?. Hence, there are o(2") polynomials
in S, divisible by g(z)? and thus o(2") polynomials f(z) € S, which are
divisible by the square of a polynomial of degree < R.

Fix € > 0. It suffices to show that if R is sufficiently large, then there
are < 2" polynomials f(z) € S,, which are divisible by the square of a
polynomial in Z[x] of degree > R. We will use Theorem 1 with b = 4 and
the fact already established that the roots of the polynomials in S, have
absolute value < 2. We note, however, that the case b = 3 of Theorem 1
could be used instead of the case b = 4 if we use the fact that the roots of
the polynomials in S,, have real parts < 1.5 (cf. [1] or [2]).

Let f(z) € S,, with f(z) divisible by the square of a polynomial g(z) €
Z[z] of degree r > R. We may suppose that g(z) is monic (otherwise, replace
g(z) with —g(x)). Then the roots of f(z) and hence g(z) have absolute value
<2.1f B1,. .., B- denote the roots of g(x), then g(x) = [[;_,(z — ;) and

g(@)] =] 14— 5] > 2" > 2"

j=1
Since f(x) is divisible by g(x)?, we deduce that f(4) is divisible by d? for
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some integer d > 2. On the other hand, from Lemma 9 with b = 4, we
deduce that for R sufficiently large, there are < £2" such polynomials f(x) €
S, Hence, Theorem 2 follows.
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