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1. The interest of several mathematicians has been attracted by Cheby-
shev’s classical result to the effect that the greatest prime factor of
[1,<,(1* + 1) tends to infinity faster than any constant multiple of x.

‘Let us turn our attention to the more general question concerning the
order of magnitude of the largest prime factor P, of [[,., f(I), where f is
any irreducible polynomial of degree greater than 1 with integer coefficients.
T. Nagell was the first to give a non-trivial lower bound for P,. He proved
in [6] that for any a < 1 and for all sufficiently large z,

(1) P, > z(logx)*.

No further progress was made with this problem until P. Erdés ([1]) in
1952 introduced a new method which increased the lower bound in (1) to
zexp{c(f)logy x - logg z} with ¢(f) > 0, where log,, z denotes the m-fold
iterated logarithm. Later, a more complicated application of these ideas led
P. Erdds and A. Schinzel in [2] to the conclusion that for large z,

P, > zexpexp{c (f)(logy z)*/3}  with ¢(f) > 0.

Recently, by combining Erdés’ approach with an interesting result about
the average order of Hooley’s A-function for polynomials, G. Tenenbaum
showed in [11] that (1) can be improved to

(2) Py > zexp{(logz)"}

for any 0 < a < 2 —log4 if x > z¢(a, f).

In the following, let K be a fixed algebraic number field of degree n =
r1 + 2ry (in the usual notation) over the rationals with discriminant d. Zg
will denote the ring of integers in K.

The primary concern of the present paper is to generalize the inequal-
ity (2) to K in an appropriate way. To this end, we start with an irreducible
polynomial F(x) € Zk[z] of degree g > 1 and replace the integers [ € [1, z]
by algebraic integers a@ € Zk lying in certain lattice point regions: Let
Py, ..., P, be sufficiently large positive real numbers satisfying P, = Px4r,
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fork=ri+1,...,71 +79 and put P:= P; ... P,. We consider the set
R.(P) = {a € Zx :  totally positive, ¢ < [a®| < Py, k=1,...,n},

where ¢ > 0 denotes a fixed constant. Let us write o > 0 to indicate that
« is totally positive. It should be remarked that our arguments also work
without the restriction o > 0, but it is common practice to introduce this
condition. By the theory of units (cf. [9], Hilfssatz 6) there exists a totally
positive unit n of K such that

(3) PV < |n®P, <« PV k=1,...,n.
We put
Ve=]]® o [P, — )
k=1

k=1
and obtain, for ming Px > 2c¢,

PPy —¢) > n®|P, > PY" > VY k=1,... n.

These observations enable us to apply Hilfssatz 9 of [7], which involves the
formula

(4) HaeZg:a=0, a=ymoda, c<|a®| <P, k=1,...,n}
:HBEZK

B3>0, 3=+ -npmod a, c\n(k)| < |ﬂ(k)] < |n(k)]Pk, kE=1,...,n}

S ol () )

where a stands for an integral ideal of K. Here and in the sequel, |...|
denotes the cardinality of a finite set.

THEOREM 1. Let F(x) € Zk|x] be an irreducible polynomial of degree
g > 1. Denote by pp a greatest prime ideal factor of Hae%o(P) F(a), greatest
in the sense that its norm Npp is mazrimal. Then for any 0 < a < 2 —log4,

Npp > Pexp{(log P)*} if P> Py(a, F,K).

The proof of Theorem 1 is influenced by the cited papers of Nagell,
Erdés and Tenenbaum on the corresponding problem in the rational case.
It is possible to model their main arguments appropriate to our situation.
Let us only explain some of the additional difficulties.

Often one is allowed to assume without loss of generality that the Py
obey the inequalities P'/" <« P, < PY" for k = 1,...,n. However, this
argument does not work in our case, since multiplying o € R (P) by the unit
n in (3) results in another polynomial F' in Theorem 1, whose coefficients
depend in an indeterminable manner on this unit. We avoid this problem



A problem of Chebyshev 209

by introducing an unusual “one-dimensional” condition in the definition of
the set &.(P) in (15). Moreover, in contrast to K = Q, the possibility of
choosing the constant c¢ freely is crucial for our investigations. In particular,
these modifications involve some more careful calculations in comparison
with the rational case.

To explain another novel feature of the present paper a certain amount
of preparation is required. Let us begin by noting that, in view of (4),

(5) o1 Nia oo

a€ER.(P) ymod a
F(a)=0mod a F(y)=0mod a
if Na < ¢gP, where ¢y = ¢o(K) has to be sufficiently small. The constant
co does not occur in the rational case.

For brevity we put I = [¢oP/2,coP] and denote by D(«, I) the number
of ideal divisors a of o € Z satisfying Na € I. Suitable extensions of some
results of [1] and [2] lead us to

IVd| 1 logP
6 Npp > P S— -N(P
(© e > Pesp { DL 2 22 )
if Plogy, P = o(N(P)log P) as P — oo, where N(P) is defined by
N(P)=|{a € R(P) : D(F(«a),I) > 1}|.

Consequently, our problem has been reduced to that of establishing a suit-
able lower bound for N(P). To this end, we apply a method which is an
extension of the one developed by Tenenbaum in [11]. A key step, which
is of some interest in itself, is the determination of an upper bound for the
sum

(7) S AF@), t=1,

aE%o(P)

where in our terminology Hooley’s A-function is of the form

A(a) :m&)g(\{b\a:u<logl\7b <u+ 1}

THEOREM 2. For any real number t > 1 we have
S A(F(a)' < Plog P)* T P
a€Ro(P)

It turns out that one of the main difficulties arises in connection with
the transformation of the multidimensional sum (7) into the one-dimensional
expression

(8) > L]\S?A(a)t, t>1,
Na<X
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where L(a) denotes the number of solutions of the congruence F(a) =
0 mod a. Using a suitable algebraic Selberg-type sieve we succeed in car-
rying out this reduction. The argument presented here further shows that
the full rational theory developed by Tenenbaum in [10] in a more general
context can be avoided. Evolving a direct proof of Theorem 2 many simpli-
fications are possible. The procedure for the estimation of (8) is now very
similar to that in the rational case.

The numbers ¢, ..., cos coming up in the sequel are positive constants
which depend at most on the field K and on the coefficients and degree
of F. Throughout, small German letters stand for integral ideals of K; in
particular, p always denotes a prime ideal.

2. Let F(x) € Zk[z] be an irreducible polynomial of degree g > 1.
Denote by 6 the discriminant of F' and by L(a) the number of (incongruent)
solutions in Zx of F'(a) = 0 mod a. We quote from [8] the relations

(9) Y Lp) =liX + O{X exp(—c11/log X)},

Np<X

(10) Y L@ =cX+0(X'"), 0<b<1/2,
Na<X

(11) L(p") <minfg, Np — 1},  pto:=60F(1), 1 > 1.

In (11) we have used the fact that L(p) < Np if pfF(1). Moreover, it is
easily seen that L(p') < 1 if p|6p.
A straightforward partial summation shows that (9) implies

log Np _
(12) > L(p) Ny s X +00)
Np<X
and
L
Z ﬁ = loglogX +c3 + O{eXp(—C4m)}a
Np<X Np

so that in particular

1 logY L(p) logY
1 —1 < — <21 Y >2X > X,.
(13) 9 %8 log X — Z Np — 8 log X’ - =0
X<Np<Y

We begin our investigations by deriving the bound (6) for Npp. To this
end, let us decompose (F'(«)) # (1) for o € Zg in the form

(14) (F(@)) = q1(a)q2(),
where all prime ideal factors of q1(«) (resp. qz2(«)) have norms < Z (resp.
> 7). The parameter Z > 2 will be chosen later.
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We introduce the set &.(P) of all integers o € R.(P) subject to the

condition
Na > P(log P)"" 72,
for which F'(«) has no prime ideal factor p satisfying coP < Np < cgcoP,
where cg > 1 is chosen in such a way that c¢; = %co(co%)g_l > 1 and
g

(log P)(r1tr2)g
For sufficiently large ¢ = ¢(F, K) occurring in the definition of R.(P) this
can clearly be done.

Let us pause to determine the cardinality of this set &.(P). Using (4)
and (11) we obtain

sp= Y 1rof Y e X% > 1

a€R(P) a€Ro(P) coP<Np<cocsP a€NRo(P)
Na<P(log P)~"17"2 F(a)=0mod p

(15) K IN(F(a))| < czP?  for a € G.(P).

—

27)"2
- v
V4|

P
1-1/n A
+ O{P + > 1+ > (Np T 1> }
a€Ro(P) coP<Np<cocg P
Na<P(log P)""17"2

_ (@2m) oo P)-1
_ |\/g|V+O{ ae;;(m 1+ P(log P)~' }.

Na<P(log P)""1 "2

It remains to evaluate the sum occurring in the remainder term on the
right. To this end we first note that

>, 1
aE€Ro(P)
Na<P(logP)~"1772

<HB € Zk, B < ™ |P, k=1,....n, INS| < P(log P)~" "2}

DS >

(8) e |6(k)ﬁ(k)|£<‘ (k)‘p.

N(B)<(log P)"17"2 =1
where the outer sum is taken over all principal ideals () with norms <
P(log P)~™ "2, The inner sum gives the number L(/3) of units € of K such
that |e®)3*)| < |n®)| P, for k = 1,...,n. By choosing a fixed generator (3
of (B) satisfying [NG|'/™ < || < [NB|Y™, k =1,...,n, it follows from
(3) that
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P 1/n—1
() <IIEor =6

Jj#k

n®)| P p "

< k=1,....n.
=) S \ivgj) R

Let €1,...,&, be the fundamental units of K so that

]5(’“)| = \8gk)ll .. .6£k)l"|, LieZ j=1,...,r:==r1+ry— 1L

This leads us immediately to the inequalities

’Zl log|5()]‘<<log|Nﬁ| E=1,...,n.

Since the rank of the matrix A = (log \5( )|)(’“’”) is equal to r, there exists a
matrix B = (bj;)™") such that the product AB is the unit matrix. Hence

n T
k P
|lq\:’2bkq§:ljlog|€§)]’<<10g’Nﬁ‘, g=1,...,r
k=1 j=1

and therefore

ri1+re—1
L(B) < <log U\];ﬁ> )

It should be noted that the contribution of the roots of unity here gives
nothing important. Returning to our starting problem we obtain

Z 1 < (log P)r1+r2_1 Z 1 <« P(log P)_1
aERo(P) Na<P(log P)~"1-"2
Na<P(logP)~"772

so that finally
(2m)"
Vd|

The key idea is now to consider the expression -, .o (p)log Nai(a).
A fairly simple argument is sufficient to derive an upper bound for this sum.
Starting from the inequality

(16) 6:(P)| =

V +O{P(log P)"'}.

M(P,p)
RTAUIDED SRS SED DI
aER(P) Np<Z a€ER(P)
F(a)=0mod p™

where

log P
M(P,p) = max max m< °8

+1,
a€R(P) pm|F(a) log Np
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we have, in view of (4), (11) and (12),

(17) Y logNa(a)

aER(P)

< Z log Np Z Z 1

Np<Z ~ mod p aER.(P)
F(y)=0modp a=vymodyp

M(P,p)

sof e 8 ()

Np<Z m=2

(2m)"™ log Np { 1-1/ log Np }
= 14 L(p) +OqpP " <A
V| N,,Z<Z N Ngz Npt=/

long logP
Z+ P
{ PO N logz}
Np<Z

(2m)™ { 1-1 1 log P
= ViegZ + O P*=Ynztn y 74 P4 7 .
1V/d| log Z
The comparison of the upper bound (17) with a lower bound will yield
the stated estimate for Npp in (6). The proof requires, however, some
preparation.

LEMMA 1. If o € &.(P) and Z = coP in (14), then

g
Na(o) 2
(log P)r+r09 Np-

Proof. If Z = ¢y P, then all prime ideal factors p of q2(«) in (14) satisfy
Np > cgcoP for a € G.(P), so that, in view of our choice of ¢4, g2(cr) can
have at most g — 1 prime ideal divisors, counted according to multiplicity.
From this fact and (15) we deduce readily

|IN(F(a))| cg P9
= > .
qu(a) qu(a) - (log P)(T1+T2)9Np'?3—1

LEMMA 2. Choose Z = coP in (14) and let a« € S.(P) satisfy D(F(a),I)
> 1, then

cg P9
Ngi(a) > . -2
(log P){r1 7219 N

Proof. Since there exists an ideal factor a of F'(«) with coP/2 < Na <
¢oP we have by (15) and our choice of cg,
IN(E(@)] _ 2¢7
Ngs(a) = ——7—= < —
q2( ) qu(Oé) =~

Pg_l = (cocﬁP)g_
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On the other hand, for a € &.(P), all prime ideal divisors p of qa(«) satisfy
Np > cocgP, so that qo(a) can have at most g — 2 prime ideal factors,
multiple factors counted multiple. Hence, by (15),
N(F(« cg PY
Nas(a) = W] o
Naz(a) — (log P)n+r2)9 Np,

We are now in a position to derive a suitable lower bound for the sum
under consideration. An appeal to Lemmas 1 and 2 leads us at once to

Z log Nqq ()

a€G. (P)

> (glog P — (r1 +1r2)glogy P — (g — 2) log Npp + log cs) Z 1

a€BG.(P)
D(F(a),])>1

+ (glog P — (r1 + r2)glogy P — (g — 1) log Npp + log cg) g 1
aeS.(P)
D(F(a),1)=0

= longp : Z 1
a€S.(P)
D(F(a),)>1

+ (glog P — (r1 4+ r2)glog, P — (g — 1) log Npp + log cs) Z L.
aceG.(P)
We further note the inequality

3 12N(P)—{ Soi- Y 1},

a€G.(P) a€R.(P) a€B.(P)
D(F(a),1)>1

so that finally by (4), (15) and (16),
(18) Y logNai(a)

aeG.(P)
> log Npp - {N(P) — coP(log P)~'}

+ (glog P — (11 +1r2)glogy P — (9 — 1) log Npp + log cs)
(2m)" —1)
X V —c19P(log P
(7 s )
(2m)"
1Vd]
+ N(P)log Npp — c11 P.

>

(gV1og P — (r1 +1r2)gPlogy P — (g — 1)V 1og Npp)
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If we combine (18) with (17) for Z = ¢o P, we arrive at

(2m)" Npp
19 —1)Vleg —— > N(P)log Npp — c19Plog, P — c13P.
(19) ’\/a (9 ) g p = (P)log Npp 12 g2 13

Since, for sufficiently large P, (13) implies the existence of a prime ideal p
satisfying coP/2 < Np < ¢oP and L(p) > 0, we deduce at once from (5)
that
(20) Npp > coP/2 for P> Py(F, K).

Let us now assume that Plog, P = o(N(P)log P) as P — co. Then we
have, for sufficiently large P,

1
cr2Plog P+ cisP < - N(P)log P+ N(P)log %0

By (19) and (20), this leads us to

27r)T2 N ~1
(\%’ (g— 1)V log ;P >gTN(P)10gP,
so that
Vd| 1 log P
N P .= .N(P)-
op > exp{(%)m SN 222,

which completes the proof of (6).

It remains to deal with N(P). These investigations are longer and con-
stitute the main problem to be overcome. We begin by observing that
certainly

NP = S 1z(egP)t Y. D(F().I),

aER(P) a€R.(P)
D(F(a),I)21 D(F(a),I)<(log P)®

where b > 0 will be chosen later. Recalling the definiton
D(a,I)=|{a|a:cP/2 < Na<coP}

already given in the introduction, an application of (5) and (10) leads us to

Y D(F(a),I)> > L(a) > P,

Otemc(P) C[)P/QSNQSCOP
so that
(21)  N(P) > P(log P)~" — (log P)~* > D(F(a),1).
a€R.(P)

D(F(a),I)>(log P)"
It remains to establish an upper bound for the sum

(22) S DF@.n< Y AF@)

a€R.(P) a€R.(P)
D(F(a),I)>(log P)° A(F(a))>(log P)®
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For s > 0, we have

(23) > A(F(a) < (log P)™" 3~ A(F(a))*,
aER(P) aERo(P)
A(F())>(log P)®

so that our problem has been reduced to that of proving Theorem 2. To
this end, a certain amount of preparation is required. The results below
form the basis of the method. We start by extending to number fields a
well-known theorem due to van der Corput.

LEMMA 3. For any positive real number r we have

S {3 1} < Plogpp”

a€Ro(P) a|F(a)

Proof. We generalize to K an argument of B. Landreau [5], who gives
in the rational case a simple proof of van der Corput’s result. The method
starts from the following inequality, which holds for any positive integer j:

(24) (Z)r <jiu-vr % (Z)jr'

alb alb cla
Na<(Np)t/i

In order to justify this inequality, the procedure is in all ways analogous to
that at the corresponding stage of [5]. We therefore omit the proof.
Using (15) and (24), we obtain at once

S { 3 1}r§jj(j*1)r 3 <Zl)jT S

a€Ro(P) a|F(a) NagP9/i  c|a a€Ro(P)
F(a)=0mod a

If we choose j = g and take (4) into account, the sum under consideration

is of order
<, P Z D
Na<P

where D(a) denotes the number of ideal divisors of a. It remains to deal
with the sum

m L(a)
Na<X

Here, we proceed by induction on m. Let us only consider the case m = 1.
An appeal to (10) shows that

Z D(a)l;\(raa)< Z I]/\(TE;) Z I]/\(;:l)<<log2X.

Na<X Nb<X Na<X/Nb
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In general we obtain
L(a m
E D(a)mﬁ < (log X)*".
Na
Na<X

This completes the proof of Lemma 3.

The second main tool in the proof of Theorem 2 is the following result
which is based on a sieve technique.

LEMMA 4. If Y > Yo (F,K) > 2, then
Ha € Ro(P): F(a)=0mod a, p|F(a) = Np>Y or plaby}|

w NG 1 1= L)/
=21 hR $(6o) T 1-1/Np
p

0o

L(p)\ L@ P
<11 (1_Np> Na logy

pla,pf6o

(o)
P\1-1/n
+O{L(a)(Na) y2/n log3Y+L(a)Y2},

where w denotes the number of roots of unity, h the class number and R the
requlator of the field K.

Proof. We make use of a Selberg-type upper bound sieve in K, as
described in [8] (see also [4]). Let us take as the sequence to be sifted

A={F(a):a€Ry(P), F(a) =0 mod a},
and as the sifting set
P=1{pCZx:Np<Y, ptado}.
Using the abbreviation
V)= ][ »
peP
L(p)#0
we see at once that

(25) > D D

aERp(P) a€Ro(P)
F(a)=0mod a F(a)=0mod a
p|F(a)=Np>Y orplaby (F(a),T(Y))=1

The expression on the right of (25) has already been considered in [8]. There,



218 J. G. Hinz

on page 450, we find the estimate

> 1< Gm pL@) g g vy
aERo(P) lvd| ~ Na
F(a)=0mod a
(F(a), T(Y))=1

p 1-1/n 2/ 5 )
—i—O{L(a)(M) Y™ log”Y + L(a)Y },
where
_ L(b) IO
Nb<Y plo
b|T(Y)
_ L) () L))
B Z p(b) Nb H 1 Np '
Nb<Y plb
(b,aao):l

The problem is now to investigate the asymptotic behaviour of the function
S(a,Y). Arguing in precisely the same way as in Lemma 2.5 of [4] we obtain

$7Ha )= ]] (1_ 6\51)>{1+0<W>}

peP
pla,ptbo pt6o

loglog3Na
Y {1+O(logy )}

A simple calculation shows that

H (1 B I;\(fp)) 14 O(logllog}?;]\fa)
Np>Y p 08
pla, p{ 0o

This relation is trivial if log 3Na > Y'; otherwise we have by (11),

L))

Np>Y

p‘a7p+90
21_014—10gNa >1- a8 )
Y loglog3Na logY

where v(a) < Na/loglog3Na denotes the number of distinct prime ideal
divisors of a.
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To complete the proof of Lemma 4 it only remains to apply the formula
(see e.g. [8], Lemma 4.1)

11 <1‘Lzé?>‘”°<2;>ujﬁh1%m 1—1/z/v]:pH< )

Np<Y . ploo
1
1
logY{

X

p16o .
O(logY>}'

Finally, in the proof of Theorem 2 we shall make use of the following
result.

LEMMA 5. Let t > 1 be a real number. Then
L ¢
Z ]\(;)A(a)t <y (log X)? 7t 45 X — 0.
Na<X a

Proof. We argue in the same way as Tenenbaum did in [11], Lemma 2.2.
For the sake of completeness let us repeat the main steps.
We start by recalling from the introduction the definition

Aa) = max Aa,u),
where
Ala,u) ={bla:u <logNb <u+ 1}
For an integer ¢ > 2, consider
00
My(a) = [ Afa,u)?du.
It is easily seen that
(26) 2179A(a)" < My(a) < D(a)?,

where again D(a) denotes the number of ideal divisors of a. Let us now
introduce the series

Z“ (@)1L(a)(Na)™7, 1<o<2.

Making use of (26) and the simple fact that
A(ab) < A(a)D(b),

we obtain at once

1
L1+ ——|.
< ( + logX>

b
plo=p?|b
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It remains to deal with the function L(o). To this end we apply the
method of differential inequalities as described in [3], Chapter 7. The
method starts from the following identity, valid for integral ideals a and
prime ideals p not dividing a:

A(pa,u) = A(a,u) + A(a,u — log Np).
Raising to the power ¢ and integrating, we deduce that

(27)  My(pa) =) @ [ Aa,u—log NpY Aa, u)? du

7=0 —oo

= 2Mq(a) + Eq(a, p),

where

qg—1 0o
Eq.(a,p) = <q> f A(a,u —log Np) A(a,u)? du.

. J
j=1 —00

Let us pause to study the expression E,(a,p). For 1 < j < ¢—1, we consider

log N
(28) zp:A a,u — log Np)’ Ojgvpp,

and we find immediately that an upper bound for this sum is
/ /
Ci6 Z ce Z 1,
hl | a bj |Cl
where the dash means the additional summation condition

log( max Nb,,)—log( min Nb,,)<1
1,...,9 m=1,....,5

m=1,
Hence the sum in (28) does not exceed

max,, Nb,, ,
6162'”2(2_1 Hnnmj\/,bm> Clﬁf U—l —l—A(au))Jdu

bila bjla
< 1627 f Ala,u)’ du.
This leads us to

ZE long<ClGZ<j) f Ala,u)’ du f Ala,u)?™ du.

— o0

Now Holder’s inequality gives, for 1 < m < ¢ — 1,
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jo Aa,u)™ du

S{ joA(a,u)du}(q_m)/(q_l){ joA(a,u)qdu}(m_l)/(q_l),
so that

long
2. Ba@ P75y

SC“‘Z@)”{ [ awan)” T a7
j=1 e

= 0164‘1D(a)‘1/(Q*1)Mq(a)(qu)/(qfl)'

This completes our treatment of E,(a,p).
Returning to (27) we obtain for 1 < o < 2,

p)log Np
ZM T

< 2My(a) Z %ENP 74qD(a)Q/(q—1)Mq(a)(q—2)/(q—1)

1
< 2Mq(a){1 + 018} + 6174qD(a)q/(q_1)Mq(a)(Q—Q)/(q—l)’

on using (9) in the last step.
An application of the inequalities of Holder and Minkowski now leads us

=) pu(a)’M, t/q Zlong

to

pla
L(pa)log Np
= a 2M a t/qi
g > ey (pa) =
FJ[u
1 1 1-t/q
S 2t/qL(U) (O’ 1 + 018) + C19 (_1 + Cl8>
X ZH t(q 2)/(q(a— 1))L( )D(a)t/(Q—l).

Na°c

Proceeding now in exactly the same way as at the corresponding stage of
[11], we arrive at

_L(0) < 2/L(0)(0 — 1)+ exgL(o) @D/ (g  1)t/a=1-2"/ta=),
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This differential inequality is the heart of the matter. The corresponding
differential equation has solution

T(0) = Q(o — 1)t=2' 11,

qg—1
Q= ( €20 ) < (c219)7.

20—t +t/q— 2t/
Since L(2) < T'(2), we see by Lemma 70.2 of [3] that L(c) < T'(0) through-
out the range 1 < o < 2. Thus, to complete the proof of Lemma 5 it only
remains to choose

S 1 B 2tloglog X
7 log X’ = logloglog X |

We are now in a position to give the

where

Proof of Theorem 2. For given t > 1 let ¢(¢) be a sufficiently small
positive parameter that remains to be chosen. We put

(29) z=ew{a0 0L
Analogously to (14), we decompose (F(«)) # (1) for a € Ro(P) in the form
(F(a)) = q1(e)q2(a),

where all prime ideal factors of qi(«) (resp. ga2()) have norms < Z (resp.

> 7).
Let us first deal with the sum
(30) Z A(F(a))!,  whereY > Z > 2.
aERo(P)
Nqi(a)>Y

An application of the Cauchy—Schwarz inequality yields

CIVEES A(F(a))tg{ 3 } { Y Ar }1/2

aERo(P) a€Ro(P) a€Ro(P)
Nqi(a)>Y Nqi(a)>Y

For the second term on the right of (31) an appeal to Lemma 3 shows that
(32) SoAFe)s Y Y 1} <, P(log P)*"'
aERo(P) aef)‘io(P) alF(a)

It remains to estimate the first expression on the right of (31). To this
end, we dissect the sum under consideration into two parts S; and Sy cor-
responding to the additional condition N€(q;()) < Y39 or Nt(qy(a)) >
Y'1/(39) yespectively, where €(a) = [, p denotes the “kernel” of the ideal a.
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If Nqi(a) > Y and NE(q1(a)) < Y/B9 for o € Ro(P), then

I[I M= Na(e) (Ve(qi(a)) >+ > /69,

p'lla1(a)
1>3g

so that, making also use of (15),

S < Z Z 1.

YYVGD <« Na<c, P9 a€Ro(P)
pllla=1>3g F(a)=0mod a

Here, we mean as usual by p! || a that p’ |a, but p!T'f{a. Consequently, (4)
and (11) lead us, for 0 < u < 1, to the estimate

S < Z L(a) (]\J/Da + 1>

Y1/ B9« Na<e, P9
plla=1>3g

1—u
o [ P o1@eye (P
< Z 22 {Na(Na Y )+ Na ;
NuSC7P’7
p'lla=1>3g

where v(a) denotes as before the number of distinct prime ideal divisors of
a. Noting that the series

> ve

a
p'lla=1>3g

is convergent for u < 1 —1/(3g), we choose for instance u =1 —1/(2g) and
thus obtain at once

(33) S, < Py 3(73) 4 pl/2,
Taking Y = P'/3 we see, by (31) and (32), that the contribution of S; to the
expression (30) is of order < P1-1/(189) " which is acceptable in Theorem 2.
Let us now turn our attention to
Sy = |{a € Ro(P) : Nai(a) > Y, N(qi(a)) > YOI},
where Y = P'/3.

The estimation of this cardinality runs along the lines of the proof of
Lemma 3.5 in [10]. We start from the inequality

(34) Sy YOO N Ne@(@)',  z=1/logZ,
a€NRo(P)

where the dash indicates that summation is over those numbers « only for
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which g1 () # (1). Our aim is to show that
> Nt(gi(a))* < P.
OLEERQ(P)

To this end it is convenient to introduce a strongly multiplicative function

H, defined by

_JNp* ifNp<Z
(35) Hp) = { 1 if Np > Z,

so that
. Nepi() = )" H(F(a)).
a€NRp(P) a€NRo(P)
For any a € MRy (P) satisfying qq(a) # (1) let us arrange the prime ideal
divisors p of F'(«) with p16y according to their norms. The ordering of ideals

with equal norms is irrelevant. We now choose an integer m = m(«) > 1 in
such a way that

m m-+1
Ng(a,m) := H Np; < PY% but H Ny, > P4,
Jj=1 j=1
p;|F(a),p;100 p;1F(@),p;100

Remember that, in view of qi(a) # (1), there is a prime ideal factor p of
F(a) with Np < Z < PV/4,

Let us consider separately the sums
(36) > H(F(a)) and > H(F(a)).

aERo(P) a€Ro(P)
Ng(a,m)<P'/® PYS<Ng(a,m)<P/4

In the first case we note that, by our choice of m, every prime ideal divisor
p; of F(a) with p; {6y and j > m satisfies

Np; > PY/4. Ng(a,m)~t > PY/12,
Moreover, we obtain, in view of H(p) < e,

H( H p! H pé) <<exp{ Z 1} < exp{12¢}.

plIF(a)  pLIIF () pilF ()
pl0o i>m J>m

This leads us to the estimate

' HF()< Y. pa)’H(a) > 1.

a€Ro(P) Na<p'/6 aERo(P)
Ng(a,m)<P'/® (a,00)=1 F(a)=0mod a
p|F(c)=p|abp or Np>P*'/12
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If now we make use of Lemma 4, we are able to conclude that

(37) ' H(F(a)
aei)‘%g(P)
Ng(a,m)<P*/®

P 2 L(a) L(p)\ "
SlogP 2. wleHET]] <1 T Np )
Na<pl/6 pla
(a,60)=1

By standard calculations it follows at once from (11), (12) and (35) that the
expression on the right-hand side of (37) has the desired order, namely

< PllogP)™" ] <1+H(p)NL(m>

Np<p p—L(p)
P)f'go
oo PV~ ox L(p) | cos
< P(log P) p{ng <H(p) vp Np2>}
<P p{N§Z<H<p> il

log N

Np<Z

In order to attack the second sum in (36) we first note that, by (15)
and (35),

11 H(Pj)SeXP{ > 1}<eXp{(g+1)b1;i£m}-

ji>m ji>m
pilF(@), p;160 pIF().p; {00

Moreover,
PYS < Ng(a,m) < Nprlelem) < prjf'%'
Using these facts we find with co5 = (6c24) ! that

Z’ H(F(a)) < Z plo+1)/log Ny’

. a€Ro(P) » (log P)°25 < Np’ < Pt/*
P/6<Ng(a,m)§P/ p'prime,p"f@o

x > w(a)?H (a) > 1.

PYS<Na<pl/4 a€Ro(P)
(a,00)=1,p|a F(a)=0mod a /
pla=Np<Nyp’ pIF(a)=plabo or Np>Np'—1
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An application of Lemma 4 now leads us to the estimate
plg+1)/log Ny’

(38) > HF(@)<P > og Ny
a€Ro(P) CQGSNP/SP1/4
P1/6<Ng(a,m)§Pl/4 p'prime,p'JfGO
L(a Lp)\ ™"
X Z u(a)QH(a)]\([a) H (1 ~Np .
PYS<Na<pl/* pla
(a,00)=1,p’|a
pla=>Np< Ny’

Using the abbreviation
up = 12(g + 1)/ log Ny’,
the innermost sum in (38) gives, in view of (11), a contribution of order
H(p')L(p") S () Lip)\ ™
< ——1 b)"H(b)—= 1——=
= Np' — L(p') Z p(b)“H (b) Nb H Np
PY6/Np'<No<PY*/Np’ p|b

(b,00)=1
plb=Np<Np’

) R — e

plo=>Np<Np’
e H(p)L(p)
<< N "\ uo 1P UQ/G <1+ N ()

Np<Nyp’
PT‘%

< (Np')flPﬂ“’/6 exp{ Z

Np<Np’

H(p)L(p) }

Npl*U()
Moreover, by (12),
T H(?\)TL(p)(Np“O ) <up Y I;\(]p) log Np < 1.
No<Np’ b Np<Np/

Returning to (38), these results yield, in view of (12), (35) and e* > u
for u > 0,

> H(F(a))
aei)‘%o(P)
Pl/ﬁ<Ng(o¢,7n)§Pl/4

p~(g+1)/log Ny’ { (H(p) — 1)L(p) }
< P ex
> p sz;v N

_ log Np e log Np
1
< P(log P) E No exp { og 7 E L(p) Np } < P.

Np<P Np<z
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If we combine this with (31), (32), (33) and (34), we arrive readily at

Z A(F(a))t < Pl/z(lOgP)z%Fl{P%iﬁ +P%*m}
aERy(P)
Nqi(a)>P/3

< P(log P)*'"~1/(189a(t))
where, for the last step, we have used (29). This is acceptable in Theorem
2 if q(t) < 479t /(18g), as we henceforth assume.

Thus our problem has been reduced to that of establishing a suitable
bound for the expression

> AF),
a€Ro(P)
Nqi(a)<P/3

where q;(a) = (1) if (F(a)) = (1). We start from the obvious inequality
A(F(a)) < Alm(@) Y 1,
alqz (o)
so that, making also use of (24),

Y AFe)y < Y AmE)( Y1)

aERo(P) a€NRo(P) algz(c)
Ngy(a)<P/3 Nqi(a)<P'/3

<Y Am(@)

aGiRO(P)
Nqi(a)<P'/3

y Z (Z 1)(3g+1)t'

algz(e) cla
NaSng(a)l/(39+1)

For a € Ry(P) we have from (15),
ng(a)l/(39+1) < |NF(a)|1/(3g+1) < pl/3.

This leads us immediately to

Y. AF@)

QE%O(P)
Nqi(a)<PY/3
(8g+1)t
< Y Aw Y (X >
Na<p'/3 No<pl/3 c|b a€Ro(P)
pla=sNp<Z plb=Np>Z F(a)=0mod ab

p|F(a)=plaor Np>Z
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We are now again in a position to apply Lemma 4, and we obtain, in view
of (29),

Y AF() < DROE08P g Lle)

a€Ro(P) log P 2 Na
Ngi(a)<P/?
Lp)\ ™ L(b)
<11 ( Np) 2 N
pla Nb<P

PTGO plb=Np>Z
(3g+1)t Lip)\
x (Zu;l) H <1—Np .

9*90
It is easy to check (cf. [8], Lemma 4.2) that

—1
H <1 — L(p)> < loglog 3N,
p[o N

P*eo

so that finally

aERo(P) Na<P

qu(a)<Pl/3
[‘(]J]) . 3g9+1

Z<Np<P N j=0

L
<4 P(log P)~t*o() Z A(a)t]\(;:l) as P — oo.
Na<P

For the last step we have only to observe that, by (12) and our choice of
Z in (29),

— L(p) . (3g+1)t (3g+1)t L(p)
H (Z]Vrjj(j"i‘l) g <t exp 2129 Z Ni]:l
Z<Np<P »j=0 Z<Np<P
5(Bg+1)t

<4 (loglog P)

To complete the proof of Theorem 2 it only remains to apply Lemma 5.

Proof of Theorem 1. For b,s > 0 it follows from (21)—(23) that
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N(P) > P(log P)™" — (log P)7*FD N A(F(a))'*.
Oéemo(P)
An appeal to Theorem 2 leads us to the estimate
N(P) > P(log P)™ — P(log P)* 7 —s=bs+D=2+0)
> P(log P)fb _ P(log P)2S+17(b+1)(8+1)71+0(1).

Since
29::1):§@“%2—1)>2bg2>L
we have
N(P) > P(logP)™" ifb> 2(23_1) 1.
For b > log4 — 1 we choose
. 1 b+1 >0,

= 1
log2 8 logd
This is admissible because of
2(2° -1) 1< 2-2%.s-log2
s s

—1=2%1ogd —1=0.

Theorem 1 now follows in view of (6).
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