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1. Introduction. In 1937, Cramér [1] conjectured that every interval
(n,n + f(n)log®n) contains a prime for some f(n) — 1 as n — oo.

In 1943, assuming the Riemann Hypothesis, Selberg [19] showed that,
for almost all n, the interval (n,n + f(n)log® n) contains a prime providing
f(n) — oo as n — oo. In the same paper, he also showed that, for almost
all n, the interval (n,n 4+ n77 <) contains a prime.

In 1971, Montgomery [16] improved the exponent % to % The zero
density estimate of Huxley [7] gives the exponent ¢.

In 1982, Harman [3] used the sieve method to prove that, for almost all
n, the interval (n, n4niote ) contains a prime. Heath-Brown [5] and Harman
[4] mentioned that the exponent 15 can be achieved.

In [11], Jia Chaohua investigated the problem of the exceptional set of
Goldbach numbers in the short interval. As a by-product, he proved that, for
almost all n, the interval (n,n -+ n131¢) contains prime numbers. Li Hongze
[14] improved the exponent 75 to .

Recently, Jia Chaohua [12] showed that, for almost all n, the interval
(n,n + n11+e) contains prime numbers. Watt [20] also obtained the same
result. Their methods are different. In [12] only classical methods are used
and in [20] a new mean value estimate of Watt [21] is used in addition. Li
Hongze [15] combined these methods to improve the exponent 7 to 4.

In this paper, we prove the following:

THEOREM. Suppose that B is a sufficiently large positive constant, € is
a sufficiently small positive constant and X 1is sufficiently large. Then for
positive integers n € (X,2X), except for O(X log™ B X) wvalues, the interval
(n,n +n2te) contains at least 0.005n20 ¢ log~' n prime numbers.
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We apply a mean value estimate of Deshouillers and Iwaniec [2] (see
Lemma 2). Using the classical mean value estimate instead of that of Des-
houillers and Iwaniec, we can get the exponent %. We refer to [13] and the
explanation in [11].

Throughout this paper, we always suppose that B is a sufficiently large
positive constant, ¢ is a sufficiently small positive constant and &; = &2,
§ = 3. We also suppose that X is sufficiently large and that = € (X,2X),
n= %X ~2F¢. Let ¢, ¢1 and ¢o denote positive constants which have different
values at different places. m ~ M means that there are positive constants c;
and co such that c; M < m < coM. We often use M (s) (M may be another
capital letter) to denote a Dirichlet polynomial of the form

M=y 4™

)
mS
m~ M

where a(m) is a complex number with a(m) = O(1).

The author would like to thank Profs. Wang Yuan and Pan Chengbiao
for their encouragement.

2. Mean value estimate (I)

LEMMA 1. Suppose that X° < H < X%, MH = X, M(s) is a Dirichlet
polynomial and

A(h)
H(S) - Z hs
h~H
Letb=1+1/log X, Ty = logg X. Then for Ty <T < X, we have
N\ 27
min? <n, T> S |M (b +it)H (b4 it)|? dt < n*log™ 1P z.
T

Proof. Let s = b+ it. By the zero-free region of the ( function, for
|t| <2X we have

A(h)  (coH)'™% — (i H)' ™3 _2B
1 = 1 = T).
(1) y A T ooy )
citH<h<coH
So, for Ty < |t| < 2X,
(2) H(s) < log™* z.

According to the discussion in [6], there are O(log® X) sets S(V, W),
where S(V, W) is the set of ¢, (k =1,..., K) with the property |t, —ts| > 1
(r # s). Moreover,

V< M3 |M(b+ity)| <2V, W < H?|H(b+ ity)| < 2W,
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B

where X1 < M~2V, X' < H:W and V < Mz, W < Hzlog = .
Then
2T

(3) S |M(b+it)H (b4 it)|* dt < VW2 og? 2| S(V, W)| + O(z~%1),
T
where S(V, W) is one of sets with the above properties.
Assume X F1 < H < X%, where k is a positive integer, £ > 9 and
k6 < 1. Applying the mean value estimate (see Section 3 of [9] or Lemma 7
of [11]) to M(s) and H*(s), we have

IS(V,W)| <« V™M + T)log® z,
IS(V,W)| <« W2k(H* + T)log®

where d = ¢/6%. Applying the Haldsz method (see Section 3 of [9] or Lemma 7
of [11]) to M(s) and H*(s), we have

IS(V,W)| < (V2M +V=5MT)log? z,
IS(V,W)| <« (W2 HF - W=k H*T) log? 2.
Thus,
VEW2S(V,W)| < V2W?2F log? x,
where
F=min{V3M+T),V M +VSMT,W=*(H" + T),
w2kt 4wk ghTy.
It will be proved that

B

1
(4) min? <77, T) V2W?2F <« n’xlog™ © .
We consider four cases.
(a) F <2V —2M, 2W—2*H*_ Then
VEWAF < V2PW?2 min{V —2M, W 2k H*}
S V2W2(V72M)17ﬁ (W72ka)ﬁ
—VIWM" 2% H? < zlog™ ¢ z

1
-2 -
min <n, T

b) F > 2V~=2M, 2W ~2*H* Then
(b)
VEW?2F < V2W2min{V 2T, V- MT, W =2kT, WSk H* T}
< VEW2(V =)o (VS M)z (W 2M) T = M T.

and so

B

>V2W2F < ntxlog” < x.
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Since k > 9, wehaveH>Xk+1 > X1- 10 M 2% <<X20 and so
min? ( )VQWQF < T:con < nPztTen
(c) F<2V~2M,F > 2W~2*H* Then
VEW?F < V2W2min{V2M, W =2kT, WSk g1}
< V2w2(v—2M)1—3ik (W_GkaT):%“
< MH=T3",

since V < M. AsH>Xk+1 >X2*3Lk , we have

[N
\o

min ( n, >V2W2F<<n 3 T3k gl 20 36 T3k g < nfale,

(d) F>2V~2M, F <2W~2*H* Then
VEW?F < VW2 min{V 2T, V=S MT, W —2* H*}
< VEWA(V 2T 2 (VS MT) 2 (W2KHF) %
= M= HT'" %,

19(k—

Ifk:ZlOJheanX% < xt m M>>X10(2k 1) and so
min <, >V2W2F<<n1+kas 2a-4) < 772x1_51,

If k=9, then X1 < H < X%, M > X% and so

1— 38

a5 <<7]2 1— 51

1
min? (77, T)VQWZF < 772(377%*5) ox
Combining the above, we obtain (4). Hence, Lemma 1 follows.

LEMMA 2. Suppose that N(s) is a Dirichlet polynomial and
1

Lis)= > T
c1 L<i<coL
LetT > 1. Then
2T 1 4 1 2
I= S L<2+zt> N<2+zt> dt

T

1
T 2
< <T + N2Tz 4+ Ni <Tmin <L, L)) + NLZT_2>T€1.
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Proof. First we assume ;L < T3 If N < T, then by the discussion in
Section 2 of [2], we have
I < (T +N?T% + N#(TL)?)T*".
If N > T, the mean value estimate yields
I < (L*N +T)(LN)* < (T 4+ N>T)T*",

Now we assume Tz < ¢;L < 2T. By the discussion in Section 2 of [2],
we get,

1
; T\ ?
1< <T+N2T% +N4<T- L> >T

Lastly we assume 2T < c¢1 L. It follows from Theorem 1 on page 442 of

[18] that
S L (caL)2 71 — (er L)z~ Lol L
ci1 L<i<caL l%—Ht % — it % '
Hence,
Ll—i-'t <<L%+1<<L%
— Z JE— PR JE—
2 ltl Lz |t]
and
9 2T 2 2 2

L
I« dt<<ﬁ(N+T)<<

7 )

1
w4 va)
T

Combining the above, we get Lemma 2.

LEMMA 3. Suppose that MNL = X, M(s), N(s) are Dirichlet polyno-

mials, and
1
L(s)=>_ Tt
I~L

Letb=1+1/log X, T = VL. Assume further that M and N lie in one of
the following regions:

T2 -~

(i) M < X3, N < M3X1o;
%) (ii) Xi<<M<<X%3§, N<<X%; )

(i) X160 <« M < X%, N<M 5X120;

(iv) X% <« M < X680, N<M2X%,

Then for Ty <T < X, we have
N 2T
min? (n, T> S |M(b+ it)N(b+it)L(b+ it)|* dt < n*z~".
T
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Proof. It is sufficient to show that

1\, /1 1 1
2 (& . I 1.
I = min (17, T) F; M<2 —|—1t>N<2 +zt>L<2 +zt>
We shall show that the above inequality holds, providing M and N satisfy
the following conditions:
M2N < X%, M2N3 < X®, MSN” <« X1,
N < X%, N3 < M2X70,

2
dt < nPa' 7%

Using the mean value estimate and Lemma 2, we have

2T 1 1 1 2
S M<2+zt>N<2+zt>L<2+zt> dt
T
2T 4 2 z
<<<S M<1+z't) N<1+it> dt)
2 2
T
2T 4
><<S L<1+it> N( —Ht) >
2
T
< (M?N +T)*(T + N°T= + Ni(TL)? + NL*T~2)>T°".
Hence,

1 1
I < min? <n, T> (M2N +T)3(T + N>T? + Ni(TL)?):T + °T; 2o+
<P(MPN +77 12 (7 + N272 + Ni(n L)) 2 2™ + 2! %
< Pl
In every region of (5), our conditions are satisfied. So Lemma 3 follows.

LEMMA 4. Under the assumptions of Lemma 3, (5) being replaced by the
TeGLON
(6) M< X®™, N<Xio,
forTh <T < X, we have

2T
1
min? (”’T) S |M (b + it)N(b+it)L(b+ it)|* dt < n*z~2".
T

Proof. It is sufficient to show that

I = min? 1 2TM 1+z‘t N 1+z‘t L 1+z‘t
- " § 2 2 2

2

dt < n?x'=2,
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Using the mean value estimate and Lemma 2, we have

1 2T 1 4 3
. 2 = - .
I < min (n,T>< S M<2+Zt> dt)
T
2T 1 4 1 4 z
x(; L<2+zt> N<2+zt> dt)

1
< min? <17, T> (M? + T)% <T + NiT3

1 1
5 T\ 2 2
+ N2 <Tmin <L, L)) + NQLQT_Q) Te

<PP(M2 4+ Yt + Ny 2) 22 4 2 MNE (7 L) T2
+ NP R 4 nsz%xHEl
< n2$1—251’

since min(L,T/L) < Tz. Thus Lemma 4 follows.

3. Mean value estimate (II)

LEMMA 5. Suppose that MHK = X and M(s), H(s) and K(s) are
Dirichlet polynomials, and G(s) = M(s)H(s)K(s). Let b = 1+ 1/log X,
To = logg X. Assume further that for Ty < |t| < 2X, M(b+it) < log_g x
and H(b+it) < log_g x. Moreover, suppose that M and H satisfy one of
the following three conditions:

1) MH < X0, X110 < H, M*/H <« X', X1 <« M, H®/M <
X%, X% <« M2,

2) MH < Xi, M¥®HY « X%, X% <« M?H, M?2H" <« X3,
X% < MOSH™9.

3) MH < X%, X100 < H, MH <« X5, X7 <« M, MH® < X7,
X5 < MSH®,

Then for Ty <T < X, we have

2T
1
(7) min? <77, T) S |G(b+it)|? dt < n*log 108 .
T

Proof. Using the method of Lemma 1, we only show that for T'=1/n =
2X %0,
2T
(8) I= S |G(b+it)|? dt < log™ 08 z.
T
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I. First, we assume condition 1). On applying the mean value estimate
and Haldsz method to M?3(s), H?(s) and K?(s), we get
I < U?V2W?22 ! Flog® z,
where
F=min{V M3+ T),V oM+ V- BM3T W (H +T),
W HS 4 W OHST U4 (K? + T),U*K? + U 2 K*T}.
We discuss the following cases:
(a) F <2V—SM3 2W~10H> 2U~*K2. Then
UV*W?F < UV*W? min{V—°M* W—H® U K?}
< U2V2W2(V76M3)% (W*10H5)% (U*4K2)%
=VIMBHEK < zlog 1P g
(b) F <2V-SM3 2W—19H5 F > 2U-*K?2. Then
UV2W2F < U*V2W2 min{V = SM3 W—H° U—*T, U 2 K*T}
< U2V2W2(V—6M3)% (W_NHE’)% (U_4T)% (U_12K2T)&
=THBMHK® < z'7¢.
(c) F <2V SM3 F > 2W 19> F <2U~*K?2. Then
UV2W2F < U?V2W2 min{V=SM3, W07, W3 H5T, U K?}
< U2V2W2(V_6M3)% (W—mT)Q% (W‘30H5T) & (U_4K2)%
=ToMKH™ < "¢,
(d) F <2V-SM3 F > 2W 1915 2U*K?2. Then
UV2W?2F
< UVEW2 min{V=SM3 w07, W=3°H5T U—T, U2 K?T}
< UVEW2(VSM3)s (W10T) s (U—4T) % (U~ 12K>2T)w
=TiMK® < g'~,
(e) F>2V-SM3 F < 2W~19H5 2U*K?. Then
UVEW2F < UV2W2 min{V =57, V- 8M3T W-1°H® U~*K?%}
< UQVQWQ(V—GT)% (V—18M3T)& (W_10H5)%(U_4K2)%
=TOM®HK < z'°.
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(f) F >2V—SM3 F < 2W—10H5 F > 2U~4K?2. Then

UVEIW2F
< UV2W2 min{ VST, V- 8M3T, W11 U—AT, U2 KT}
< UPVEW2(VST)s (WO H) s (U4T) % (U~ "2 K>T)w
=TsHK™ < z'~°.

(g) F > 2V—SM3 2W~10H5 F < 2U~4K2. Then

UV2W?2F
< UPV2W2 min{V =0T, V=803, W0, W30 H5T, U4 K?}

< UPVEW2(V5T)5 (W 10750 (W30 H3T) w0 (U4 K?)?
—T:HTK < z' .
(h) F > 2V =603, 2W—10H5 2U~4K?2. Then

U?V2*W?2F
< UVAW2min{V =0, V=183 w10 w=30gs U= U2 K2} T
< U2V2W2(V_6)%(V_18M3)$(W_lo)é(U_‘l)%T
=TM» < z'71,

since M < X.
II. Next, we assume condition 2). On applying the mean value estimate
and Haldsz method to M?(s)H(s), H°(s) and K?(s), we get

I < UV2W2z ' Flog® «,
where
F=min{V W 3(M?*H +T),V*W2M*H + V"W SM?HT,

WIO(HP 4+ ), W10/ + W30OHST, U—4(K? + T),
U *K? + U 2K?T}.
We consider several cases:
(a) F <2V—AW2M?H,2W~1H5 2U~4K?2. Then
UV2W2F < U*V2W2 min{V W2 M*H, W 1°H5 U K%}
< UQVQWQ(V74W72M2H)% (W710H5)% (U*4K2)%
=VIMiHK < zlog P g,
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(b) F < 2V—4W—2M2H 2W~9H5 F > 2U-4K?2. Then

UV2W2F

< UV2W2 min{V AW 2 M2H, W15 U—*T, U2 K?T}

< URVEWA(V AW AMEH) R (W0 HO) 5 (U4T) %5 (U2 K?T) %
=T MHK™ < 2!,

(c) F<2VAW2M?H,F > 2W19H5 F <2U*K?. Then

UV2W2F < U*V2W2 min{V W 2 M*H, W07, W3 05T, U * K?}

<UV2W2(V AW 2M2H)z (U *K?)?
=WH:MK < zlog P g

(d) F <2VAW2M2H, F > 2W~19H5 2U~*K?2. Then

UV2W2F

< UVAW2 min{V AW 2 M?H, W07, W3 H5T, U 4T, U 12 K°T}

< UAVEWA(VAW 2 M2 H): (W30 HO5T) 30 (U~4T) % (U2 K2T)
=T MHSK% < '~

() F>2V AW 2M?H,F < 2W~10H5 2U~*K?. Then

U?V2W2F

< UPV2W2 min{V AW 2T, V- 2W - SM2HT, W1 H5 U K?}
< U2VEW2(V AW 2T 20 (V- 2W S M2HT) s (W10 H%) 10 (U K?)?
=TSMOHD K < z'°1,

(f) F>2V4W2M?H,F <2W1'H5 F > 2U~*K?2. Then

UV W2F

< UVAW? min{V AW 2T, V2w M2HT, W11,
UT'T, U KT}
< UPVEWA(V AW 2T) 2 (V-2 WS M2HT) = (W0 H%) 15 (U*T)>

= THMBHD < 2171,
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(g) F>2V AW 2M2H, 2W-1YH? F <2U*K?. Then
UV2W2F
< UVEW2 min{V AW 2T, V2w SMm2HT, W 10T,
W_30H5T, U—4K2}

L

< UPVEWA(VAWTAT) S (VR W S MEHT) s (WO HPT) 5 (U K?)2
=TiMunHOK < g'~,
(h) F > 2V4W=2M?2H,2W ~10H5 2U-*K?. Then

UV2W?F

< UVAW2min{V AW =2 v 2WwSM2HE, w0 w30,
UL U PKAT

< U2V2W2(V74W72)% (V712W76M2H)6710 (W*30H5)% (U*4)%T
= TM®H® < z' 71,

III. Lastly, we assume condition 3). On applying the mean value estimate
and Haldsz method to M?3(s), H*(s) and K?(s), we get

I < UV*W?2z 'Flog°x,
where
F=min{V M3 +T), VoM + V- 8M3T W¥H* +T), W SH*
+ W HHAT, U Y (K?+T), U *K* + U 2 K*T}.
Consider the following cases:
(a) F <2V-6M3 2W-8H* 2U*K?. Then
UV2W2F < UV2W2 min{V - SM3 W—8H* U1K?}
< UQVQWQ(V76M3)i(W78H4)i (U*4K2)%
=VIMIiHK < zlog P g,
(b) F <2V—SM3 2W—8H* F > 2U~*K?. Then
UVEW2F < UV2W2 min{V M3 W—8H* U*T, U2 K?T}
< UAVEW2(V-SM3)s (W8 H*) i (UAT)5 (U 2K>2T)
=TBEMHK < '
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(c) F<2V-SM3 F>2W 8H4 F <2U *K2. Then
UV2W?2F < U*V2W? min{V =S M3, W8T, W= H T, U1 K?}
< UPVEW2(V—SM3)s (WST)s (W2 HAT) 35 (U K?)?
=TsMKHS < z'~°'.
(d) F <2V-SM3 F > 2W-8H4 2U~4K2. Then

UV2W?2F
< UPV2W2 min{V~=CM3, W8T, W= HAT, U~4T, U~ 2 K°T}

< UAVEW2(V-SM3)s (W3T)s (W2 HT) 2 (U*T)>

=TiMHs < z'~°,
(e) F>2V-SM3 F < 2W~8H* 2U *K2. Then
UV2W2F < UV2W2 min{V 5T, V- 8M3T, W3 H* U K?}
< UPVEW2(V=OT) 35 (VIS MAT) 2 (WS HY)3 (U K?)2
=TiMsHK < 2"~
(f) F>2V-SM3 F <2W-8H* F > 2U*K?. Then
UV2W2F < UV2W2 min{V ST, VM3, W= H* U T, U2 K*T}
< UPVEW2(V=OT) 25 (V8NP 2 (WS HY) 5 (U T2
=TiMsH < 2!~
(g) F>2V-6M3 2W—8H* F < 2U*K2. Then

UV2W2F
< UV2W2 min{V ST, V- BM3T W8T, W2 H*T, U *K?%}

< UPVEW2(V O3 (WST)s (W2 H4T) 2 (U4 K?)*
—T:HK < z'~°.
(h) F >2V—SM3 2W—8H* 2U0-*K?2. Then

UV2W?F
< UVW?min{V =0, VM2 WS W g U U KT

S U2V2W2(V_6)2574(V_18M3)2714 (W—S)i(U—4)%T

= TMs < g+,
since M < X3 (the latter follows from MH < X1 and X100 < H).
Combining the above, we obtain (8). Hence, Lemma 5 follows.
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LEMMA 6. Under the assumption of Lemma 5, M and H lie in one of
the following regions:

(i) X7 <« M< X0, M 3X10 « H< M~ 5X50;
(i) X1 < M < X0, M- TXT0 < H< M~ X%S
(i) X < M < X770, X1 <« H< M 5X#0;

(iv) X <M< X1, X1 <« H< M™'X,

(v) Xit0 « M < XTam0, X100 < < M 6X5;

(vi) X710« M < X105, X710 < H< M1 X%0;
(vii) X705 < M < X558 X0 « H< M~ 11 X710,
(vil) X® <M< X%, M ®X% < H< M TX10;
. 2143 3963 _ 58 [, 57 ;3 59
(IX) X5620 &« M < X 9860 M 9Xs « HK M X7,
(x) X560 « M < X500, X% < H< M X7,

Then (7) holds for To <T < X.
Proof. In the regions:

1

Xl% <<M<<X%’ M~ 11X110 <<H<<M29X ;
X0« M < X5, X1« H< M X530

cw

we apply Lemma 5 with condition 1).
In the regions:

X%<<M<<X% M™1X%0 « H < M~ 11 X1i0;
X% <« M < X820, M BX% < H< M 1TXT0;
X33 <« M < X060, M BX%E <« H< M~ 15X7;
X0 <« M < X080, X% <« H< M 19X7,

we apply Lemma 5 with condition 2).

In the regions:

X% <« M< X, M- 8X10 <« H< M~ 5X5%;
X1« M < X, M2 X155 <« H< M~8X8;

X6 <« M < X7, M X% <« H< M 3X5;
X <« M < X100, M X% « H< M™'X1i;
X100« M < X155, M X% <« H< M SX,
we apply Lemma 5 with condition 3).
Putting together the above regions, we get Lemma 6.
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LEMMA 7. Under the assumption of Lemma 5, suppose that M and H

also satisfy one of the following three conditions:

1) MH < XT5, X1 < H, M2H < X%, X8 <« M, HY/M <
X5, X% <« MP2HY,

2) M?H < X5, M®H' <« X%, X5 <« M, MH> < X%, XT <
M29H10;

3) MH < X%, X100 < H, MH <« X%, X4 < M, H"/M < X 13,
X% < MSH?,

Then (7) holds for To <T < X.

Proof. We only show that (8) holds for T = 1/n = 2X 20 ¢,

I. First, we assume condition 1). We apply the mean value estimate and
Haldsz method to M?(s), H°(s) and K3(s) to get

I < U?V2W?22 ! Flog® z,
where
F=min{V4M*+7T),V*M? + V-E2MT, WO H + T), W 1Y H®
+ W 3OHST U S(K3 +T),U K3 + U K3T}.
We consider several cases:
(a) F <2V=4M2 2W—10H5 2U K3, Then
UV2W2F < UV2W? min{V M2, W 101° U5 K3}
< U2V2W2(V_4M2)% (W_10H5)%(U_6K3)%
—W3iHs MK < zlog 1B g,
(b) F<2V—AM2 2W~19H5 F > 2USK3. Then
UVEW?F < UV2W2 min{V M2 W °5° U—ST, U8 K3T}
< U2V2W2(V*4M2)%(W*10H5)%(U*6T)% (U*18K3T)%
=T MHK» < "¢,
(c) F<2V™M?2 F > 2W~0H5 F <2U SK3. Then
U*V2W2F < UV2W2 min{V M2 W 10T, W=3°H5T U K3}
< UQVQWQ(V_‘LMQ)% (W_IOT)% (W‘30H5T) & (U—6K3)§
=TsMKHT < z'°'.
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(d) F <2V~*M? F > 2W~19H> 20U 6K3. Then
U*V2W?2F
< UVEW 2 min{V M2, W07, W3 H5T U—ST, U8 K3T}
< UVEWA(VAM2):(W0T) 2 (W30 HO5T)es (U—5T) 5
=T:MH? < g'~°.
(e) F >2V—4M2 F < 2W~10H5 2U~SK3. Then
UV2W?2F < UV2W2 min{V 4T, V-2 M?*T, W—1% U°K3}
< U2VEW2(VAT) 36 (V-2 M2T) 0 (W10 HO) 5 (U0 K?)3
= THEMaHK < 2'¢.
(f) F>2V=*M? F <2W~H5 F > 2U-°K3. Then

UV2W?2F
< UVAW2min{V 4T, V-2 M*T, W= H® U°T, U~ ¥ K°T}
< UVEW2(VAT) 2 (W01 5 (U~ST) w0 (U~ B K3T) w0
= T3HK™» < z'7°1.
(g) F>2V—4M2 2W-1H5 F <2U SK3. Then

UV2W2F
< UAVAW2 min{V AT, V-2 M2, W0, W0 HST, U6 K3)

< UPVEW2(VAT) 2 (W07 50 (W30 HOT) w0 (U6 K3) 5
=TiH®K < 2"~ ¢,
(h) F > 2V—4M2 2W~10H5 2U-SK3. Then

UV2W?2F
< UVAPW2min{V 4 V1202 w0 w30gs U6 U B K3 T

< U2V2W2(V74)%(Wflo)%(Ufﬁ)%(UflsK%G—loT
=TK= < g'™c1,

since K < X.
I1. Next, assume condition 2). We apply the mean value estimate and

Haldsz method to M?(s), H°(s) and K?(s)H(s) to get
I < UV2W2z ™ Flog® «,
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where
F=min{V*(M?*+T),V*M? + V- 2M>*T, W (H +T), W °H5
+ W 3OHST, UMW 3(K?H + T),U *W2K?H
+ U BPWCK?HT}.
Consider the following cases:
(a) F <2V—*M?22W 101> 2U~*W~2K?H. Then
UVEW?F < UV2W? min{V ‘M W1 U*W?K*H}
< UPVEWR(V M2 s (U4 W 2 K2H)*
—WH*MK < zlog " z.
(b) F <2V AM2 2W-10H5 F > 22U *W~2K?H. Then
UV2W?2F
< UAV2W 2 min{V =4 M2, W15 U= 4w 2T, U~ W CK2HT}

e

< URVEWA(V—AM2)s (WO 1) 6 (U4 W =2T) % (U~ 2 W S K2HT) ™
—TiMH®K® < ',
(c) F<2V™M2 F > 2W 1H% F <2U *W~2K?H. Then
UV2W2F < UV2W?2 min{V M2, W 0T, W3 H°T U W 2 K?*H}
<UVWA(ViM?): (U *W2K%H)?
—WH:MK < zlog 1B g
(d) F <2V*M? F > 2W~19H5 2U*W~2K?H. Then
UVEW?2F
< UVAW2 min{V M2 w07, W3 U~ W 2T,
U W °K*HT}

9

<UVEW2(VAM2) 2 (W HOT)s0 (U 4W 2T (U~ 2W S K2HT)®
=T:MH®K® < g' =,
(e) F>2V—4M2 F < 2W~10H5 2U~*W~2K2H. Then
UVAW?F
< UAV2W2 min{V 4T, V- M7, W B U4 W 2 K2 H}
< UPVEW2(V A7) %0 (V-2 M2T) 2 (WO H) o (U W2 K?H) >

—T3MOHK < 175,
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(f) F>2V—4M2 F <2W-H5 F > 2U*W~2K2H. Then
UV2W2F

< UVEW2 min{V 4T, V-2 M2T, W0/ U AW AT,

U VW CSK*HT}

< UAVEW2(VAT) 20 (V-2 2T 20 (WO HO) 10 (U4 W 2T 2

—TWOMWH? < z'°1,
g > - , - I < W . en

F>2V—4M2 2W-10H5 F <2U*W~2K?H. Th

UV2W2F
< UPVW?min{V T, V-2 M*T, W= T, W H°T, U *W *K*H}

9

< UAVEW2(VAT) 3 (V2 M2T) o0 (W30 HOT) 50 (U W 2 K2H)?

=T MoHIK < 327,
(h) F > 2V—4M? 2W—10H5 2U*W~2K2H. Then
UV2W2F < UV2W 2 min{V =4 V1202 w10 w=30ms u—4w 2,
U BPW-SK*H}T
< U2V2W2(V’4)% (V*12M2)% (WfsoHs)
= TM® Hs < z'71,

L

30 (U*4W*2)%T

III. Lastly, we assume condition 3). We apply the mean value estimate
and Haldsz method to M?(s), H*(s) and K3(s) to get

I < U?V2W?22 ! Flog® z,
where
F=min{V*(M?+T),VA*M? + V- 2M>*T, W8 (H* + T), W S H*
+ W HHAT, UK+ T), U K® + U K3T}.
Consider the following cases:
(a) F <2V—*M? 2W-8H* 2U-SK?3. Then
UV2W?2F < U*V2W2 min{V ‘M2 W—3H* U SK3}
< U2V2W2(V*4M2)%(W*8H4)% (U76K3)§
=WIiHIMK < zlog 1P g
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(b) F <2V—4M?22W—8H* F > 2U SK3. Then

UV2W2F < U*V2W2min{V*M? W 3H* U ST, U K3T}
<UVEWA(VAM?):(W3HY) 3 (U°T) % (U8 K3T) %
=TiMHK? < 2'~°'.

(c) F<2V4M2 F > 2W8H* F <2U °K3. Then

UV2W2F < UVAW2 min{V—*M? W8T, W24 H*T, U ° K3}
< UPVEW2(V—4M?)2 (W3T)s (W22 H*T) 21 (U S K?)3
=T MKH?® < z'~°1.

(d) F<2V4M? F > 2W8H* 2U5K3. Then

U?V2*W?2F
< UAVAW2 min{V A M2 W=3T, W= HAT, U=5T, U8 K3T}

< UPVEWR(VAM2) (W ST)s (W H*T) 2 (U~°T)5
=T:MH?® < g' .
(e) F>2V 4 M2 F <2W 8H* 20U 6K3. Then
UV2W2F < U*V2W? min{V 4T, V-2 M2T, W H* U K3}
< U2VEWA(VTAT)R (VTI2MRT) 3 (WS )5 (U0 K®)
=TEMBHK < 7.
(f) F>2V—4M2 F <2W 8H* F > 2U SK3. Then
UVEW?F < UV2W2 min{V 4T, V-2 M2, W8 H*, U ST, U B K3T}
< UVEWR(V )R (W S HYH(U°T) 3 (U B KPT)
=TiHKS < 2"~
(g) F>2V—4M2 2W—8H* F <2U°K3. Then

UV2W?2F
< UPV2W2 min{V 4T, V- M2T, W38T, W= H*T, U S K3}

< UAVEW2(VAT) s (W3T)s (W2 H*T) 2 (U S K?)5

—T3iHSK < zl7 ¢,
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(h) F > 2V—4M2 2W8H* 206 K3 Then

UV2W?2F
< UVAW2min{V =4 V- 2M2 W= WHH US U8 K3IT
< UPVIWA(V )2 (W) (U0)3 (UK 5T
=TKs < '™,

since X3 < MH (the latter follows from X1 < M and X100 < H).
Combining the above, we obtain (8). Hence, Lemma 7 follows.

LEMMA 8. Under the assumption of Lemma 5, suppose that M and H
lie in one of the following regions:

(i) X¥ <M< X8, M BXF <« H< M X,
(i) XH <« M< X, M BXP <« H< M tX;
(i) X« M< X0, M EX3 <H<MIX
(iv) X% « M < X35, X% <« H< M™5X7100

(v) X5« M< X5, M SX® <« He MPXH:
(vi) X <« M< X8, X% < H< MIX®:

(Vi)  XB <M< X, X% <H<M X%

(vil) X7 <« M < X700, X% < H< M™% X75;

(ix) X« M< X5, X<« H< MX3,

(x) XE <« M< X, XS <H< M SXE

(xi) B M< X, X<« He MSX%

(xii) X0« M < X¥, Xt <« H< M 1XT.

Then (7) holds for To < T < X.
Proof. In the regions:
X0 « M< X%, M TX% < H<MbOX5;
XH <« M<X?, X0 <H<KM X0,
we apply Lemma 7 with condition 1).
In the regions:
X# <M< X5, M BX% < H< M 53X,
X% <« M < X5, X% < H< M 5X10;
X <« M < X®, X& <H<M 1TX5%;
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X < M < X110, X%<<H<<X%'
X1« M < X100, X% < H<M 5XT5,

we apply Lemma 7 with condition 2).
In the regions:

X« M< X3, M S5X%<H<MiX;
X3 <« M< X®, MWXs < H< M?X7;

X% « M< X0, M X< H<M X%,
X0 « M < X0, M X0 < H< M X%,

@

we apply Lemma 7 with condition 3).
Putting together the above regions, we get Lemma 8.

LEMMA 9. Under the assumption of Lemma 5, suppose that M and H
lie in one of the following regions:

(i) XB8E « M< X85, M BXW <« H< M BxH,
(i) X% < M < X000, X% < H< M HXH,

(iii) X% <<M<<X%’ M~ %X%<<H<<M 23X230.
Then (7) holds for To <T < X.

Proof. First we show that (8) holds for T'=1/n = 2X 2 ~¢, providing
M and H satisfy the following conditions:

MH < X%, MPH® < X%, X% < M2H,
MPHY < X%, X'F < MOHY.
We apply the mean value estimate and Haldsz method to M?(s)H (s),
H%(s) and K?2(s) to get
I < UV2W2z~ Flog® ,
where
F =min{V W 2(M?*H +T),V W 2M*H + V- 2W-°M?HT,
W RHS+T),W 2H + W3HT, U (K* + T),
U *K? + U 2K?T}.
Consider the following cases:
(a) F < 2V—4W—2M2H,2W~12H% 2U~4K2. Then
UV2W2F < UV2W2 min{V W2 M?*H, W~ 12HS U~1K?}
< UPVEW2(V AW AMRH): (U K?)*
—WH:MK < xlog_nB z.
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(b) F < 2V4W2M2H,2W~12HS F > 2U *K?2. Then
UV2W2F
< UV2W 2 min{V W2 M?H, W2 HS U—*T, U2 K?T}
< UPVEWA(V AW 2 M2H) 2 (W 2HO) = (U 4T3 (U2 K2T)
=TEMHK™ < z'7,
(c) F<2VAW2M?H,F > 2W12HS F <2U*K?. Then
UV2W2F < U*V2W2 min{V W 2 M?*H, W21, W 30T, U~ K?}
<UV2W2(V AW 2M2H)z (U *K?)?
=WH:MK < zlog P g
(d) F <2VAW2M2H,F > 2W~12H% 2U-*K?. Then

UV2W?2F
< UVAW2 min{V AW 2 M?H, W= 2T, W3S HST, U 4T, U2 K°T}

< UVEWA(VAW 2 M2 H) (W3S HOT) 36 (U—4T) 5 (U2 K2T)

=T MHIK® < g'~,

(e) F>2VAW2M?H,F <2W~12H6 2U~4K?2. Then

UV2W?2F

< UV2W2 min{V AW 2T, V- 2w SM2HT W12 HS U K?}
< URVEWA(V AW T2T) S (VT RW S M HT) = (W 12H0) = (U4 K?)
=TEMEHEK < o750,

(f) F>2V4W2M?H,F <2W~12HS F > 2U~*K?. Then

UVAW?F
< UV2W2 min{ VAW 2T, V- 2W-SM2HT, W2 HS,

U™T, U KT}
< UVEWA(VAW TR (VO RW S MR HT) 2 (W2 HO) T (U 4T

11 1 13
=TuMTH> < g1,
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(g) F>2V AW 2M2H,2W-12H® F <2U*K?. Then
UV2W?2F
< UVEW2 min{V =AW =21, V2w SM2HT, W 12T,
W_36H6T, U_4K2}

L

< UPVAWA(VAWTAT) S (VR W S MEHT) = (WSO HOT) 5 (U4 K?)2
=TiMuwH72K < z'~,
(h) F > 2V AW =2M?H,2W 2 H% 2U~*K?. Then
UVPW?F < UPVW? min{V W2, V- BW M H, W= W= 1,
Ut U PKAT
< U2V2W2(V_4W_2)%(W_12)11*2(U_4)g(U_12K2)2*14T
=TK™ < o171,
since X3 < MH (the latter follows from X5 < MT0H).

In every region, our conditions are satisfied. So the proof of Lemma 9 is
complete.

LEMMA 10. Under the assumption of Lemma 5, suppose that M and H
lie in one of the following regions:
(i) X100 <« M < X 13010, M~8 X250 < H < M5 X5,
(ji) X7153594410 < M < X%, X% < H < M—%X%é;
(i) X% < M < X550, M5 X%0 « H< M™% X350,
Then (7) holds for To <T < X.

Proof. First we show that (8) holds for 7' = 1/n = 2X20~¢, providing
M and H satisfy the following conditions:

MH < X0, MYHY <« X%, X% < M2H,
M2HY <« X1, X% < MS2H.
We apply the mean value estimate and Haldsz method to M?(s)H (s),
H"(s) and K?(s) to get
I < U*V2W2z ' Flog® «,
where
F =min{V*W2(M?*H +T),V*W2M*H + VW °M?HT,
W HT+T), W MH + W 2H'T, U 4(K* +T),
U *K?+ U KT}

Consider the following cases:
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(a) F <2V 4W2M2?H,2W~“H" 2U~*K?. Then
UVEW2F < UV2W2 min{V W 2M2H, W H" U~ *K?}
<UVEW2(V AW 2M2H)2 (U *K?)2
=WH:MK < zlog 1B g
(b) F <2V AW 2M?H,2W " H" F > 2U~*K?. Then
U*V2W?2F
< UV2W2min{V AW 2M?H, W 1“H" U T, U2 K?T}
< UVEWA(VAW R MPH): (WY H) 15 (U 4T (U2 K2T) %
=TTMHK < 271,
(c) F<2V AW 2M?H,F > 2W14H" F <2U*K?2. Then
UV2W2F < U*V2W2 min{V W2 M2H, W 1T, W—2H"T,U~*K?}
< UVEWA(V W 2M2H)* (U *K?)?
=WH:MK < xlog_HB x.
(d) F <2V*W—2M?H,F > 2W~"“H" 2U~*K?. Then
U*V2W?2F
< UVAW2min{V AW 2 M?H, W MT, W2 H'T,U~*T, U2 K°T}
< UPVAWRA(V AW TRMEH) R (W 2HTT) 3 (UT) % (U2 K?T) %
=T:MHIK® <« g'~,
() F > 2V AW 2M?H,F <2W~YH" 2U~*K?. Then
U*V2W?2F
< UPV2W 2 min{V AW 2T, V- 2w SM2HT, WM HT U K?}
< UPVEWA(VAWTAT) S (VI RW S MPHT) s (WM HT) (U K?)2
=T MUuHRK < z'°1,
(f) F > 2V AW 2M?H,F <2W~YH" F > 2U~*K?. Then

UV2W?2F
< UV2W2 min{V AW =21, V- 2w SM2HT, W14 HT,

UT, U KT}
< UPVEWA(V AW T2T) = (VRW O MRHT) s (W HT) % (UAT)

13 1 15
=THMUEH» <z .
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(g) F>2V AW 2M2H 2W-1H" F <2U *K?. Then
UVEW2F < UV2W2 min{V AW 2T, V- 2W S M2 HT, W 1T,
W R2H'T U K%}
< UAVEWA(VAW 2T % (V2 WS M2HT) s
x (W 2HT)= (U *K?)>
=T:MuHmK < z'7°.
(h) F > 2V AW 2M?H,2W " H" 2U~*K?. Then
UV2W2F < U*V2W? min{V AW 2, V- 2w Sa2H, w14 w4207,
Ut U 2K%)\ T
< UZVZWQ(V%W*Q)%(W*14)11*4(U*4)%(U*12K2)§T
=TK" <« 2'7°1,

since X106 < MH (the latter follows from X6 < M?H).
In every region, our conditions are satisfied, so the proof of Lemma 10
is complete.

LEMMA 11. Under the assumption of Lemma 5, suppose that M and H
lie in one of the following regions:

1) X%<M<<X%, M*%Xﬁ<<H<<M TSX%;
11) X% <<]\4<<)(%7 M_%X%<<H<<M @X%;
X

iv) X0 < M < X1,
v) X35 <« M < X %60,
Then (7) holds for To <T < X.

(
(
(iii) X700 <« M < X 550,
(
(

Proof. Putting together regions in Lemmas 9 and 10, we can get Lem-
ma 11.

LEMMA 12. Under the assumption of Lemma 5, suppose that M and H
lie in one of the following regions:

(i) XBB <« M< X85, M BX% <«H<M BXF,
(i) XBH <M< X, X& < H< M BXH,
(iif) X6 « M < X0, M 5X% <« He M BXH,
(iv) X1 <« M < X%, X% <«H< M X%

Then (7) holds for Ty <T < X.
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Proof. First we show that (8) holds for T' = 1/n = 2X 2 ¢, providing
that M and H satisfy the following conditions:
M’H < X%, MPH"' < X%, X# <M,
MH® < X%, X1 <« M¥H2

We apply the mean value estimate and Haldsz method to M?(s), H%(s)
and K2(s)H(s) to get

I < UV*W2z ' Flog®z,
where
F=min{V*M?+7T),VA*M* + V2 M>*T, W~ 2(HS + T), W2 HS
+WHST, UMW 2(K*H +T), U *W2K?H
+ U BPWSK2HT}.
Consider the following cases:
(a) F <2V—4M? 2W~12H% 2U*W~2K?H. Then
UV2W2F < U?V2W2min{V*M? W 2HC UW 2K?H}
<UVEW2(V M) (U *W2K%H)?
=WH:MK < zlog P .
(b) F <2VAM22W~12HS F > 22U *W~2K?H. Then
UV2W?2F
< UAVAW2min{V M2, W 2HS U W 2T, U~ W SK?HT}
< UPVW2(VAM?)s (W 2H®) =2 (U W 2T 8 (U~ W SK2HT)?
=TEMH#KT < g\ ¢,
(¢) F<2V—*M? F > 2W-12HS F <2U*W~2K?H. Then
UVAW?AF < UV2W2min{V~*M? W R2T, W3 HT U~ *W2K?H}
< UAVEW(V—*M?)3 (U *W 2K2H)?
=WH:MK < a:log_HB T.
(d) F<2V4M? F > 2W~12HS 2U4W2K?H. Then
UV2W?2F < UV2W2 min{V M2 W27, W3¢ HOT,
U™ W2 T, U 2W SK?HT}
< UPVEW2(V 4 M?)s (W30 HOT) 56 (U W 2T) %
x (U W SK2HT)™
=T MH? K% < z'7°1.
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(e) F>2V 4 M2 F <2W 12HS 2U*W~2K2H. Then
UV2W?2F
< UVAW2 min{ V4T, V-2 M2, W2 HS U W 2K H)}
< UPVEW2(VAT)S (VR MAT) 2 (W2 HO) &= (U *W 2 K2H)?
—TEMuEHK < 2" ¢,
(f) F>2V—*M? F <2W~2HS F > 2U*W~2K?H. Then
UV2W2F < UV2W2 min{V 4T, V-2 M2, W2 H® U4 W 2T,
U W C°K*HT}
< UPVAWR(VAT) R (V12 MPT) 2 (W2 HO) = (U4 W —2T) 2
=TEMEHE < o' 70
(g) F>2V—*M2 2W~12HS F < 2U*W~2K?H. Then
U*V2W2F
< UVAW2min{V AT, V- REMAT, W BT, WSS HOST U W 2 K2 H )

L

< UPVEW2(VAT) 3 (V2 M2T) 7 (W30 HOT )56 (U W 2 K2H)>
=TiMuHIK < 2!~
(h) F > 2V—*M? 2W~12HS 2U*W~2K?H. Then
UV2W?F < UV2W2min{V 4 V1202 w12 w36 gt u—w—2,
U BPWSK*H}T
< U2V2W2(V_4)%(V_12M2)2*14(W_12)5(U_4W_2)%T
=TM® < g™,

179

since M < X3 (the latter follows from M7 H" < X'5°).
In every region, our conditions are satisfied. So the proof of Lemma 12
is complete.

4. Mean value estimate (IIT)

LEMMA 13. Suppose that PQRK = X and that P(s), Q(s), R(s) and
K(s) are Dirichlet polynomials. Define G(s) = P(s)Q(s)R(s)K(s). Let b =
1+ 1/logX and Ty = logg X. Assume further that for Ty < [t| < 2X,
P+ it)Q(b+it) <« log_g x and R(b+it) < log_g x. Moreover, assume
that

X% < R<Q
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and that P and Q lie in one of the following regions:

(i) X <ceP<xB  plx¥<cg<p
(ii) X5 < P < X350, X <« Q< PlxB
(ii) X <« P< X,  PIX® « Q< PlXTh
(iv) X <« P<x¥, PIXFE < Q< PlXTh
) X% «P< Xm0,  PTIXTE Q< PTOX
(vi) X <« P X0, X® < Q< P EX

(vii) X« P< X5, X& <« Q< PLXT,

Then (7) holds for Ty <T < X.

Proof. Let m =pq, h =r.
(a) On applying Lemma 8 with region (iv), we see that (7) holds under
the conditions

PIXT% « Q< PTIX3, X% <« R< Q< (PQ) X1,
which can be written as
PIXT% « Q< PTIX%0, XB <« Q<P 85X, X% <R<Q.
In the regions:
X5 « P< XB860, pPlxie « Q< P 1X%0;
X0 <« P< X550, X5 < Q< P 1X50,
the above conditions on P and () are satisfied.

(b) On applying Lemma 8 with region (vi), we see that (7) holds under
the conditions

PIX <« Q< PIX%H, X% <R<Q<(PQ)TX™,
which can be written as

PlX30 <« Q< P7IX%, X% <Q<P

13

X, X% <R<Q.

o

In the regions:
X5 <« P X%, PlX%0 < Q< P;
X% <« P Xm0, PlX% « Q< P 1X™;
Xm0 <« P X5, X35 < Q<P IX,

the above conditions on P and () are satisfied.

(c) On applying Lemma 8 with region (vii), we see that (7) holds under
the conditions

PIX® « Q< PTIXTH, X% <« R< Q< (PQ) ‘X7,
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which can be written as

&le

9 1 51
3

PlY®m « Q< PIXTH, X® < Q<P 2X™, X% < R<Q.

In the regions:
X0 « P< X6, PTlX® < Q< P lXTi0;
X650 « P X550, X% < Q< PTIXTi0,
the above conditions on P and @) are satisfied.
(d) On applying Lemma 8 with regions (viii) and (x), we see that (7)
holds under the conditions

PIXTH « Q< PT'XT0, X% <« R< Q< (PQ)™ 5 XTI,

which can be written as

o

PIXTh « Q< PTIXT0, X® < Q<P X1, X% <R<Q.
In the regions:
X% « P< Xito,  PTlxXiic « Q <« P67 X151

Xin « P< X180,  PTIXTH < Q < PTIX 100,
X180 « P< X100, X8 < Q< P LX10,
the above conditions on P and () are satisfied.

Putting together the above regions, we get Lemma 13.

LEMMA 14. Suppose that PQRL = X and that P(s), Q(s) and R(s) are
Dirichlet polynomials,
1
L(s)=)_ 7

I~L

and F(s) = P(s)Q(s)R(s)L(s). Let b=1+1/log X and Ty = VL. Assume
further that for Ty < |t| < 2X, P(b+it)Q(b+it) < log™ % z and R(b+it) <«
log_g x. Moreover, assume that

X% <« R<Q
and that P and Q lie in one of the following regions:
(i) X% <« P< X0, X% < Q< P;
(i) X1 « P < X0, X% <« Q< P iXw;
(i) X6 <« P X550, X% < Q< P EX0;
(iv) X500 « P < X050, X% <« Q< P lX 102,
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Then for Ty <T < X, we have

2T

1

(9) min? (77, T) S |F(b+it))? dt < n?*log™ 0P z.
T

Proof. Let m = pqg and n = r. An application of Lemma 3 yields that
(9) holds under one of the following conditions:

(a) M < X3, N < M3X70,
(b) X2 <« M< X0, N< X5,

(c) Xio « M< X%, N« M 3Xi0;
(d) X2 <M< X1, N < M~ 2X %,
(e) XB<M<X2, N<M2X%,

Using the same discussion as in Lemma 8 with regions (i) and (ii), we
deduce that (9) holds under the condition

(f) XB <« M< X172, M2X% <« N< M 5X10.
In the regions:
X% <« P X0, X% <Q<P;
X« PL X700, X% <Q< P X5,
condition (a) is satisfied.
In the regions:
X 51 <<P<<X%, plx: <KQRKP;
X3 < P< X7, PTX% < Q< PIXT0;
X7 <« P X750, X% < Q< P 'XT0,
condition (b) is satisfied.

In the regions:

X#0 <« P< X1,  P'Xi6 < Q< P
Xt <« P< X%,  PTIXTH < Q< PTIX%;
X « P< X, X% <Q< P X%,

gl

condition (c) is satisfied.
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In the regions:
X#i <« P< X100, PIX% <Q<P;
XTh « P< X, P'X® <Q<P 3X%;
Xt « P< X320, PIX% <Q< P lXT;
X7 « P< X765, X% < Q< P 1X35,
condition (d) is satisfied.

In the regions:

19

X <« P< Xm0, PTlX#H « Q< P X1,
X#0 « P X785, PIX3 « Q< PlX17,
X7 <« P< X%, X% <Q< P X107,
conditions (e) and (f) are satisfied.
Putting together the above regions, we get Lemma 14.
LEMMA 15. Under the assumption of Lemma 14, assume also that
X% < R<Q

and that P and Q lie in one of the following regions:

(i) X%<<P<<X%’ P—1x 106 <<Q<<X%
(i) Xt « P XT350, X% < Q< X1,
(ii) X¥H « P X5, XS <« Q< P BXxH,

Then (9) holds for Th <T < X.
Proof. Let
m=pq and n=r.
An application of Lemma 4 yields that (9) holds under the conditions
Q<P IXT, X% <R<Q< X0,
In the regions:
X5 <« P< X100,  PTIXT0 < Q< X100,
X% < P« )(71530172307 X% <<Q<<X%-
X120 « P X110, X8 < Q< P65 X250,
the above conditions on P and () are satisfied.
So the proof of Lemma 15 is complete.
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5. The remainder term in the sieve method

LEMMA 16. Suppose that M < X%, H < X160 and that a(m) = O(1),
b(h) = O(1). Then for real numbers x € (X,2X), except for a set the mea-
sure of which is O(X log™? X), we have

Y= Z a(m)b(h)( Z 1-— %) = O(nzlog P z).

m~ M z<mhl<z+nz
h~H

Proof. If MH < X3, the conclusion is obvious. In the following we
suppose
(10) MH > X%,
Let b =14 1/logX and MHL = X. Suppose that M(s) and H(s) are
Dirichlet polynomials, L(s) =, ; 1/1° and F(s) = M(s)H(s)L(s). Per-
ron’s formula yields
b+iX

1
> amph) =5 | F)
z<mhl<z+nx b—iX
m~M, h~H

wzs ds + O(z°).
s

If s = b+ it and |t| < ¢1 L, by Theorem 1 on page 442 of [18], we have

> =R (7))

c1L<i<coL
Moreover,
1 s -1 1 s -1
%azs = nz® + O(|s|nz), %xs <L nx.
S S
Let T} = VL. Then
b4iTy
1 (1+n)° -1
— F(g)— 1) — ~ s
i) (s) . x5 ds
b*’LTl
b+iTy 1—s 1—s
o (c2L) ™% = (L) ™*
=5 S M(s)H(s) T z* ds + O(S1) + O(S2),
b—’LTl
where
z
Sy = "f | 1M+ i@+ i) dr,
-T
T

Sy = n’x g |M(b+ it)H(b+ it)| dt.
—Ty
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A trivial estimate yields

x
S1 K i <nz'™® and Sy < nPaVL < nalTE.

VL

By Perron’s formula again,

b+iT: _ _
1 L 1—-s _ L 1—s
M VTP (O L CLA S
27rzb - 1—s
T
_ a(m)b(h) ,’,’1.14-6 77$1+5
_"ﬁg@ mh O\ ) YO\
h~H

Now we have

a(m)b(h
) 5= Y ampn—pe Y 00
rz<mhl<z+nx e M
m~M, he H o H
| i | X
=5 s — s 1—e
 2mi S F(s)o(s)a® ds + o S F(s)o(s)z®ds + O(nz %),
b—iX b+iTy
where
147)° -1
o(s) = ( 778)

If s = b+t and |Im(s)| ~ T, then p(s) < min(n,1/T). We proceed to
estimate

2X b+iX )
U= S da:’ S F(S)Q(S)l’sdé“
X b+iTy
We have
2X  b42iT )
2 s
U < log T, max S da:) S F(s)o(s)x ds‘ .
X b+iT
Here
2X  b+2iT

Sda?’ S F(s)g(s):csds‘2
X b+iT
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92X b42T  b42iT
= | de | dsi | F(s)F(s2)o(s1)o(s2)z” % dss
X bfar biT
b+2iT b+2iT 2X
« min? (n, T) [ sl | 1) Fs)| | 2+ dafdse|
b44T T X
b+2iT b+2iT 9 9
) 1 F(s + |F'(s
< 2 min? (n,T> S |ds1| S | (11)| | _(2)| |dss
biT b+iT 1+ 51+ 5|
N 2T
< 2% log 2 min? <77,T> S |F(b + it)|? dt.
T

By Lemma 4,
N 27
3103 .2 1 12 2, 3—e;
U < z°log 7, max min (n,T) F§|F(b+zt)| dt < n x> e,
Hence, the measure of the set of x satisfying
b+iX
’ S F(s)o(s)z?® ds‘ >nrlog™ ~ x
b+1iTy
is O(X log™? X).
In the same way, we can deal with the integral
b*lTl
S F(s)o(s)x® ds.
b—iX
So the proof of Lemma 16 is complete.
LEMMA 17. Suppose that a(p), b(q), c(r) = O(1) and that
X% < R< Q.

Moreover, assume that P and @ lie in one of the following regions:

i) X% < P< X0, X% < Q< P;

i) X0 < P < X, X% < Q< P 3Xm;

iii) X <« P< X®500, X% < Q< P sX0,
X% < Q< P X107,

(
(
(
(iv) X930 < P < X 0560,
(
(
(

v) X80 « P Xth0,  PTIXT0 < Q < X160
vi) X 70 <<P<<X%7 X 55 <<Q<<X%;
vii) X5 « P XT10, X5 < (Q <« P55 X350,
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Let b =1+1/log X, PQRL = X and Ty = /L. Assume further that for
Ty < Jt| < 2X,
Pb+it)Q(b+it) <log~ <z and R(b+it) < log™ < .

Then for real numbers x € (X,2X), except for a set the measure of which
is O(X log™? X)), we have

Y Y a<p>b<q>c<r>( R ]fq) — O(nrlog " ).

p~P g~Qr~R r<pqri<z+nzx

Proof. Using Lemmas 14, 15 and the discussion in Lemma 16, we get
the assertion.

6. Asymptotic formula

LEMMA 18. Suppose that X5 < M < X'=% and that 0 < a(m) = O(1).
If m has a prime factor < X°, then a(m) = 0. Then for real numbers
z € (X,2X), except for a set the measure of which is O(X log™? X), we

have
Y= Z a(m)

r<mp<lz+nz
m~ M

:n<1+o<10;x>> S am) S 1+0(log P ).

m~M w<p<iE
Proof Let b = 1+ 1/logX and MH = X. Suppose that M(s) is
a Dirichlet polynomial, H(s) = >, 5 A(h)/h* and G(s) = M(s)H(s).
Perron’s formula yields

b+iX
- _ 1 (1 + 77)8 -1 s €
D= ) a(m)A(h) = 5 S Gls)————a"ds + O(a").
r<mh<z+nx b—iX
mn~ M
Let Ty = logg X. By (1) and the discussion in Lemma 16,
b+iTo
1 (I+n)*—=1 |
5 S G(s)is x5 ds
b*ZTg
b+iTo 1—s 1-s
H — (a1 H
- | ) (c2H) (CLH)™ s ds + 0(81) + O(Sa),
2wt ) 1-—s
b—lTO
where
TO TO

Sy =nzlog™ = x S |M(b+it)|dt, So=n’x g |M (b + it)] dt.
—To _TO
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A trivial estimate yields

Sy < nrlog Pz and Sy < nrlog 2B x.

By Perron’s formula again,

b+iTo 1—s 1—s
H —(aH
i/ - M(s) (c2H) (L H) x°ds
2y ) 1—s
b—ZTo
B a(m) nzlog® nzlog?
=nz Y — O< T +0( ",
mn~ M
_ a(m) —2B
=nx E o + O(nxlog™ =" z).
mn~ M
Hence,

X =nz Z agnm) + O(nalog 2P )

mn~ M
1 b—iTy 1 b+iX
+% S G(s)o(s)x ds—l—% S G(s)o(s)x® ds,
b—iX b+iTy
where
(147)°—1

o(s) = .
By Lemma 1 and the discussion in Lemma 16, we have
b+iX
oy G(s)o(s)z® ds = O(nzlog 2P )

and
b—iTo
, G(s)o(s)z® ds = O(nxzlog™ 2P )
2me )
b—iX
for real numbers z € (X,2X), except for a set the measure of which is
O(Xlog™® X). So,

Y1 =nx Z ainm) + O(nzlog 2P 1),
m~ M

3= nx(l + O<10;$)> m%ﬂ@% + O(nzlog™ P 2)

:n<1+0<10;)> > am) Y 1+ 0(mrlog P ).

~ 2
meM z<p<ie

The proof of Lemma 18 is complete.
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LEMMA 19. Suppose that X% <« HK < X%, MHK = X and that
0 < b(h) = O(1), 0 < g(k) = O(1). If h has a prime factor < X°, then
b(h) =0, and similarly for g(k). Suppose that H(s) and K(s) are Dirichlet
polynomials, M(s) = > . Alm)/m® and G(s) = M(s)H(s)K(s). Let
b=1+1/logX andTozloggX.

If (7) holds for To < T < X, then

> b(hg(k)
r<hkp<z+nz
h~H, k~K

:n<1+0<b;$>>h > b(gk) D> 1+ 0(nzlog™" ).

~H, k~EK Z<p< 2z

7. Buchstab’s function. We define w(u) as the continuous solution of
the equations

w(u) =1/u, I<u<?2
(12) { (uw(w)) =w(u—1), u>2.

w(u) is called Buchstab’s function and plays an important role in finding
asymptotic formulas in the sieve method. In particular,

141 -1

u—1

u
1+ log(u—1 1 log(t — 1

u

w(u)

LEMMA 20. We have the following bounds:

(1) w(u) > 0.5607 for u > 2.47,
(ii) w(u) < 0.5644 for u > 3,
(iii) 0.5612 < w(u) < 0.5617 for u > 4.

Proof. It is easy to see that 0.5 < w(u) < 1 for 1 < u < 2. Then we
employ induction.

Suppose that 0.5 <w(u) <1forl <k <u<k+1.Ik+1<u<k+2,
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then (12) yields
u—1
(13) ww(u) = (k+ Dw(k + 1) + S w(t) dt.
k
Hence, 0.5 < w(u) < 1 for k+1 < u < k 4 2. By induction, we obtain
0.5 <w(u) <1 foru>1.
If u > 2, (12) yields

w(u—1) —w(u)

" .

(14) w'(u) =

If 2 < wu < 3, by calculation, we have

max w(2 + 10"*k) < 0.56716.
0<k<10%

From (14) and 0.5 < w(u) < 1 for u > 1, it follows that |w'(u)| < § if
u > 2. Using Lagrange’s mean value theorem, we have w(u) < 0.5672 for
2 < u < 3. By induction, we obtain 0.5 < w(u) < 0.5672 for u > 2.

If 3 < wu <4, by calculation, we have

max  w(3 + 107 %k) < 0.56439,
0<k<10%

min _w(3 + 107%k) > 0.56081.
0<k<104

From (14) and 0.5 < w(u) < 0.5672 for u > 2, it follows that |w'(u)| <
0.0224 if u > 3. The above discussion implies that 0.5607 < w(u) < 0.5644
for u > 3. By the same discussion we can also get 0.5607 < w(u) for u > 2.47.

If 4 < wu < 5, by calculation, we have

max w(4+ 107*k) < 0.5616, min w(4 + 107%k) > 0.5613.
0<k<104 0<k<104

The above discussion and the fact that |w’(u)| < 0.0224 for u > 3 imply
that 0.5612 < w(u) < 0.5617 for u > 4.
Gathering together the above discussion, we get Lemma 20.

LEMMA 21. Suppose that £ ={n:t <n <2t} and z <t. Let

P(z) =[] »

p<z
Then for sufficiently large t and z, we have

SE2)= > 1:<w<11§§z>+0(5)>lo;z'

t<n<2t
(n.P(2)=1

Proof. See Lemma 5 of [10]. If (2t)2 < z < t, it is the prime number
theorem.
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8. Sieve method. We proceed to show that

(15) m(z +nz) — n(x) > 0.011lnzlog '
for real numbers z € (X,2X), except for a set the measure of which is
O(X log™? X).
Let
(16) A={n:2z <n<z+nz},
P(z) = Hp, S(A, z) = Z L.
p<z acA
(a,P(z))=1
Then
(17) m(x 4+ nz) — m(x) = S(A, (2X)3).
Buchstab’s identity yields
(18)  S(A,(2X)%) = S(AX%)— > S(Ap)
X5 <p<(2X)3
=SAXE) = 3 S(A, X)

9 1
X85 <p<(2X)2
S Y St
X85 <p<(2X)Z X85 <g<min(p,(2X/p)?)

The following lemmas always concern real numbers x € (X,2X), except
for a set the measure of which is O(X log™? X).
Let

(19) B={n:xz<n<2x}.

LEMMA 22.
S(A, X ) > 5.300221nz log " .
Proof. We have

(20) S(AXT)=SAX) = > S(A.p).
XO<p< X5
Let
~ 4 _ 1y e
FAd) = [Ad = W(2) = pl:[ (1 p) = (140

where v is Euler’s constant.
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Let 2= X% and D = X . Applying Iwaniec’s sieve method (see Theo-
rem 1 of [8]), we have

S(A, X%) > &f(iif) — O(enzlog™' 2) — R,
where
R™ = a(m)r(A,m).
m<X It

Lemma 16 yields R~ = O(nzlog™® ). By Theorem 8 on page 181 of [17],

we have
f(lOgD> =14+ 0(),

log 2z
where v is Euler’s constant. Thus,

-
S(A,X°%) > eTmc log™ 'z + O(enzlog™' z).
In the same way,
nx log D 1 ~
S(A,X°%) < F O(enzl b
(4.X%) < P (FED) 4 Ofenrlog™a) + 30 Hom)F(Am)
m<X 10
e 1 1
< 5 log™" x4+ O(enxlog™ " x).
So, we have the asymptotic formula
-
(21) S(A,X°%) = %nx log™ 'z + O(enzlog™ z).

Now,

Z S(Ap,p) = Z L,

X5<p<X% z<pq<zt+nz

where X0 < p< X % and the least prime factor of ¢ is greater than p.
Using Lemmas 18 and 21 and the prime number theorem, we have

2 Y S

X5<p§X%
=n Y. S(Bpp)+O(enzlog™" x)
X5<p§X%
1 log(ﬂﬁ/p)> 1
=nx w + O(dnxlog™ =
2 , plogp < logp ( )

XO<p<XE5
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1-t¢

! th<t> dt + O(6nzlog™ ' z)

=nxlog " x

O ey g‘w
—_

1

=nxlog " x !

w(u —1)du+ O(énzlog™ " x)

1 /1 85 (85
=nrlog tad Zwl =) — =w| = log~ !
nx log x{6w<5> gw(9>}+0(577x og " x)

-
= %nx log™ 'z — ?w(?)nx log™ 'z + O(dnzlog™

since w(1/8) = e7 4+ O(e?) (see Lemma 12 on page 179 of [17]). Hence,

O s il

L),

(23) S(A,X5) = ?w(?)nmloglm—FO(énxlogl x).

By Lemma 20, we get

85
S(A,X5) > 5 056120z log~! & + O(dnzlog ™' ) > 5.300221nz log ™" .

So the proof of Lemma 22 is complete.
LEMMA 23.
> S(A, XF) < 8.23475Tnzlog ! a.
X5 <p<(2X)2
Proof. Buchstab’s identity yields
S 84, XH)
X5 <p<(2X)?
= Z S(Ap, X°) — Z Z S(Apg, 9)-
X85 <p<(2X)2 X5 <p<(2X)3 X0<q< X5
Using Lemma 16, in the same way as in Lemma 22, we have
>S4 X%
X5 <p<(2X)3

e 7 1

1
= Z 5, log™ ' z + O(enzlog™
p
X35 <p<(2X)3

x)

-
= eT nzlog 'z

dt )

- + O(enxlog™ " z).

R0t vl
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Using Lemmas 18 and 21, in the same way as in Lemma 22, we have

Z Z S(Apg; q)

9 1 9
X85 <p<(2X)2 X9<q<X BB

=7 Z Z S(Bpy, q) + O(enzlog™ ' x)

2 1 2
X8 <p<(2X)2 X9<g<X®5

—pr Y 3 1, <10g(93/ (pq))>

. . , Pqlogq log q
X8 <p<(2X)2 X9<q<X 85

+ O(6nzlog ' z)

19
o, s dt {1 (1—t—u> _
1 1
=nzlog z\ — \ sw| —— | du+O(dnzlog " x)
;o t § u? u
-1 R dt g(l—t) —1
=nzlog " x S T w(r —1)dr + O(onzlog™ " x)
55 -1
1 RN
3 -nxlog™ " x S tw<5(1 —t)> dt
55
2 1
8 -nzlog 'a S w(85(1 — t)) dt + O(onz log™* x)
9 3 t 9
e . odt 85 . 1 /85
- . &2 el “w( 20 -
5 nz log :E§ , g “Nlog w§tw<9( t))dt

+ O(dnzlog™ ' z).

Gathering together the above discussion and applying Lemma 20, we
have

S S(A4,X%)
X8 <p<(2X)?
1

1
— %5 -nxlog™ " x tw<8;(1 - t)) dt + O(dnzlog ™" x)

R0t 1=

61
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< 0.5617 - — - log (f:)Hx log™! z 4+ O(dnzlog™ ' z)

§8zmmwmbg4m

So the proof of Lemma 23 is complete.
We now set

(24) 2= Z Z S(Apg>q)

9 1 9 1
X85 <p<(2X)2 X85 <g<min(p,(£X)?2)

94 94
ZZ Z S(-quaQ):ZQz‘)
=1

=1 (p,q)€D;

L X5 <p§X%, X% < q <p},

X100 < p< X%, X% <g<p 5XHY,
L XT <p< X0, X <g<p 5XT0),
X0 <p< X%, X5 <q<p_%X%},

133

(P, q)

(P, q)

(P, q)

(P, q)

(pg) : X0 <p< X, p7'XH0 < g <p,

(pq): XB < p< X5, XF <q<p tXTY,

(pg): X3 <p< X%, plXW0 <g<p tXB),

( ):X22o <p< X®WE0, X8 <g<p 6X120}
00): X5 <p< XBHR X g i x Y,
(poq) : X T80 < p < X5, X% < g<p X2},
(P, q)
(P, q)
(P, q)
(P, q)
(P, q)
(P, q)
(P, q)

12613 133

: X 19300 < D < Xégé’ p_le <qg< p_lX%}’

X <p< X, X <g<p X,
X <p< XB, pTIXBE < g <pTl XY,
X <p< XTo, X% <q<p lXTTEY),
X <p< X0, pTlXTE < g<pTlX T},
L X7 < p< X0, pm8X 10 <q<p_%X%},

L XT <p< X5, X% <qg<p X107},



=
S

=
S

=
)

=
S

Dys ={(p,q)
Dig ={(p.q)
Dao = {(p,q)
D2y ={(p,q)
Daz ={(p.q)
Das ={(p,q)
Doy ={(p,q)
D5 ={(p,q)
Das ={(p,q)
Dar ={(p,q)
Das ={(p,q)
Dag ={(p,q)
Dso ={(p.q)
D31 ={(p,q)
D3z ={(p,q)
D33 = {(p.q)
D3y ={(p,q)
Dss = {(p,q)
D3 = {(p.q)
D37 ={(p,q)
Dss = {(p.q)

(psq)

(p:q)

(p:q)

(psq)
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X0 <p< X, pTlXTE <g<p XTI},
X1 <p< X, p HXTO <g<p SXHY,
XB <p< X, X% <g<p lXTEY,
X <p< X, p XTI < g<p o X},
L XE <p< X, p HXTO <g<p XY,

L X® <p< XTH, X <g<plXToE),

L X6 < p< X710, plX o <q<p_%X%},
X <p< X, X0 < g<p sX),
X < p < X0, X8 < g<p lXT0),

X T <p < X6, pTIX TR < g <pT B X T,

247

X# < p< X, X1 < g < p lXTt),

L XTI < p < XTH0, X5 < g <p LX),

L X100 < p < X106, p X T < g < pT o X T},
359 481 19 11

P XTI <p< XTa0, X0 < g<p 0X5Y,

481 443 9 897
(XTI <p< XTos, X5 <g<p X}

897 58

X < p < XTS5, pTlX T < g < pmF XY
X1 < p < X505, XTI < g <p X0}

4 7
L XT05 <p< X, XS <g<p X,

443 19 897 58 59
XI5 < p< X, pTIXTTE < g <pTorX T

443

X105 <p< X}ng X% <gq <p_127X%}7

S X5 <p§X%, X <q<p_1X%},
L X5 <p§X3§%, p_lX% <q<p_%X%},

19 3441 58 57 2 29
X5 <p< X960, pT X% < g<p TTXTO0},

3441 1843 9 58 59

Xoseo < p< XB2m0, X85 <qg<p 67)(134}7

3441

X 9860 < p < X%’ p_%X% <q <p‘11)(ﬁ}7

63
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Dys ={(p,q)
Dys ={(p.q)
Dys = {(p, q)
Dys ={(p,q)
Dyz ={(p,q)
Das = {(p, q)
Dyo ={(p,q)
Dso ={(p,q)
Ds1 = {(p,q)
D5z = {(p.q)
D53 = {(p.q)
D5y = {(p,q)
Ds5 ={(p,q)
Dsg = {(p.q)
Ds7 ={(p,q)
Dss ={(p,q)
Dso = {(p,q)
Deo = {(p.q)
De1 = {(p,q)
Dg2 = {(p, q)
Dgs = {(p.q)
Des = {(p. )
Dgs = {(p.q)
Des = {(p.q)
De7 = {(p, q)

L X < p < X100, X < g<por X1}
X550 < p< X100, p 9 X35 < g < p 49X 08},
X0 <p< XToo, p BX® < g<p TXTO),
X100 <p< X85, X5 <g<p lXT0},
L X100 < p < XRD, pTes X0 < g < p 0 X 08}
X 1% <p§X%, pTIRXE <g<p X0,
X5 <p< X550, X5 <g<p lX00),
L X0 < ngezo pIX T < g < X0}
P XS < p < XEE, pTH X <g<p HXFY,
X <p< XE, prBXE <g<p XY,
X620 < p< X0, X% < q<p X100},
X5 <p < XT0, pTlX 10 < g < X160},
%<p < X 1700 ,p 69X230<q<p 49X9s}
X520 <p< XTH0, p HX05 < g<p 19X7),
s < p< X110, X < g< X160},
P X100 < p < XTHE, pTHXW < g < pHXTY,
L XD < p< XT3 pT X < g <p XY,
P X0 < p < X T80, XS5 < g < pTos X0},
X520 < p < X000, p 60 X290 < g < p 15 X 08},
XTI < p < X010, p BXHE <g<p BXTY),
X1 < p< X0, X <g<p HXKRY,
X <p < XBB, pmBXE < g <p HXHY,
X080 < p< X080, X% <qg<p BX7Y},
X0 < p< X5, X85 <q<p 19X7}
X8 <p< XB, pTHXE < g <p HXHY,



Des = {(p: q
Deg = {(p q
D70 = {(p,q
D7 ={(p:q
Dy = {(p,q
D73 ={(p.q
D7y ={(p:q
D5 = {(p,q
D6 ={(p.q
D77 ={(p:q
Drzs = {(p,q

> >
(o) oo
w =
I I
=303 3
= = o =

S O
[
o R
I
=
)

&
N
I
s = ~= = = —~= = =

=
)

=
S

O O
0 ®
35
ol
—
ST S T = T S B
S~ I« R =)

— /—\ — — ) — — — — — — — ) — — ) — — ) — — — — — —
~— ~— ~— ~— ~ ~— ~— ~— ~— ~— ~— ~— ~— ~— ~— ~— ~— ~— ~— ~— ~— ~— ~— ~— ~—

=
S

19 19
LX< p< X,

19 19
XB < p< Xaa

X3 < p < Xoson,
P X T < p < X,
L X T < p < X0,
. X o860 < p < X 3990

- X 9860

897 133 9
- X 1972 <p§Xﬁ7 X 85

L XTE <p< X0, p iXE <g<pTXT),

X < p< X0,
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XT <p< XH, XF <g<p BXT),

421

p‘%X% <qg<p- 27X54o}

p X <q<p X0},

L XT < p< X0, X85 <g<p X7}

421

p_%Xgﬁ <qg<p” 27X54o}
p X <q<p X0},

pIXE <g<prtXT),

4331

4331

2691
<p< X5950’

;Xéggo <p§X% 5X25 <q<p%X%*3}
X%<p§X%,p_%X%<q< %XT"}

2691

X 5950 <p< X%

(g
e

5X25 <g<pTX7o

2
<q<p sXTw},

897

CO

133 19 9 1 13
X220 <p< X0, X8 < g<pTX7T0},

PXT <p< X0, X% <g<plXTY,

3

110 <p§ X%’ X% < q <p7%X%}7

o

53 339 19 51
(X100 <p< X0, X0 <g<p X7},

X700 <p< XW0, X% <g<p X5},
X <p< X, X < g <pOXFHY,
X8 <p< X0, X% <g<p $XT},

179

_9X18 <qg<p” llXoo}

L XB0 < p < XTo, X1 < g<p XY,

49 2944 9 70 179
X100 <p < XB0%0, X85 <g<p 11X}

pTEXH <g<p HXHY,

pTHXH <g<pTEXINY,

65
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i

10}
)

Dos={(p,q): X33 <p < X7, X106 <g<p X}

Doy = {(p,q) : X0 < p< X350, X1io <gq<p !X

9. Bounds of the sieve functions
LEMMA 24.
(6 + (19 + (222 + 295 + 205 + (231 + (234 + 237 + 240 + 242 + (45
+ 248 + 252 + (256 + 259 + 262 + 264 + P65 + 266 + 268 + 271
> 0.394443nz log ™! .
Proof. We have

D= Y > SAppa) = Y, 1,
<g<p~

9 3 6 7 28
Xt <p<X16 p~ 8 X100 X80 r<pqrz4ne

o

ool
ol

where X 70 < p < X%, p*gX 10 < g < p*%X% and the least prime factor
of r is greater than q.

Let h = ¢ and k = r. By Lemma 6 with region (i), (7) holds. Then
Lemmas 19 and 21 yield

Qe=n Y > S(Bpg. q) + O(enzlog™" z)
\ i

e L (los(z/(rg)
— 2 pqlogq < log q )

3 6 1
70<pSX170 p73X1 0 <q<p 8 X 80

‘l\)
o

1—-t—
=nrlog” z \ — 2w( u) du+ O(enzlog™ " x)
o b o
0 100 5
260 H-%
dt du
— prlog— ! =
Gt $<19 t r756 u(l —t—u)
=2 o] 77t
70 100 5
=S 1(1-1)
10 dt 3 1 _
+ 1= (1+10g(—2>)du
a2t 5i_gtu(l—t—u)
260 100 5
gy 0 d
u
— @)
* t u(l—t—u)+ (€)>
20 3(1-1)

> (0.000516 + 0.010796 4 0.011351)nz log ™"
= 0.022663nz log ! .
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Using the above discussion and Lemma 20, we have

219 + (299 + 295 + (208 + (231 + (234 + (237 + 240 + (242 + (245

—
©
N
[

10 15170 L?t
247 23t 359 25 4
+7§0 dt *°¢ ° 1 (1—t—u)d +11§0dt4 1 <1—t—u>d
_ —w U —_ —Ww u
2 2
i t h U U iz t o U U
481 171—6
+ 1450 dt 5 1 1 _t_u d
— —w U
359 t 19 U2 u
11‘)00 110
443 157 4
+ 1305 dt 290 1 1 _ t —u d
4§1 t ISQ UQw u !
1450 110
B Wi
N odt 1 1—t—u J
— —w U
S t u2 U
413 19
1305 110
B Hhh
+5 dt ' S“ 1 (1—t—u)d
— —w U
2
w 51 s, U U
55 98 49
3860 ,, s —1st
dt 1 1—t—u
VT 1 - < K
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5620dt11_ 1 1—¢
— | 1+1 — =2 )d
AR u(l—t—u>< +°g< u )) !
5 L(1-t)

5620 4
8 L(1-1)
°oat du
+0.5607 Ny § "
5860 35
# B
dt 1
— 141 — -2 )d
+3963t1§ u(l_t_ )<+Og< >> B
5860 7(1—-1)
B
dt du
0.5607 — — +0
+ )G g —+ <5)>
97 85

> (0.034609 + 0.009183 + 0.009870 + 0.002518
+0.012892 + 0.003183 4 0.006792 + 0.000789
4 0.004547 + 0.012016 + 0.008083 + 0.015437
4 0.021797 + 0.049656 4 0.056577 + 0.028631
+ 0.038798 4 0.004151 + 0.052251)nz log™* =
= 0.371780nz log ™' .

The proof of Lemma 24 is complete.

LEMMA 25.

@Z Q70+Q73+Q74+Q76+Q77+Q79+980+981 +982+QS3

+ (284 + (285 + 286 + 287 + 288 + (239 + 291 + (293 + (294
> 0.321616nz log ™" .

Proof. On applying Lemmas 8, 19, 20 and 21, in the same way as in
Lemma 24, we have
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dt ° 1 1—t—u
b =nxlog = — S — du
3t u? U
o 7 5729,
45 0 1
807 20 _t 897 13t
—"_1972 dt 100 5 1 1—t—u d +1972 dt 0 7 1 1—t—u
haid il w i il
19 t 57 S29 UQ u S t S UQ u
190 57 "29, io 19" 64
44 40 1 44 25 5
. dt 1 1—t—u dut dt 1 1—t—u
— — U — —w
8§7 t § u2 u 8§7 t 1 SG U2 u
897 S 897 © 196y
1972 85 1972 25 5
19 E_l_i 53 51 _ 4
+4°dt7° "1 l—t—u d+“°dt° 1 1—t—u
— —w u — —w
1§3 t § u? u {o t § u2 U
290 85 0 55
330 5958, 330 51 _4
(R P | 1—t—wu a1 l1—t—u
2 t B U U B t b u U
110 85 110 110
49 59 _ 584 49 63 _ 6t
WOde 1 1—-t—u RO qr * 1 1—-t—u
S B Gl KRl Il - G
700 85 00 110
% 17o_t
dt 1 1—t—u
+ S n u2w< " )du—l—O(s))
49 Jo
100 11
308 ,, 10— %
dt ° du
>nxlog_1x< —
2 tm_gwtu(l—t—u)
5 0 1
P T(1-1)
44 3
dt 1 < 1-—
+ — 1+10g<—2>)du
13Sltm_swtu(l—t—u)
308 40 10
19 20 ¢t
—"_ 44 dt 100 5 du
1§1t1§ u(l—t—u)
L L(1-¢)
AT 1
+106dt3( g 1 e Y
— og | — — U
2t 829 u(l—t—u) S\
11 010t
t U t U
+1 = | +05607 | — | =
2t u(l—t—u) t u?
Io L(1—t) A7 57 " 20
44 106 40 10
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1—
3070 1 1—t
S 14+log| — —2| ) du
) u(l—t—u) u
4(1_75)
20 ¢ 897 By
100 5 du 1972 dt 70 7 du
_l’_ —
IS u(l_t_u) 19 t 1986
s(1-1) i1 355t
133 1 t)
2§0 dt* S du
e U3 u?
1972 85
1a-t)
1 1-—
1+1 —_ =2 d
B u(l—t—u>( i Og( u )) !
1(1-1)
20 ¢t 133 B
100 5 du 290 dt 70S 7 du
+ —
. S u(l—t—u) 8§7 t 10 e
3(1 t) 1972 25 5t
19 Ll
480 ﬁ 4(S t) dj
@ b3 u?
290 85
2 (1—1)
1 1-—1¢
S 1+ log -2 ) du
) u(l—t—u) u
1(1-1)
B4t L )
du dt
| u(1—t—u)+0'5607 " | 2
3(1-t) b 5%
5(1-t) 1 1
141 -2
N e ()
1(1-1)
25—t 2% 1(1-t)
du dt
0.5607 — —
S w(l —t—u) * t S
5(1-1) 115 5
?—th
1 —t
S <1+log <—2>)
) u(l—t—u) u
1 (1-1%)
-t 333 1(1-1)
du dt du
0.5607 — —
19 u<1 - - u) —"_ 3§9 t § UQ
10 250 5
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393 dt Bt 1
— 141 =2 d
+3§9t1§ u(l_t_ )<+Og< >) B
700 7(1-t)
160 d ;9—%td 160 d 56 —6t d
+o5607 | | —“+§— “
109 t 9 u 339 t 19 u(l - t - u)
23 85 00 110
3 15—t
dt du
— 0]
+ 489 t 3 u(l—t—u)+ (E)>
100 110

> (0.000892 + 0.001922 + 0.002834 + 0.015864
+ 0.005547 4 0.013560 + 0.025626 + 0.006139
4 0.014504 + 0.009587 + 0.008357 + 0.002151
4 0.004454 + 0.038219 + 0.036373 4 0.038613
+0.014188 + 0.015100 + 0.016708 + 0.004887
+ 0.004744 + 0.005821 + 0.008584 + 0.003871
+0.001900 + 0.010238 + 0.010933)nz log™* 2

= 0.321616nz log ! .

The proof of Lemma 25 is complete.
LEMMA 26.
25+ 027 + 029 + (11 + 3+ 15 + (218 + (291 + 204 + (207 + (230
+ 233 + 236 + 239 + 241 + 243 + 246 + 249 + 253
> 0.277632nxlog ' .
Proof. We have
(25) §25 = > > S(Apgq)
X380 <p<X B0 p-lX B0 <q<p
= > 2 St XY
X 580 gX% —1X 1290 290 <g<p
- > > S(Apgr)
—1X% <g<p X6<7‘<X%

- E E S(qurar)
13 19 133 9 . ox \ 4
X580 <p< X80 p-l1X200<q<p XB5 <T<m1n(q’(ﬁ)2)

=P — Py — P3.

U‘w
|/\
00‘0

H

Let z = X% and D = D(p,q) = X%/(pq). Applying Iwaniec’s sieve
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method, we have
1 log D
B, < nT Z F< og )
log z 5 v pq log 2
X580 <p< X8 p-1X290<g<p

+ > Z a(r)r(A, pqr)

133 19 133
X580 <p< X80 p-1X290 <q<p 7“<X40/(10q)

Let m = pqr. Then Lemma 16 yields

2 > 32 al)F(A par) = O log ).

133
XT <p<X & p~1X 355 <g<p r<X10 b /(pq)

Hence,
by < e log™ " z Z Z ” + O(dnzlog™" )
X580 <p<X 8 p-1X 550 <q<p
=N Z Z S(Bpg, X°) + O(dnzlog™" ).
X580 <p<X ¥ p-1X 30 <q<p

In the same way, we can get the lower bound

P> Z Z S(quvX6) + O(0na log_l ).
X580 <p<X ¥ p-1X 30 <q<p

Now we have the asymptotic formula

(26) D1 =1 Z Z S(Bpy, X°) + O(6nzlog™ ' x).

133
XT<p<X 80 p1X 290 <q<p

Using Lemma 18, we have
(27) Py =1 Z Z Z S(Bpgr;7)
133 19 133 9
X580 <p< X80 p-lX290 <g<p XO<r<Xss5
+ O(0nzlog * z).

By Lemma 13 with the region (i), (7) holds. Then Lemma 19 with a
small modification yields

(28) 5=n > Z > S(Bpgr,7)

133 1
X 580 <p< X 80 £ p—1X 290 53 <q<p X85 <T<m1n(q,(2X )2)

+ O(0nzlog ' z).
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Gathering together (25)—(28), we have
Q5 =n Z S(Bpy,q) +O(0nzlog™" x)

Wt ¢ 1 [1-t—u i
=nzlog " x X - S e ( >du+0(577aclog x)
133 U 183,
580 290
ol 1 1—t
= nzlog™* — —(1+1 — =2 )d
580 200 b

> 0.003001nzlog ™! z.
In the same way, it can be shown that

27 4 029 + 211 + (13 + S5 + S8 + (291 + (204 + (207 + (25
+ 233 + (236 + 239 + 241 + (243 + 46 + 249 + (253

5 . B
dt 1 1—t—u
= nx log_1 x( — S 2w<> du
t U U
19 133 4
80 290
151 53 _y4 17 53 _y4
ar Y1 1—t—u Todt YY1 1—t—u
o bos U u AL u
20 290 58 1972
o, S & o, -
n dt 1 1—t—u du+ dt 1 1—t—u i
— — u — — u
17 t 8‘97S 2 u 3441 t '§ U2 u
=L 77t =22 -2
55 1972 9860 85
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it o, tio
dt 1 1-t¢
(14108 ("1 -2) ) au
u

+ 151 t g0 u(l—t—u)
151 897 4
580 1972
iz 1(1-1)
55 dt 4 d
+05607 | = | 55
s b s0f U
1479 1972
% T —t
dt 1 1—t¢
— 1+1 —_ =2 d
+4§)4t1§ u(l_t_u)<+og< u )) B
g 2(1-1)
%dt %*%td 60 dt %*%td
U U
+ 0.5607 — — 4+ 0.5607 — —
Vol e )
5 1972 9860 85

+0.5607 S -
37

> (0.002490 + 0.020848 + 0.018080 + 0.033046
+0.027398 + 0.105118 + 0.055429 + 0.012222)nz log™ " x

= 0.274631nzlog ' z.

The proof of Lemma 26 is complete.

LEMMA 27.
D = 4y + Q47 + 251 + 55 + (258 + 261 + 263 + 67 + 260 + (272

> 0.033767nz log ' z.
Proof. On applying Lemmas 11, 19, 20 and 21, in the same way as in

Lemma 24, we have

% . BB
dt 1 1—t—u
¢_nwlog_1x< — S — < )du
t U U
1843 1711”70,
5280 295 5
5541 ﬂ_@t
+ 13940 dt 8 9 1 1 _ t —u d
S t S u2w U Y
87 133" 82,
100 230 69
3963 ﬂfﬁt
+ 9860 dt 8 9 1 1 _ t —u d
— —w U
S t § u? U
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B, E-w
Codt 1 1—t—u
59 _ 294
2640 76 19
Sea0 ,, si0 st
dt 1 1—t—u
+ —w du+ O(e
J 5§ () weoe)
io 59 “20,
45 6 9
389

5280 295 t
S5 1(1-1)
ot du
+0.5607 S " S 2
389 171 704
1105 295 9
B g st 1t
— 1+log | ———2]))4d
+3§9 t 1S u(ltu)<+0g< U >> v
1105 Z(lit)
% d gi%t d 153594410 d %7%t d
t U t U
+05607§7 S —5 +0.5607 S - S -
65 171 704 37 133 824
183 295 59 100 230 69
A 1
dt d
+05607 | = S i;
5541 9 U
13940 85
39 -5
dt 1 —
+ \ = S <1+log (—2>>du
1063 t 59 " 29, u(l_t_ )
2640 76 19
27 1(1-t)
odt d
4 0.5607 S ad 2
t u
40 59 294
97 76 19
3 st
dt _
— 1+log(———2]))d
+4Sot 1S u(l_t_ )<+Og< >>u
97 Z(l_t)
B -5t
dt du
+ 0.5607
287 59_829)5 UQ
65 76 19
4331 421 _ 41y
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> (0.000517 + 0.000285 + 0.000279 4 0.002997
+ 0.013589 + 0.001413 + 0.002113 + 0.000371
4 0.000359 + 0.001830 + 0.010014)nz log ™ =
=0.033767nxlog ' z.

The proof of Lemma 27 is complete.
LEMMA 28.
b= (275 + 978 + _ng + 992 > 00190547’]$ log_l Z.

Proof. On applying Lemmas 12 and 19-21, in the same way as in
Lemma 24, we have

w o B
dt 1 1—-t—
®=nzlog 'z — S —w ) du
t u? u
4331 57 35,
9860 0 1
897 57 _ 294
1972 dt [9) 1 1 1 _ t —u
+ — S —w du
2691 t 9 U U
5950 85
06 5, 5 —1tt
dt > 1 1—t—wu
233 59 58,
80 18 9
e R
O dt 7 1 1—t—u
Ao o
100 85
1 57204
20 dt 0 1
> nzlog 'z — S 1+log| — —2) ) du
4331 t 57 35 u(l B t B u>
4331 © 57354
9860 0 1
aT (1)
106 4
dt d
+05607 | & | 55
t U
141 57 35,
20 0 1
g, BB
dt 1—-1t
— 141 -2 d
+1§1t1§ u(l_t_u)<+0g< u >> B
320 1(1-1)
w BB o BB
t U t U
+05607 | I L N
7 ﬂf*‘)t 2691 9
106 0 12 5950 85
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;Tg 179_%)5
dt 1
= 1+log(—"—2))4a
+2§3 t 59 S’S U(l_t_u)< + Og( >> "
233 59 _ 584
80 1 9
S 1(1-1)
100 (it 4 (i
+056071§ n S —=
109 7 59 " 58
23 18 9
g,
= 1+log(—"—-2))da
593 Z(l—t)

1345 dt 2\+ du
+0.5607 S — X =
49 9
100 85
16364lr 1719_%"/
St ° 1 -
= 1+log( ———2))d
M u(l—t—u)( “’g( )) !
&5 a-v
B85, -1t
2JO dt (318} du
+0.5607 S — S u2+0(a)>
661 9
1345 85

> (0.000612 + 0.000691 + 0.000645 + 0.005586
+ 0.001031 + 0.002927 + 0.000331 + 0.000980
4 0.002633 + 0.000435 + 0.003183)nz log ™' =
= 0.019054nz log ™" x.
The proof of Lemma 28 is complete.
LEMMA 29.
Q=00+ 2+ 023+ 024+ 26+ 28 + $10 + 12 + 14 + 17 + 220
+ (203 + S296 + 229 + 232 + (235 + 238 + 250 + 254 + 257 + (260
> 1.902585nz log ™! .
Proof. The main idea in this lemma is adopted from [20]. We have

(20) 21> 3 Y S(Ay.q)

21
X

lo

21 _j0-8 9
5 <p< X 100 X85 <q<p

= Z Z S(qu7X5)

9 21 j5-8 9
X 85 <p< X 100 X 85 <q<p

- Z Z Z S(Apgr,T)

21 4198 9 s 9
X 85 <p< X 100 X85 <g<p X°<r<X3s5

0|

Oﬂ‘w



Short intervals containing prime numbers 79

B Z Z Z S(ApgrsT)

9 21 _10-8 9 9 1
X85 <p<XT00 1077 X8 <g<p X 55 <r<min(q,(2%)2)

=& — By — Dy,

Let z = X% and D(p,q) = X 1 /(pq). Using Iwaniec’s sieve method, in
the same way as in Lemma 26, we have

(30) &1 =n Z Z S(Bpg, X°) + O(énzlog™* z).

9 —
X85 <p< X 1061078

9
X 85 <g<p

Lemma 18 yields

(31) dy=1 > > > S(Bpgr,7) + O(dnzlog™' z).

X85 <p<XT06-107% X85 <q<p Xo<r<X 55
Hence,
(32) &1 — Py =1 Z Z S(Bpq X))+ O(dnzlog™ z)
9 21 _19-8 9
X85 <p<XT10 X85 <q<p
2L 198 t
5 1% dt ¢ 1 85
=nrlogtz — —\ = 1—t—u))d
nelog™ z - - § t§uw<9( u))u
£ 5

> 1.242693nz log ! .

Note that if ¢ < (2X/p)3, then ¢ < (2X/(pg))z. We have

(33) @3 < > Do D S(Apn X)

9 21 _19-8 9 9
X 85 <p< X 100 X85 <q<p X85 <r<q

= > oY S X°)

9 21 _19-8 9 9
X 85 <p< X100 X85 <g<p XB85r<q

- X > 2 2 S

9 21 _10-8 _ 9 9 9
X85 <p< X100 X8 <g<p X8 <Ir<g X0<s<XB85
=@, — Ps.
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Let z = X% and D(p,q,7) = X' . Using Lemma 17 with region (i), in
the same way as in Lemma 26, we have

(34) Py=1 Z Z Z S(qur’Xé)

9 21 _j0-8 9 9
X 85 <p< X100 X85 <g<p XB5<r<q
—1
+ O(dnxlog™ " x).

Lemma 18 yields

(35) @5=n Z Z Z Z S(Bpgrs, s)

s Bi-10-8 &
X85 <p< X100 1077 X385 X85 <r<q X°<s<X35
+ O(0nzlog™t z).
We therefore have
D3 < Z S(qurvX%)

9 21 _19-8 9
X 85 <p< X 100 X85 <g<p X385<rq
—1
+ O(onzlog™" x)

Wt ¢odu |1
Snxlog_1x~85 S S “ S Uw(85(1—t—u—v)) dv
T

+ 0.5617 -

85 100 gy 2 du ¢ d
sl L ulY
255 85 85

85 20 dt
5644 - = { =
+0.5644 - p S

% 85 t) 85
< (0.187169 + 0.077309 + 0.019528)nz log ' =
= 0.284006nz log ™" z.

|

'S
5
Cﬂ‘w

Hence,
(36) 2, > 0.958687nzlog ™' z.
In the same way, it can be shown that
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+ (296 + (209 + 230 + (235 + 238 + 250 + (254 + (257 + 269

13 12
8 ¢ dt*°;* 1 (85
2nxlog1x< S — S w<(1—t—u)> du
9 B t J u 9
100 85
85 80 gt P gt /85
2= w21 -t—u-v))d
sV (T )
100 85 85
ioate . T
85 dt 1 85
it - Zwl =1 -t =
+9 S " S uw<9( t u))du
13 9
60 85
g5 00 gy 06 g vy s
- — — S Sw((ltuv))dv
9 2 t 3 u g 9
60 85 85
g5 P00 g 92ty rgp
12613 9
49300 85
85 B0 g Rt g u g s
- — — S Sw((l—t—u—v))dv
9 12613 t 9 U 9 v 9
49300 85 85
85 1760 dt 160 1 85
+§ S " S uw<9(1—t—u))du
297 49 _ 4
800 100
85%0175 6 du ¢ 1 (85
- — S — X Sw<(1—t—u—v)>dv
9 2 t e u v 9
00 100 85
85 90 gy 10 1 /g5
1700 85
85 13150 dt 6 du ¢ 1 (85
_ == = w21t —u—
9 S tSuva<9( t—u v))dv
653 9 9
1700 85 85
g5 om0 gy B0 gn
— S — S w((l—t—u)> du
9 s t 3 U 9
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103594410 % - % t u
[ — JR— JR— 7“) PR
9 s t F1 u v 9
13120 85 85
—0.000100)
g5 o0 g Wty
u
> -t : =\ = —
> nxlog x(O 5612 9 S ; S "
21 9
100 85
85 % gt ™ gy v g
u v
—05644-— { & — =
R el
100 85 85
.
0.5612 - == = —
+ 9 2 t § U
60 85
os B B0
—0.5617 - == = ==
0.5617 - ; S - X .
13 9 9
0 85 85
13500 20— &
85 dt du ¢ dv
—05644- 2 | — \ — | ~
N N
60 2\ 85 85
35 355 gt o2 t
u
+0.5612 S " S —
12613 9
49300 85
g5 a0 gy 30 G e g
A N Bl e
12613 9 9
49300 85 85
g5 Wm0 gy Bt g e
u v
—0.5644 - == = ==
9 125513 t 1 Q_t) u é v
49300 2\ 85 85
B, st u
85 dt du ¢ dv
—05644- 2 { & — =
9 1643 t § U § v
4930 85 85
85 700 g1 10 g
05612 — | = -
T 9 § t S u
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1700 160
85 dt du ¢ dv
—0.5644 - — — — \ —
9 2§7 t 49S u § v
800 Too —t 85
85 13120 dt T du
+ 0.5612 - — — —
R
1700 85
5073 19 "
0.5644 85 13§20 dt 1§0 du S dv
Saanr N R Bl ey
1670030 % %
5541 133 _ 824
+ 0 5612 85 13940 dt 230 S 69 d'u,
' 9 t m
153017230 %
5541 133 _ 82, w
B O 5644 % 13940 @ 230 S 69 dj S @
‘ 9 5073 t 9 u 9 v
13120 85 85

— 0.000100>

> (0.111673 — 0.037863 + 0.570625 — 0.100014
— 0.085420 +- 0.599832 — 0.063002 — 0.072362
—0.000822 4 0.010098 — 0.000782 4 0.004011

— 0.000232 + 0.008592 — 0.000335 — 0.000100)nz log™* z
= 0.943899nz log ™ x.

Hence,
@ > 1.902585nz log ™! .

The proof of Lemma 29 is complete.

10. The proof of the Theorem. From Lemmas 24-29, it follows that
2 > 2.949096nx log ™! z.
Then using Lemmas 22 and 23, we obtain
m(x +nz) — m(z) = S(A, (2X)?) > 0.011pzlog ' .
Now (15) holds and the proof of the Theorem is complete.
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