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with a Beatty sequence
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0. Introduction. We consider the function

(1) FO, ¢y = > aFy™

k=11<m<k6+¢

Putting y = 1 entails that
(2) F0,¢32,1) = [k6 + dla*.

k=1
The sequence {[kf + ¢]}32,, which appears in this power series, is called a
Beatty sequence. In that context it is natural to consider the sequence of
differences

3) {{(k+1)0 + 0] — [k + &]};Zs.

The function f(60,0;z,y) and the sequence {[(k + 1)0] — [k0]}2, in the
homogeneous case have been treated independently by many authors (see
e.g. [1], [7], [8] and [2], [10] respectively). The inhomogeneous case of (3) has
also been treated by several authors (see e.g. [3]-[5]).

In 1992 Nishioka, Shiokawa and Tamura [9] described the sequence (3)
in the inhomogeneous case by using the characteristic properties of (1), but
their result (Theorem 3 of [9]) is incorrect. The arguments only hold when
¢ is an integer or when b,, = 1 for all positive integers n (for the definition
of b, see the next section).

In this paper we base on the arguments corrected by the author [6] and
describe the sequence (3) completely in the new form. Of course, Theorem 2
of [9] holds because ¢ = 0. Lemmas 2 and 3 of [9], which were used to prove
Theorem 3 of [9], work and have meaning only in the original context. After
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correcting the arguments properly, both lemmas are no longer useful and we
need different new arguments to obtain a correction to Theorem 3 of [9].

1. Preliminary remarks and notation. Throughout this paper 8 > 0
is irrational and k# + ¢ is never integral for any positive integer k. As usual,
0 = [ag,a1,az,...] denotes the continued fraction expansion of #, where

9:a0+90, (10:[(9],
1/0h-1=an+0n, a,=[1/0,—1] (n=1,2,...).

The nth convergent p, /¢, = |ag,a1,...,ay] of 6 is then given by the recur-
rence relations

Pn = QnpnPn—1 +pn72 (n = O) 17 . ')7 P—2 = 07 P—1 = 17
Qn = QpQn—1 + qn—2 (nzoala-")v q—2 = 1a qd—-1 = 0.
One now expands ¢ in terms of the sequence {6y, 61, ...} by setting
¢ =0bo—¢o, bo= o],
(anfl/gnfl :bn _¢n7 bn = ((an,l/en,ﬂ (n: 1727)

Furthermore, the quantities s,, and t,, are defined by

n
Sp = Zbl,p,,_l (n=0,1,...), s, =0 (n<D0),
v=0

n
th=Y bygy1 (n=0,1,...), t,=0 (n<0).
v=0

We can assume 0 < 0, ¢ < 1 without loss of generality. As shown in Sections
1 and 2 of [6],

> tn oS
. _ _1\n—1 zrytr
f(e’ d),x’y) - nz::l( 1) (1 — annypn)(l — xanlypn—l)7
which yields
> 1
> ((k+1)0 +¢] = [k + ¢])a* = — lim Pi(x), |of<1.
k=0

Here, P} (x) is defined recursively by
Py(x) = Ay (@) Pr_y(x) + 2" 1 Py _y(z)  (n>1)

n—1
with P*,(z) =1, Pj(x) = 0, where
1 — gdn — pbndn-1(1 — dn-2
Ay = LT ST sy,

1 — an,1
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Let Pi(z) = dix + dea?® + d3z® + ... be the power series expansion.
Put P} = didads . .., which is the string of coeflicients of the power series
beginning from that of x!.

Define

Fn:{ag—bg,a4—b4,...,an—bn} (n23)

and write 7, = a,, — b, if a,, > b,,, @, = a,, — b, if a,, > b,—to account for
the case when the entry 0 is permitted.

We consider the following situations:

I,e0O if I, = w3wy...wy,

I, € Ay (or simply A) if I, ends in (=1)0%* "1, w141 ... n,

—_———
l

I, € By (orsimply B) if I, ends in (—1)0%%1,

I, €C,  (orsimply C) if I}, ends in (—1)0%*=2 (k > 2),

I, e if I, ends in m,— ;1 wp—y ... wH_1(—1),

—_———

l
I, € Dy (or simply D) if I}, ends in (—1)0%*72(-1),
where k is a positive integer and [ is a non-negative integer. (Note that
I3 € Oif ag > by and F3€Cifa3:b3—1.)
Let /Bn =tn —Qn-1— bl +1= (bn - 1)Qn—l + bn—lQn—Z +...+ b2Q1 + 1L
We define the words u, v and 4A,, as

u=0...01, v=0...01 and A, =0...0(-1)"T (-1
N—— N—— N——
a;—1 b1 —1 Brn—2

2. Main results. Our main result, which replaces the alleged Theorem 3
of 9], is

THEOREM. Let 6 be irrational with 0 < 6,¢ < 1. Then either

{[(k+1)0 +¢] = [0 + ¢]}72y = lim Py
or
{lk+1)0+ o] — kO + ¢]}72, = Jim Q... 0Lw,.
bi—1

Here (w,,) is the sequence of words of respective lengths g, with letters 0

or 1, given inductively by

2—1n, az—ba+1
0w} ,

b c ap—cC
w; = u, Wo = Wy Wp = ’wnil’wn_anzl ",

where
b, +1 if I'hv_1 € B and a, > b,,
o — 0 if I'h,_1€C,
" 1 Zf Fn—l € D’

min(a,,b,) otherwise.
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Remark. By Lemma 1 below, a,, < b, if I,,_1 € C,D. Other possible
cases are limited to I',,_1 € B and a,, = b, and I}, € O, A.

The Theorem is a direct consequence of the following Proposition, which
describes P}. From now on the underline means to add (—1) to the last
one part in that word. For example, if W = 00101, then W = 00100. If
W = 00100, then W = 0010(—1), W2 = 001000010(—1) and (W)? =
0010(—1)0010(—1).

PROPOSITION. For every n = 1,2,..., we have P} = vw,w!. Here,

|wn| = qn for every n, and wy = u, wy = ub2"10u2 P2+ W and wl are

empty; and w,, and w!! (n > 3) are determined as follows:
(1) If n=3 and I,_1 € O or A (n > 4), then
wy, = Wl w,_ow " and  w!! = empty if a, > by,
Wy, = W," Wp—2 and wl = A,_4 if a, =b, — 1.

(2) If Il,-1 € B (n > 5), then

bn+1 —b,—1 .
wy, = wortw, w0 and w) = empty if ap > by,
a " y —
Wy, = Wy Wp—o and w) = Ap_op_1 if ap = by,

(k=1 if [_s € D).
(3) If I',—1 €C (n > 4), then

Wy = Wp—owp™,  and w

"o empty if ap = bny
no An—l Zf an:bn—l.

(4) If I,—1 € D (n > 5), then

_1 empty if a, =b
Wy, = Wyy— ] Wyy—2WE™ and w;’:{ pty if an = bn,

n-1 An—l Zf Ap = bn —1.
We detail the initial cases n = 1, 2,3 here. We notice that

A;(;U) — 1 + :L.Qn—l —|— . + ;U(bn_l)QH—l

mannfl+Q7L72(1 + an71 + L. + x(an_bn_l)tbLfl)

if a,, > by,
+ 0 if a,, = by,

Since P;(z) = a2, we have P} = v = vu. Since Pj(x) = 2 A3(z), we have

vub2=0ua2 b2 = yyb2—1lye2 b2y if gy > ba,
Py =< vub2 ! = vub2~ 10w if ag = ba,
UubQ_l(—l) if as = b2 —1.
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Thus, wy = w2~ 10u2~02+1 Since Py (z) = 2% (A3(x)A5(z) + 1), we have

vwg3uwgg’*b?’*lub?_lOua?_b? if az > bs,

Py = vwh? = vwhru if ag = bs,
vwy* 00 ... ... 00(—1)1 if az =bs — 1.

a1+B2—2

3. Lemmas. We need the following lemmas to complete the proof of the
Proposition.

LeEmMA 1. (1) If I,—1 € C or D, then a, < b,.

(2) If I',—1 € B, then a,, > by,.

w0

I

an+1 = bn+1 /

Fig. 1

Proof. We prove (1) and (2) together. Notice that as long as a; > b;
for i = 3,4,..., always I; € O. Suppose that ag > bs3,...,a,_2 > b,_o and
Gpn—1 = b,_1 — 1 for some fixed n > 4, which means I',,_1 € C;. From the
definition we have

1 n— 1— ¢, —
0n—1+¢n—1_< _an—1>+<bn—1_¢ 2)_ ¢ 2+1>1

01172 01172 9n72

or
1 ¢n—1

< 1.
en—l en—l

0<
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. 1 o ¢n—1
n = |:9n—1:| = bn B ’7971,—1-"

The case I,_1 € Cy is proved.
If a, = b, that is, I}, € By, we get

1 qbn—l 1 (bn—l
9n n — — Un bn - = - 1.
i ¢ <9n1 ¢ ) * < 9n1> 07171 97171 <

Therefore,
1 n
Up41 = |:0:| > bn+1 = ’V(é)-‘

The case I3, € By is proved. If a1 > bpyi1, 1 € Aro. If apy1 = by,
I €0Co.

If a, < by, that is, I, € Dy, similarly to the case [,,_1 € C;, we get
On + ¢n > 1 and ap41 < byy1. The case I, € D is proved. If a1 = b1,
I € Bi. If Ap1 < bn+1, I 1 € Dy again.

Now, we consider each case for an arbitrary positive integer k (> 2). Let
I';_1 € Cy, for some integer ¢ (> 6). Since I;_o € Bi_1,

L ¢i

Therefore,

1.
bia 02
Hence,
Gi—2 1—¢io
0i— i—1 = — Q5— bi—1 — = 1
1+ @i (9i—2 a 1>+( 0 s >
or
1 i1
0 — 1.
SOy 6

Therefore, a; <b;. lfa; = b;, I'; € By. If a; < bi, I'; € Dy.

The general case I; € By or I; € Dy, is treated similarly.
The situation in Lemma 1 is illustrated in Figure 1.

LEMMA 2. (1) If I,—1 € O or A, then B—1 < qn—1-

(2) If I'y—2 € C, and I'y_1 € By, then Bn_ok—1 < gn—3-

(3) If I',—2 € Dy, and I',—1 € By, then Br—3 < Gn-2 + qn—3-

(4) If I,—1 € Cy, then Bp_ok < qn—2.
(5) If I'v—1 € Dy, then Br—2 < @n-1+ Gn—2.
Proof. If a; > b; for any ¢ = 3,4,...,n, then

Bn = (bn —1)@n-1+bp_1qn_2o+ ... +b3q2 +baq1 +1

S (an - 1)qn—1 + An—14n—2 +... .+ as3qz + (a2 + 1)(]1 + 1= dn-

The other cases will be proved inductively in the proof of the Proposition.
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LEMMA 3. (1) If I,—1 € O or A and a,, > by, then

WpWp—1 — Wp_1wnp =0...0A4,.

qn—1
(2) If I'h—1 € O or A and a,, < by, then

—WpWp—1 + Wp—1w, =0...04,_1.

n
(3) If I',—1 € By and a,, > by, then
—WpWp—1 + Wp—1Wy, = 00......... 00 A, —2k—1.
—_—

(bn+1)gn—1+gn—2
(4) If I'y—1 € By and a,, = by, then

—WpWp—1 + Wp—1Wp, =0...0A,_2k_1.

n
(5) If I'h—1 € Ck and a,, < by, then

WpWp—1 — Whp—1Wyp, =0...04,, _ok.

qn—1
(6) If I',—1 € Dy and a,, < by, then

WpWp—1 — Wn_1Wy =0...04, .
dn—1

Proof. Here, we shall prove only the case when I,_1 € O and a,, > b,.
The others will be proved inductively in the proof of the Proposition. Both
wl_, and w!'_; are empty by induction. Set X = z%-* for brevity. If

Gp > by, then
P;(x) = (1 + X _A,__.__i_anfl —|-Xb”xq"*2(1 X+, _|_Xan*bn*1))
X Pr_y(w) + X" Py (),

n—1

which yields

an—bn

® bn
Py =ovw," jwp_ow,™

n

If a, = by, we have P (z) = (1+ X +.. .+ X" P (2)+ X" P*_,(z),
yielding P* = vw’™ |w,_,. Hence, we have w, = w’" jw, _ow® %" There-

fore, if n is odd, then

n
n—

An—bn

b an—b b
WpWnp—1 — Wp—-1Wn = wnn_lwanfwnn_l "Wp—1 — wnflwnn_lwnf?wn_l

=0... O(U)nfgwnfl - wnflwnfg)

bngn—1
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by — Ap—1—bp— by — Ap—1—bp—
= 0...0(wp—2w," 5 Wp_3w," ' Y —w,) Ty wp—sw, "Wy —2)
ann—l
= 00......... 00 (’wn,Q”wnfg — wn,3’wn,2) =...
—_—
bngn—1+bn_1qn—2
=000............... 000 (wlwg — ’LUQ’LUl)
bngn—1+bn_1qn—_2+...+b3q2
=000............... 000 (uub? =102 ~02 1 — gtz =1y 22021y
brngn—1+bn—1gn—2+...+b3q2
= 0000......0000 it 0000(0...010—-00...01)
~~ S~—— S——
bngn—1+bn—1qn—2+...4b3q2+(b2—1)qg1 q1—1 q1—1
—00...... 001(—1)
qn—1+PBn—2

If n is even, then w; and wy above are interchanged, so we obtain

4. Proof of Proposition. We prove the Proposition together with
Lemmas 2 and 3. We write [By_1CyDy] for brevity when I,_3 € Bj_1,
I, €Cr and I},,_1 € Dy. From Lemma 1 all cases are classified into one
of O, A, B,C,D and the number of patterns like [By_1CyDy] is limited.

We denote by S the sequence of the patterns of [I},—3, [—2, [}—1].
4.1. Case I',_1 € O. The only possible pattern is [OOO]. Then, both

wl_, and w!!_, are empty. As we have already seen in the proof of Lemma 3,

an—bn

Wy, = wZ”'_lwn_gwn_l and w! =empty if a, > by.

If a,, = b, — 1, by using Lemma 3(1) with I},_5 € O and (3,1 =
(b1 — 1)qn_2 + gn-3 + Bn_o we have P*(x) = (1 + X + ...+ Xbn—1 —
)P () + X’ P’ _,(x), which yields

* b br
P, =vw,)" jwp,—2—0...00vw,—1 =vwp_1 Wp—2—0...0w,_1

q ’ bi+q
n first qn, 1T4n
Qn,
= vw," ;W2 00...... 00 (Wn—3Wp—2 — Wp—2Wn_3)

(bnfl_l)Qn72

a
= anilwn—2An—l .

Therefore, w,, = wp™ ;w,_o and W), = A,_1.
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Using the results here and Lemma 3(1) with I},_o € O, we obtain
Lemma 3(2), that is,

a a
—WpWp—1 + Wy 1Wy = — wnn_lwn—2wn—1 + wnilwn—lwn—2
=0...00...04,_1=0...04,,_1.
— N ~——
Angdn—1 qn-—2 dn

As long as a; > b; for i = 3,4,..., there is no other pattern. But once
an < b, for some n, the pattern [OOC4] follows [OOO)] in the sequence S
and the loop starts. The situation after this can be seen in Figure 2. “//”
stands for a; > b;, “/” for a; > b;, “=” for a; = b;, “\” for a; < b;. Once we
encounter C; (or By, D;) again, the situation after that is the same as the
situation after the first C; (or By, Dy).

We shall indicate the loop in all patterns according to the class of I',_.
Some initial cases are omitted, but it is easy to see that they are special
cases of the general ones and they are included in them.

4.2. Case I,_1 € C. From Lemma 1 the possible patterns are
[00C1], [BrAkoC1l, [Aki-14%,:C1], [CkBrCrii], [DxB1C3].

e [OOC4]. This follows [OOO)] in the sequence S.

Since I,—1 = w3 ... wp_2(—1) (I3 =(—1) when n =4), w
and wy,_1 = wy" S w,—3 and w!_; = A, _o.

If a,, = by, we have P (z) = (1+ X +...+ X" H)P*_ | (z)+ X" P’ ,(x).
Since the string of coefficients of

I+ X+ X0 xabh X (1) tghfr-271 4 (—1)n2gPn-2)

1
n—2

is empty

is
n—1 _ n\an
0...0 (0...0(=1)" "1 (=1)")%",
b1+/8n—2 qn7172
we obtain

Pr=vwim jwa—g+ 0...0(0...0(=1)""H(=1)")%.
bi+Bn—2 qn-1—2
From Lemma 2(1) with I',_2 € O we get 0 < 8,,_2 < gn—2. Therefore, w!!
is empty and the conclusion of Lemma 2(4) is satisfied.
If a, = b, — 1, we have P¥(z) = (1 + X + ...+ X0l — 2P’ | (z) +
Xbn P¥_,(z). Since the string of coefficients of

(1+X4...+ X0t —g0) x b X((=1)" Labfr-271 4 (1) 2gPn-2)
is

0...0(0...0(=1)""H(=1)™)b0...0(=1)" (1),

b14+Bn—2 qn-1—2 qn—2—2
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we obtain

n

dn

+0...0(0...0(=D)" (=1)"b0..

b1+,6n72 qn—1_2

P =vwb jwn o —0...00w, 1

——
qn—2_2

Using Lemma 3(1) with I,_3 € O gives

b

by _ b
w," Wp—2 —0...0lw,—1 =wp_qgwp—2—0...0w,_1

~——
qn first gn qn
_anp Ap_1—1 Apn_1—1
= wpm W2 (W, 5 Wp_3Wp—g — W, 5 Wp_2
— An
= —wy w2 00......000...0A, .

Since OnQn—1 + Gn—2 + (anfl -

(anfl_l)Qn—Q dn—3

119

O(=D)"(=1)" L.

wn—3)

1)Qn72 + qn-3 + ﬁn72 = ﬂn72 + bn‘]nfla

/Bn—2+anQn—1 < Qn—2+anqn—1 = qn and /Bn—2+ann—1 +qn—2 = qn +ﬁn—1;

we get,

Wy, = w," wp—2+0...0(0...

ﬁn—Z qn—

1—2

Using Lemma 3(1) with I,_3 € O again, we finally obtain

n—2

ap—1—1

Bn—Z Qn71_2

= wp_o(w," 5" (Wp_swp_—2+0...04,_5))"

anflfl

= Wn—2 (wn—2

qn—3

an

a
wn72wn73) "= Wp_2w," ;.

The conclusion of Lemma 3(5) is proved in this case, because

QAn

a
WpWp—-1 — Wp—-1Wn = wn—2wnzlwn—1 — Wp—1Wnp-2W, "4

0(—1)"1(=1)™)* and w!=A, 1.

Wy = W2 (WS W —gwn_2)™ +0...0(0...0(—=1)" " (=1)")

= Wp—2Wnp—-1 — Wp-1Wp—-2 = 0... OAn_Q.

dn—1

e [By Ak 0C1]. This follows [Cy By Ak,0] or [DrB1A1 ] in the sequence S.

"

Since I,_; ends in (—1)0%*~17, o(~1), w”_, is empty and w! _,

Ao and wy,_1 = w5 wy, 3. From Lemma 2(1) with I},_5 € A, Bn_2

bn—QQn—fﬂ + qn—a + ﬁn—2k—3 < Gn—2-
If a,, = by, then similarly to [OOC],

Wy =W wn_o4+0...0(0...0(=1)" " H=1)")" = w,_sw

ﬁ'n—2

Qn—172

an
n—1-
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Here we used instead

Wpn—3Wnp—2 + 0...0 An_g = Wp-_3Wn—92 — 00............ 00 An_gk_g

dn—3 (bn—2+1)Qn—3+(In—4
= Wnp—2Wn-3
from Lemma 3(3) with I',_3 € B.
If a,, < by, then by using Lemma 3(3) with I,_3 € By,

* an an—1—1 ap—1—1
Py = ann_lwn—Q(wnig Wp—3Wn—-2 — W, _o wn—2wn—3)

_1\n—1(_1\n\bn _1\n(_1\n—1
4 0...0(0...0(—1)" H(=1)"P 0...0(-1)"(~1)
b1+Bn—2 Gn-1—2 qn—2—2
= W w200 .. ... .. 0000............ 00 Ap—ok_3
(anfl_l)Qn72 (bn72+1)Qn73+Qn74
_1\n—1/_ 1\n\b, _1\n/_1\n—1
4 0...0(0...0(—1)" (=1)"P 0...0(—1)"(~1)
bi+B8n—2 qgn-1—2 qn—2—2
_ [«2% _1\n—1/_1\n\an
=W, Wyp—2A,_1+ 0...0 (0...0(=1)"(-=1)")

b1+6n—2 Qn—172

a
= an72wni1An71 )

because bnqnfl + ﬁn72 = Q4n + (anfl - 1)Qn72 + (bn72 + ]-)an3 + dn—4 +
ﬁn—2k—37 ﬁn—Q < @n—2 and b,qn—1 + qn—2 + ﬁn—Q =(qn + ﬁn—l-

Thus the assertion of Lemma 3(5) is proved because by Lemma 3(2) with
Fn—2 € A7

WpWp—1 — Wy 1Wy = Wy 2Wy™ Wp—1 — Wp—1Wp_owy™ =0...0A, .
dn—1

° [Ak,l_lAk,lCl]. This follows [BkAk,OAk,l] or [AkJ_QAk’l_]_Ak’l] in the

sequence S.

We use Lemma 3(1) with I,_3 € A instead of Lemma 3(3) with I},_5 €
Bj;. The rest of the proof is much the same as in the case [By Ak 0C1].

L] [CkBka+1] This follows [OClBl], [Ak’lClBl] or [Bk_leBk] in the
sequence S.

. . : b
Since I},—1 ends in (—1)0%%, w!_, is empty and w,_ 1 = w," 5 w,_3
" —
and w,_; = Ap_ok—2. Moreover, B,_ok—2 = Bn_1 — @n-1 < @n—4 from

Lemma 2(2) with I',_3 € Cg. So, Lemma 2(4) with I',_; € Cr41 holds.
If a,, = by, then from Lemma 3(5) with I},_3 € Cy,

bn n— n\b, __ Ay
Wy, =W Wn_o+ 0...0(0...0(—=1)""H(~=1)")" = w,_sw’",
Bn—2k—2 qn-1—2

and w!’ is empty.
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If a,, = b, — 1, then

P; = 'Uw;?llwn72(wZiiglilwnf?)wan - wz_iglilwanU)nfB)
_1\n—1/_1\n\bn _1\n/_1\n—1
+00...... 00(00( 1) ( 1) ) 00( 1) ( 1) .
b1+Bn—2k—2 qn-1—2 qn—2—2

Since ¢n + (bn—1 —1)gn—2+ Bn-2k—2+@n—-3 = Bn—2k—2+bnGn_1, Bn—2k—2+
OnQn—-1 < qn—2 + GnQn—1 = Gn and B, _or—2 + ann—l + Gn—2=qn + ﬁn—la
similarly using Lemma 3(5) with I',_3 € C; we can obtain the result.

The assertion of Lemma 3(5) holds in this case, because by Lemma 3(4)
with T,_o € By,

An

a
WpWp—1 — Wp—-1Wn = wn—2wn21wn—l — Wp—1Wnp-2W,_4

=0...04,_2k—2.
dn—1

e [Dy.B1C5). This follows [Cy Dy Bi] or [Di D1 B1] in the sequence S.

Since I, ends in (—1)0%=2(—1)00, w!’_, is empty and w!_, = A,_4
and w,_1 = wZ’le wp—3. From Lemma 2(3) with I},—3 € Dk, Bn-4 < ¢n—3+
Gn-4 < @n—2. We use Lemma 3(6) with I',_3 € Cj instead of Lemma 3(5)
with I},_3 € D;. The rest of the proof is much the same as in the case
[CkBkCly1] when k = 1.

4.3. Case I',_1 € D. From Lemma 1 the possible patterns are
[OC1 D], [AgC1D1), [Br—1CyDy], [CyDy D], [DyD1D1].

e [OC}Dq]. This follows [OOC!] in the sequence S.
Since I,—1 = ws...wp_3(—1)(—1), we get w!_o = A,_3, wp_1 =

n—1

An— 4 _
Wp_3w," 5 and w)_; = A, _o.
If a,, = b,,, then

* by, _1\n—1/_1\n\b,
P = vwb jwn o+ 00......... 00 Ap_z+ 0...0 (0...0(—1)""L(—1)m)n.
b1+b1LQ7L—1+Qn—2 b1+/6n—2 qn7172

Since ﬂn—? = Qn-2 + ﬂn—S < Gn—2 T qn—3 < Gn—1 + gn—2 (SO, the assertion
of Lemma 2(5) holds) and (,,—2 + (by, — 1)¢n—1 < @n, we obtain

Wy, = W' wy—2+0...0(0...0(=1)""1(=1)")* "1 and w! = empty.
Bn—2 an-1—2
If a, = b, — 1, then

Pr=vwy ywn2—0...0w, 1+00......... 00 A, _3
first gn, bitan b1+bngn—1+qn-2

_1\n—1/_1\n\b, _1\n/_1\n—1
4 0...0(0...0(=1)" Y (=1)")t 0...0(~1)"(—1)""1.
b1+ﬁn—2 Q’n7172 Qn72*2
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Since from Lemma 3(2) with I',_3 € O,

bn
Wy, 1Wn—2 — 0... Own,1

qn

o a Ap—1 An—1
=w," | Wp_3wW," 5 Wp_2—0...0w,_3w," 5

Adn

— An QAp—1 Ap—1
=wp"  (Wnp—2wp—3 +0...0A4,_3)w,"5 —0...0w,_sw," ',

qn—2 dn

we have

bn N
Wp—1 Whp—2 —0...0w,_1 = wnilwn_gAn_g.

N———
first g,

Since ﬁn—2 + ann—l = ann—l + dn—2 + ﬁn—Sa ﬁn—2 + AnGn—1 = Q4n + 571—37
Bn—2 + (an - 1)Qn—1 < gn and ﬁn—Q + ann—l + dn—2 = Qn + /Bn—h we get
0...0(0...0(-1)""(=1)™ ' and w! = empty.
Brn—2 qn-1—2

Using Lemma 3(2) with I,_3 € O again and —A,_5 = 0...0A4,,_3, we

qn—2

dn

a
Wy, = W," Wp_2 +

finally obtain
1 —1va. —
Wy = wn—l((wn—3wn—2 + An—2)wz_21 )an lwn—2

—1—1 —
n—1 )an 1wn—2

a
= Wn-1 (wn72wn73wn_2

an—1

-1
)an n—1 -

— an—1 —
= Wp—1Wp—2(Wp—3w," 5 = Wp—1Wp—_2W

The assertion of Lemma 3(6) holds in this case, because by Lemma 3(5)
with I3, € Cq,

an—1 an,—1
WnWn—1 — Wn—-1Wn = wn—lwn—2wn11 Wn—1 — wn—lwn—lwn—anil

=0... O(Mn_gwn_l — wn_lwn_g)
qn—1
= —0...00...04,,_3=0...04,,_5.
N —— ——
qn—1 dn—2 dn—1
L] [Ak:,lchl]- This follows [Ak,l—lAk,lcl] or [BkAk,()Cl] in the se-
quence S.
This case is similar to [OCy Dy].
¢ [By_1CyDy]. This follows [CyByC41] or [DyB1C5] in the sequence S.
Since I,_1 ends in (—1)0%*72(—1), we have w!/_, = A, _op_1, wl!_| =
A,_o and w,_1 = wn_ng’le. From Lemma 2(4) with I,_o € C; we have

Brn—2=qn—2+ Bn-2k-1 < @n—2 + -3 < qn—1 + gn—2.
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We use

Wp—3Wp—2 + Ap_2 = wWnp_3Wp_2—0...04, 21 = Wy_2wy,_3
dn—2

from Lemma 3(4) with I',,_3 € Bi_1. The rest of the proof is much the same
as in the case [OC} Dq].

[ ] [CkaDl]. This follows [OClDl], [AkJClDl] or [Bk_leDk] in the
sequence S.
Since I},_1 ends in (—1)0%72(=1)(—1), we have w!_, = A, _3, wll_| =

ap—1—1
Ap_o and wy,—1 = Wyp_sw,_sw," 5 . We also have

Bn—2 = Qn—2 + Bn—g < Gn—2tqn-2+qn-3<qn-1+ qn_2.

So the assertion of Lemma 2(5) is satisfied.
If a,, = b,,, then

P =ovw,™ jwp_—o+00......... 00 A,_3
b1+bngn_1+qn—2
_1\n—=1/_1\n\an
4 0...0(0...0(—1)" (=)
bi+B8n—2 gn-1—2
_ An _1\n—1/_1\n\an—1
— o™ 1w+ 0...0 (0...0(=1)""(=1)")en—1,
b1+ﬂn72 Qn—lf2

Since B2 = gn—2 + ¢n—3 + Bn_2k—2, we have

an—1—1ya, —1
Wy = wnflwn72((wn73wn72 +0...0 An72k72)wn_21 )a
qn—3

_ an—-1—1\a,—1 __ an,—1

= Wp—1Wp—2(Wp—2Wp_3w," 5" ) = Wy —1Wp_2W,"
and w!! is empty.

If a,, < by, by Lemma 3(5) with I,_3 € Cx and 5,-3 = ¢n—3 + Bn—2k—2

we get,

bn
Wp—1 Wp—2 — 0... Own_l

N——
first qn,

an

an—l_1 an—l_l
n—2 Wp-3Wn—-2 — W, _o Wp—2Wn—3

_1\n/_1\n—1 _1\n—1/_q1\n
0. 0(=1)" (=)™ 00, ... 00(—1)""1(—=1)")
Brn-3—2 (an—l_l)Q'n—2_2

a
= w,™ Wy—2(w
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= wf{;lwn_g(— 00............ 004, —ok_2
(anflfl)QH—Q“l"anB
+ A, 300......... 00(—1)"1(=1)™)
N e

(anfl _I)Qn72_2
a
= wn’llwn_gAn_g.
Hence,

P; = U’U)Z”_l’wn_gﬂn_g +00......... 00A4,_3
b1+bngn—1+qn—2

_1\n—=1/_1\n\bn 1\ (_1\n—1
0...0(0...0(=1)" " H(=1)")* 0...0(~1)"(~1)
b1+Bn—2 qn-1—2 qn—2—2

_ an _1\n—1/_1\n\ap,—1
= vwp" Wp—2A,—1+ 0...0(0...0(=1)""(=1)") ,
b1+Bn—2 qn-1—2

since B,—2 = qn—2 + Bn—3 and B,_1 = @¢n—1 + Bn—2. The remaining part
is similarly shown. Lemma 3(6) holds in this case, because by Lemma 3(6)
with I},_o € Dy,
WnWn—1 — Wp—-1Wn
o a,—1 an,—1
= Wn-1Wn—2W,_1 Wpn—-1 — Wp—-1Wn-1Wnp—-2W,,_ 4

=0... 0(wn_2wn_1 - wn_lwn_g)

qn—1
=0...00...00...0(-1)"3(-1)"2=0...04, .

N e e Vo ~——

qn—1 qn—2 Bn73—2 dn—1

e [Dy.D1D;]. This follows [CxDyD1] or [DyD1D1] in the sequence S.
Since I,_1 ends in (—1)0%*72(—1)(=1)(—1), we have w!_, = A,_3,
wh_; = Ay_o and w1 = wn_gwn_gwgi?_l. We use Lemma 3(6) with

I',,_3 € Dy, instead of Lemma 3(5) with I',_3 € Cj. The rest of the proof is
much the same as in the case [Cy Dy D] when k = 1.

4.4. Case I,_1 € B. From Lemma 1 the possible patterns are
[OC1By], [Ak C1B1], [Br—1Cy By, [CxDyB1], [DyD:1B;).

e [OC} By]. This follows [OOC!] in the sequence S.
Since I,—1 = ws...wy—3(—1)0, we have w)_, = A,_3, w1 =
n—1

wp—zw," 5" and w!/_; is empty.
If a,, > b,,, we have

Pra)=(1+X+...+ X 4 XOrg@—2(1 4+ X +... 4 X% 0n71y)
x Po_y(x) + X" Py (),

n—1
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which yields

® 2
Py = vw," jw,_swp™y

b1+bngn—1+qn—2

Since Gn—3 < gn-3 < (an —bp)qn—1 from Lemma 2(4) with I,_o € Cy, using
Lemma 3(2) with I},_3 € O we obtain

by, An—1  ap—bp—1
Wy, =w," 1 (Wp_o2wp_3+0...04,_3)w," 5w

qn—2

b Ap—1 an—bn—l
_wn 1Wn—3Wn—2W,_o Wy, 1

b,+1 ap—b,—1
1

and the assertion of Lemma 2(2) is satisfied.
The conclusion of Lemma 3(3) holds in this case, because by Lemma 3(5)
with I, o € C; we get

—WnpWp—1 + Wp_1Wn,

_ bn+1 an—by—1 bn+1 —b,—1
= —w, ] Wp2wW," 1" Wp_1+ Wp W, ] Wy 2wn 1"
=0......... O(wn 1Wnp—2 — Wp—2Wp— 1) =00......... 00 Anfg.
———— —_——
(b'n"'_l)qn*l (bn"!‘l)anl“l‘Qn—Q

If a,, = b,,, then
Pir)=1+X+...+ X HP: (2) + X P! _5(2),
yielding
P =vwl jw, o +00......... 00 A,_3.

b1+bngn—1+qn—2
From b,,q,_1 + qn_2 = q, we obtain

Wy = wp" ywy—o  and  w, = empty.

The conclusion of Lemma 3(4) holds in this case, because by Lemma 3(5)
with I;,_5 € C;
—WpWp—1 + Wp_1Wy = — wfb 1wn 2Wp—1 + wn 1Wn—-1Wn—-2
=0.. .0A,_3 = O 04, _3.
bngn—1 dn-—2 qn

e [A;;C1 B1]. This follows [Ag ;1 Ag,C1] or [Bx Ay 0C1] in the sequence S.
This case is similar to [OCy By].

e [Bi_1CyBy|. This follows [Cy BxCg1] or [DkBl()'g] in the sequence S.
Since I ends in (—1)0%~! we have w”_, = Ap_op_1, Wp_1 =

wp—sw," 5" and w!_; is empty. Lemma 2(2) is obvious from Lemma 2(4)

with I},_o € Cg.
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If a,, > b,,, we use
Wy 3Wp—2+ Ap 2 =Wy 3wy 2—0...04, 2k 1 =w,p 2w,_3
dn—2
because of Lemma 3(4) with I',_3 € Bi_1 and B,—2 = ¢p—2 + Bn—2k—1. The

rest of the proof is much the same as in the case [OC, B;]| but with A,,_o;_1
instead of A,,_3.

o [CkaBl] This follows [OClDl], [Ak,lchl] or [Bk_leDk] in the
sequence S.

Since I}, ends in (—1)0%*72(—=1)0, we have w!_, = A, 3, w”_| is
empty and w,,_1 = wn_gwn_?,wfi’f;*l. We also have 3,,_3 = ¢n_3+0On—_2k_2
< @n—2 + qn—3. So, the conclusion of Lemma 2(3) is satisfied.

It is clear that

P = vwl jwn w400, ... 00 A, 3.

n n—1

b1+bngn—1+qn—2
Thus, if a,, > b, since
Wy 2Wp-3 — Wp3Wn_2=0...040, op o0=—-4,_3
qn—3

from Lemma 3(5) with I},_3 € Cg, we obtain

an—1—1  ap—b,—1
n—2 Wy_1
_ bn, ap—1—1 Ap—bp—1
= Wy 1 Wn—2Wn—3Wn—-2W,_2 Wy—1
bn+1 an—bn—1
n—1

b"L
Wy, = W, Wy—2(Wn—2Wn—3 + Ap_3)w

and w!! is empty.
The assertion of Lemma 3(3) holds in this case, because by Lemma 3(6)
with I},_o € Dy,

—WpWn—-1 + Wp—1Wn

bnt+1 —bp—1 bn+1 —bp—1
= — Wy wn—owy T w1 W wy W pwp
=00...... 00(wp—1Wp—2 — Wp—oWp—1) = 00......... 00 A,,_s.
—_— —_————
(bn“l‘l)‘Zn—l (b7z+1)Qn—1+Qn—2

When a,, = b, w, = wf;len_g and w!! = A, _3.
The assertion of Lemma 3(4) holds in this case, because by Lemma 3(6)
with I},_o € Dy,
—WpWp—1 + Wp—1Wn = — wzn_lwnf2wn71 + wzn_lwnflwn72
=0...00...04,,_5=0...04,_3.
0...00...04,,_3=0...04,_3
bngn—1 Gn-2 dn

e [D}, Dy By]. This follows [Cy Dy D1] or [DyD1 D] in the sequence S.
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Since I',—1 ends in (—1)0%*=2(— 1)( 1)0, w)_y = A,_3 and w)_, is
empty and wy,_1 = Wp_oWy— 3wa” !0 It is clear that B,—3 < gn—2 + ¢n_3.
We use Lemma 3(6) with I5,_3 € Dy, instead of Lemma 3(5) with I5,_3 € C.
The rest of the proof is much the same as in the case [C Dy B1] when k = 1.

4.5. Case I',_1 € A. From Lemma 1 the possible patterns are
[CrBrAko), [DrBi1A1o], [BrAkoAr ), [Aki—2Aki—1Ak,1].

[ [CkBkAk,O] This follows [OClBl], [AkJClBl] or [Bk_leBk] in the
sequence S.
Since I3,_1 ends in (—1)0%*~1m, i, both w!_, and w!_, are empty

by — 1 n bn— 1 3
and w,_1 = w," 3w, _swimS T Now, from Lemma 2(2) with I,—3

Brn-1=(bn-1—1)qn—2+bp_2qn-3+ ...+ bp_ok@n_o2r—1
+ bp—2k—1qn—2k—2 + @n—2k—3 + Bn—2k—2
=bp-1qn—2 + qn-3 + Bn—2x6—2
<(an-1—=1)qn—2+ @3+ qn-a < qn_1,

so the conclusion of Lemma 2(1) is satisfied.

If a,, > b,,, then

* b —b
Py =ovw," jwp_gwy" ",

Hence, we have the result.

The conclusion of Lemma 3(1) holds in this case, because from Lemma
3(3) with I',_o € By we have

WpWp—1 — Wp—-1Wn

by, —bn, bn —by,
=W, 1Wn—-2Wn— lwn 1 T Wy 1 Wnp—-1Wn— 2w -1
=0...000............ 00 A, —25— 2—0 .0A4,.
bngn-1 (bn—1+1)gn—2+¢n—3 Qn—1

If a, = b, — 1, then by Lemma 3(5) with I},_3 € C,
Wy 3Wpn—_9 — Wp_oWy_-3=0...00...0 (=1)"(=1)""1.

Gn—3 Pn—2—2

Hence,
7 bp—1—1 1—bn—1 brn—1—1 1—bn—1
w,y, —wnn2 Wy —3Wn,— 2wnn2 " _wnn_g Wy —2Wn,— 3wnn2 "
+00............ 00A,,_2—2—00......... 00A,,_2r_2
—_—
(bn—1—1)gn—2+Gn_3 bn—1qn—2+qn—3

= An—l-

It is easy to get w, = wi™ Wy, _2.
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The conclusion of Lemma 3(2) holds in this case, because from Lemma
3(3) with I',_o € By,
—WpWp—1 + Wp1Wn = — Wy" 1 Wy 2Wn—1 + Wy 1 W 1Wp—2
= —(000.......cvini... 000 A,,_2x—2)
angn-1+(bn-1+1)gn—2+gn—3
=0...0 An—l'
N——
qTL
L] [Dk:BlAl,O]- This follows [OClBl], [AkJClBl] or [Bk_lckBk] in the
sequence S.
Since I, ends in (—1)0%*=2(—1)0m,,_1, both w!_, and w/’_, are empty

bo_1+1 Ci—bp_1—1 .
and w,_ = wn"_21+ Wy 3wy 5" From Lemma 2(3) with I, _3 € Dy,

Brn-1 = bn71Qn72 + qn-3 + Bn—a
S dn—1 — 4n—2 + dn—3 + dn—4 < dn—1-
We use Lemma 3(6) with I',_3 € Dy, which is the same as Lemma 3(5) with
I,_3 € C, when k = 1. The rest of the proof is much the same as in the
case [CyBr Ak o].
o [Bi Ak 0Ak 1]. This follows [Cy By, A 0] or [D By A1 o] in the sequence S.

Since I}, ends in (—1)0%*~17, s, 1, both w!_, and w!’_, are empty

and wy, 1 = wzn_igl wp—3. Moreover, 3, 1 = (bnfl - 1)Qn72 +Bn—2+qn-3 <
Gn-1 — Gn-2 + Bn—2 < qn—1. So the conclusion of Lemma 2(1) is satisfied
again.

If a,, > b, then it is clear that

by,

wy, = wl w,_ow® " and  w! is empty.

The assertion of Lemma 3(1) holds in this case because by Lemma 3(1)
with I,_o € A in the previous case,

bn n_bn bn n_bn
Wy Wpn—1 — Wy Wy, = W," Wy oWy 1Wy" "™ — W™ Wy Wy o W™ |
=0...000......... 00(—1)" " H(~1)"=0...0A,.
—_———— ~——

b'nQ'n—l Qn—2+/8n—1_2 dn—1
If a, < by, by using Lemma 3(3) with I,_3 € By and (,-1 =
(bn—l - 1)Qn—2 + (bn—2 + 1)Qn—3 + qn-a+ ﬁn—Zk—S we obtain

bp—1—1 bn—1—1

* an
Pn = an_lwnf2(wn_2 Wn—3Wn—2 — W, _9 wn72wn73)
= vw," Wp—200......... 0000............ 00A4,,_or_3

(bn—1—1)qn—2 (bn—2+1)gn—3+qn—4a

An

= VW, Wy—2Ap_1.



Power series associated with a Beatty sequence 129

The conclusion of Lemma 3(2) holds in this case because by Lemma 3(1)

with I,_o € A,

QAn, QAn,
—WpWp—1 + Wp—1Wn = — W, 1Wn—2Wp—1 + W," 1 Wp—1Wpn—2
=0...00...04,_.1=0...04,_1.
Andn—1 qn—2 qn

[Ak.1—2 Ak 1—1Ak,1]. This follows [Ag —3Ak1—2Ak —1] in the sequence S.

If a, < by, we use Lemma 3(1) with I,_3 € A and 5,1 =

(bn—1 — 1)gn—2 + Bn—2 + Gn—3. The rest of the proof is much the same
as in the case [Br Ak 04k 1]

(10]
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