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Introduction. Let p be an odd prime number, K a finite extension of
the field of rational numbers Q, OK the ring of integers of K, and EK its
group of units. Let N be the set of natural numbers, and Z and Zp be the
ring of rational integers and the ring of p-adic integers, respectively.

We define

EK(pn) = {u ∈ EK : u ≡ 1 mod pn}, n ∈ N.
For each u ∈ EK(p), we call

u− 1
p

mod p (∈ OK/(p))

the Fermat quotient mod p of u. That is, for a unit u = 1 + pxu, xu ∈ OK ,
xu mod p is the Fermat quotient mod p of u. From now on, we omit “mod p”
for simplicity.

We define a homomorphism ψ:EK(p) → OK/(p) by u = 1 + pxu 7→
xu mod p. Let F(K) denote the set of all Fermat quotients of u ∈ EK(p) or
the image of ψ. Clearly, F(K) forms a subspace of Fp-vector space OK/(p)
where Fp denotes the field with p elements, and kernel of ψ is EK(p2). So,
we have

F(K) ∼= EK(p)/EK(p2)

as Fp-vector spaces.
Now, the following two statements are well known: first, if ψ(u1), . . . ,

ψ(us) are linearly independent over Fp then u1, . . . , us ∈ FK(p) are Zp-
independent, and secondly, the dimension of EK(pn)/EK(pn+1) over Fp
equals the Zp-rank of EK(p) for sufficiently large n (see, Levesque [3] and
Sands [4]). On the other hand, the Leopoldt conjecture states that Zp-rank
of EK(p) equals Z-rank of EK .

The aim of the present article is to study the dimension of F(K) over
Fp, when K is a cyclotomic field.

[335]



336 T. Shimada

1. Notations and results. Let ζn = exp(2πi/n) for n ∈ N, and let
m ∈ N be odd, square free, 3 ≤ m and prime to p. We let K = Q(ζmp) and
let EK(pn), F(K) and ψ be as in the introduction.

Since OK = Z[ζmp] = Z[ζm][1− ζp] and m is square free, the set

{ζrm(1− ζp)ν : 1 ≤ r ≤ m, (r,m) = 1, ν = 0, 1, . . . , p− 2}
forms a Z-basis of OK . As is well known,

dimFp(Z[ζmp]/(p)) = [Q(ζmp) : Q] = ϕ(mp),

where ϕ denotes the Euler function. Therefore, the set

{ζrm(1− ζp)ν mod p : 1 ≤ r ≤ m, (r,m) = 1, ν = 0, 1, . . . , p− 2}
forms an Fp-basis of OK/(p).

Representing each x mod p ∈ OK/(p) in this basis, we have

x ≡ c0 + c1(1− ζp) + c2(1− ζp)2 + . . .+ cp−2(1− ζp)p−2 mod p

with ci ∈ Z[ζm] (i = 0, 1, . . . , p− 2), determined uniquely modulo p.
Let π denote 1− ζp and let

EK(pπi) = {u ∈ EK : u ≡ 1 mod pπi} (i = 1, . . . , p− 2).

Since

EK(p) ⊃ EK(pπ) ⊃ . . . ⊃ EK(pπp−2) ⊃ EK(p2),

and up ∈ EK(p2) for all u ∈ EK(p), we have

F(K) = (EK(p)/EK(pπ))⊕ . . .⊕ (EK(pπk+1)/EK(pπk+2))⊕ . . .
. . .⊕ (EK(pπp−2)/EK(p2)).

Thus

dimFpF(K) = dimFp(EK(p)/EK(pπ)) + . . .

. . .+ dimFp(EK(pπk+1)/EK(pπk+2)) + . . .

. . .+ dimFp(EK(pπp−2)/EK(p2)), −1 ≤ k ≤ p− 3.

We define subsets Vk (k = −1, 0, 1, . . . , p− 3) of F(K) by

Vk = {xu mod p ∈ F(K) : u ∈ EK(p),

c0 ≡ c1 ≡ . . . ≡ ck ≡ 0 mod p, ck+1 6≡ 0 mod p},
where u = 1 + pxu and xu ≡ c0 + c1(1− ζp) + . . .+ cp−2(1− ζp)p−2 mod p,
and Ṽk be the subspace generated by all elements in Vk over Fp. Of course,

F(K) = V−1 ∪ V0 ∪ V1 ∪ . . . ∪ Vp−3 ∪ {0 mod p} (disjoint union).

For each k (−1 ≤ k ≤ p− 3), we define a mapping πk : Ṽk → Z[ζm]/(p)
by xu mod p 7→ ck+1 mod p and let V k = πk(Ṽk). Then, since V k ∼=
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EK(pπk+1)/EK(pπk+2) for −1 ≤ k ≤ p− 3, we have

dimFp F(K) =
p−3∑

k=−1

dimFp V k.

We now take polynomials St(X) ∈ Q[X], Z 3 t ≥ 0, such that St(n) =
1t + 2t + . . .+ nt for all n ∈ N. For example,

S0(X) = X, S1(X) = 1
2X(X + 1), S2(X) = 1

6X(X + 1)(2X + 1), etc.

As is well known, (k+1)!Sk(X) ∈ Z[X], degSk(X) = k+1, and Sk(−1) = 0
for k ≥ 1.

We define

Ik(n) =
n∑′

l=1

Sk

(
− l

n

)
ζln, 0 ≤ k ≤ p− 2, n ∈ N,

where
∑n′
l=1 denotes the sum taken over all l = 1, . . . , n that are prime to n.

Let G be the Galois group of Q(ζm) over Q and Ĝ its character group. As
is well known, G is isomorphic to (Z/mZ)× (the multiplicative group of all
residue classes prime to m) by assigning σµ : ζm 7→ ζµm to µ mod m.

Note that ψ is a Gal(K/Q)-homomorphism. We now state our results,
Theorems 1–4.

Theorem 1. (1) There exist units αk ∈ EK(p), 1 ≤ k ≤ p− 3, such that

πk(ψ(αk)) = Ik(m) mod p.

(2) For k = 0, there exists α0 ∈ EK(p) such that

π0(ψ(α0)) = (1− σp)I0(m) mod p.

(3) For k = −1, there exist βν ∈ EK(p), 2 ≤ ν ≤ m/2 and (ν,m) = 1,
such that

π−1(ψ(βν)) = (1− σν)Ip−2(m) mod p.

(4) If Bk+1 6≡ 0 mod p for some k = 1, 3, . . . , p − 4, then there exists
uk ∈ EK(p) such that

πk(ψ(uk)) = 1 mod p,

where Bn denote the Bernoulli numbers (the definition will be given in
Section 4).

For any a ∈ Z, let M(a) ∈ Z denote the non-negative minimal residue
of a mod m, that is, a ≡ M(a) mod m and 0 ≤ M(a) ≤ m − 1. When
b ∈ Z is prime to m, we let M(1/b) ∈ Z be the integer such that b ×
M(1/b) ≡ 1 mod m and 0 ≤ M(1/b) ≤ m − 1. Also, we take M(a/b) for
M(M(a)×M(1/b)).
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For any σr ∈ G and k (0 ≤ k ≤ p− 2),

Ik(m)σr =
m∑′

l=1

Sk

(
− l

m

)
ζlrm =

m∑′

l=1

Sk

(
− M(l/r)

m

)
ζlm.

We then define for each k, 0 ≤ k ≤ p− 2, the matrix

Ak(m) =
(
Sk

(
− M(l/r)

m

))
1≤r,l≤m

(r,m)=(l,m)=1

,

where we index the rows by r, and the columns by l. Since Ik(m)σ−1 =
(−1)k+1Ik(m) for 1 ≤ k ≤ p − 2 (see Lemma 3.2), we have rank Ak(m) ≤
1
2ϕ(m) for such k.

In addition, we define

Bk(m) =
(
Sk

(
− M(l/r)

m

))
1≤r,l≤m/2

(r,m)=(l,m)=1

, 0 ≤ k ≤ p− 2.

Theorem 2. For each k (1 ≤ k ≤ p− 3), we have

det Bk(m) =
( −1

2mk

)ϕ(m)/2

ζQ(ζm)+(−k)
∏

χ∈Ĝ
id. 6=χ:even

∏

q|m
(1− χ1(q)qk)

×
(∏

q|m
(1− qk)−mkϕ(m)

)
,

if k is odd , and

det Bk(m) =
(

1
2mk

)ϕ(m)/2 ζQ(ζm)

ζQ(ζm)+
(−k)

∏

Ĝ3χ:odd

∏

q|m
(1− χ1(q)qk),

if k is even. Moreover , if det Bk(m) 6≡ 0 mod p, then

dimFp V k ≥ 1
2ϕ(m).

Here ζQ(ζm) and ζQ(ζm)+ denote the Dedekind zeta functions of Q(ζm)
and Q(ζm)+ (the maximal real subfield of Q(ζm)), respectively, and χ1 the
primitive Dirichlet character associated with χ. Also,

∏
q|m denotes the

product taken over all distinct primes q which divide m.
Bk(m) is, in some sense, a generalization of matrices defined by Carlitz

[1] and Tateyama [5].
Let f be the order of the element p mod m in (Z/mZ)×, and g = ϕ(m)/f .

Let g(m) and g+(m) denote the number of distinct prime ideals which divide
m in Q(ζm) and Q(ζm)+, respectively. We write h−(Q(ζm)) for the relative
class number of Q(ζm). By the theorem of Tateyama [5], we can prove
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Theorem 3. Assume g(m) = g+(m) and p does not divide h−(Q(ζm)).
Then

dimFp V 0 ≥
{

1
2ϕ(m) if p does not decompose in Q(ζm)/Q(ζm)+,
1
2 (ϕ(m)− g) if p decomposes in Q(ζm)/Q(ζm)+.

Note that when the right-hand side in the inequality above is not positive,
or p ≡ 1 mod m, our theorem says nothing. Finally, by the same calculation
as in the proof of Theorem 2 we obtain:

Theorem 4. We have

det Bp−2(m) =
( −1

2mp−2

)ϕ(m)/2

ζQ(ζm)+(2− p)
∏

χ∈Ĝ
id. 6=χ:even

∏

q|m
(1−χ1(q)qp−2)

×
(∏

q|m
(1− qp−2)−mp−2ϕ(m)

)

and if det Bp−2(m) 6≡ 0 mod p, then

dimFp V −1 ≥ 1
2ϕ(m)− 1.

The rest of the article will be devoted to the proofs of the theorems
stated above. In Section 2, we discuss some elementary properties of the
Fermat quotient of cyclotomic units. The main result here is Lemma 2.5. In
Section 3, introducing Ik(m), we prove Theorem 1(1). In Section 4, we prove
Theorem 2 and the first part of Theorem 4. In Section 5, discussing I0(m)
and the rank of A0(m), we prove Theorem 1(2) and Theorem 3. In Section
6, by the argument in Q(ζm), we prove Theorem 1(3) and the second part of
Theorem 4. Finally, the proof of Theorem 1(4), which is obtained essentially
in Washington [6], will be given in Section 7.

Before concluding this section, we classify typical generators of cyclo-
tomic units (in the sense of Sinnot) into three types:

I. 1− ζdζp (1 6= d |m),

II. 1− ζd (1 6= d |m, d is composite),

1− ζνq
1− ζq (q |m, q is a prime, 2 ≤ ν ≤ q − 1),

III.
1− ζνp
1− ζp (2 ≤ ν ≤ p− 1).

We shall use cyclotomic units of type I to prove Theorem 1(1), (2), type
II (units in Q(ζm)) to prove Theorem 1(3), and type III (units in Q(ζp)) to
prove Theorem 1(4).

Also, see Leopoldt [2] for units of type II.
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2. Fermat quotient of units of type I. We first prove a preliminary
lemma:

Lemma 2.1. For each ν ∈ N, we have

(1−X)p
ν ≡ 1−Xpν − p

(
Xpν−1

+
X2pν−1

2
+ . . .+

X(p−1)pν−1

p− 1

)
mod p2.

P r o o f. We have

(1−X)p
ν

= 1−Xpν +
pν−1∑

i=1

(
pν

i

)
(−X)i.

Since
(pν − 1) . . . (pν − i+ 1)

(i− 1)!
≡ (−1)i−1 mod pν ,

we have(
pν

i

)
≡ (−1)i−1

i
pν mod p2ν−ordpi for all i = 1, . . . , pν − 1,

where ordp i denotes the exact exponent of the power of p dividing i. Now,
we have 2ν − ordp i ≥ 2ν − (ν − 1) ≥ 2 and ordp(pν/i) ≥ ν − (ν − 1) = 1.
So,

(
pν

i

) 6≡ 0 mod p2 if and only if ordp i = ν − 1, i.e. i = jpν−1 for some j
(1 ≤ j ≤ p− 1). If i = jpν−1 (1 ≤ j ≤ p− 1), then

(
pν

i

)
(−X)i ≡ (−1)i−1

j
p(−X)i = −p

j
Xjpν−1

mod p2.

This completes the proof.

We define

f(X) =
1

1−Xp

(
X +

X2

2
+ . . .+

Xp−1

p− 1

)
∈ Q(X).

Using Lemma 2.1, we have

(1− ζmζp)p
f+1 ≡ 1− ζpf+1

m − p
(
ζp
f

m +
ζ2pf
m

2
+ . . .+

ζ
(p−1)pf
m

p− 1

)

= 1− ζpm − p
(
ζm +

ζ2
m

2
+ . . .+

ζp−1
m

p− 1

)

= (1− ζpm)(1− pf(ζm)) mod p2,

(1− ζmζp)p ≡ 1− ζpm − p
(
ζmζp +

ζ2
mζ

2
p

2
+ . . .+

ζp−1
m ζp−1

p

p− 1

)

= (1− ζpm)(1− pf(ζmζp)) mod p2,

and so
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(1− ζmζp)p
f+1−p ≡ 1− p(f(ζm)− f(ζmζp)) mod p2.

Consequently, f(ζm)−f(ζmζp) mod p belongs to F(K). Note that (OK/(p))×

(the multiplicative group of OK/(p)) has the exponent pf+1 − p. We first
prove the existence of a “canonical” element in F(K), a linear combination
over Fp of conjugates of f(ζm)− f(ζmζp) mod p (see Lemma 2.3), and next
determine the coefficients modp of its image by πk (see Lemma 2.5). From
ζjp = ((ζp − 1) + 1)j , it can be easily seen that

1− ζjp =
j∑

i=1

(
j

i

)
(−1)i+1(1− ζp)i.

Hence

f(ζm)− f(ζmζp) =
1

1− ζpm
p−1∑

j=1

ζjm
j

(1− ζjp)(1)

=
1

1− ζpm
p−1∑

j=1

j∑

i=1

ζjm
j

(
j

i

)
(−1)i+1(1− ζp)i

=
1

1− ζpm
p−1∑

i=1

p−1∑

j=i

ζjm
j

(
j

i

)
(−1)i+1(1− ζp)i,

that is,

f(ζm)− f(ζmζp) =
1

1− ζpm
p−1∑

i=1

( p−1∑

j=1

(
j
i

)

j
ζjm

)
(−1)i+1(1− ζp)i,

where
(
j
i

)
= 0 if j < i.

Lemma 2.2. For each ν = 1, . . . , p− 1 we have

f(ζm)− f(ζmζνp ) ≡ 1
1− ζpm

p−2∑

i=1

( p−1∑

j=1

(
νj
i

)

j
ζjm

)
(−1)i+1(1− ζp)i mod p.

P r o o f. Taking ζνp for ζp in both sides of (1), we get

f(ζm)− f(ζmζνp ) =
1

1− ζpm
p−1∑

j=1

ζjm
j

(1− ζνjp ).

We denote by P (a) (a ∈ Z) the non-negative minimal residue of a mod p
and use it similarly to M(a) introduced in the previous section. Then
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p−1∑

j=1

ζjm
j

(1− ζνjp )

≡
p−1∑

j=1

ζ
P (j/ν)
m

j/ν
(1− ζjp)

= ν

p−1∑

j=1

ζ
P (j/ν)
m

j
(1− ζjp) = ν

p−1∑

j=1

ζ
P (j/ν)
m

j

( j∑

i=1

(
j

i

)
(−1)i+1(1− ζp)i

)

= ν

p−1∑

i=1

( p−1∑

j=1

(
j
i

)

j
ζP (j/ν)
m

)
(−1)i+1(1− ζp)i mod p.

Now
(
j
i

) ≡ (νP (j/ν)
i

)
mod p, as νP (j/ν) ≡ j mod p. It follows that

p−1∑

j=1

(
j
i

)

j
ζP (j/ν)
m ≡

p−1∑

j=1

1
ν

(
νP (j/ν)

i

)

j/ν
ζP (j/ν)
m ≡

p−1∑

j=1

1
ν

(
νP (j/ν)

i

)

P (j/ν)
ζP (j/ν)
m

=
p−1∑

j=1

1
ν

(
νj
i

)

j
ζjm mod p.

We then have
p−1∑

j=1

ζjm
j

(1− ζνjp ) ≡
p−1∑

i=1

( p−1∑

j=1

(
νj
i

)

j
ζjm

)
(−1)i+1(1− ζp)i mod p.

This completes the proof.

Let gi(X) (1 ≤ i ≤ p − 1) be a polynomial with coefficients in Fp such
that gi(0) = 0 and of degree ≤ i. We define a map τ̃ν (1 ≤ ν ≤ p − 1)
from Fp[X] into itself by τ̃ν(g(X)) = g(νX) for all g(X) ∈ Fp[X]. Let Ni

(1 ≤ i ≤ p− 1) be the i× i matrix

Ni =




1 1 . . . 1
2i 2i−1 . . . 2
...

...
. . .

...
ii ii−1 . . . i


 ,

where each component represents a corresponding residue class mod p. Then
it is clear that

Ni =




1 0
2

. . .
0 i







1 1 . . . 1
2i−1 2i−2 . . . 1

...
...

. . .
...

ii−1 ii−2 . . . 1


 ,
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therefore det Ni 6= 0, and

Ni




aiX
i

ai−1X
i−1

...
a1X


 =




τ̃1(gi(X))
τ̃2(gi(X))

...
τ̃i(gi(X))


 ,

where gi(X) = aiX
i + ai−1X

i−1 + . . .+ a1X.
Let (ci,1 ci,2 . . . ci,i) be the first row of N−1

i . Then

aiX
i = ci,1τ̃1(gi(X)) + ci,2τ̃2(gi(X)) + . . .+ ci,iτ̃i(gi(X)).

Letting C̃i = ci,1τ̃1 + . . .+ ci,iτ̃i, we write aiXi = C̃i(gi(X)), that is

C̃i(gi(X)) =
{

0 if deg gi(X) < i,
aiX

i if deg gi(X) = i.

Now we take
(
j
i

)
, 1 ≤ i ≤ p− 2, for a polynomial in an indeterminate j

with coefficients in Fp.
Since

(
j
i

)
= (1/i!)ji+ (polynomial with degree ≤ i− 1), for k (0 ≤ k ≤

p− 3) we have

C̃k+1

(
j

i

)
=





0 if i < k + 1,
1

(k + 1)!
jk+1 if i = k + 1,

∗ if i > k + 1,

where ∗ means some polynomial in Fp[j], irrelevant for our purpose.
Let τν (1 ≤ ν ≤ p− 1) be an automorphism of Q(ζmp) over Q such that

τν : ζp 7→ ζνp and τν : ζm 7→ ζm, and Ci (1 ≤ i ≤ p − 1) be the element
ci,1τ1 + ci,2τ2 + . . .+ ci,iτi of the group ring of Gal(Q(ζmp)/Q) over Fp (we
write its action on F(K) additively). Then we obtain the following:

Lemma 2.3. For each k, 0 ≤ k ≤ p− 3, we have

Ck+1(f(ζm)− f(ζmζp))

≡ 1
(k + 1)!

(
1

1− ζpm
p−1∑

j=1

jkζjm

)
(−1)k(1− ζp)k+1

+
1

1− ζpm
p−2∑

i=k+2

( p−1∑

j=1

C̃k+1
(
j
i

)

j
ζjm

)
(−1)i+1(1− ζp)i mod p.

P r o o f. By Lemma 2.2,

τν(f(ζm)− f(ζmζp)) = f(ζm)− f(ζmζνp )

≡ 1
1− ζpm

p−2∑

i=1

( p−1∑

j=1

τ̃ν
(
j
i

)

j
ζjm

)
(−1)i+1(1− ζp)i mod p.
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Consequently,

Ck+1(f(ζm)− f(ζmζp))

≡ 1
1− ζpm

p−2∑

i=1

( p−1∑

j=1

C̃k+1
(
j
i

)

j
ζjm

)
(−1)i+1(1− ζp)i

≡ 1
1− ζpm

( p−1∑

j=1

C̃k+1
(

j
k+1

)

j
ζjm

)
(−1)k(1− ζp)k+1

+
1

1− ζpm
p−2∑

i=k+2

( p−1∑

j=1

C̃k+1
(
j
i

)

j
ζjm

)
(−1)i+1(1− ζp)i

≡ 1
1− ζpm

( p−1∑

j=1

1
(k + 1)!

jkζjm

)
(−1)k(1− ζp)k+1

+
1

1− ζpm
p−2∑

i=k+2

( p−1∑

j=1

C̃k+1
(
j
i

)

j
ζjm

)
(−1)i+1(1− ζp)i mod p,

as desired.

We define, for k = 0, 1, . . . , p− 2 and n (∈ N) prime to p,

Jk(n) =
1

1− ζpn
p−1∑

j=1

jkζjn when n ≥ 2 and Jk(1) = 0.

We can deduce that

J0(n) =
1

1− ζn −
1

1− ζpn = (1− σp) 1
1− ζn

and

Jk(n)σ−1 ≡ (−1)k+1Jk(n) mod p

for n ≥ 2 by easy calculation, where σ−1 denotes the automorphism which
sends ζn to ζ−1

n .

Lemma 2.4. For each k (1 ≤ k ≤ p− 2) we have

Jk(m) ≡
m−1∑

l=1

( p−1∑

j=1,M(l/p)≥M(j/p) 6=0

jk
)
ζlm mod p.

P r o o f. From the equality −m/(1− ζm) =
∑m−1
l=1 lζlm, we obtain

−m
1− ζpm =

m−1∑

l=1

lζlpm
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and

−mζjm
1− ζpm =

m−1∑

l=1

lζlp+jm =
m−1∑

l=1

lζM(lp+j)
m , 1 ≤ j ≤ p− 1,

where M(∗) is the same as in Section 1. Now, since M((M(lp+ j)− j)/p)
= l and

{M(lp+ j) : l = 1, . . . ,m− 1} = {0, 1, . . . ,m− 1}\{M(j)},
we obtain

−mζjm
1− ζpm =

m−1∑

l=1

M

(
M(lp+ j)− j

p

)
ζM(lp+j)
m =

m−1∑

l=0

M

(
l − j
p

)
ζlm

=
m−1∑

l=1

M

(
l − j
p

)
ζlm +M

(−j
p

)
(−ζm − ζ2

m − . . .− ζm−1
m )

=
m−1∑

l=1

{
M

(
l − j
p

)
−M

(−j
p

)}
ζlm.

Therefore

Jk(m) = − 1
m

p−1∑

j=1

−mζjm
1− ζpm j

k

= − 1
m

p−1∑

j=1

jk
{m−1∑

l=1

(
M

(
l − j
p

)
−M

(−j
p

))
ζlm

}
,

that is,

(2) Jk(m) = − 1
m

m−1∑

l=1

{ p−1∑

j=1

jk
(
M

(
l − j
p

)
−M

(−j
p

))}
ζlm.

It is clear that

M

(
l − j
p

)
=
{
M(l/p)−M(j/p) if M(l/p) ≥M(j/p),
M(l/p)−M(j/p) +m if M(l/p) < M(j/p),

and

M

(
l − j
p

)
−M

(−j
p

)
=




M(l/p) if M(j) = 0,
M((l − j)/p)− {m−M(j/p)}

= M((l − j)/p) +M(j/p)−m if M(j) 6= 0.

For these reasons,

M

(
l − j
p

)
−M

(−j
p

)
=
{
M(l/p)−m if M(l/p) ≥M(j/p) 6= 0,
M(l/p) if M(l/p) < M(j/p) or M(j) = 0.
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Substituting this in (2), we have

Jk(m) = − 1
m

m−1∑

l=1

{ p−1∑

j=1,M(l/p)≥M(j/p)6=0

jk(M(l/p)−m)

+
p−1∑

j=1,M(l/p)<M(j/p) orM(j)=0

jkM(l/p)
}
ζlm

= − 1
m

m−1∑

l=1

{
M(l/p)

p−1∑

j=1

jk −m
p−1∑

j=1,M(l/p)≥M(j/p)6=0

jk
}
ζlm.

The result follows from a well known fact that
∑p−1
j=1 j

k ≡ 0 mod p.

Lemma 2.5. We have

Jk(m) ≡ (−m)k
m−1∑

l=1

Sk

(
− l

m

)
ζlm mod p, 1 ≤ k ≤ p− 2.

P r o o f. It is sufficient to prove

(3)
p−1∑

j=1,M(l/p)≥M(j/p)6=0

jk ≡ (−m)kSk

(
− l

m

)
mod p.

We deal first with the case where m < p. Let xi = P (−i/m) and yi =
(i+ xim)/p ∈ Z for each i (1 ≤ i ≤ p− 1), where P (∗) is the same as in the
proof of Lemma 2.2. Then we have 1 ≤ yi ≤ m.

Suppose that xi < xj for i 6= j, 1 ≤ i, j ≤ p − 1. Then, as j − i =
(yj − yi)p− (xj − xi)m and −(p− 2) ≤ j − i, we have

yj − yi ≥ −(p− 2) +m

p
= −1 +

m+ 2
p

> −1.

Therefore, yj ≥ yi if xj > xi.
For each l (1 ≤ l ≤ m− 1), let

Al = {j : 1 ≤ j ≤ p− 1,M(l/p) ≥M(j/p) 6= 0}.
Since yl 6= m, or 1 ≤ yl ≤ m− 1, and M(j/p) = M(yj), we have

Al = {j : 1 ≤ j ≤ p− 1, M(yl) ≥M(yj) 6= 0}
= {j : 1 ≤ j ≤ p− 1, M(yl) ≥M(yj), yj 6= m}
= {j : 1 ≤ j ≤ p− 1, yl ≥ yj}.

If m < i ≤ p− 1, we have i−m = yip− (xi + 1)m; therefore xi−m = xi + 1
and yi−m = yi. For that reason, any index i, with common value yi, can be
represented in the form i = j + mν (1 ≤ j ≤ m, Z 3 ν ≥ 0) and, for such
i’s, the maximal value of xi equals xj .
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Consequently,

Al = {j : 1 ≤ j ≤ p− 1, xj ≤ xl}
and

p−1∑

j=1,M(l/p)≥M(j/p)6=0

jk = (−m)k
∑

j∈Al

(
− j

m

)k
≡ (−m)k

∑

j∈Al
xkj

= (−m)k(1k + 2k + . . .+ xkl ) = (−m)kSk(xl)

≡ (−m)kSk

(
− l

m

)
mod p,

as desired.
Next we consider the case where p < m. Let again xi = P (−i/m) and

yi = (i + xim)/p ∈ Z for i (0 ≤ i ≤ m − 1). Since 0 ≤ yip = i + xim ≤
m − 1 + (p − 1)m = pm − 1, we have 0 ≤ yi ≤ m − 1/p, that is, 0 ≤
yi ≤ m − 1. It is clear that {xi : 0 ≤ i ≤ p − 1} = {0, 1, . . . , p − 1}. Since
i − j = (yi − yj)p − (xi − xj)m for 0 ≤ i, j ≤ m − 1, we see that xi = xj
if and only if i ≡ j mod p, and that yi < yj if xi < xj . There exist i0 and
νi (0 ≤ i0 ≤ p− 1, 1 ≤ νi) such that i = i0 + νip for each i (p ≤ i ≤ m− 1).
Since i = yi0p− xi0m+ νip = (yi0 + νi)p− xi0m, we have yi = yi0 + νi and
xi = xi0 .

Consequently, for l (1 ≤ l ≤ m− 1), we have

Al = {j : 1 ≤ j ≤ p− 1,M(l/p) ≥M(j/p)} = {j : 1 ≤ j ≤ p− 1, yl ≥ yj}
= {j : 1 ≤ j ≤ p− 1, yl0 ≥ yj} = {j : 1 ≤ j ≤ p− 1, xl0 ≥ xj}.

Now, clearly, −l/m ≡ −l0/m ≡ xl0 mod p. Hence

∑

j∈Al
jk =

p−1∑

j=1,xj≤xl0
jk

= (−m)k
p−1∑

j=1,xj≤xl0

(
− j

m

)k
≡ (−m)k

p−1∑

j=1,xj≤xl0
xkj

= (−m)k(1k + 2k + . . .+ xkl0) = (−m)kSk(xl0)

≡ (−m)kSk

(
− l

m

)
mod p.

We have just completed the proof of Lemma 2.5.

3. Ik(m) as a partial sum of Jk(m). For any divisor d of m we define

Md =
{
l : l =

m

d
ν, 1 ≤ ν ≤ d, (ν, d) = 1

}
.
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It is clear that ϕ(d) = ]Md (the cardinality of Md), M1 = {m}, {1, 2, . . . ,m}
=
⋃
d|mMd (disjoint union), and Md = {l : 1 ≤ l ≤ m, (l,m) = m/d}. Now

we have, from Lemma 2.5, for k = 1, . . . , p− 2,

Jk(m) ≡ (−m)k
m∑

l=1

Sk

(
− l

m

)
ζlm = (−m)k

∑

d|m

d∑′

ν=1

Sk

(
−

m
d ν

m

)
ζ(m/d)ν
m

= (−m)k
∑

d|m

d∑′

ν=1

Sk

(
− ν

d

)
ζνd mod p,

where
∑d′
ν=1 is the same as in Section 1. So, we have

(−m)−kJk(m) ≡
∑

d|m
Ik(d) mod p.

By the Möbius inversion formula, it follows that

Ik(m) ≡
∑

d|m
{µ(m/d)(−d)−kJk(d)} mod p

for k (1 ≤ k ≤ p − 2), where µ is the Möbius function. Each Jk(d) mod p
(d |m) belongs to V k by the definition, so is Ik(m) mod p.

We have thus proved Theorem 1(1).

Lemma 3.1. For all k ∈ N, we have

Sk(−X) = (−1)k+1Sk(X − 1).

P r o o f. From the definition of Sk(X), we have Sk(n + 1) = (n + 1)k +
Sk(n) for all n ∈ N. Hence

Sk(X + 1) = (X + 1)k + Sk(X).

Using this formula, we see that

Sk(−n) = −(−n+ 1)k + Sk(−n+ 1)

= −(−n+ 1)k − (−n+ 2)k + Sk(−n+ 2)

= . . . = −(−n+ 1)k − (−n+ 2)k − . . .− (−1)k + Sk(−1)

= (−1)k+1{1k + 2k + . . .+ (n− 1)k} = (−1)k+1Sk(n− 1),

for all n ∈ N. This proves our lemma.

The next two lemmas, on properties of Ik(m), will be used in the follow-
ing section.

Lemma 3.2. For all k (1 ≤ k ≤ p− 2), we have

Ik(m)σ−1 = (−1)k+1Ik(m).
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P r o o f.

Ik(m)σ−1 =
m∑′

l=1

Sk

(
− l

m

)
ζm−lm =

m∑′

l=1

Sk

(
− m− l

m

)
ζlm

=
m∑′

l=1

Sk

(
l

m
− 1
)
ζlm = (−1)k+1

m∑′

l=1

Sk

(
− l

m

)
ζlm

= (−1)k+1Ik(m).

Lemma 3.3. For k = 0, we have

I0(m)σ−1 + I0(m) = −µ(m).

P r o o f.

I0(m)σ−1 =
m∑′

l=1

(
− l

m

)
ζ−lm =

m∑′

l=1

(
− m− l

m

)
ζlm

= −
m∑′

l=1

ζlm −
m∑′

l=1

(
− l

m

)
ζlm = −µ(m)− I0(m).

This completes the proof of the lemma.

4. Determinant of Bk(m). Let Ak(m) and Bk(m) (0 ≤ k ≤ p− 2) be
as in Section 1. Recall that

G = Gal(Q(ζm)/Q) = (Z/mZ)× = {σr : ζm 7→ ζrm : 1 ≤ r < m, (r,m) = 1};
we shall identify G with {l : 1 ≤ l < m, (l,m) = 1}.

Let H = Gal(Q(ζm)+/Q) = (Z/mZ)×/{±1}; we shall identify H with
{l : 1 ≤ l < m/2, (l,m) = 1}. By Lemma 3.1,

(4) Sk

(
− m− l

m

)
= (−1)k+1Sk

(
− l

m

)
, k ∈ N.

Now, let us prove Theorem 2 and the first part of Theorem 4. First we
assume k (1 ≤ k ≤ p − 2) is odd. Then, by means of (4), we can take
Sk(−l/m) for a function on H. Then it is easily verified, by a result on the
group determinant, that

det Bk(m) =
∏

χ∈Ĥ

∑

l∈H
Sk

(
− l

m

)
χ(l).

Moreover, by (4),
∑

l∈H
Sk

(
− l

m

)
χ(l) =

1
2

∑

l∈G
Sk

(
− l

m

)
χ(l)
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for all χ ∈ Ĥ (the set of all even characters in Ĝ). Therefore,

(5) det Bk(m) =
(

1
2

)ϕ(m)/2 ∏

Ĝ3χ:even

∑

l∈G
Sk

(
− l

m

)
χ(l).

Next we assume k is even. We fix an arbitrary odd character ξ in Ĝ.
Then, from (4), we have

Sk

(
− m− l

m

)
= −Sk

(
− l

m

)
,

so that Sk(−l/m)ξ(l) can be regarded as a function on H. Hence, similarly
to the case of k odd, we have

det
(
Sk

(
− M(l/r)

m

)
ξ

(
M

(
l

r

)))

l,r∈H

=
∏

χ∈Ĥ

∑

l∈H
Sk

(
− l

m

)
ξ(l)χ(l)

=
∏

χ∈Ĥ

1
2

∑

l∈G
Sk

(
− l

m

)
ξ(l)χ(l)

=
(

1
2

)ϕ(m)/2 ∏

Ĝ3χ:even

∑

l∈G
Sk

(
− l

m

)
ξ(l)χ(l)

=
(

1
2

)ϕ(m)/2 ∏

Ĝ3χ:odd

∑

l∈G
Sk

(
− l

m

)
χ(l).

On the other hand, as ξ(M(l/r)) = ξ(l)ξ(r−1),



...

. . . Sk

(
− M(l/r)

m

)
ξ

(
M

(
l

r

))
. . .

...



r,l∈H

=




. . . 0
ξ(r−1)

0
. . .



r∈H




...

. . . Sk

(
− M(l/r)

m

)
. . .

...



r,l∈H




. . . 0
ξ(l)

0
. . .



l∈H

.
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Consequently,

(6) det Bk(m) =
(

1
2

)ϕ(m)/2 ∏

Ĝ3χ:odd

∑

l∈G
Sk

(
− l

m

)
χ(l).

We recall the Bernoulli numbers and polynomials defined by

t

et − 1
=
∞∑
n=0

Bnt
n/n! and Bn(X) =

n∑

i=0

(
n

i

)
BiX

n−i,

respectively. It is well known that

Sk(X − 1) =
1

k + 1
(Bk+1(X)−Bk+1) for any k ∈ N.

Since

Sk

(
− l

m

)
= (−1)k+1Sk

(
l

m
− 1
)

=
(−1)k+1

k + 1

{
Bk+1

(
l

m

)
−Bk+1

}
,

we have
∑

l∈G
Sk

(
− l

m

)
χ(l)

=
(−1)k+1

k + 1

m∑

l=1

Bk+1

(
l

m

)
χ(l)− (−1)k+1

k + 1
Bk+1

m∑

l=1

χ(l),

for any χ ∈ Ĝ, where χ is understood to be a Dirichlet character defined
modulo m. Clearly, Bk+1

∑m
l=1 χ(l) 6= 0 if and only if k is odd and χ is the

principal character 1m ∈ Ĝ, where 1m(l) = 1 if (l,m) = 1, and 1m(l) = 0 if
(l,m) > 1. Moreover, in that case, Bk+1

∑m
l=1 χ(l) = Bk+1ϕ(m).

We also recall the generalized Bernoulli numbers defined by

Bn,χ = mn−1
m∑
a=1

χ(a)Bn

(
a

m

)
, n ∈ N, χ ∈ Ĝ,

satisfying

L(1− n, χ) = −Bn,χ
n

,

where L(s, χ) denotes the L-function attached to χ. By elementary results
on L-functions, we have, for k (1 ≤ k ≤ p− 2),

L(−k, χ) = L(−k, χ1)
∏

q|m
(1− χ1(q)qk),

where
∏
q|m and χ1 are as in Section 1. It follows that
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m∑

l=1

Bk+1

(
l

m

)
χ(l) =

1
mk

Bk+1,χ = −k + 1
mk

L(−k, χ)

= −k + 1
mk

L(−k, χ1)
∏

q|m
(1− χ1(q)qk)

= Bk+1,χ1 ×
1
mk

∏

q|m
(1− χ1(q)qk).

Now we assume that k (1 ≤ k ≤ p − 2) is odd. Then we have, using
assertions stated above,

det Bk(m)

=
(

1
2

)ϕ(m)/2 ∏

Ĝ3χ:even

m∑

l=1

Sk

(
− l

m

)
χ(l)

=
(

1
2

)ϕ(m)/2 ∏

Ĝ3χ:even

{
(−1)k+1

k + 1

m∑

l=1

Bk+1

(
l

m

)
χ(l)

− (−1)k+1

k + 1
Bk+1

m∑

l=1

χ(l)
}

=
(

1
2

)ϕ(m)/2 ∏

Ĝ3χ6=1m:even

{
(−1)k+1

k + 1
(−1)

k + 1
mk

L(−k, χ1)
∏

q|m
(1− χ1(q)qk)

}

×
{

(−1)k+1

k + 1

m∑

l=1

Bk+1

(
l

m

)
1m(l)− (−1)k+1

k + 1
Bk+1ϕ(m)

}

=
(

1
2

)ϕ(m)/2 ∏

Ĝ3χ6=1m:even

{−1
mk

L(−k, χ1)
∏

q|m
(1− χ1(q)qk)

}

×
{ −1
k + 1

· k + 1
mk

L(−k, χ0)
∏

q|m
(1− qk)− (−1)kL(−k, χ0)ϕ(m)

}

=
(

1
2

)ϕ(m)/2(−1
mk

)ϕ(m)/2 ∏

Ĝ3χ:even

L(−k, χ1)

×
∏

Ĝ3χ 6=1m:even

∏

q|m
(1− χ1(q)qk)

{∏

q|m
(1− qk)−mkϕ(m)

}
,

where χ0 denotes the primitive character with conductor 1.
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Using the expression

ζQ(ζm)+(−k) =
∏

Ĝ3χ:even

L(−k, χ1),

we can obtain the case of k odd in Theorem 2 and the first part of Theorem 4.
Next we assume that k (1 ≤ k ≤ p− 2) is even. Then

det Bk(m) =
(

1
2

)ϕ(m)/2 ∏

Ĝ3χ:odd

m∑

l=1

Sk

(
− l

m

)
χ(l)

=
(

1
2

)ϕ(m)/2 ∏

Ĝ3χ:odd

{
(−1)k+1

k + 1

m∑

l=1

Bk+1

(
l

m

)
χ(l)

}

=
(

1
2

)ϕ(m)/2 ∏

Ĝ3χ:odd

{ −1
k + 1

(−1)
k + 1
mk

L(−k, χ1)

×
∏

q|m
(1− χ1(q)qk)

}

=
(

1
2mk

)ϕ(m)/2 ∏

Ĝ3χ:odd

L(−k, χ1)
∏

Ĝ3χ:odd

∏

q|m
(1− χ1(q)qk).

Therefore the expression

ζQ(ζm)

ζQ(ζm)+
(−k) =

∏

Ĝ3χ:odd

L(−k, χ1)

concludes the proof of the case of k even in Theorem 2.

5. On I0(m) mod p. Let Md, d |m, be the same as in Section 3. Then

m∑

j=1

j

m
ζjm =

∑

d|m

d∑′

ν=1

(m/d)ν
m

ζ(m/d)ν
m =

∑

d|m

d∑′

ν=1

ν

d
ζνd .

Hence, by the Möbius inversion formula,
m∑′

j=1

j

m
ζjm =

∑

d|m
µ

(
m

d

) d∑
ν=1

ν

d
ζνd .

Since
d−1∑
ν=1

ν

d
ζνd =

−1
1− ζd for all d > 1,
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it follows that
m∑′

j=1

j

m
ζjm =

∑

1 6=d|m
µ

(
m

d

)( −1
1− ζd + 1

)
+ µ(m)

= −
∑

1 6=d|m
µ

(
m

d

)
1

1− ζd +
∑

d|m
µ

(
m

d

)

= −
∑

1 6=d|m
µ

(
m

d

)
1

1− ζd .

From definitions of Jk(n) and Ik(m), we obtain

(7) (1− σp)I0(m) =
∑

d|m
µ

(
m

d

)
J0(d).

This proves Theorem 1(2).
Recall that

A0(m) = − 1
m

(
M

(
l

r

))

r,l∈G
, B0(m) = − 1

m

(
M

(
l

r

))

r,l∈H
.

The theorem of Tateyama [5] tells us that

det
(
M

(
l

r

))

r,l∈H

=
{

(−m)ϕ(m)/2−12g(m)−1h−(Q(ζm)) if g(m) = g+(m),
0 if g(m) 6= g+(m).

Let h = 1
2ϕ(m) and let ri (1 ≤ i ≤ 2h) be natural numbers such that

ri < rj if i < j and {l : 1 ≤ l < m, (l,m) = 1} = {r1, r2, . . . , r2h}. We shall
index the rows and the columns of A0(m) and B0(m) by i = 1, . . . , 2h and
i = 1, . . . , h, respectively.

Lemma 5.1. Assume that g(m) = g+(m) and that p does not divide
h−(Q(ζm)). Then

{I0(m)σr mod p : r = r1, . . . , rh+1}
is a linearly independent system in Z[ζm]/(p) over Fp.

P r o o f. It is easy to see that rh = (m − 1)/2, M(r−1
h ) = m − 2,

rh+1 = (m + 1)/2, and M(r−1
h+1) = 2. Therefore the (h + 1)th row in

(M(rj/ri))1≤i,j≤2h is

(2r1 2r2 . . . 2rh M(2rh+1) M(2rh+2) ∗ . . . ∗).
Add (−2)× (the first row) to the (h+ 1)th row in (M(rj/ri))1≤i,j≤2h. Then
the (h+ 1)th row becomes

(0 . . . 0 1− 2rh+1 ∗ . . . ∗) = (0 . . . 0 −m ∗ . . . ∗).
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Consequently, by our assumptions,

det(M(rj/ri))1≤i,j≤h+1 = (−m)× det(M(rj/ri))1≤i,j≤h

= (−m)ϕ(m)/22g(m)−1h−(Q(ζm)) 6≡ 0 mod p.

This proves our assertion.

Let Wm be the subspace of Z[ζm]/(p) generated by

{I0(m)σr mod p : r = r1, r2, . . . , rh+1}.
Lemma 5.2. Wm is a G-subspace.

P r o o f. Take any I0(m)σr (r = r1, . . . , rh+1) and σs ∈ G. If M(sr) ≤
m/2, then we have M(sr) ∈ {r1, . . . , rh} and thus

{I0(m)σr}σs mod p = I0(m)σM(rs) mod p ∈Wm.

Next suppose m/2 < M(sr). Then M(−sr) = m −M(sr) ≤ m/2. Since
rh+1 = m− rh and σrh+1 = σ−1σrh , we have, by Lemma 3.3,

{I0(m)σr}σs = I0(m)σM(rs) = {I0(m)σ−1}σM(−sr)

= {−I0(m)− µ(m)}σM(−sr)

= −I0(m)σM(−sr) − µ(m)

= −I0(m)σM(−sr) + I0(m)σrh + I0(m)σrh+1 .

Therefore, {I0(m)σr}σs mod p ∈Wm, and the proof is complete.

From the equation

I0(m)σrh+1 = −{I0(m)σrh + µ(m)/2} − µ(m)/2,

we can take

{1 mod p, I0(m)σr + µ(m)/2 mod p : r = r1, . . . , rh}
for another set of generators of Wm.

Let ε+ = (1 + σ−1)/2 and ε− = (1− σ−1)/2; these are orthogonal idem-
potents in Fp[G]. Let W ′m be the subspace of Wm generated by {1 mod p}
and W ′′m the subspace of Wm generated by {I0(m)σr + µ(m)/2 mod p : r =
r1, . . . , rh}. It is easy to see that ε+(1 mod p) = 1 mod p, ε−(1 mod p) = 0,
ε+(I0(m)σr + µ(m)/2 mod p) = 0, and ε−(I0(m)σr + µ(m)/2 mod p) =
I0(m)σr + µ(m)/2 mod p. Therefore,

Wm = W ′m ⊕W ′′m, W ′m = ε+Wm, and W ′′m = ε−Wm.

Note that dimFpW
′
m = 1.

Now, we prove Theorem 3. The mapping 1− σp is linear from Z[ζm]/(p)
into itself. Let α mod p be any element of Ker(1 − σp). Then, since ασp ≡
α mod p, we have ασp ≡ α mod ℘i (i = 1, . . . , g), where ℘1, . . . , ℘g are the
primes of Q(ζm) which divide p. We know σp is the Frobenius automorphism
for p. Hence, there exist ai ∈ Z (i = 1, . . . , g) such that α ≡ ai mod ℘i (i =
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1, . . . , g). Consequently, dimFp Ker(1−σp) ≤ g. On the other hand, let Z and
OZ be the decomposition field of p and its ring of integers, respectively. Then
it is clear that Ker(1−σp) ⊃ OZ/(p). Since dimFp OZ/(p) = [Z : Q] = g, we
have

Ker(1− σp) = OZ/(p).
Suppose first that p does not decompose in Q(ζm)/Q(ζm)+. Then since

−1 mod m belongs to the subgroup of (Z/mZ)× generated by p mod m,
βσ−1 = β for all β ∈ OZ . Therefore,

ε+(OZ/(p)) = OZ/(p), ε−(OZ/(p)) = 0,

and
Ker(1− σp) = ε+(OZ/(p)).

It follows that Wm ∩Ker(1− σp) = W ′m ∩ ε+(OZ/(p)), and so

dimFp(Wm ∩Ker(1− σp)) = 1.

Hence, by Lemma 5.1,

dimFp(1− σp)Wm = dimFpWm − dimFp(Wm ∩Ker(1− σp))
= 1

2ϕ(m) + 1− 1 = 1
2ϕ(m).

Recalling that J0(m)σ−1 ≡ −J0(m) mod p (from Section 2), we see that
dimFp V 0 ≤ 1

2ϕ(m). Since (7) means that (1 − σp)Wm ⊂ V 0, we have
dimFp V 0 = 1

2ϕ(m) as desired.
Next suppose that p decomposes in Q(ζm)/Q(ζm)+. Let Z+ = Q(ζm)+

∩Z. Then, by our assumption, Z is a quadratic extension over Z+. We have
ε+(OZ/(p)) = OZ+/(p), because OZ+/(p) = ε+(OZ+/(p)) ⊂ ε+(OZ/(p)) ⊂
OZ+/(p), and dimFp ε+(OZ/(p)) = dimFp ε−(OZ/(p)) = g/2, because
[Z+ : Q] = g/2. From this and the decomposition

Wm = W ′m ⊕W ′′m (dimFpW
′
m = 1),

we obtain dimFp(Wm ∩Ker(1− σp)) ≤ g/2 + 1.
We have thus proved, using Lemma 5.1, that

dimFp V 0 ≥ dimFp(1− σp)Wm = dimFpWm − dimFp(Wm ∩Ker(1− σp))

≥ 1
2
ϕ(m) + 1−

(
g

2
+ 1
)

=
1
2
ϕ(m)− g

2
.

The proof of Theorem 3 is complete.

6. Fermat quotient of units of type II. It is clear that the (pf −1)th
power of any unit of type II is congruent to 1 modulo p, where f is the same
as in Section 1. Letting X = ζpm and ν = f in Lemma 2.1, we have

(1− ζpm)p
f ≡ 1− ζpm − p

(
ζm +

ζ2
m

2
+ . . .+

ζp−1
m

p− 1

)
mod p2,
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and then

(8) (1− ζpm)p
f−1 ≡ 1− pf(ζm) mod p2.

Therefore, f(ζm) mod p is the Fermat quotient of (1− ζpm)1−pf if m is com-
posite, and

f(ζm) =
1

1− ζpm
p−1∑

j=1

j−1ζjm ≡
1

1− ζpm
p−1∑

j=1

jp−2ζjm = Jp−2(m) mod p.

From the fact proved in Section 3, we have

(9) Ip−2(m) ≡
∑

d|m

{
µ

(
m

d

)
(−d)Jp−2(d)

}
mod p.

We remark that Jp−2(d) ≡ f(ζd) mod p is the Fermat quotient of some unit
if d is composite, and is not if d is prime, because 1− ζpd is not a unit.

Now let d = q (a prime number dividing m). Then
(

1− ζpνq
1− ζpq

)pf−1

(2 ≤ ν ≤ q − 1)

is a unit with the Fermat quotient f(ζq) − f(ζνq ) mod p. Therefore, in this
case, (1− σν)Jp−2(q) mod p is the Fermat quotient of some unit.

For each ν (2 ≤ ν < m, (ν,m) = 1), since (ν, q) = 1 for any prime
q |m, it follows that (1− σν)Jp−2(q) mod p is a Fermat quotient for such q.
Consequently, by (9), we see that (1−σν)Ip−2(m) mod p is a Fermat quotient
for each ν (2 ≤ ν < m, (ν,m) = 1). This proves Theorem 1(3).

Now we shall prove the second part of Theorem 4. Note that (1 −
σν)Ip−2(m) mod p belongs to V −1 for each ν (2 ≤ ν < m, (ν,m) = 1).
If det Bp−2(m) 6≡ 0 mod p, then it follows, by the definition, that

{σνIp−2(m) mod p : 1 ≤ ν ≤ m/2, (ν,m) = 1}
is a linearly independent system over Fp, and further, so is

{(1− σν)Ip−2(m) mod p : 2 ≤ ν ≤ m/2, (ν,m) = 1}.
This proves dimFp V −1 ≥ 1

2ϕ(m)− 1.

7. Fermat quotient of units of type III. Units of type III belong to
Q(ζp). From Washington [6], we easily see that, for each even i (2 ≤ i ≤ p−3)
and sufficiently large N ∈ N, there exists a unit E(N)

i satisfying

E
(N)
i ≡ ai + bi(1− ζp)i+(p−1)vp(Lp(1,ωi)) mod (1− ζp)i+2+(p−1)vp(Lp(1,ωi)),

where ai, bi ∈ Z with aibi 6≡ 0 mod p, vp is the p-adic valuation normalized
by vp(p) = 1, ω is the Teichmüller character, and Lp(s, ωi) is the p-adic
L-function attached to ωi.
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The proof of Theorem 1(4) is the following. Note that our assumption
Bk+1 6≡ 0 mod p is equivalent to vp(Lp(1, ωk+1)) = 0. Then, from above,

{E(N)
k+1}p−1 ≡ ap−1

k+1 − ap−2
k+1bk+1(1− ζp)k+1

≡ 1− ap−2
k+1bk+1(1− ζp)k+1 mod (1− ζp)k+3.

So there exists an integer zk+1 ∈ Z[ζp] such that

{E(N)
k+1}p−1 = 1 + {−ap−2

k+1bk+1 + zk+1(1− ζp)2}(1− ζp)k+1.

Moreover, there is an integer z′k+1 ∈ Z[ζp] such that

{E(N)
k+1}p(p−1) ≡ 1 + p{−ap−2

k+1bk+1(1− ζp)k+1 + z′k+1(1− ζp)k+3} mod p2.

Let uk be the (−ak+1/bk+1)th power of {E(N)
k }p(p−1). Then

uk ≡ 1 + p{(1− ζp)k+1 + z′′k+1(1− ζp)k+3} mod p2,

with some z′′k+1 ∈ Z[ζp], thus πk(ψ(uk)) = 1 mod p. The proof is complete.
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