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On the exceptional set of Goldbach numbers
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1. Introduction. An even number which can be written as a sum of
two primes is called a Goldbach number.

In 1937, I. M. Vinogradov proved the famous three primes theorem. Soon
after that, employing Vinogradov’s idea, Hua Loo Keng [3] proved that if B
is a sufficiently large positive constant and N is sufficiently large, then the
even numbers in (2, N), except for O(Nlog™? N) values, are all Goldbach
numbers.

In 1973, Ramachandra [18] obtained the result in a short interval. He
showed that if A = N¥T¢ with ¢ = %, then the even numbers in (N, N + A),

except for O(A log” B N ) values, are all Goldbach numbers. If the estimation
7

for the zero density of Huxley [4] is applied, ¢ = {5 can be arrived at. In
1991, Jia Chao Hua [8] employed the sieve method combined with the circle
method to get ¢ = %.

In 1993, Perelli and Pintz [17] developed a new technique in the circle
method to make great progress in solving this problem. They showed ¢ = %.
Mikawa [13] proved ¢ = & by the sieve method.

In 1994, Jia Chao Hua [10] proved ¢ = -%. Li Hongze [12] improved it
to ¢ = 5. Jia Chao Hua [11] got further ¢ = 5. In [10], the new tech-
nique of [17], the sieve method and the mean value estimation for Dirichlet
polynomials were applied.

In this paper, we shall develop further the technique of [10] to prove the

following:

THEOREM. Suppose that B is a sufficiently large positive constant, €
is a sufficiently small positive constant, N is sufficiently large and A =
N1 1125 Then, the even numbers in (N, N + A), except for O(Alog™ % N)
values, are all Goldbach numbers.
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For A= N5 12 we can also get the conclusion of Theorem 2 of [10].

Throughout this paper, we always suppose that B is a sufficiently large
positive constant, ¢ is a sufficiently small positive constant and E = B2,
§ = e3. We also suppose that N is sufficiently large and that A = NTISH%,
Y = N%“, Q= %\/Zlog_MB N. Let ¢, ¢; and ¢y denote positive constants
which have different values at different places. m ~ M means that there are
positive constants ¢; and cg such that c;M < m < coM. We often use
M (s, x) (M may be another capital letter) to denote a Dirichlet polynomial
of the form

a(m)x(m)
M(s,x) = DA™
(sx)= > —
m~ M
where a(m) is a complex number with a(m) = O(1), and x is a character
mod gq.

The author would like to thank Professors Wang Yuan and Pan Cheng-
biao for their encouragement.

2. Some preliminary work. Let x be a character mod g and let yq be
a principal character. Set Fy = 1 if x = xo, and Ey = 0 if x # xo.

We divide the characters mod ¢ into two classes. We call x a good char-
acter if L(s, x) has no zeros in the region

24FloglogY
(1) -

elogY
Otherwise, we call x a bad character.
By Siegel’s theorem and the zero free region of the L-function (see pp. 255
and 257 of [15]), we know that L(s, x) # 0 in the region

c(p)
max(g#, log® (|t| + 2))
where p (> 0) is arbitrary and c(u) > 0.
Take = ¢/(500F). If a bad character exists, then

300FE

(2) q>log = N.

<o<1, [t|<6Y.

o>1-—

Moreover, by the estimation for the zero density (see [14] and [5]),
> N0, T,x) < (q¢T)(F 90 log" qT,
X (mod q)

we know that for any modulus ¢ < @, the number of bad characters is
4FE
O(logGT N). Let

I(a,q) a log?! N «a n log?? N
a = - - —
4 q Yy q qYy
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and let

E= |J U I(a,q), E»=1[1/Q,1+1/Q)—

q<logEF N
(a ,q) 1

LEMMA 1. Assume that r (> 2) and q are positive integers, d.(n) =
> neny..m, L and x° <y <. Then

Z di(n) < y(logz)™" ~*.

r—y<n<zx

Proof. See Theorem 2 of [20].

Let

) w0 =3 xe( ),

r=1 q
LEMMA 2. 7(xo0) = p(q). For any character x mod q, |7(x)| < \/q.
Proof. See pp. 24 and 28 of [15].
LEMMA 3. For any complex numbers a(n),
oo
‘Z e(nt) ‘ dt < n? S ‘ Z a(n)
—0o z<n<z+1/(2n)
Proof. See Lemma 1 of [1].

LEMMA 4. Suppose T > 1, x is a character modq, and Y. . la(m)|?

< Mlog®T. Then

r a(m)x(m) 2
> 1D IX.‘ dt < (M + qT)log T
ma it
x (mod q) =T ' m~M

Proof. See Theorem 3 on p. 38 of [15].

3. Mean value estimate (I)

LEMMA 5. Assume that Y0 < H < Y15, MH =Y, qg<Q, xisa
character modgq, M(s,x) is a Dirichlet polynomial and

A(h)x(h
5~ AW,

H(s,x) = s

h~H
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Letn=qQ/Y,b=1+4+1/log N and Ty = logé% Y. Then for Ty <T <Y,
we have

2T

1

min? (7], T) Z S |M (b +it, \)H(b+it, x)|* dt < n*log ®F N.
x (good) T

Proof. Let s = b+ it and let x be a good character modq. By (1) and
the zero free region of the L-function, we know that for |¢| < 2Y,

Co 1—s c1 1—s
PR SR BN G )l CY2J

_2B
+O(log™ 32 Y).
citH<h<coH

So, for Ty < |t| < 2Y,
(5) H(s,x) < log™ # Y.

According to the discussion in [2], there are O(log®Y) sets S(V, W),
where S(V,W) = {t;(x) : x runs through all good characters modgq, j =

L., J(X), Itr(x) = ts(x)] > 1 (r # s)}. For t;(x) € S(V,W),
V < M3M(b+it;(x), x)| <2V,
W < HE[H (b + ity (x), )| < 2W,
where Y™ < M~3V, Y- ' < H 3W and V < M3, W < Hilog 5 Y.
Thus
2T

6 > S |M(b+it, ) H(b+it, x)|* dt < V2W2Y " 1log? Y|S(V, W),
X (good) T

where S(V, W) is one of the sets with the above properties.

Assume Y &1 < HKL Y%, where k is a positive integer, £ > 8 and
ké < 1. Applying the mean value estimate (see Theorem 3 on p. 632 of [16])
and Lemma 1 to M(s,x) and H*(s,x), we have

|S(V,W)| < V™3(M + ¢qT)log? Y,
|S(V,W)| <« W2k(H* 4 ¢T)log?Y,

where d = ¢/§2. Applying the Haldsz method (see Theorem 6 on p. 650 of
[16]) to M (s,x) and H"(s,x), we have

IS(V,W)| < (V72M + V=5¢TM)log?,
IS(V,W)| < (W2 H* + WSk qTH")log? Y.
Thus,
VEW2|S(V,W)| < VEW?Flog?Y,
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where
F =min{V=2(M + ¢T),V2M + V=SqTM, W ~2*(H* 4 ¢T),
W2k gt 4+ WSkqTH*}.

It will be proved that

1
(7) min? (17, T) VEW?F < 772Y10g*% N.

We consider four cases.
(a) F <2V ~2M, 2W—2*H*. Then
VEW?F < VW2 min{V2M, W2k g*}
< V2W2(V_2M)1_ﬁ (W—2ka:)ﬁ
= VEWM 2% H? < Ylog 27 N.

b) F > 2V~=2M, 2W~2*H*. Then
(b) :
VEW?F < VW2 min{V = 2qT, V= SqT M, W 2 T, W~*¢qT H*}
< VAWR(VZ2)I S (VEOM) 3 (W) R T = gT M .

Since k > 8, we have H > Yy =T > Yl_g, M3 < Y and so

1
min? <n, T> VEW?F < %Y%qu < n?Pytee,

(c) F <2V~ M, F > 2W~2*H* Then
VEWAF < VW2 min{V =2M, W =2*qT, W ~=S*qT H*}
S V2w2(v—2M)l—ﬁ (W—quTHk)#

L

< MHS (qT)%,
since V< M3. As H > Y71 > (%)iY%, we have
o 1\ 900 o 1, a1 (Y 5 T 2y 1—c
min” { 7, VW F <« np* 3k T73:Y 0 (qT)3rY ° < p*Y "=,
(d) F>2V—2M, F <2W~2H*. Then
VEW?AF < VW2 min{V ~2qT, V= SqT M, W 2*H*}
< VEWR(V2qT) =2 (V= SqT M) 2 (W 2k )

= (¢7)" " *HM .
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17(k—1) 17(k—1)

If k>9, then H<Y# <Y' 9D M>>Y9<2k 0, and so

1—1
min? (n, ;)VQWQF < 772Y<g> kY*%(P%) < nPyt-e.

119

If k=8, then Y5 < H< Y15, M > Y15, and so
%
min® ( >V2W2F < n2Y<Q> R

Combining the above, we obtain (7). Hence, Lemma 5 follows.

LEMMA 6. Assume that M < Y%, ML =Y, q<Q, x is a character
modgq, M(s,x) is a Dirichlet polynomial, and

x(1)

F(s,x) = M(s,x) TR

I~L

Letn=qQ/Y,b=1+1/logN and Ty = \/L/q. Then forTy <T <Y, we
have

2T
1
min? (77, T) Z S |F(b+it, x)|? dt < n°Y 5,
X (mod gq) T

Proof. Perron’s formula yields
;T
— S L(b+it+s,x)

[b+it o )
I~ —AiT

wo)+o(z)

1—b+4iT

(c2L)* = (e1L)?

ds

B , (coL)® — (c1L)®
=5 S L(b+it + 5, X) -
1-b—4iT

o) vo(3) vo( 10",

6T 2
1 d
L (2 + tu, X> Y

—1 o

< L logTS pr—
Y2€ 1 Lfl T%+25
+0( >+o< >+0((§Q) >

ds

l 2
>

I~L

—6T
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By Lemma 4 and the mean value estimate for the fourth power of the
L-function, we have

2T
ST {1+t )Pt
x (mod g) T

2

(L4 _du
2 X 1+ |t —ul

Y2 1 L(qT)3t2 r ,
+0<T2 +L2+(T2)> > S\M(b+zt,x)|2dt
x (mod q) T

2T 6T
<L 'logN ) S]M(b—irz't,x)lzdt( S
—6T

X (mod q) T

2T 1
< L_110g2N< > S|M(b—|—z’t,x)\4dt)2
x (mod q) T

2T 6T 1 . 4 1
|L(5 + iu, X)| ?
dt ———d
(X fa | EE
x (mod g) T —6T

y2e 1 L_l(qT)%J'_QE qT
B T - Sl Y (T Sl
2ot ) (149

1
—1 gl \* 1. 10 —2¢
< L 1+W (T2 log " N +Y .

Hence,
2T

1
.2 = . 2
min <7],T> g S |F(b+it, x)|” dt

x (modgq) T

1
< min? (77, T)Y_l(Y}g +¢T)2 (qT)? log"® N + 2y —2¢

1 1
W Y\?/Y)\?
< 772Y—1<Y13+Q> (Q> log'® N +n?Y =2 < n?y 2.

Thus Lemma 6 follows.

4. Mean value estimate (II)

LEMMA 7. Assume that MHK =Y, q < Q, x is a character mod q,
M(s,x), H(s,x) and K(s,x) are Dirichlet polynomials and G(s,x) =
M{(s, X)H(s,\)K(s,X). Let 1 = qQ/Y, b = 1+ 1/logN, Ty = log» Y.
Assume further that for Ty < [t| < 2Y, M(b + it,x) < log_é%Y and
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HO+it,x) < logfé% Y. Moreover, suppose that M and H satisfy one
of the following four conditions:

) MH< Y21, Yo < H M*®/H<Y9, Y5t < M, H®/M < Y%,
Y < M1 H;

) MH < Y&, Y1 « H MBH < Y15, Y§ < M2H, H*/M <
Y3, Vi < M% H;

3) MH < Y198, Y
Yo < M3 H;

4) MH < Y%,Y1 <« H MBH < Y3, Yo <« M2H, H¥/M <
Yis, Yiss <« Mi5H, Y$ < MH.

Then for To <T <Y, we have

< H, MSH < Y%,Y® < M, MsH < Y21,

9
ol

=l

w
S

2T

1

) . 2 2 —6F

(8) min (77, ) g S\G(b+zt,x)| dt < n*log™"" N.
x (good) T

Proof. We only show that for T'=1/n =Y/(¢Q),

2T
(9) I= > S |G(b+it, x)|? dt < log™%F N.
x (good) T

I. First, we assume condition 1). On applying the mean value estimate
and Haldsz method to M?3(s,x), H®(s,x) and K2(s, ), we get

I < U*V2W2Y "1 Flog® N,
where
F =min{V (M3 +qT), VM3 + VB¢ M3 W 1O(H® + ¢T),
W OHS 1 W30 TH? U (K% + qT), U *K? + U 2¢T K?}.
We discuss the following cases:
(a) F <2V SM3 2W~19H5 2U*K?. Then
UV2W2F < UV2W? min{V = SM3, W= 11° U1 K%}
< U2V2W2(V_6M3)% (W_IOHE’)%(U_‘*KZ)%
=ViMIeUBK®H < Ylog P N.
(b) F <2V-SM3 2W—19H5 F > 2U*K?2. Then
UV2W2F < U*V2W2 min{V = SM3 W 1°H® U *qT, U '2qTK?}
< UQVQWZ(V*E;M?’)%(W*10H5)%(U*4qT)2% (U*quKQ)%
= (¢T)SMHEK® < Y~
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(¢c) F<2V—SM3 F > 2W~19H5 F < 2U~*K?. Then
UV2W?2F < UV2W? min{V =503, W01, w=30¢TH® U1 K?}
< U2V2W2(V_6M3)% (W_lho)Z% (W_?’OqTHE‘)G% (U_4K2)%
= ((T)sMKH™ < Y'~¢,
(d) F<2V-SM3 F > 2W—1H5 2U-4K?2. Then
UV2W?2F
< UAV2W2 min{V =S M3 W10T, W=3¢TH® U~*qT, U~ 2¢TK?}
< UPVAW2(V M35 (W= '0qT)5 (U~ 4qT) % (U~ 2T K?)
= (TS MK® < Y'~*.
(e) F>2V-SM3 F <2W~19H5 2U*K?2. Then
UV2W2F < UV2W2 min{V = SqT, V-8q¢r M3 W H® U K?}
< U2V2W2(V*6qT)% (VflquMS)% (WfloHs)é (U*4K2)%
= (qT)WM»HEK < Y.
(f) F >2V-SM3 F <2W~0H> F > 2U*K?. Then
U*V2W?2F
< UPV2W2 min{V =CqT, V= 8qT M3, W °H? U~ 4T, U 12qT K*}

9

< UPVEW2(V=8qT) s (WO HP) 5 (U~4¢T) % (U~ 2qT K?) %
= (¢T)sHK® < Y'~°.
(g) F>2V-6M3 2W~10H5 F <2U*K2. Then
UV2W?2F
< UV2W2 min{V=SqT, V= 8qr M3 W41, W3 ¢qTH?, U= K?}

3

< UAVEW2(V=SqT)s (W 10T 3 (W—30qT HO) o0 (U4 K?)?
= (¢T)?H=K < Y'°.
(h) F > 2V =603 2W 1015 2U~*K2. Then
UVW?F
< UAV2W2min{V ¢, V18003 w10 W30S U~ U2 K2\ qT

< URVEW2(V =08 (V180350 (W10 5 (U4 3T
= qTM» < Y175,

since M < Y.
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II. Next, we assume condition 2). On applying the mean value estimate
and Haldsz method to M?2(s,x)H (s,x), H®(s,x) and K2(s,x), we get
I < U?V*W?2Y 'Flog N,
where
F =min{V*W™2(M?H +qT),V*W2M?*H + V- 2W S5TM?H,
W (H? +¢T), W H® + WqTH®, U~*(K? + qT),
U K? + U~ ?qTK?}.
We consider several cases:
(a) F <2V 4W2M?2H,2W—10H5 2U-*K?2. Then
UVEW2F < UV2W2 min{V AW 2M2H, W 1°H® U4 K%}
< UQVQWZ(V_ZLW_QMQH)%(W_10H5)% (U_4K2)T52
—WSsHBUSKSM < Ylog P N.
(b) F <2V AW 2M2?H,2W~°H5 F > 2U~*K?2. Then
UVPW2F
< UAV2W2 min{V AW 2M2H, W 1°H5 U*qT, U~ 2qT K?}

7

<UVEW2A(V AW 2 M2H) s (W0 H5) 16 (U~ 4¢T) %0 (U~ 2qTK?)%
= (¢T)! MHK™ < Y'~¢.
(c) F <2V 4W=2M2H,F > 2W~19H> F < 2U *K2. Then
UV2W?2F
< UVEW? min{ VAW 2 M2 H, W 04T, W —3°qT H®, U~ K?}
< UVEW2(VAW 2 M2H)2 (W 3qT H) = (U K?) 15
- (qT)?loU%K%MH%
< () MHK < Y.
(d) F <2VAW2M?H,F > 2W~1°H5 2U-*K?2. Then
UV2W?2F
< UPV2W2 min{V AW 2 M2 H, W 04T, W =3%¢TH®,
U~4qT, U 2qTK?}

9

< UPVEW2(VAW 2MEH) 2 (W= gT H® )30 (U~4qT) % (U~ 2qTK?)

= (¢T)*MH3K®» < Y'~°.
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(e) F > 2V AW 2M?H,F < 2W~'H5 2U~*K?. Then
UV2W?2F
< UVAW2 min{V—4W ~2qT, V12w =SqT M?H, W~ H® U*K?}
< UAVEW2(V AW 2T %0 (V2 W SqT M2H) > (W10 H5) 15 (U4 K?)3
=(qT)SMTHK <Y'™°,
(f) F>2V4W2M?H, F <2W~19H> F > 2U*K?2. Then

UV2W?2F
< UVEW? min{V =AW = 2¢T, V2w =SqT M?H, W °H® U 44T,

U_12qTK2}
< UPVAWA(V AW 22 (W 10HP) 16 (U415 (U 2qT K ?) %
= (¢T)TH?K® < Y'~*.
(g) F > 2V AW2M2H,2W~1°H5 F < 2U~*K?2. Then
UV2W2F
< UVAW2 min{ V=AW ~2qT, V2w =SqT M2 H, W = 0qT, W —3%¢T H,
U *K?}

< UPVEW2(V AW =2qT) % (V-2 W —SqT M2 H) o (W =g T HP)

x (UTK?)?
= (qT)°*M»HoK < Y'¢,
(h) F > 2V AW 2M2H,2W 191> 2U~*K?2. Then
UV2W2F < U?V2W2 min{V AW =2 V2w =SMm2H, w10 w3015,
U=t U2 K2\ T
< U2V2W2(V_4W_2)%(W_lo)%(U_‘L)
=¢TK™ <Y,
since Y5 < MH (the latter follows from Y 55 < H and Y& < M2H).
ITI. Now, we assume condition 3). On applying the mean value estimate

and Haldsz method to M3 (s, x), H*(s,x) and K?(s,x), we get
I < U*V2W2Y "1 Flog® N,

% (U~12K2)2qT

where
F =min{V =803 + qT), VM3 + V8¢ M3 W8 (H* + ¢qT), W3 H*

+ W qTH* U 4(K? + qT), U *K?* + U '2¢qTK?}.
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Consider the following cases:
(a) F <2V=SM3 2W—8H* 2U~*K?2. Then
UV2W2F < UV2W? min{V =503, W8 H* U*K?}
< U2V2W2(V_6M3)% (W—8H4)i (U_4K2)790
=ViMOUSKTH < Ylog "% N.
(b) F <2V-SM3 2W—8H* F > 2U *K?2. Then
UV2W2F < UV2W? min{V - SM3 W=8H* U*qT, U 2¢T K?}
< UPVEW2(V M35 (WS HY)3 (U 4qT)5 (U~ 2qTK?)
= (¢T)"MHK? < Y'~¢.
(c) F<2V-SM3 F > 2W—8H* F <2U *K?. Then
UV2W2F < UV2W2 min{V = SM3 W=38qT, W—¢TH*, U * K?}
< UPVEW2(V S MB)s (W—3qT)s (W 24qT H* )51 (U K?)?
= (qT)s MKHs < Y'°.
(d) F <2V SM3 F > 2W-8H* 2U*K?. Then
UV2W?2F
< UAV2W2 min{V =CM3 W =8¢T, W= ¢qTH*, U~ 4T, U 12qT K*}
< UPVEW2(VSM3)s (W—3qT)s (W24 qT H*) 3 (U~ 4¢T)>
= (¢T)5MHs < Y'~¢.
(e) F >2V-SM3 F < 2W-8H* 2U *K2. Then
UV2W2F < U*V2W2 min{V = SqT, V=8¢ M3, W 8H* U~ K?}
< U2V2WA(V=S¢T) % (V"8 qT M%) 3 (WS HY)3 (U4 K?)*
= (qT)"MFHK < Y'~¢.
(f) F>2V-SM3 F <2W 8H* F > 2U *K?. Then
UV2W?2F
< UAV2W2 min{V=C8qT, V=8¢ M? W 8H* U *qT, U 2¢qT K?}
< UPVEW2(V=SqT) % (V—8qT M?) 21 (W8 H*)3 (U~ *¢T)?
= (@D)iMsH <Y'°,
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(g) F>2V-5M3 2W-8H* F < 2U *K?2. Then
UV2W?2F
< UPV2W2 min{V=CqT, V= 8qT M3 W=8¢T, W *qTH* U K?}
< UPVEWA(V=S¢T)s (W3qT)s (W™ qT H*) 3 (U™ K?)*
= (T)*Hs K < Y'~°.
(h) F > 2V-SM3 2W—8H* 2U~*K2. Then
UV2W?2F
< UPVW?min{V =0, VM2 WS W H U UK T
< U2VEW(V=0)z5 (V18 M3 )2 (W8) 5 (U~1)2qT
=qTMs <Y'™¢,

113

since M < Y5 (the latter follows from MH < Y155 and Y% < H).

IV. Lastly, condition 4) is assumed. On applying the mean value estimate
and Haldsz method to M2 (s, x)H (s,x), H*(s,x) and K?(s,x), we get

I < U*V2W2Y "1 Flog® N,
where
F =min{V W 2(M?H + ¢T),V*W2M?H + V"W ST M?H,
WS (H* +¢T), W H* + W **qTH*, U *(K* + qT),
UK? + U 2¢TK?}.
We consider the following cases:
(a) F <2V 4*W2M?H,2W-8H* 2U*K?2. Then
UVEW?F < UV2W2 min{V W 2M?H, W 8H* U *K?}
<UVEW2(V AW 2 M2H): (W SHY) = (U4 K?)
—W3HSUSKSM < Ylog ™" N.
(b) F <2V *W2M?H,2W~8H* F > 2U~*K?. Then
UV2W?2F
< UV2W2 min{V AW 2M?H, W 8H*, U~ *qT, U (T K?}
< UVEW2(V AW 2 M2H): (W8 HY) s (U 4qT) % (U 2qT K?) s

= (qT)sMHK® < Y.
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(¢) F <2V W2 M?H,F > 2W 8H* F < 2U *K?. Then
UV2W?2F
< UV2W2 min{V—4W 2M?H, W= 8qT,W~*¢qTH* U *K?}
< UPVEW2A(VAW 2 M2H) 2 (W4 qTHY) 7 (U1 K?) %
= (¢T)*"Us K MH3
< (D)= MH?K < Y=
(d) F <2V AW 2M2H,F > 2W8H* 2U~*K?2. Then
UV2W?2F
< UVEW2 min{V =AW 2 M?*H, W 8qT, W~ 2*qTH* U~ T,
U—lQQTKQ}
< UVEWA(VAW 2 M2H) = (W4 qT HY) 31 (U 4qT) %6 (U~ 2qT K?) %
= (¢T)*MHi K < Y'e.
(e) F > 2V AW 2M?H,F < 2W ®H* 2U *K?. Then
UV2W?2F
< UVAW?2 min{V AW 2qT, V- 2W = SqT M?>H, W3 H* U *K?}
< UAVEW2(V AW 2qT) 6 (V-2 W SqT M2 H) w6 (W8 H*Y)s (U4 K?)=
= (qT)EMsHTK < Y'~°.
(f) F> 2V *W2M?H,F <2W *H* F > 2U *K?. Then
UV2W?2F
< UPVAW? min{V=4W ~2¢T, V- 12W = SqT M2 H, W 3 H* U~ 44T,
U_12qTK2}

5

< UPVEWR(V AW 2qT) 2 (WS HY) S (U—4¢T) T (U~ 2qT K?) 1
= (¢T)FH?Ks < Y'°.
g > 2V W ,2W ™ JE <2U0™ . Then
F>2V—4W—2M2H,2W 8H* F < 2U*K2. Th
UV2W?2F
< UPV2W2 min{V AW =2qT, V- 2W=SqT M?H, W 84T,

W724qTH4, U74K2}
< URVEWA(V AW =2qT) T (V- 12W—SqT M2 H) 3 (W—3T) (U4 K?)*

= (qT)°*MFHTK < Y.
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(h) F > 2V AW 2M2?H,2W —8H* 2U*K?2. Then
UV2W2F < U*VAW? min{V AW 2, V- R2W=SM2H, W8 W24 H*,
U4 U 2K?}qT
< UQVQWQ(V_4W_2)%(W_S)é(U_‘l)
= qTK% <Yyt=e,

Combining the above, we obtain (9). Hence, Lemma 7 follows.

S5

6 (U—IQKQ)I—IG(]T

LEMMA 8. Under the assumption of Lemma 7, M and H lie in one of
the following regions:

) YR <M<YF, M SY® < H< M IYE,

(i

(i) Y¥ <M<Y5, M 1Y% <« H< M 57,
(i) Y® <M<Y, Y% <H<M Y,

(iv) Y& <M<Y, Y% <H<M Y5,

(v) Y# <M<Y, Y% <H<MYS;

(Vi) Y0 <M<Y, Y5 <« H< MiY5;

(Vi) Yio <« M<Y®H,  M'Y5 < H<M3Ys
(viii) Y% < M <Y, M~ BY <« H< MiYs;
(ix) YR<M<KY?, M- BY™ <« H< M BYS;
(x) Y@ <M<Yin, M BYWw<H<M Y,
(xi) Y0 <« M<Y®0, M BYWw <« H< M By,
(xi) Y50 <« M<Y%50, Y55 < H<M By,

Then (8) holds for To <T <Y.

Proof. In the regions:

V¥ <« M< Y5, M UYH <H<M5Y,
YH <« M<Y®, Yo < H<M Yy,
we apply Lemma 7 with condition 1).

In the regions:

Y%<M<<Y%7 M~y st <H<<MiY%
Y55 <<]\4<<Y%7 M~y i <<H<<M4Y8
Yiee « M <Y, M By « He MY,
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89

By .

no‘«:

Yiemw « M < Y0, M 5YTr < H< M~
3041

Y70 <« M < Y50, Y15 <« H< M 1Y,

)

we apply Lemma 7 with condition 2).

In the regions:
TRYH < H < MTRY
Y& <« M< Y5, M5V <« H< M 8y,
Y <« M< Y, MY <« Hg M™5Y 2,
Vi « M <Y, M 'Y <« H< M Y15,
Y « M< Y5, MVt <« Hg M SY%;

7

o« M <Y, MiYi< H< MY,

=

Y& < M<Y5,

-

o

we apply Lemma 7 with condition 3).
In the regions:

Vit « M<Y®, MV« H< M3Ys,
YR <M<Y, MiYs <H<M BYS;
Vie « M<Y®, MY <«H< M BYS,
we apply Lemma 7 with condition 4).
Putting together the above regions, we get Lemma 8.
LEMMA 9. Under the assumption of Lemma 7, suppose that M and H
also satisfy one of the following four conditions:
1) MH < Y3, Y% <« H M <Yz Y& < M, H°/M < Y7,
Y$ <« M1 H;
2) M2H < Y&, MSH < Y5, Y& <« M, MiH < Y10, YT <
M H, Y15 < H;
3) MH < Y&,Y% < H MPH < Y%, Y18 <« M, H/M < Y3,
Y% <« MSH,;
4) M?H < Y3, MTH < Y3,Y% « M, MiH < Y5, Y12 <
M%¥H, M <Y5.
Then (8) holds for To <T <Y.

Proof. We only show that (9) holds for T'=1/n = Y/(¢Q).

I. First, we assume condition 1). We apply the mean value estimate and
Haldsz method to M?(s,x), H?(s,x) and K3(s, ) to get

I < U*V2W2Y "1 Flog® N,
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where
F =min{V"(M? + qT),VAM? + V- 2qTM? W (H® + ¢T),
W OHS L W30 TH? U (K3 + qT), U K® + U B¢TK?}.
We consider several cases:
(a) F <2V—4M2 2W~10H% 2U-6K3. Then
UV2W2F < UV2W? min{V M2 W—101° U5 K3}
S U2V2W2(V74M2)% <W710H5)% <U76K3)%
=W3iHSMK < Ylog ™ N.
(b) F<2V=4M2 2W~19H5 F > 2U 5K3. Then
UV2W2F < UPV2W2 min{V M2 W1 H® U~ ST, U 8¢qT K3}
< UQVQWQ(V_4M2)% (W_10H5)% (U—GqT)é—g (U—lquKs)g—O
= (¢T) O MHK= < Y'~¢.
(¢c) F<2V—*M? F > 2W~19H5 F < 2U-SK?3. Then
UV2W2F < UV2W2 min{V~*M? W01, W 3T H>, U K3}
< U2V2W2(V_4M2)% (W_lho)Z% (W_30qTH5)?% (U—6K3)§
= (T)s MKH™ < Y~
(d) F <2V—*M? F > 2W~1H5 2U-6K3. Then
UV2W?2F
< UVAW2 min{V M W 0T, W% TH®, U~ T, U~ "®*qT K"}
< URVEWR(V—AM2)3 (W10T)5 (U 5T (U~ 5T K )%
= (T)*MK» < Y'~¢,
since M'9/H < Y5 (the latter follows from M < Y'z).
(e) F>2V—*M? F <2W~10H5 2U6K3. Then
UV2W2F < UV2W2 min{V~4qT, V- 2¢TM? W H® U-°K3}
< UPVEW2(V=4qT) % (V- 12qTM?)s0 (W10 H®)5 (U0 K?)s
= (qT)5M»HK < Y.
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(f) F>2V—4M2 F <2W-H5 F > 2U-°K3. Then
UVEIW2F
< UVEW2 min{V~4qT, V- 2¢TM? W H? US¢T, U 18¢qTK?3}
< UPVEW2(V=4qT) s (WP HP) 5 (U=S¢T) & (U ¥qT K®) %
= (T HK» < Y5
(g) F>2V—4M2 2W-10H5 F <2U SK3. Then
UV2W?2F
< UPV2W2 min{V =41, V= 2qT M?*, W4T, W30¢TH®?, U5 K3}

3

< UVEW2(V—4qT) 2 (W 10T 50 (W 30gTH?) w0 (U CK?3)3
= (T)SH"K < Y'°.
(h) F > 2V~4M2 2W 1015 2U~SK3. Then
UV2W?2F
< U VAW min{V—4 V202 w0 w0 Ut U B K3 T

17

< U2V2W2(V_4)%(W_10)é(U_6) & (U—18K3)$QT
= ¢TK® < Y'~¢,
since K < Y.

II. Next, assume condition 2). We apply the mean value estimate and
Haldsz method to M?2(s,x), H°(s,x) and K2(s,x)H (s, x) to get

I < U*V2W2Y "1 Flog® N,
where
F =min{V=*(M? + qT),VAM?* + V- 2qTM? W (H® + ¢T),
W H?  W30THS, U W (K?H + ¢T),
UMW 2K?*H + U W STK?H}.
Consider the following cases:
(a) F <2V—4M2,2W~10H5 2U*W~2K2H. Then
UV2W2F < UV2W2 min{V4M? W 1° U W2 K?H}
< UPVAWR(V M) s (U4 W 2K2H)*
=WH*MK < Ylog ¥ N.
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(b) F <2V AM2 2W-10H5 F > 22U *W~2K?H. Then

UV2W?2F
< UVAW2 min{V4M2 W01 U= W 2T, U2 W S¢TK?H}

7 L

< UPVEWR(V M2 s (WO HS )T (U4 W =2qT) % (U~ 2W ~SqT K2 H)
= (@T)iMHDK® < Y1*,
(c) F<2VAM2 F > 2W-1H% F <2U*W~2K?H. Then
UV2W?2F
< UPV2W2 min{V =4 M2, W04, W=3¢TH® U*W2K?H}
< UPVEWA(VIMA):(UTW K2 H):
=WH:MK < Ylog P N.
(d) F<2V4M?2 F > 2W—10H5 2U4W2K?2H. Then
UVEW2F < U?V2W2 min{V 4 M2, W01, W=30¢T H?, U~*W 24T,
U™ PW%TK*H}
< UPVEW2(V 4 M?)2 (W 0qTH? )50 (U*W ~2¢T)
x (U W S¢TK2H)w
= (qT):MH® K% < Y17¢.
(e) F >2V—* M2 F < 2W0H5 2U*W2K2H. Then

UV2AW2F
< UVEW? min{V~4qT, V= 2¢rM? W H® U*W 2K?H}

s

20 (V2T M?)

L

< UAV2W2(V—4¢T) 20 (W01 o (U4 W 2K2H)?
= (T MOHK < V'
(f) F>2V=4M? F <2W-H5 F > 2U0*W~2K2H. Then

UVW?F
< UVEW2 min{V~4qT, V= 2¢TM? WO H® U4W 24T,

U VW STK*H}
< UPVEW2(V—44qT) % (V2T M?) 50 (WO H%) 16 (U *W ~2¢T)?
= (¢T)OMOH? < Y'™°.
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(g) F>2V 2 M2 2W-10H> F < 2U*W~2K2H. Then
UV2W?2F
< UPVAW? min{V 4T, V= 2qTM? W =0qT, W 3% T HP,
UMW 2K?H}

L

< UPVEW2(V—44T) % (V2T M?)50 (W 30¢TH?) %0 (U W 2 K?H)>
= (qT):M5HIK < Y'"°.
(h) F > 2V—4M2 2W 1005 2U~4W~2K2H. Then
UV2W2F < UVAW2 min{V 4, V=202, w10 w=30mg> U—4w—2,
U R2W-SK?H}qT
SUPVEWR(V )3 (VMR s (W10 B0 (U W) 2T
= ¢TM™ < Y1¢,
since M < Y3 (the latter follows from Y155 < H and M2H < Y ).

ITII. Now, assume condition 3). We apply the mean value estimate and
Haldsz method to M2 (s, x), H*(s,x) and K3(s,x) to get

I < U?V*W?2Y " 'Flog N,
where

F =min{V"*(M? +qT),V*M? + V" 2qT M?, W8 (H* + qT),
W 8H* + W 2¢qTH* U S(K3 +¢T),U K3 + U '8¢TK?}.
Consider the following cases:
(a) F <2V—*M? 2W—8H* 2USK3. Then
UV2W2F < U*V2W2 min{V~*M? W=3H* U SK3}
< U2V2W2(V*4M2)%(W*8H4)% (U76K3)%
=W3iHiMK < Ylog "® N.
(b) F <2V—4M?2 2W—8H* F > 2U SK3. Then
UVAW?F < UV2W2 min{V M2 W8H* U 5¢T, U 8¢T K3}
< UPVEW2(V A M2)s (WS HY)5 (U= ST % (U~ 8qT k%)%
= (qT)iMHK® < V'
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(¢) F<2V—4M? F > 2W—3H* F < 2U SK3. Then
UV2W2F < UV2W2 min{V M2 W=8qT, W¢TH*, U K3}
< UPVEW2(VAM2)s (W3qT)s (W 24qTHY) 31 (U °K?)3
= (qT)s MKHs < Y'°°.
(d) F <2V-4M? F > 2W—3H* 2U 5K®. Then
UVEW2F < UV2W? min{V~4M2, W=8¢T, W —24qTH*,
U=%qT, U 8qT K3}
< UVEWA(VA M) (W3qT)s (W2 qT HY)
= (¢T)*MHs < Y'~¢.
(e) F>2V~M? F <2W8H* 2U~°K3. Then
UV2W2F < UV2W2 min{V ~4qT,V—2¢TM? W3H* U SK3}
< UPVEW2(V 44T 5 (V2T M?) 3 (W3 HY) 3 (U0 K?)s
= (qT)EMT=HK < Y.
(f) F>2V—*M? F <2W-8H* F > 2USK3. Then
UV2W?2F < UV2W2 min{V ~4qT,V~2¢TM? W8 H*,
U=CqT, U 8¢T K3}
< UVEW2(V—44T): (W—3H*Y)% (U %¢T)
= (¢T)iHKs < Y'™°.
(g) F>2V M2 2W-8H* F < 2U SK3. Then
UV2W?2F < U*V2W?2 min{V 4T, V" 2qT M?, W8T,
Wf24qTH4’ U76K3}
< UVEW2(V—44T)2 (W 8qT)s (W 24T H*) 21 (U S K?)s
= (qT)SHsK < Y'™°.
(h) F > 2V—4M2? 2W-8H* 2U 6K3. Then
UV2W2F < UV2W2min{V 4 V- 12M2 W3 W H* U6,
U—18K3}qT
< U2V2W2(Vf4)%(W*8)i(U*6)
= ¢TKs <Y',

L

24 (UﬁﬁqT)%

S5

o (U—18qTK3)714

S5

24(U718K3)2—14qT

since Y§ < MH (the latter follows from Y9 < H and Y 158 < M).
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IV. Lastly, we assume condition 4). We apply the mean value estimate
and Haldsz method to M2(s,x), H*(s,x) and K2(s,x)H (s, x) to get

I < U*V2W2Y 1 Flog® N,
where
F =min{V*(M? +qT),V*M? + V" 2¢qTM? W8 (H* + ¢T),
W=8H* + W24qTH*, U W3(K?*H + ¢T),
UMW K?H + U W STK?H}.
Consider the following cases:
(a) F <2V—4M2 2W8H* 2U *W2K2H. Then
UV2W2F < U*V2W? min{V4M? W 3H* UMW ?K?*H}
< UVEW2(V M) (U *W2K2H)?
—WH*MK < Ylog "F N.
(b) F<2VAM2 2W8H* F > 20 *W~2K2H. Then
UV2W?2F
< UV2W2 min{VAM2 W 3HY U*W 2qT, U 2W SqT K*H}

5 L

< UAVEW2(VAM?)3 (W S8HY)s (U W 2¢T)Ts (U~ W SqT K>H) s
= (¢T) MHTK? < Y1™*,
(c) F<2V™AM? F > 2W8H* F <2U*W~2K?H. Then
UV2W2F < UV2W?2min{V =M W=3qT, W ¢TH* U *W 2 K?*H}
< UVEW2(VAM) 2 (U *W2K2H)?
= WH?*MK < Ylog ¥ N.
(d) F <2V—4M2 F > 2W8H* 2U*W—2K?H. Then
UV2W?2F < U*VAW?2 min{V 4 M? W 8qT, W4 qTH*, U *W 2¢T,
U W SqTK*H}
< UVEW2(VAM2) s (W HqTHY) 2 (U W 2¢T) s
x (U W S¢TK?H)3s
= (¢T)*MHK? <« Y=
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(e) F > 2V 4M2 F < 2W—8H* 2U *W~2K2H. Then
UV2W?2F
< UVAW2 min{V 4T,V 2qTM?* W 8H* U W 2K?H}

S5

< UAVEW2(V—4qT) 56 (V2T M?) 16 (WS HY) s (U W 2K?H)>
= (qT)fMsHK < Y'~¢.
(f) F>2V—4M2 F <2W 8H* F > 20 *W2K2H. Then
UV2W?2F
< UPV2W2 min{V 4T, V= 2qTM?* W=8H* U*W~2¢T,
U WSTK?*H}
< UPVEW2(V—4qT) 76 (V12T M?)is (W3 H*) s (U *W ~2¢T)?
= (¢T)sMsH?> <Y'~¢.
(g) F>2V~4M2 2W-8H* F < 2U*W2K2H. Then
UV2W?2F
< UV2W2 min{V 4T,V —2qT M? W3qT, W *¢T H*,
UMW 2K?H}

L

< UPVEW2(V 44T T (V2T M?)3s (W4T HY) 2 (U W 2 K*H)>
= (T)*M» HiK < Y'"°.
(h) F > 2V=4M?2W-8H* 2U 4 W2K2H. Then
UV2W2F < UV2W2min{V—4 V- 12M2 W8 W2 HY U~ W2,
U PW-CK2H}qT

< U2V2W2(V_4)%(V_12M2)% (W_g)%(U_‘lW_Z)%qT
=¢TM: <Y'©.

Combining the above, we obtain (9). Hence, Lemma 9 follows.

LEMMA 10. Under the assumption of Lemma 7, suppose that M and H
lie in one of the following regions:

(i) YH « M<vH, M EYH <« H< M ivE,
(ii) YE « M< Y™, M B3YB<«H< M iVE
(i) Vi <« M<Yh,  MBYH <« H< MV,
(iv) Vs < M < Y566, M-BYHE <« H < M-ty
(v) Vi<« M< Y™, M EYE <« H< MYH,
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(vi) Y6 « M <Y, Y <«H< M 3YT:;
(vii) Vs <« M <Y, M 3YH < H< MY,
(vili)  VH < M<Y®, Y < H< MY,

(ix) V5% <« M < Y%’ Vs « H< M_IY%;
(x) Y5 < M < Y650, Y55 « H< M~ 9Y 57,
)  YB<M<Y®, v <m<MYH
(xii) Y%<<M<<Y%, Y%<<H<<M—%Y%;
(xiii) Y8 « M< Y, YH <«H<MSYE,
(xiv) M M<YH, YH<H<M 3YH
(xv) <M<Y, YH<H<MYH,

Then (8) holds for To <T <Y.
Proof. In the regions:
Y <« M <Y, M TOY® < H< MBYT;
Y% <M<Y, Y% < H<M Y5,
Vi « M<Y?, Y% <H<KM 'Y,
we apply Lemma 9 with condition 1).
In the regions:
Y8 « M< Y5, M BYE < H< M 3Yi;

16

Yyisee <« M <Y, Y155 <« H< M 5Y10;

Y <« M< Y%, Y <H<M Y,
YH <« M<Y®, Y <H<YS:
Y8 <M<Y, Y5 <H<M 5V,

we apply Lemma 9 with condition 2).
In the regions:

Yt « MY, M3YH < H< MY,
YH < M<YH, MY < H< MPYH;
Y& « M<Y5, MBYH < H< MY,
Y% <« M < Yo, My

Y
Y <« H< M7LYs;
Ve « M< Y, M W% «H< M YT,

we apply Lemma 9 with condition 3).
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In the regions:
YH <M<Y, M 3YE<H<M 1Y%,
Y8 « MY, M3Y®h <«H<M iYH,
Y« M<YS, M3Yh <«H<M3YH,
we apply Lemma 9 with condition 4).
Putting together the above regions, we get Lemma 10.

5. Mean value estimate (IIT)

LEmMA 11. Under the assumption of Lemma 7, suppose that M and H
lie in one of the following regions:

() Y« MV, MY <« He M By,
(if) YES « M< YR, M BY® «H< M By
(iii) YEB « M< VS, Y& <« H< M BYTH,

(iv) YH <« M < YT, M-BY S « 0 M-BvE

Then (8) holds for To <T <Y.

Proof. First we show that (9) holds for ' = 1/n = Y/(¢Q), providing
M and H satisfy the following conditions:

MH<Y®, MBH<LY®H, Y% < MH,
H /M < YT, Y% <« M®H, Y5 < H.
We apply the mean value estimate and Haldsz method to M?2(s,x)
x H(s,x), H%(s,x) and K?(s,x) to get
I < U*V2W2Y "1 Flog® N,
where
F = min{V*W=2(M?H + ¢T),V*W2M?H + V- 2WS¢TM*H,
WI2(H 4 qT), W= 12H5 + W3¢ H® U~4(K? + T),
U K? + U 2qTK?}.
Consider the following cases:
(a) F <2V—4W 2 M?H,2W~12H% 2U~*K?. Then
UV2W2F < U*V2W2 min{V W2 M?*H, W~ 12HS, U *K?*}
< UPVEW2(V AW TAMEH)E (U K?)?
=WH>MK < Ylog P N.
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(b) F < 2V—4W—2M2H 2W~'2HS F > 2U-4K?2. Then

UV2AW2F
< UV2W? min{V W 2M?H, W2 H® U*¢T, U 12T K?}

< UAVEW2(V AW 2 M2H): (W2 HS) 55 (U~ 4qT) % (U 2T K?)
= (T)=MHK™ < Y'~*.
(c) F<2V*W2M?H,F > 2W~12HS F <2U*K?2. Then
UV2W?2F < UVAW? min{V AW 2 M?H, W 2T, W —30qT HS, U* K?}
< UPVEWA(VAW2M2H): (U 1K?)?
—WH*MK < Ylog ¥ N.
(d) F <2V—*W—2M?H,F > 2W~'2HS 2U~*K?. Then

UV2AW?2F
< UPV2W2 min{V W2 M2 H, W =2¢T, W =35¢THS U~*¢T,

U~ '?qTK?}
< UPVEW2(V AW AM2H) = (W —35qTHO) 5 (U—4qT) 5 (U~ 2T K?) 7
= (qT):MH3K% < V'
(e) F>2V AW 2M?H,F <2W12H6 2U-4K?. Then

UViW?2F
< UVAW2 min{ V=AW 2¢T, V12w =SqT M?H, W2 H® U K?}

< UVEW2(V AW 2qT) 5 (V-2 W SqT M2 H) 2 (W2 H%) 2 (U~ K?)2
= (T)EMUEH?K <Y
(f) F > 2V AW 2M?H,F <2W~12H% F > 2U~*K?. Then

UV2AW?2F
< UAVAW2 min{V AW 2qT, V- 2WSqT M?*H, W12 H®,

U~4qT, U 2qT K?}
< U2VEW2(VAW 2T (W 2HO) = (U~ 4¢T) 5 (U 2qT K?)2

= (T)PH K™ <Y,
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(g) F>2V AW 2M2H,2W12HS F <2U*K?. Then
UV2W2F < UV2W? min{V=4W =2¢T, V- L2W =SqT M?H, W 24T
WfSGqTHB’ U*4K2}
< UVEW2A(V AW 2T (V-2 W SqT M2 H) ™
x (W38T HO) 5 (UK?)>
= (T):M%H?K < Y'"°.
(h) F > 2V 4W—2M?2H,2W ~12H% 2U-*K?. Then
UV2W2F < U*V2W2 min{V W2 V- 2w Sm2H, w12,
W—36H67 U—47 U_12K2}qT
< U2V2W2(V*4W*2)% (W712)% (U*4)%(U*12K2)iqT
=¢IK™ <Y,

since Y3 < MH (the latter follows from Y5 <« M2H and Y 155 < H).

In every region, our conditions are satisfied. So the proof of Lemma 11
is complete.

LEMMA 12. Under the assumption of Lemma 7, suppose that M and H
lie in one of the following regions:

(i) YRS <« M LY,

29

s

M 5BYH « H< M-HY1E,
(i) Y%<<M<<Y%, M~ %Y873<<H<<M oy,

Then (8) holds for To <T <Y.

Proof. First we show that (9) holds for T'= 1/n = Y/(¢Q), providing
that M and H satisfy the following conditions:

M’H<Y®, MUH<YT, Y15 < M,
MsH<YTs, Y <MBH M<Y?.
We apply the mean value estimate and Haldsz method to M?(s, ),
H%(s,x) and K?(s,x)H(s,x) to get
I < U*V2W2Y "1 Flog® N,
where
F = min{V (M2 + ¢T),V*M? + V2T M? W 2(H® + ¢T),

W 2HS  W3CqTHS, U W (K?*H + ¢T),
UMW 2K?*H + U W %TK?H}.



234 C. H. Jia

Consider the following cases:
(a) F <2V ~4M2 2W 1216 2U4W2K2H. Then
UVEW2F < UV2W2 min{V M2, W-12HS, U W2 K?H}
<UVEW2(V4M?): (U W 2K2H)?
—WH>MK < Ylog P N.

< - , - , B> - - . en
(b) F < 2V~4M22W~12HS F > 2U*W~2K2?H. Th
UV2W?2F
< UVAW2min{V—4M?2 W 2HC U*W 2¢T, U 2W S¢qTK?H}
< UAVEW2(VAM2)s (W12 HO) 2 (U4 W 2qT) 8 (U~ 2W ST K2H)
= ()EMH#HK™ < Y'¢,
(c) F<2V M2 F >2W 12HS F < 2U*W~2K2?H. Then
UV2W2F < U*V2W2 min{V~*M? W~ 2¢T, W 35qT HS,
U'WK?H}
< UPVEW2(V M2 (U4 W 2 K2H)*
=WHMK < Ylog P N.
d) F<2V-4M2 F > 2W~12HS 2U4W2K2H. Then
(
UV2W2F < UV2W2 min{V M2 W2¢T, W 35¢THS, U~ *W 24T,
U BPW-CSTK*H}
< UPV2W(V—AM2) s (W —30qT HO) % (U~ W —2qT) %
x (U W S¢TK2H)7™
= (qT):MHP K% < Y175,
(e) F>2V—4M2 F < 2W~12HS 2U~4W~2K2H. Then

UV2AW?2F
< UPV2W2 min{V 4T, V- 2qrM?* W 12H® U W 2K?H}

< URVEW2(V—4qT) 5 (V- 12qTM?) 3 (W2 HO) = (U W2 K2 H)?

= (qT)EM©=HK < Y'"°.
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(f) F>2V—4M2 F <2W-2HS F > 2U*W~2K2H. Then
UVEW?F < UV2W2 min{V 4T, V12T M? W~12HS U—*W 24T,
U R2W-STK*H}
< UPVEW2(V 4T3 (V12T M?) 3 (W12 H0) 3
x (U™*W2¢T)?
= (D)= M=H? <Y
(g) F>2V—*M? 2W~12HS F < 2U*W2K?H. Then
UV2W2F
< UPVEW? min{V 4T,V 2qTM? W =2¢qT, W —35¢T HS,
U'W2K*H}

L

< UPVEW2(V 4T 5 (V- 2qTM?) 7 (W 0T HO) 3 (U™ W K2 H)?

= (T)*M%HiK < Y'°.
(h) F > 2V—*M? 2W—2HS 2U~*W2K?H. Then
UV2W?F < UV2W2min{V 4 V1202 w12 w36 ge U—tw =2,
U W CK2H}qT
< U2V2W2(V_4)%(V_12M2)714 (W_12)T12 (U_4W_2)%qT
=¢TM= <Y'e,

In every region, our conditions are satisfied, so the proof of Lemma 12
is complete.

LEMMA 13. Assume that PQRK =Y, ¢ < Q, x s a character mod q,
P(s,x), Q(s,x), R(s,x) and K(s,x) are Dirichlet polynomials and G(s,x)
= P(s,x)Q(s,X)B(s,X)K (s, x). Let n = ¢Q/Y, b =1+1/logN, Ty =
logs? Y. Assume further that for Ty < |t| < 2Y, P(b+it,x)Q(b+it,x) <
log_é% Y and R(b+it, x) < log_é% Y. Moreover, assume that

Y155 <« R<Q

and that P and Q) lie in one of the following regions:

W Y < PLYS,  PTY® Q<P
(ii) Y <« P< Y150, Plv# « 0 < Py,

(iii) Y% <Pk Y%7 P_IY% <Q K P—lyg;
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(iv) Y9 < Py, Pyt <<Q<<P &y,
(V) Y% < Pk Y%, Y135 < Q < P~ 28 28091

Then (8) holds for To <T <Y.

Proof. Let m =pq, h =r.
(a) On applying Lemma 10 with region (vi), we see that (8) holds under
the conditions

PlYTm <« Q< PTIY®, Y15 < R< Q< (PQ) Y10,
which can be written as
Pyt <« Q< P7lY®, Y35 < Q< P 6Yi, Y5 < R<Q.
In the regions:
Vi « P Y30, P lyts <« Q< Py,
Yo K PLY?0, Y5 < Q< PTY®,
the above conditions on P and () are satisfied.

(b) On applying Lemma 10 with region (viii), we see that (8) holds under
the conditions

PlY®w « Q< P7lY®, Y <« R Q< (PQ)TY ™,
which can be written as
PlY®m « Q< P7lY®H, Y5 < Q< PsYS, Y5 < R<Q.

In the regions:

Y0 « PLY™, PlYw <Q<P;

Y% <« P<Yeo, Plysm<«Q< PV,

Yo « PLYS0, Y15 < Q< PV,
the above conditions on P and () are satisfied.

(c) On applying Lemma 10 with region (ix), we see that (8) holds under
the conditions

PlY® « Q< P7lY®H, Y5 <« R< Q< (PQ) Y,

which can be written as
16

PlYH <« Q< PlYH, Y <Q<P2Y&, Y <R<Q.
In the regions:
Y7 <« P<Y3, PlYs <« Q< P;
YH <« P<Y, PlYys <« Q< P Y,
Y « PLY TS5, Y5 & Q< PTYS,

the above conditions on P and () are satisfied.
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(d) On applying Lemma 10 with regions (x), (xii) and (xiv), we see that
(8) holds under the conditions

89

PlYH « Q< PlYs0, Y5 « REKQ< (PQ) 9V,

3

which can be written as
PIYS <« Q< PlYH, Y <Q<P &YH, Vi K RKQ.
In the regions:

Y% « P<YUss, Plys « Q< P 6y,

YT <« P< Y2, Y15 < Q< P oty

the above conditions on P and () are satisfied.
Putting together the above regions, we get Lemma 13.

LEMMA 14. Assume that PQRL =Y, g < Q, x is a character mod gq,
P(s,x), Q(s,x) and R(s,x) are Dirichlet polynomials, and

x()

F(s,x) = P(s,X)Qs,X)R(s,x) p_ 7.~

I~L
Letn=qQ/Y,b=1+1/logN, T\ = \/TM Moreover assume that
Y15 < R<Q
and that P and @ lie in one of the following regions:
(i) Y
(ii) Y
Then for Ty <T <Y, we have

<<P<<Y%7 Y%<<Q<<P;
<P<YH, Y# <Q«<P Byss,

3
L
46

2T

1
(10) min? <77’T> Z S|F(b+z’t,x)|2dt<<n2Y*5.

X (mod q) T

Proof. Let m = pg and n = r. An application of Lemma 6 yields that
(10) holds under the following condition:

(a) M<Y®0, N<M 'y,
By the van der Corput method, it can be shown that for 73 < |t| <Y,

1
lb+zt Z q

I~L a= lq

<L Y0,

1
btit
el /g (b +a/q)

where Jg is a small positive constant.
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Using a similar discussion to that for Lemmas 7 and 8 with regions

(i)—(vi) and (viii)—(xii), we can see that (10) holds under the conditions:
(b) Y <« M <Y, MY <« N< M~sY 3.

(c) Vi « M <V, MY®% <« N< M1y,

(d) Vi « M <Yi, M YV#H < N< M Y?,

(e) YVio <« M <Y 5, MY « N< MiYs;

(f) B<M<Y?, M7Y#% <« N< M BYS;

(g) Y3 <« M < Yien MY <« N < M~ 'Yst,

(h) YVien « M< Y550, M-Y% <« N< M By,

(i) YHED <« M LYHR0, Y5 < N< M By,

In the regions:

16

Vi « PLY 6, Y% < Q< P
Yize « PLY5, Y15 < Q< P Y,
condition (a) is satisfied.
In the regions:

ly s < Q < P;
5 L Q K Py
< Q< P lyds,

Y1z < P < Y05,
143

P~
Yois « P<L Y1586, YT
Y15

W
cn‘@ ‘m

YT « P < Y 10305
either condition (a) or (b) is satisfied.
In the regions:
y%«P«Y%, plyées < QK P
Y « P < Yiws, PUlyss « Q< Polyso;
Y5 « PLY 30, Yis < Q< PY550,
either condition (a) or (c) is satisfied.

In the regions:

Y « P<L Y900, Py <« Q< P;
Yin « P<Y2m, Plys <« Q< Py,
Ym0 « PLYT0, Y5 <« Q< Py,

either condition (a) or (d) is satisfied.
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In the regions:
Y500 « P < YTit,

P L QK P
Yis <« P< Y150, P!
Y

< Q< PTlY R,
Y% <« PLYTm, Y5 Q< PYH,
either condition (a) or (e) is satisfied.

In the regions:

Yis « PLY®, PlYB<Q<P;
V& « P<YT80, PlYH <Q<Plyw,
Yiso « P<L Y155, Y155 < Q< Py

either condition (a) or (f) is satisfied.
In the regions:

Y% <« PLY®i0, PYH <Q<P;
Yon <« PLY™, PlY7 <« Q< Py o,
Y5 « PLY®1, Yi% « Q< Py,
either condition (a) or (g) is satisfied.
In the regions:
Yomw < PLYis, PTlYin <« Q< Py
Vi « PLY®i, PTlyim « Q< PRy s,
Y3 <« PLYS, Y PRy
< PKYs, LK ;
either condition (a) or (h) or (i) is satisfied.
Putting together the above regions, we get Lemma 14.
6. The remainder term in the sieve method

LEMMA 15. Suppose that MH < Y'7%/Q, MHL =Y, a(m) = O(1),
b(h) = O(1), ¢ < @, x is a character modq, M(s,x) and H(s,x) are
Dirichlet polynomials, and

x(1)

F(s,x) = M(s,x)H(s, x) s
I~L

Let n =qQ/Y,b=1+1/logN and Ty = \/L/q. Assume further that for
Tl < T < Ya

2T

1
.2 - 2 2y —e
(11) min (n,T) E S |F'(b+it,x)|dt < n°Y "¢,
x (mod q) T
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Then for N < n < N + A, except for O(Alog™® N) values, we have

1 Y _B
b(h 1-— . =0(Y1 N).
S ampm( Y e ) =00l )
m~M, h~H mhl+p=n
(m,n)=(h,n)=1 N-Y <p<N
mhl<2Y
Proof. Set
o = > ampkh) Y1
mn~M, h~H mhl+p=n
(m,n)=(h,n)=1 N-Y<p<N
mhl<2Y
+5
:S > a(m)b(h)e(Bmhl) > e(pf)e(—nb) db
L mhl<2Y N-Y<p<N
@ g~ M, h~H
(m,n)=(h,n)=1
and
(12)  S(0,n) = > a(m)b(h)e(0mhl)
mhi<2Y
m~M, h~H

(m,n)=(h,n)=1

= Y am)b(h)e@mhl) S pu(dr) Y p(da)

mhl<2Y di|n da|n
m~M, h~H dyi|m da|m
= 3 uld)uld) S a(m)b(h)e(@mhl)
di|n, dz2|n mhl<2Y
d1|m,d2\h
= Z + Z* 231(9,n)+52(0,n),
d1|7’L,d2|TL d1|n,d2|n

di,d2<log'*¥ N

where “x” denotes that one of dy, ds is larger than logmB N. Let

Ss(0)= D eph).

N-Y <p<N
Then
2
‘ [ $2(0,1)S5(0)e(—n0) d@)
E>
1 1

< \I52(6,m)% a0 | |55()|” do
0 0
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1 . 9

<dmy| ] S a(m)b(h)e(9mhl)| do
0di|n,dz|n mhl<2Y
dl\m,d2|h

<dzmy YN &)

din,daln  r<2Y
dl ‘T, dgl’r‘

By Lemma 1, the last expression is

* Y
< dS(n)Y log® N Z ([dl ] + Y€> < ds(n)Y?log "B N.

di|n,dz2|n

By Lemma 1, except for O(Alog™? N) values, ds(n) < logBT2 N. So,

(13) g S5(6,n)S3(0)e(—nb) df = O(Y log™? N).

E>

Next,

(14) ‘ | 51(6,7)S5(0)e(—n0) de‘
E>
< ¥ 3 H 3" a(m)b(h)e(@mhl)Ss(0)e(—nb) do|.

d1<log'?B N dy<log!?B N FE2 mhl<2Y
dl‘m,dglh

Let
Su0)= Y. a(m)b(h)e(mhl).

mhl<2Y
m~M, h~H

In the following we shall estimate

(15) = Y ] | 51(0)S5(0)e(—n0) d&‘Q.

N<n<N+A E,

We have
D= ) | S1©)8s(9e(—ng) de | Si(a)Ss(a)e(na) da
N<n<N+AE, E,
< | Iss@sa(©1ds( | sit@sa(@lmin (4, 1L ) da ).
Now,

[ 154(a)Ss(a) min <A, ! >da

A o2l
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1

< ( S |53(a)2da)2( S |S4(a)|? min? <A’M> da>é

E2 E2

<Y? sup ( S |S4(c)|? min? <A, 1) da) 2.

€e0,1] \ g, lao =&

Consequently,

2

1
(16) Y, < Y2log!N sup < X |S4(a)|? min? <A, > da>
¢e0,1] \ g v =&

In order to prove
Yy < AY?1log 2B N,

we have to prove that

(17) g 1S4(@)|? da < Y log™ 2P N
D(§)
uniformly for ¢ € [0, 1], where
log! 288 log! 288 N
D©) = (- 5N er N np,

Let

a 1 a 1
Ja: = 7_777—’_7 )
(@9) (q Q" q qQ>

J(a,q) — I(a,q) if ¢ <log” N
Q — ) ) 9
(a,9) { J(a,q) if ¢ > log® N.

Note that 1/(¢Q) > 1/Q? = (41og'*®*® N)/A. By a simple argument (see
Section 5 of [17]), D(§) can be covered by at most two {2(a,q). The proof
of (17) reduces to showing that
(18) max S 1S4(a)|? do < Y log 2B N.

(@21 2(@a)
Let a« = a/q+ B with § € &(q), where

log?? N 1 B
g Sﬂé} if ¢ <log™ N,
{ qY d qQ

P(q) = )
{ﬁ:|ﬁ|§} if ¢ > log? N.
qQ

Let I' = max(q?,log?®*® N) and I > ¢¢ log"**® N.



Ezceptional set of Goldbach numbers 243

Assume that d; = (m,q), d2 = (h,q), 1 = q/d1, g2 = q/d2, M1 = M/d;,
Hy, = H/dy, d = didy/(q,drd2), ¢ = q/(q,drd2), and d = (I,¢"). Then

(19) Sa(a)= > a(m)b(h)e(amhl) + 3" a(m)b(h)e(amhl)
d?ﬁgi,gjgyf mhl<2Y

= S5(C¥) + 56(04),

where “’” denotes that one of dy, ds, d is larger than I
Let 3" be the part of 3" with d; > I'. Then

| ‘ S a(m)b(h)e(amhl)rda

2(a,q) mhi<2Y

(O

< ‘ ZH a(m)b(h)e(amhl)‘Qda

0 mhi<2y
2 8 d3 (k)
<> ) dir) < Ylog® N Y .
klg <2y klq
k>I'  k|r k>I

1>
< Ylog® N - qf < Ylog™1208 .

Hence,
(20) g 1Ss()|? da < Y log 29PN,
2(a,q)
Next,
Ss(@)= > > > almd) Y b(ludy)
dilq da|q my~M; hi~H;
di < do<I’ (m1,q1)=1 (h1,q2)=1
U
x y e(W)e(ﬁdldgmlhll)
m1h1l§2Y/(d1d2) q
(L,¢")<r
= Z Z Z Z a(mydy) Z b(hids)
dilg d2lq dlg¢ mi~My hy~H;
di<I' do<I’ d<I' (m1,q1)=1 (h1,q2)=1
d'mihil
X Z e(arnlllll)e(ﬁddldgmlhlll),
m1h1l1§2Y/(dd1d2) q

(l1,q"")=1

where ¢"=¢’/d and l;=l/d. We have ¢'| ¢ and (m1,q1)=1, so (m1,q")=1;
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¢ | g2 and (h1,q2) =1, so (h1,q') = 1; and (ad’,q") = 1. Therefore

@) | [Ss(@)*do
2(a,q)

<<q5 Z Z Z S Z a(mldl) Z b(hldg)

dilg  da2lg dlg’ P(q) mi~M; hi~H,
di<T da<I' d<I (m1,q1)=1 (h1,92)=1
d'mihl 2
X 3 e(‘m},“>e(ﬁdd1d2m1hlzl) dg.
’n‘L1h111S2Y/(dd1d2) q
(l1,q")=1
In the following we first assume that dy = do = d = 1 and set
amhl
SHEOEEY a(m)b(h)e< >e(ﬁmhl).
mhl<2Y q
m~M, h~H
(mhl,q)=1
We proceed to prove
(22) 1S:(B)Pdf « —F—+Y'72
‘P(Xq) qlog™ N
We have
1 _
$16) = =5 S x@r®@ > alm)x(m)b(h)x(h)x(D)e(Bmhl)
g x (mod q) mhl<2Y
m~M, hH
1 _
= m Z xX(@)T (X)W (x. B)
X (mod q)
w(q) a(m) b(h)
+=2 Y =) e
q mn~ M m ~H h r<2Y
(m,q)=1 (h,q)=1
= Ss(B) + So(B),
where

_EOSOE;]) Z a(;j) Z b(hh)Ze(ﬂr).

m~M h~H r<2y
(m,q)=1 (h,q)=1
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E
When ¢ <log™ N,

[ 1s0)Pas < 5 | | X eton)] as
®(q) P(q) r2Y
v dg Y

1
<L —= —_— L —.
2 2 E

q log?F N/(q¥) B qlog™ N

When ¢ > log” N,

1 2
1So(B)? dB < — e(Br)| df < = < ———.
#{q) ? q2§‘r§Y 2 qlogf N
So, we always have
Y
23 So(B)|? df < ————.
(23) qb(Sq)l o(B)"dB Tlos” N
By Lemma 2,
rre}
(24) | 1Ss(B)Pds <logN D | [W(x.5)ds,
?(q) X (mod q) — =45
and
W, B8) = > (\r)x(r) = Eol)e(Br),
r<2Y
where
A= Y afmp, =20 5 A s
mhl=r q mn~ M m h~H
mn~M, h~H (m,q)=1 (h,q9)=1
By Lemma 3,
Q
| weeprds
~7q
< Ogo ) ST () Ef)fdx
away) — L0
@Q)* LV o
1<r<2Y
1 2y 2
- or ) > ) - EoD)| de+ 0@ 10g* V).

(qQ)? z<r<z+4qQ/2

The contribution of the term O(Q*log* N) to (24) is O(Y'1~¢).
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By Theorem 2 on p. 34 of [15],
2
S Y )| <@ X DOIP < @@ log® N

x (mod q) z<r<z+qQ/2 z<r<z+qQ/2

Z’ S EOI’2<<(qQ)2.

X (mod ) z<r<a+¢Q/2

and

Hence,

Y1—25

;S Z( 3 (A(T)X(T)_EOI)IQCZ%(Yl_e.

2
(9Q) (¢Q)?% x (mod q) z<r<z+qQ/2

By the discussion in Lemma 6 of [19] (see also (24) of [17]), we have
2y

(qéW Iy ‘ > (Ar)x(r) — EoI)

Y1-2e y (mod q) x<r§m+QQ/2

log N
W 1728up sup
Y1-2: <V <2Y qQ/(20V)<n<204Q/V

3§/ Z ’ Z ()‘(T)X(T)—EOI)‘de.

V x(modq) z<r<z+nz

We only estimate for V =Y and n = ¢Q/Y the quantity

dx

‘2

<

1 3Y

@) m=n Y (] T 0o - |

2
(QQ) x(modq) ¥ z<r<z+nz

The others can be dealt with in the same way.
Assume M H < QY ~¢/,/q. The trivial estimation yields

> A)x(r)
r<r<z+nx
= > alm)x(m) Y b(h)x(h) > x()

m~M h~H z/(mh)<l<(z+nz)/(mh)
xr
= Y atmnn) 3 vt (522 22 o)
mn~ M h~H q
=nzEyl + O(qgMH).

Hence,

1
Y3 & ——=qY(¢MH)? < Y'5,
P (gt M)
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We can assume

(26) MH > QY :
V4
Let b=1+41/log N, MHL =Y. Perron’s formula yields
b+1iY
1 1+7n)*—1 R
(27) Z A(r)x(r) = 3 S F(&X)(Z)ﬂ? ds +O(Y®).
z<rz+nz b—1Y

If s=0b+it and |t| < ¢1L/q, by Theorem 1 on p. 447 of [16], we have
l L 1-s L 1-s
3 x() _ el (e2l) (e1L) +0<§>-

e1L<l<esL s q 1—s
Moreover,
L+m)°—1 1+n)°—1
( Z) z* = na® 4+ O(|s|n’x), (tn)? -1 Z) r° L n.

Let Ty = /L/q. Then

b+iTy

1 (1 + 77)5 —1 s
2t ) Fs, X)fm “
b—iT,
b+iTh 1- 1=
1 Ly " —(alb)y
=nEy ela) 1 S M(s,X)l‘I(SJO(C2 ) OB
qg 2mi J 1-s
b—iTh
+ O(Sl) + 0(52)7
where
T
Slz%nyg |M (b + it, x)H (b + it, x)| dt,
7T1
T
Sy = 2Y SMﬂb+#%ﬂﬂb+wxﬂﬁ‘
7T1

By Lemma 4, the contribution of S; to (25) is

< (%IQ)QY<Z~qQ>2 o n

x (mod q) -1y

2
q qTy 3 1—e
YT, | = 1 | N Y .
< 1<L> < +MH> og <

T
|M (b +it, x)H (b + it, x)|* dt
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The contribution of Sy to (25) is

(¥ ) ¥

x (mod q) -1,

gQ\? qT
1 3 1—¢
< YTl(Y) (1+ H>log N LY ™=,

T
< |

M (b +it, x)H (b +it, x)|* dt

By Perron’s formula again,

b+1T1
| M(s,0)H(s, )

b—iT,

:nmEOQOE;D > “(mijf(m) 3 b(h)x(h)

h
m~M h~H

nrxEyY* nrEyY*®
o) o

- nrFEyY*® nrxEyY*
—77:):E0]+O< T >—|—O< wE )

(CQL)l_S — (ClL)l_S

%) 1
nEo (9) -
-5

- z°ds
q 271

The contribution of the term O(nzE Y /T1) to (25) is

L (aQY* > oy
< Y( <Y '"°.
(¢Q)? Ty
The contribution of the term O(nzE Y </(MH)) to (25) is
L, (9Qv° ) e
< Y SO
(4Q)? ( MH

Combining the above, we have

log® N
28 My KL —5
o)
3Y  b+2iT
(1+n)° -1 2 1—
F - Y-7F).
legrll%‘XSY Z S‘ S (s,x) . z®ds| dzr+ O( )

X (modgq) Y = b+iT

Let

o(s) = (nr =l +Z)S -

If s = b+ it and |Im(s)| ~ T, then o(s) < min(n,1/T). Thus
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3Y  b+2iT )
F(s,x)o(s)x® ds‘ dx
Y obfar
3y b+2T  b42iT
= de S dsy S F(s1,X)F(s2,x)0(s1)0(s2)x** T52ds,

Y biT biT
b+2iT b+2iT 3y
ccmin? () | Msil | IPGn0FGs2 01| § 0005 de] s
b+iT b+iT Y
b+2iT b+2iT 9 9
. 1 F(sq, + | F(s2,
< min2 <777T>Y3 S ’d81’ | ( 1 i()| ’ 7( 2 X)’ |d82’
b+4T b44T 1+ 51+ 52|
1 2T
< min? <77, T>Y3 log N S |F (b +it, x)|? dt.
T
Consequently
Y3log® N
29) 3 <KL ——5—
29 QP
1 2T
.2 2 : 2 1—¢
X Dax min <n,T> Z S|F(b+zt,x)| dt+0(Y"7°).
x (mod q) T

By the assumption in Lemma 15, X3 < Y''~2. Hence, (22) holds.
In the same way, we can prove

> a(midi) > b(hady) 3 e<ad'TZ/1,h1l1>

D(q) " mi~M hi~H;y mih1l1<2Y/(ddydz)
(m1,q1)=1 (h1,92)=1 (I1,4")=1
2 q65 .
x e(fddydamyhily)| dB < —— 4+ YlTs,
q"log?

From ¢” > ¢'=%log™ "% N and (21), it follows that
g 1S5()]? da < Y log™12°B N.

2(a,q)
Hence, (18) holds. We have
Yy < AY?log *?P N.
In the same way, it can be proved that

2
3 ] | 51(0,7)85(0)e(—nb) do|” < AY? 10745 N.

N<n<N+A E>
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So, except for O(A log™® N) values, we always have

(30) g S1(0,1)S3(0)e(—nb) do = O(Y log~Z N).
E>

If 0 =a/q+ 0 € Eq, then

SO = S glk)e(oki),
kI<2Y
k~K, (kn)=1

where K = M H and

If g1b, then

1<z

From this and Abel’s summation, it follows that

S akedy = Y o) Y (gu m@

kl<2Y k~K 1<2Y/k
k~K, (kn)=1 (kn)=1,q1k
atk
< > d(k)log? N < Y72,
k~K
Y. glkek) =Y g(k) Y e(BkD),
kl<2Y k~K 1<2Y/k
k~K, (kn)=1 (kn)=1,qlk
qlk
2Y/k
Y ekl =\ e(Bkt)dlt]
1<2Y/k i
2Y/k 2Y/k
= | eBrtydt— | e(Brt)d({t})
1 1
1 2Y
=3 S e(Bu) du 4+ O(log*? N)
k
1 o3
=1 Z e(pr) + O(log“™ N),
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hence

_ E : g(k E : 1-2¢
k~K r<2vy
(k,n)=1,q|k

By the same discussion as in Lemma 10 of [7], we have

Z e(pl) = go((;;(li]))g]\f Z e(Bs) + O(Y exp(—cy/log N)).

N-Y<s<N

ng]SV/(qm { ( > g(:)>Ze(ﬂT)

g<log® N (aaqzlz1 —1log2® N/(qY) (k:,vf)wzfl(,q\k r<2Y
1(q) 3 Y
X ——— (ﬁs)e(—nﬂ)}dﬂ + O( 5 .
go(q)lOgNN Y<s<N log” N

Since

log®¥ N/(qY) v

> e X es-ngas =y +0( )

—log?E N/(qY) r<2Y N-Y<s<N 0g

we obtain
Y ma) < ( cm> g(k) ( Y )

2y = el —— +0

' log N <IOZEN¢Q) azl q k;( k log? N

q(_q,ng) 1 (a,q)=1 (k,n)=1,qlk
1 g(k) ( Y )
+0 )
logN <1OZEN ©(q ) k;{ k log? N
= (kn)=1,q|k
Set
- ¥ P2 3 g(k) _ 3 g(k) 12 (q)
wlg) ) k k e(q)
q<logF N k~K k~K q<log® N

(k,n)=1,q|k (k,n)=1
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We have
g(k) 12 (q) 1 d*(k) 1
ke~ KK log® N 08 ke~ I 08
(kyn)=1 7>og
' alk
Consequently,
o= Y QGOEZM%®449< 1 )
= B
ooy w Pla) log™ N
(k,n)=1
k 1
-2 g((k)) +O<1 BN)
ok ¥ og
(k,n)=1
b(h 1
- ¥ a(m)é)+0< - )
me M, h~H p(mh) log™ N
(m,n)=(h,n)=1
Thus
Y a(m)b(h) ( Y >
i = B Lo —5— ),
IOgN mNA/[Z,hNH @(mh) ]ogBN
(m,n)=(h,n)=1
and so

Y a(m)b(h) Y
Y= ———2 40 .
! log N mNMZhNH +
(m,n)=(h,n)=1

The proof of Lemma 15 is complete.
LEMMA 16. Suppose that a(p) = O(1), b(q) = O(1), ¢(r) = O(1),
Y5 < R<Q,
and that P and Q) lie in one of the following regions:
(i) Y
(ii) &
Then for N < n < N + A, except for O(Alog™® N) values, we have

1 Y
3 qNZQ > a(p)b(Q)C(T)< >, 1- o(pgr) log N)

p~P r~R pqrl+pi=n
(pm)=1 (gm)=1 (rm)=1 N=Y <p <N
pqri<2Y

B« P<Yir, Y5 < Q< P

9

P PLY®, Y Q<P RYS,

]
w
<

00

[o)

= O(Ylog P N).
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Proof. This follows from Lemmas 14 and 15.

LEMMA 17. Suppose that M < Y3 and a(m) = O(1). Then for N <
n < N+ A, except for O(Along N) values, we have

1 Y
1— ——. = O(Y log B N).
2 a(m)< 2 p(m) 10gN> (¥ log )
m~ M ml+p=n
(m,n)=1 N-Y <p<N
mi<2Y

Proof. This follows from Lemmas 6 and 15.

7. Asymptotic formula

LEMMA 18. Suppose that QY* < HK < Y'=° MHK =Y, 0<b(h) =
O(1), and 0 < g(k) = O(1). If h has a prime factor < Y?°, then b(h) = 0,
and similarly for g(k). Assume that ¢ < @, x s a character mod q, H (s, x)
and K (s,x) are Dirichlet polynomials,

Moo= 37 At
m~ M

and G(s,x) = M(s,x)H(s,x)K(s,x). Let n=qQ/Y,b=1+1/log N and
Ty = logé% Y. Assume further that for To <T <Y,

2T
1
(32) min? (n, T) > g |G(b+it, x)|? dt < n?*log™%F N.

x (good) T

Then for N < n < N + A, except for O(Alog™® N) values, we have

2. bg(k) = Sg% (1 o (1og1 N>>

hkp+pi1=n
N-Y<p1<N
hkp<2Y
h~H, k~vK
X Z b(h)g(k) Z 14+ 0(Ylog P N),
h~H, k~K Y/(hk)<p<2Y/(hk)
where

S (e )

ptn
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Proof. Set
D= b(hgk) > 1
h~H hkp+pi=n
k~K N-Y<p1<N
hkp<2Y
1+

+
:g > b(h)g(k)e(0hkp) D e(prf)e(—nb) df.
1 hkp<2Y N-Y<p1 <N
h~H,k~K

Q)

In the following we often use the definitions and the argument of Lemma 15.
Write

SO = > Whgke@hkp).  S:0)= 3 ).
e N-Y<pi<N
h~H, k~K
In order to prove
2
(33) Z ’ S S1(6)S2(0)e(—nb) d@‘ < AY?1og 52BN,
N<n<N+A E
it suffices to prove
(34) max S 151 (a)]? da < Y log™'2°B N.

(aig)=1 2(a.0)

Using the argument of Lemma 15, we can deal with the part with
(hkp,q) > I' = max(¢%*,1og”® N) in Si(a). Since (hkp,q) < I' and
b(h)g(k) # 0 imply that (hkp,q) = 1, we need to prove
(35) max S |S3()|? dav < Y 1og 2B N,

<
(aq,g)& 2(a,q)

where

We have
Ss(@) = — > x(a)7(%)

X (mod q)
x> Alm)x(m)b(h)x(h)g(k)x(k)e(Bmhk)

mhk<2Y
h~H, k~K
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v(q)

x (mod q)
b(h k
puly My S
v(9) h~H k~K r<2Y
(h,q)=1 (k,q)=1
where
Wx.8) = Y. Alm)x(m)b(h)x(h)g(k)x(k)e(Bmhk)
mhk<2Y
h~H, k~K
b(h k
oy s s
h~H k~K r<2Y
(h,q)=1 (k,q)=1
Now,
W(x,8) = > (A(r)x(r) — Eol)e(Br),
r<2Y
where
b(h k
M= Y Ampmgr), 1= 3 Moy o)
mhk=r h~H b~ K
h~H, k~K (h,q)=1 (k,q)=1

By the argument of Lemma 15, we need to prove

1 2 _
(6 g > x(@TRW(x,8)| dB < Ylog P N.
@(q) x (modq)
By the explanation in Section 2,
1 - 2
s ) |2 xar W) as
P 5l x bad)
<<%1Og%l\f >, wees)Pas
v x (bad) —
< Xlogng N < i
q log™ N
Since
1 . 2
s V| X x@r@wees) as
2(q) x(good)
¢ w
< W (x,B)|” dB,
v*(q) ) o)
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it suffices to prove

TTe]
> W (x, B)?df < —5—.
X (good) —§1Q log™ N

By the explanation of Lemma 15, we only estimate for n = ¢Q/Y the
quantity

3Y
1 2
G Z=rom 2§ X 00X - B dr
q x (good) Y za<r<z+nx
Perron’s formula yields
b+iY
1 L+m—1, .
Z A(r)x(r) = 9 S G(S,X)fx ds 4+ O(Y*®).
z<rz+nz b—iY

If s=b+it, |t| < 3Y and y is a good character mod g,
A M 1—-s M 1—s
Z mlx(m) _ Eqy (M) (M) +O(log" 52 Y)

ms 1-s

m~ M

(see (4)).
By the argument of Lemma 15, we have
b+iTo
1 (1+n)°*=1,
5 S G(s,x)#m ds
b*’LTQ
b+iTo
_ 1 (C2M) (CIM) s
- nEOTm S H(57X)K(57X) 1—s ds
b—’LTg
+ O(S1) + O(S2),
where
2E TO
S1 =nY (log N)™ s> S |H (b+it, x\)K (b +it, )| dt,
—To
To
Sy = %Y S |H (b+it, \) K (b+ it, )| dt.
—To
By Lemma 4, the contribution of S; to (37) is
0
< Y(logN)~ Z T S H(b+it, \)K (b +it, x)|* dt

x (mod q) —To

qTy
< YTo(logN)_% (1 + HK> log® N < Ylog 2P N.
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The contribution of Sy to (37) is

To

2
~Y<QQ-qQ> > T g |H (b+it, \) K (b+ it, x)|* dt

<

1
(¢Q)? Y

aQ\° qT;
YT £2) (14 222 ) 100° N < VI-e,
< 0<Y><+HK>0g <

By Perron’s formula again,

X (modgq)  —To

b+iTo

(CQM)l_S — (ClM)l_S

Ey — H K

Lo 20 , ST (S’X) (57X) 1—g
—iT,

z%ds

b(h)x(h k)x(k
S ();;()Zg( )g()

h~H k~K
L0 (ijO]l}?gz Y) Lo (nw}?’;{)ﬁ)
—nz - Bl + O (”xEO;SgQ Y) ) <’7”35§{Y6 )
The contribution of the term O(nzEqlog® Y/Ty) to (37) is
< (%12)2 . Y<(]Ql;(;g2y>2 < Ylog EN.

The contribution of the term O(nzE Y *®/(HK)) to (37) is
L qQW)Q -
L —='Y <Y ' °.
(¢Q)? ( HK
Combining the above, we have
logZ N
(4Q)?

3Y

X max E
To<|T|<Y
X (good) Y

b+2:iT
G(s,x)
b+1T

2

dz +O(Y log” ¥ N).

147 —1
(1+mn) o5 ds
S

By the argument of Lemma 15, we have

Y3log? N . 1 2 .
%« g it (ng) 3 l60 it
q 0="= X (good) T

+0(Ylog™® N).
By the assumption in Lemma 18, X5 < Y log™ ¥ N. Hence, (33) holds. Then
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for N <n < N + A, except for O(Alog™ 2 N) values,

(39) S 51(0)S2(0)e(—nb) do = O(Y log™ B N).
E>

If 0 =a/q+ 5 € Ey, we have
510)= Y Ud)e(9pd),

where D = HK and

hk=d
h~H, k~v K
Hence
apd
S0 =Y ud) Y e<p +ﬁpd)
d~D p<2Y/d q
d
=> Ud) Y e<ap +ﬁpd) +0(Yvie),
d~D p<2Y/d q
(p,9)=1
where

P (5 $ ) 3 am

p<2Y/d 1=1 p<2Y/d
(pa)=1 (La)=1 p=l (mod q)

From the prime number theorem in the arithmetic progression, it follows
that

2Y/d
Y. epd)= | e(Bdt)dn(t;1,q)
p<2Y/d 2
p=l (mod q)
1 ZYS/de(ﬁdt)dt+O< Y )
¢(q) J logt dlog®® N
2Y
1 1 e(fu) ( Y )
= . | =L du+0o[—+—).
plq) d QSd log(u/d) " dlog®® N

Note that ¢ < log? N and (d,q) > 1 imply I(d) = 0. So, (d,q) = 1 can be
assumed. Consequently,

d
Z e <ap + ﬁpd)
p<2Y/d q
(p,g)=1
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i () S o5 )

(Lg)=1
ol 1 e(Br) ( Y )
vlg) d,, 2=, log(r/d) dlog®” N
Therefore
1(q) ~— U(d) e(pBr) < Y >
S1(0) = —= - — .
1(0) o(q = d saiZay log(r/d) log® N
Now, set
Yy = S 51(0)5(0)e(—nb) db
Ey
q  log?* N/(qY) a a
= Z Z S 51<+ﬁ>52<+5>
q<logP N a=1 = —10g?¥ N/(qY) 1 1
q)=1
<e( = (§+7)n) @
log?? N/(qY
AN ) Bt q 25 d
q<logf N (aa = —log?F N/(qY) d~D
e(pr) 1
s Z log(r/d) log N Z e(fs)e(=np)df
2d<r<2Y N-Y<s<N
Y
+o< ’ )
log” N

Since

log*® N/(qY')

| S Y e, o e as

~1log2E N/(qY) d~D 2d<r<2Y Y<s<N
2 i(d e(pr
- S (d> Z lo ((r/)d) Z e(Bs)e(=np) db
~1d~D 2d<r<2y 0® N-Y<s<N
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RN ! v
N d Z log(r/d) Z 1+O<10g2EN>

d~D 2d<r<2Y N-Y<s<N
r+s=n
I(d) 1 ( qY >
~Zq et TP\ 2E N )
d~D d 2d<r<Y log(r/d) log“™ N
we have
1 @) < ( an> I(d) 1
ZJ3: 5 Z el — — Zi Z - -
loquélogENSO (@) (aaq:)1_1 17 <D d 2d<r<Y log(r/d)
Y
+0< Y )
log” N

By the argument in Lemmas 11 and 12 of [7], we find that for N < n < N+A,
except for O(Alog™? N) values,

2 q
1™ (q) 3 ( Cm> 1
Z 5 el — =C(n)+ 0O 55 .
q<logE® N ® (q) (aaq:)1:1 q log N

Hence,
Y 1 l(d) Y
Xy = . 1
=0 e (140 (w)) 2 it (e

- lfg(’]@ <1+0<10g1N>> };{b(h)g(k) > 1+O<1q;;zv>'

ke~ K Y/ (hk)<p<2Y/(hk)

The proof of Lemma 18 is complete.

LEMMA 19. Suppose that Y155 < M < Y179 and 0 < a(m) = O(1). If
m has a prime factor < Y°, a(m) = 0. Then for N < n < N + A, except
for O(Alog™® N) values, we have

> am-py(1+0(gx) Tam X

mp+pi1=n mn~ M Y/m<p<2Y/m
N—Y<p <N
mp<2Y
mn~ M

+0(Y log ? N).

Proof. This follows from Lemmas 5 and 18.
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8. Buchstab’s function. We define w(u) as the continuous solution of
the equations

(40) {w(u) =1/u, 1<u<2,

(vw(u)) =w(u—1), u>2.

w(u) is called Buchstab’s function and plays an important role in finding
asymptotic formulas in the sieve method. In particular,

1-+1 -1
w(u):—i—ogu@L)7 2<u<3;
u—1
1+1 -1 1 log(t —1
w(u) = + log(u )—I_*S og(t )dt, 3<u<d
u u 5
u—1
1-+1 -1 1 log(t —1
w(u = sl L tost 2 1),
u u )
u—1 t—1
1 1 —1
_— at S log(s=1) 4o 4<u<s.
(O t 5 S

LEMMA 20. For the function w(u), we have the following bounds:

(i) w(u) > 0.5607 for u > 2.47,

(ii) w(u) < 0.5644 for u > 3,

(iif) 0.5612 < w(u) < 0.5617 for u > 4.

Proof. It is easy to see that 0.5 < w(u) < 1 for 1 < u < 2. Then we
employ induction.

Suppose that 0.5 < w(u) <1lforl <k <u<k+1.UEk+1<u<k+2,
then (40) yields

u—1
(41) vw(u) = (k+ 1wk + 1)+ S w(t)dt.
k

Hence, 0.5 < w(u) < 1 for k+1 < u < k + 2. By induction, we obtain
0.5 <w(u) <1 foru>1.

If u > 2, (40) yields
w(u—1) —w(u)

" )

If 2 < wu < 3, by calculation, we have

max w(24 107%k) < 0.56716.
0<k<104
From (42) and 0.5 < w(u) < 1 for u > 1, it follows that |w’(u)| < % if
u > 2. Using Lagrange’s mean value theorem, we have w(u) < 0.5672 for
2 < u < 3. By induction, we obtain 0.5 < w(u) < 0.5672 for u > 2.

(42) w'(u) =
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If 3 < u <4, by calculation, we have

max  w(3 + 107*k) < 0.56439, min _w(3 + 107*k) > 0.56081.
0<k<10% 0<k<10%

From (42) and 0.5 < w(u) < 0.5672 for u > 2, it follows that |w’(u)| <
0.0224 if w > 3. The above discussion implies that 0.5607 < w(u) < 0.5644
for u > 3. By the same discussion we can also get 0.5607 < w(u) for u > 2.47.

If 4 < u < 5, by calculation, we have

max w(4+ 107%k) < 0.5616, min  w(4 +107%k) > 0.5613.
0<k<104 0<k<104

The above discussion and the fact that |w’(u)| < 0.0224 for v > 3 imply
that 0.5612 < w(u) < 0.5617 for u > 4.
Gathering together the above discussion, we get Lemma, 20.

LEMMA 21. Suppose that € = {n:t <n <2t} and z < t. Let

P(z) = Hp.

p<z
Then for sufficiently large t and z, we have

sEx= 3 12(“’(11252)*0(5))1022'

t<n<2t
(n,P(z))=1

Proof. See Lemma 5 of [9]. If (2¢)2 < z < t, it is the prime number
theorem.

9. Sieve method. Let n be an even number, N <n < N + A, and set

(43) T(n)= E 1.
p1t+p2=n
N-Y<p2<N
p1<2Y

We proceed to show that

(44) T(n) > 0.011- k)g;cyllz):]\f’
where
1 1
(45) C(n)=£<1—w>g<1+w)
Set

A={a:a=n—p, N-Y <p< N}, P={p:pin},

P(z,n) = H p,  S(Az)= Z 1.

p<z acA
peP (a,P(z,n))=1
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Then
(46) T(n) = S(A, (2Y)2) + O(Y?).
Buchstab’s identity yields
(A7) S(A,@V)5) =SAYSE)— Y S(4,p)
Y155 <p<(2Y) 3
=SAYTE) - N (A, V)

16 1
Y 155 <p<(2Y)3

+ Z Z S(Apg: q)-

16 1,16 . 2y \ 3
Y 135 <p<(2Y)2 Y 135 <g<min(p,(2X)2)

The following lemmas always concern N < n < N + A, except for
O(Alog™® N) values. Let

(48) B={n:Y <n<2Y}

LEMMA 22. We have
C(n)Y
logYlog N’

16
13

S(A,YT5) > 4.735124 -

Proof. We have
(49) SAYTH) =SAY) = Y S(A.p).

16
YS<p<Y 135

Let X =Y/log N and

d/o(d), (d,n)=1, - X
w(d):{(),@ (dn)>1 r(A,d):\Ad]—m.

By the argument in Lemma 11 of [8] (see also Theorem 2 on p. 164 and (40)
on p. 171 of [15]),
—
we) = [T (1 “2) =+ oencn;

p<z p

log 2’
where v is Euler’s constant.

Let z = Y% and D = Y 5. Applying Iwaniec’s sieve method (see Theo-
rem 1 of [6]), we have

C(n)Y log D C(n)Y _
6 J— J—
S(A’Y)Zlogzlong<logz> O<1og2N B

where
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Lemma 17 yields R~ = O(Y log™° N). By Theorem 8 on p. 181 of [15], we

have
log D
f(og )ze‘7+0<e2>,
log 2z

where 7 is Euler’s constant. Thus,

e C(n)Y 3C(n)Y
Yo > —— .
S(AYT) 2 ) longogN+O<log2N

In the same way,

C(n)Y log D 6C(n E
o < .
S(AY?) < log z log N F<logZ) +O< log” N> o

m<Y.36
(m,n)=1
-
< e’ C(n)Y Lo (50(;1)1/ ‘
0 logYlogN log® N
So, we have
s\ i' C(n)Y C(n)Y
(50) SAYT) = 5 longogN+O log? N )’

Now,

Z S(Apvp) = Z 1,

Y5<p<YT6 Pg+p1=n
where pg < 2Y, N-Y <p < N, Y% < p< Y%, and the least prime

factor of ¢ is greater than p. Using Lemmas 19 and 21 and the prime number
theorem, we have the asymptotic formula

(51) Y. S(Anp)

Yo <p<y 85
~ C(n) IC(n)Y
" log N Z S(Bpp) + O( log® N

16
Yo<p<Y 135

_ C(n)Y 1 log(Y/p) 0C(n)Y
~ log N Z e plogpw< log p +0 log® N

Yd<p<Y 135
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1 - C(n)Y
longog 72 < >dt+0<log2N>
C(n)Yy ¢ 5C(n)Y
—1)
longogNl?Sowu du +O(log2N

1

_ Oy (1 /1) 135 (135\ (6C(n)Y
~logYlogN |6 \o 16 “\ 16 log? N
—
e’ Cn)Y @w 135}  C(n)Y L0 50(;1))/ 7
16 logY log N log® N

o)

5 logYlogN 16
since

w<(15> — ¢ 1 O()

(see Lemma 12 on p. 179 of [15]). Hence,

w135 (135\ C(n)Y 5C(n)Y
Yi5) = o o) S :
S(A,YEe) 16w<16> longogN+O<log2N

By Lemma 20, we get

S(A YY) > 12 g 5610 C(")YN + O(dC(n)Y>

16 log Y log log® N
C(n)Y
>4.735124 . ——~ 2~
2 4.735 logY log N

The proof of Lemma 22 is complete.

LEMMA 23. We have
Cn)Y

16
Y155) < 6.822470 - ——2—
> S(Ap, Y135) < 6.822470 - sV log ¥

16 1
Y 135 <p<(2Y) 2
Proof. Buchstab’s identity yields

> S(A, YT

16 1
Y 155 <p<(2Y)3

= Z S(AP7Y5) - Z Z S(Apg: 0)-

16 1 16 1 16
Y 135 <p<(2Y) 2 Y 135 <p<(2Y)2 Yé<g<Y 135

Using Lemma 17, in the same way as in Lemma 22, we have
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266
5y — el _coy
16 Z Sy, Y°) = 16 Z , 0 p logYloghN
Y 185 <p<(2Y) 3 Y 185 <p<(2Y) 2
0C(n)Y
+0< () >
log® N
- C(n)Y : dt 0C(n)Y
LT Oy (50T
0 logYlogN [} 1 log® N

w|

135

Using Lemmas 19 and 21, in the same way as in Lemma 22, we have

Z Z S(Apg; q)

16 1 16
Y 135 <p<(2Y) 2 Yd<qg<Y 135

— Y Y sEearo( o)

log N
16 1 16
Y135 <p<(2Y)2 Yi<q<Y 135

_ C(n)Y L[ los(Y/(pa))
B Z Z s Pqlogq ( log g )

log N
Y 135 <p<(2Y) 3 ys <q<Y 135

~o(iv )

Y olatT o1 [1-i- y
) = u2w(z “)du+o(5lc(fiv>
6 r) Og

logY log N 2
i 1(1-1)
Yy ¢ odt O’ 6C(n)Y
- _cY g | we—1dr+ 0<C(§) >
logYlogN } t(1—1) 1550 log® N

1 1

1 C(n)Y 2 1 /1
——-. =77 { Zulza-
0 logYlogN S tw<(5( t)> dt

IS

135 C()Y 1 [135 6C(n)Y
__MMﬂWgNétw<u_w>ﬁ+O<mﬁN

- Y : a1 Y : 1 /1
1 longogN a0t 16 longogN i
S 16

~0(o )
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Gathering together the above discussion and applying Lemma 20, we have

> S(A, YT

16 1
Y 155 <p<(2v) 3

135 C(n)Y ¢ 1 (135 5C(n)Y
= 2 | —w[=@1-1t))dt —

16 logYlog N 86 tw<16( )> +O(log2N

135
135 135 C(n)Y 5C(n)Y
<0.5617- — log | — | -
< 0.5617 16 og(32> longogN+O<log2N
Cn)Yy

< 6.822470 - ——"——.
< 6.822470 logY log N

The proof of Lemma 23 is complete.

We now set

(52) 0= > > S(Apg, q)

16 1 16 1
Y155 <p<(2Y)3 Y 55 <g<min(p,(2X)3)

69 69
ZZ Z S(quv(J):;‘Qia

i=1 (p,q)€D;

where
Dy ={(p,q): YT <p< Vi Y5 <q<p},
Dy ={(p,q): Y <p <Y, v < g <p Ry H),
Dy={(p,q): Y™ < p<Y®, YT < g<p By},
Di={(p,q): Y <p<Y3, plyH < q<pl,
Ds={(pq):YH <p<YTh Y <q<p Bysh),
D ={(p.q): Y% <p< Y70, p7lY®% < q<p 'V},
Dr={(pq): Y% < p<Y®H, YT < qg<p By}
Ds={(p,q): Y™ <p<Y®, p~lYT65 < g<p 'Y}
Dy={(pq): YH <p<Y¥ VT < g<p BysH)
Dig={(p,q): Y® <p<Y#, p Y156 < q<p 'V},
Dt = {(pq): Y <p<Y¥, p V% < g<ptyay,
Dis={(pq): Y# <p<YH v < g<p By,
Dis={(p.q): Y¥ <p<Y®, plyTes < q<p Y},
Diy={(p,q): Y7 <p<Y®, pHYH < g<p 5Y7},
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et N et Nate Nats Nate Nate Hate Nats Hats Hats Hats Nate Nate Bate Nate Nate N ate N ate Hate Nats Hats Nats Hats Nate Hate Hate Bate Nate B et B ata N atn)
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3

3

3

3
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P
YT < p<YR®, YIE <g<p BY

[ N N N N N T e N N N o N N N N N s N N N

Y <p<YEH, Y <g<p BY s},
Y8 <p<YH, plyTes < g<p oty
YH <p<YH, pHYE <q<p V),
Y8 <p<YH, pTly e < g<p iy},
Y8 <p<YH, Y <g<p sy},

Y5 < p< Y0, plyTees < g < perYsor},
Yém < p<Yzon, Yo <q<p_1Y%},
Yo < p < YIS, Y5 < g<p oty ),
Yo <p < YIS, Y < g<p YRy,
Y8 <p<YBO, Y5 <g<p arymr),
Y50 <p<YH0, Y% <q<p OYTY),
Y};g(l) <p§Y%, 55 <q<p—%y%},
Y <p<Y®, Y <q<piYs),
Y8 <p<YH, p Vi <g<pivE},

B <p< YIS, YU <g<p GV},

8

B <p< VIR PV <g<p BYTHY

Ol
Ol

<p<YTE, pBYTH < g<plY ),

@‘(&'
Ol

-
o
IS

Yt < p< Y™, Y5 <g<p oryn}

1649

<p<YHE, pHYS <q<p BYTF)

il
Y < p< Y7, pdY T < g<piY ),
YR <p<Y3, Y5 <qg<p tTYwr},

YR <p<vVH, p BYH <qg<p By,
YH < p < Y%, p_%Y% <qg< p_%Y%},
Y# <p<Yim, p8YH <q<p BY ),
Y <p<Yiow, pohY it < g<p Y}
Yﬂ 1823 _ 70 34 58 85

1620 < p< Y425, p Y < g<p WY 1T}
1620 <p§y%7 _%YW <q<p_%gYT},
6 }

Yﬁ <pgy%7 p_49yﬁ <q<p_TYT}7
YR < p<YI, VB < <p YT}
YT <p<YH, Y5 <qg<p
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Dig={(p.q): Y <p< Y&, p By <q<p 5YH},
Diz={(p.q): V¥ <p<Y&, p SYE <q<p iV B},
Dys={(p.q): Y™ <p< YT, Y5 <g<p wYHi},
Dig={(p,q): Y <p <Y, p YT < q<p HY 3},
Dso={(p,q): V¥ <p<Y1ii, p BY® <q<p i1YH},
D5y ={(p.q): Y11 <p< Y750, YIE <g<p WY},
Dsy = {(p,q): YTi5 < p <YW, p BV < g <prVa},
Dy ={(p.q): Y5 <p<v8, p-ByH < g < piythy,
Dss={(p,q) : Y% <p< Y9, p 0V H < q<prVir},
D55 = {(p,q) : Y? < p < Y1560, p Y12 <q<p_%Y%},
Do ={(p.0): Y1 <p <y, piy¥ <q<plydy,
Ds7 = {(Pﬂ):y% <p< Y%, Y 155 <q<p*%Y%}’
Dss = {(p,q): Y556 < p< Y%, p 8YVH < q<prya},
Dsg={(p,q): Y™ <p<Y%, Y15 < qg<pTY7},

Deo = {(p.q) : V¥ <p<Y#, Y <q<p Y6},

Dg1 ={(p,q) : Y53 <p<Yé®n, Y35 <q<p_%Y§*3}’
Des={(p,q): Y B <p<Y# vH < g<plyiy,

Doz ={(p,q): Y8 <p<Yi3, Y15 <qg<p 3V},
Des={(p,q) : Y5 < p<Yim, Y% < q<p Sy %},

Doz ={(p.a): Y <p <y vl << p ¥y,
DGG:{(P,Q)iy% <p<Y§§(1)7 p—%y;; <q<p_%Y%}7
Der ={(p,q): Y <p< Y™, V¥ <q<p Y e}
D68:{(p7Q)ZY% <p<Y%, Y 155 <q<p’%Y%},
Doy ={(p,q) : Y <p<YZ, Y% <q<p 'Y}

10. Bounds of the sieve functions
LEMMA 24. We have
01 + 014 + 7 + Shg + (291 + (293 + (295 + (207 + (298 + (234
+ (234 + (237 4 (239 + 241 + 243 + 244 + Q45 + 248 + (251

C(n)Y

>0.422726 - ————.
- logY log N
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Proof. We have
{1 = Z Z S(Apg: ) = Z 1,
Y <p<Y 3 p SY D <q<p SY pqripr=n
where pgr <2Y , N-Y <p; <N, Y & <p< Y%,p*gY% <q <p*%Y2l47
and the least prime factor of r is greater than q.

Let h = ¢ and k = r. By Lemma 8 with region (i), (8) holds. Then
Lemmas 18 and 21 yield

C(n) eC(n)Y
= o N Z Z S(qu’Q)+O(log2N)

10 17 17 _6_ 17 _1 7
Y63 <p<Y57 p 5Y30<q<p 8Y 24
C(n)Y 1 log(Y
_ (n) Z Z w<0g( /(PQ))>
logN' .~ 1 4 , o Pglogg logg
Y63 <p<Y57 p 5Y30<q<p 8Y 24
O<SC(;L Y)
log® N
17 7 t
y Tadt %1 [1-t- Y
_ C(n) dt S 1. t—u du+ O 50(;@)
logYlogN J t ).  u? u log® N
55 30 st
iz 1(1-t)
Cn)Y odt 1
= — 141 — =2 )d
longogN(17 t 1786t“(1—t— ) + log U
3 3075
iz It
7d 2 8 du
+ S — +O(5))
! t (1_)u(1—t—u)
Cn)Y
> (0.012655 + 0.015106) - ——————
= + ) logY log N
C(n)Y
=0.027761 - ——————.
logY log N

Using the above discussion and Lemma 20, we have

g+ 17+ $g + 201 + (223 + (295 + (207 + (208 + (231
+234 + 937 + (239 + 241 + (243 + 244 + 245 + 48 + (251

_ C()Y S dt 7 s 1—t—u
~ logYlog N (St Sl < )du

17 Y1z 12y
7 33 1
221 7 1t 00 13,
+ 693 dt 24 8 1 1 _ t —u d + 330 dt 198 1 1 o t —u d
— —w u — - U
t u2 U § t u? U
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—
©

11 20 g 34 1.t
+400@9 i 1—t—u d +99@8 4i 1—t—u d
15)9 t 17 U’2 1§1 t 187 u2 u
330 59 150 55
34 l+£ 25 l+£
Tdt 1 1—t—u A | 1—t—u
+ S — S —w du+ \ — S —w du
t u? U 3t u? U
%5 gt % it
10 1_23, 617 a7 _y
+27dt TS| 1—t—u J +162°dt ! 1 1—t—u J
R TR 1] Gvad LR Sl WUl v K
35 © 85 58, o 7 85 s,
72 147 9 7 147 9
3041 89 _ 20,
7830 dt 11 1 1 1—t—u
6ir 7 85 " 58,
1620 147 49
BT, mg—9t
dt 1 1—t—
+ | = — ( u)du+0(e)>
sy b gy U
7830 135
17 1(1—t)
C(n)Y dt® 1
— 1+1 — 2] )d
- 10ngogN<17 t . Sm u(l—t—u) tlog b
1 7 17 124
7 3 1
17 7 _t
54 dt 24 8 du
N
3t u(l —t—u)
7 L)
&5 gy 30 1—t
+ \ — 1+log|———2] ) du
2t 2 u(l—t—u) U
54 9
221 7t
+693 dt 24 8 du
3t S (1—t—u)
i 11-0)
+%dt o 1 1-+1 21 1]d
2§1 t 187 u(l - t - u) Og B
553 55
109 113 4
330 dt 198 du
+ | =
a4t u(l—t—u)
53 g(l—t)
i 1(1-1)
§odt’ 1 —
— 1+1 — -2 )d
V) u<1—t—u>( *Og< )) !
59

w
w
[=]
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26t
t ull —t —u
L ( )
dt ° % 1 1
— 1+1 —_ =2 d
e >< +0g< )) ¢
99
l+£
dt ®* 1
— 1+ 1 2 d
Py u(l—t—u>< “’g( )) !
1(1-t)
dt ® 1 1
— 1+1 _ =2 d
i )( *Og( )) !
5t
7t
dt54§r3 du
t %(1_t)u(1—t—u)

85 _ 584
9 147 9
193 1(1-v)
o dt ? ( t
+ \ — 1+10g(—2>)du
; t85§sstu(1—t— )
72 147 9
193 7 _ 234
549 dt 9 15 du
+§,7IS u(l—t—u)
%= g(l—t)
10 L(1-1)
ooat d
+os607 | = | 5
193 ¢ &_@tu
549 147 9
37 d 3(1-1) 1
— 141 — =21 )d
+1§3t18 U(l—t— )(+Og( ))u
549 Z(l_t)
10 7_ 23,
+ 7 dt 9 15 du
1§3t 18 u(l—t—u)
549 5(1_t)
617 1(1—p)
1620 dt 4 du
+0.5607 | — S —~
10 85 __ 584
2 147 9
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1661270 %_t
dt 1 1-t¢
L) (14108 ("1 -2) ) au
I t I u(l—t—u) u

0.5607 — —
+ t u?
617 85 58y
1620 147 9
2355 d Tt
t 1—1t¢
— 141 =2 d
+6§7t 1S u(l_t_ )(+Og( U >)u
1630 1(1-1)
121 1(1-4¢)
291 dt 4 d
105607 | & e
3041 t 16 U2
7830 135
51, T 1ot
dt 1
+ — 1+1lo 2 du
3041 ¢ 1(1S_t) u(l—t— )( g( >>
7830 4
e I i 1
dt du
+0.5607 S - S+ 0(;;))
121 16
291 135

> (0.035949 + 0.010981 + 0.010207 + 0.002956
+ 0.026780 + 0.007110 + 0.006712 4 0.000780
+0.004363 + 0.013697 + 0.001020 + 0.005290
-+ 0.007124 + 0.009992 + 0.003228 + 0.010892
+ 0.045105 + 0.006377 + 0.016938 + 0.023556
+ 0.017909 + 0.014602 + 0.066888 + 0.026127

C(n)Y
+0.020382) - bg}(flz)gN

Cn)Yy

= 0.394965 - ————.
logY log N

The proof of Lemma 24 is complete.

LEMMA 25. We have

C(n)Y

>0.347181 - ———.
= 0.34718 logY log N

273
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Proof. On applying Lemmas 10, 18, 20 and 21, in the same way as in
Lemma 24, we have

34 25t
_ C(n)Y 8§dt 284 iw 1—t—u du
logYlogN\ ) ¢t J_  u? u
37 T2 st
111 5%
dt 1 1—t—u
34 17 _ 294
81 12 10
Dt 7T 1 (1-t-u
i t 17_27tu U
114 12 10
dt 1 1—t—u
a 17 " 20,
9 12 1
T g T 1y
a 34”6,
9 45 5
dt ° 1 1—t—u
701 6
1566 135
41 i_ﬁ,.i
N Codt e 1 1—t—u p
S t X u? U Y
701 7 34”6,
1566 5 5
17 A_i_i
+36dt21 "1 1—t—u p
— — u
S t u? U
i1 16
90 135
16 46 _ 307 89_ 58
Tdt e 1 1—t—u G0 gy 0 1—t—u
17 ¢ ie U u 16 ¢ 6 U u
36 135 33 135
307 6 281 89 58
+630dt63 1 1—t—u d+50dt7 1 1—t—u J
- —w U _ —W u
R u? U S t u? U
16 17 307 6
33 99 630 135
T T 1—t—u
307 17

o)
w
[=]
©|



v

Ezceptional set of Goldbach numbers

420 89 _ 58,
+ 870 @ 7 9 i 1 _ t —u d
S t u2w Y
281 16
570 135
+%@%_i L2128 gus 0(e)
S t u? Y c
420 i7
870 9
¥ Bt
logYlog N \ J ¢ H_Etu(l—t—u)
27 1 8
16:4 dt 2%_3 du
+3471 S29 u(l_t_u)
34 17 _ 294
81 12 1
111 gt $(1—t) 1—4
— 1-+1 S d
+6' ZL/17829 U(l—t— )( +Og< U >> B
1504 T_Tot
N T gy TS du
&t S u(l—t—u)
1504 §(l_t)
tew gy 3070 1—t
— 1-+1 _ 2 d
114 210t
w0 gy du
+49715 u(l—t—u)
Ao 11
2 1(1-t)
¢ dt du
+0.5607 S — S =
& B
4 1(1—t)
¢ odt’ 1 1—t
— 1-+1 -2 d
+7SO t 1S u(l_t_u)< +Og< u )) B
159 7(1-1)
4 i_ﬁ’_i 701 l(l—t)
9 dt 21 7 du 1566 dt 4 d
— 0.5607 — —
MR e Rl B e
755 3(1—1) 3 =10t
o L(1-t)

275
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701 3 _t 701 44t
1566 dt 10 5 du 1566 dt 21 7 du
* § tl(lgt)u(l—t—u)+ § t3486tu(1—t—u)
5 z(1- 9 Fi
4l 1(1-1)
T odt? du
+ 0.5607 — —
Al
1566 135
2w g s
1566 Z(l_t)
a1 3 _t a1 44t
90 dt 10 5 du 90 dt 21 7 du
+ S t S u(l —t —u) S t S u(l —t —u)
o1 U1 01 U osale
1566 3(1 t) 1566 45 5t
iz 1(1—t)
Tdt*? du
0.5607 \ — —
+ 481 t 16 UQ
50 35
o 2(1-1)
vdt’ 1 < 1—t
+\ — 1+log< —2)>du
;‘Sé t i(lst) u(l—t—u) u
17 At 16 1(1-¢)
36 dt 21 ird du 33 dt 4 du
— 0.5607 \ — —
+ 4S1 t 1(1S t) U(l B t B ) + 17 t 16 U2
90 ER 36 135
16 11—
+33dt3(gt) ! <1+1 <1t 2)>d
— og - u
2t Ly u(l—t—u) u
36 4
16 46 4 307 l(l—t)
33 dt 63 du 630 dt 4 d
— 0.5607 \ — —
+17t18 u(l—t—u)+ 186 t 186 u?
36 §(1_t) 33 135
@Y 1t
T gl )
is _
307 46 4 329 l(l—t)
630 dt 63 du 669 dt 4 du
+ 1= +05607 | — | —
i t i u(l—t—u) %t o u
B B
dt 1 1—1¢
— 1+1 — =2 )d
R u(l—t—u)(“g( u ))“
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89 58 28 19
2 t 8L gt

3
CIF T R P S L du
S §7 S u(l—t — u)

281 429 17
570 135 870 99

> (0.005888 + 0.003229 + 0.002778 4+ 0.011651
-+ 0.015140 + 0.020407 + 0.001606 + 0.009394
=+ 0.008706 + 0.003624 + 0.007141 + 0.002659
+ 0.003233 + 0.011243 + 0.017671 4 0.006828
+ 0.009875 + 0.019672 + 0.037042 4 0.040808
+ 0.011345 + 0.027966 + 0.031531 + 0.001851
+0.004715 + 0.005786 + 0.003084 + 0.003848

+ 0.000433 + 0.010176 + 0.000003 4 0.007848) -

+ O(E))

C(n)Y
logY log N
C(n)Y

=0.347181 - ——————.
logY log N

The proof of Lemma 25 is complete.

LEMMA 26. We have
24+ 26 + 28 + 10 + 13 + (216 + 218 + 220
+ (250 + (204 + (296 + (299 + 235 + (235
C(n)Y

> 0.298946 - —————.
- logY log N

Proof. We have
(53) 2= > > S(Apga)

4L 8 41
Y 180 <p<Y 33 p—lY 90 <q<p

= Z Z S(pr Y(S)

41

1 8
Y 180 3

a1
3 p~lY 90 <qg<p

> > > S(Apgrr)

8
a1 8 41 16
Y180 <p<Y 33 p—lY 90 <q<p YJ3<r<Y 135

- Z Z Z S(Apgr,7)

41l 8 41 16 . 2y (L
Y180 <p<Y 33 p-lY 90 <g<p Y I35 <T<m1n(q’(ﬁ) 2)

=& — Py — Ps.
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Let z = Y% and D = D(p,q) = Y%/(pq). Applying Iwaniec’s sieve
method, we have

C(n)Y 1 log D

o, < SV 3 ) F< 08 )

logzlog N | . — Dq log =
Y 180 <p<Y 33 p—1lY 90 <q<p

+ Z Z Z a(r)r(A, pgr) + O (ifég\f)

a1 8 a1 10
Y180 <p<Y'33 p=1Y 90 <g<p r<Y 36 /(pq)

Let m = pqgr. Then Lemma 17 yields

2 > > a(r)i(Apgr) = O(Y log > N).

a1 8 a1 10
Y180 <p<Y'33 p=1Y 90 <g<p r<Y 36 /(pq)

Hence,
e C(n)Y 1 0C(n)Y
< _Z\VUr il
b1 = o logYlogN Z Z pq+0(log2]\7
Y 180 <p<Y33 p- 1Y90 <g<p
= Y .
oy Y Y sweyho( ey

41 3 41
Y 180 <p<Y 33 p—lY 90 <q<p
In the same way, we can get the lower bound

C(n) 6C(n)Y
@lzlogN > Z S(qu,Y‘s)JrO(bgzN).

41
Y 180 <p<Y 33 p_1Y 90 <g<p

Thus we have the asymptotic formula

(54) @1:1355\)7 Z > S(qu,Y‘s)—kO(éli;g?\}[/).

ALl 8 41
Y 180 <p<Y 33 p—lY 90 <gq<p

Using Lemma 19, we have

(55) qsgzgg}\)f 412 Z S SBger)

16
Y 180 <p<Y 33 3% p—1Y90 <g<p Y5<7”<YT

0C(n
+o(SC5R):
log® N
By Lemma 13 with region (i), (8) holds. Then Lemma 18 yields
C(n)
(56) @3 = og N > > > S(Bpgrs7)

41 41 16 ) oy 1
~1Y'90 <g<p Y135 <r<min(q,(37)2)

38
8 33

o),
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Gathering together (53)—(56), we have

C(n) 0C(n)Y
24 =
4 log N 412 . ;: S(qu,q)+0< log? N
Y 180 <p<Y'33 p~lY 90 <q<p
8
cCn)y Fdt ¢ 1 (1-t—u 5C(n)Y
= — R J— - d
logY log N 481 t 418 uz” u uto log® N
180 90
8
cin)y T dt ¢ 1 1—t
=——"—— |\ — — (1 +1 — =2 )d
logYlogN } t 418 u(l—t—u) +log u "
iso 90 ¢
C(n)Y
°('x)
log® N
C(n)
> 0. —.
> 0.009636 oz Y log N

In the same way, it can be shown that

16

87 _
C(n)Y 0 g B 1—t—u P
= — —w| ——— | du
logY log N § t Stu2 u
5 _

T odt 1 [(1—-t—u
37 701 4
150 1566
859 89 _ 58,
2610 dt 201 6 1 1 _ t —u
) t U U
31 701 _,
99 1566
3%, 01— get
dt 1 1—t—u
859 16
2610 135
( ) % %_t
C(nY < & dt <
dt 1+10g<_2)>du
logY log N ;3 t géx_tu(l—t— )
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> (0.005530 + 0.031194 + 0.066046 + 0.050732 + 0.051408
C(n)Y

logY log N
C(n)Y

logYlog N’

+ 0.084400) -

= 0.289310 -

The proof of Lemma 26 is complete.

LEMMA 27. We have

C(n)Y

>0.024582 - —————.
= 0.02458 logY log N

Proof. On applying Lemmas 11, 12, 18, 20 and 21, in the same way as
in Lemma 24, we have

1649 85 _ 584
C(n)Y A | 1—t—u
= —— — S —w| —— | du
logYlogN\ J t U U
34 85 _oy
99 9

1823 85 _ 58,

+ 4725 dt 14 9 1 1 _ t —u d
— —w U
S t S u? U

1649 34 704

4752 59 59

3041 1845 _ijt

7830 dt 7 9 1 1 o t —u

t U U

1823 16

4725 135

i1 5, 3533

dt 1 1—t—u

AR ( . > du

o 89 20
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4 171294
¢ At 1 1—t—u
+ 33897 ? 17 S 5 ,Z/L2w< > du
3897 17354
7830 1 12
o, B
¢ dt 1 <1—t—u>
+\ - — d +O(6)>
2§1 t 89_S58t u2 u
432 7 9
C(n) T35, Tar ot
n)Y Cdt 1 —
— 1+1 — =2 )d
_longogN< S t S u(l—t— )( +og< >> "
34 85
34 85 _9¢
% dt 18457_%t 1 —t
+ — <1+log<—2)>du
1649 t 34_870t u(l_t_ )
4752 59 59
e 1(1-1)
o dt du
+0.5607 § — | =5
i A YRR (W
221 59 59
4, -
Teodt 1 < -1
+ — 1+log<—2>)du
7S7t 1(18—75) u(l —t—u) u
221 4
R B B
u u
-+ 0.5607 — — 1+ 0.5607 — —
IR EANE S
3T 5, 3533
dt 1 < 1-t
+ — 1+log<—2>)du
2 t9§29tu(1—t— ) u
2 114 1
22 1(1-1)
117 dt 4 du
+0.5607 \ — —
1281 ¢ 8§29t UQ
291 114 1
# B
dt 1 < 1-1¢
+ \ — 1+10g<—2>>du
1§1 t 1(1St) u(l—t—u)
291 4
g 5B g
+0.5607 \ — —
i ! sstat u?
117 114 1
T6 5, 15— Tot
dt 1 < 1—-t¢
+ — 1+log<—2>>du
thg%tu(l—t— ) u
7830 1 1
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|
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N
—_
+
5}
oz
7 N\
\
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H
)
I
—
o
o~
=

3 g BB
dt du
+0.5607 S - S =
707 17 7354
159 12 12
g2 Bt
dt 1—¢
+ S — S <1+10g<—2>>du
A t 50 Vs, u(l—t—u) u
432 27 9
281

&

+
(@]
ot
(@)
NMS
w‘ =
S

Y

L 89 __ 584
66 27 9
% 36 __ 704
dt 't 1—t
- 1+1 24
1S o (s (S —2) Jans000)
639 4(1 t)

> (0.000303 + 0.000244 + 0.000282 + 0.000276 + 0.008036
-+ 0.000393 + 0.001843 + 0.000369 + 0.000357 + 0.003087
-+ 0.001545 + 0.000679 + 0.000634 + 0.002319 + 0.002910

C(n)Y
.0 .000975) - ————
+ 0.000330 + 0.000975) log ¥ log N
C(n)Y
=0.024582 - —————.
0.02458 logY log N

The proof of Lemma 27 is complete.

LEMMA 28. We have
D=+ 29+ 23+ 025 + 27 + Q9 + $19 + (15
C(n)Y
logYlog N’
Proof. The main idea in this lemma is adopted from [21]. We have

(57) > Z Z S(Apq, q)

16 89 _10—8 16
Y 135 <p<Y 462

> 1.010623 -

16 89 _19-8 16
Y 135 <p<Y 462 Y 135 <¢g<p
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- Z Z Z S(Apgr,7)

A6 89 _19—8 16
Y 135 <p<Y 462 Y 135

=B — By — By,

A

16 1
q<p Y T35 <r<min(q,(2%)2)

Let z = Y% and D(p,q) = Y%/(pq). Using Iwaniec’s sieve method, in
the same way as in Lemma 26, we have

(58) 1 = lfg% 3 S 5By, YY) +o<50(”)y>.

2
16 89 _10-8 6 10g N
Y 135 <p<Y 462 Y

1135 <g<p
Lemma 19 yields

(59) P
C(n) <5C(n)Y>
= S(Bygr,7)+ 0| —5— |.
logN ng . IGZ: Z " (Bpar.7) log® N
Y185 <p<y 262 077 Y135 <g<p YO<r<Y 135
Hence,
(60) @1 — Dy
C(n) a6
_ S(B,,, Y 155
].OgN 16 89 —8 IGZ ( e )
Y135 <p<Y 62 1077 Y T35 <g<p
0 Y
+O< C(;l) )
log® N

—1078

C(n)y 135 dt ¢ 1 (135
—_Z\vs Y - 1—1¢—
logYlog N~ 16 S ) welggtmm ) de

. O(ac(n)y)

log? N
89
C(n)Y (135 dt ¢ 1 (135 6
> (22202 Sy 21—t —w) ) du—10
_longogN<16 A S PRAGTE w ) du
135 135

C(n)Y 135 % dt ¢ du |
>~ )7 (05612 ~1
~ logYlog N <O o0 X 0

Cn)Y

> 0.558649 - ——————.
- logY log N
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Note that if ¢ < (2Y/p)3, then ¢ < (2Y/(pq)). We have

(61) &3 < > > Y S(Apgr YT

16 89 108 16 16
Y 135 <p<Y 162 Y T35 <q<p Y I35 <r<q

= Z Z Z S(Apgr Yg)

1 89 _10-8 76
10 T35 <q<p Y155 <r<q

- Z Z Z S(Apgrs, 5)

16 89 19-8 16 28 28
Y 135 <p<Y 462 Y135 <q<p Y135 <r<q Yd<s<Y 135

Let z = Y% and D(p,q,7) = y~®, Using Iwaniec’s sieve method and
Lemma 16, in the same way as in Lemma 26, we have

(62) @:Sg(’x 3 S 8By

16 89 _10—8 16 16
Y 135 <p<Y 462 Y 135 <g<p Y I35 <r<q
IC(n)Y
+ O 72 .
log® N

Lemma 19 yields

(63) s

C(n
log(]\)f Z Z Z Z S(Bpgrss )

16 B9 1078 | L0 28 A8
16 Y135 <g<p Y135 <r<q Y9<s<Y 135

3

oy,

We therefore have

C(n) 16
Q3 < log?\f Z Z 62: S(Bpgr, Y 155)

Y185 <p<y 165 107% y 155 cqcp Y T95 <r<gq
0
o(Seev)
log® N
Cn)Y 135" dt ¢ du ; 1 (135
AL PN (20 —t—u—v))d
_longogN 16 t 186 U 186 vw 16( u=v) Jdv

Cn)Y

— = (0.5617- — \ —
~ logYlog N <0 50
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d7§(13o_t)@ u @
t U 1S6 v

1
+ 0.5617 - ﬁ

16 t

TQ
j
40 135 135
89
1352 qt b du ¥ odo
+0.5644 - 7§ 78 SGU>

C(n)Y
< (0.047392 . .013113) - —————
< (0.047392 + 0.030099 + 0.013113) log ¥ log N
C(n)Y

— 0.090604 - ——VT
0.090604 - {1

Hence,

C(n)Y
logY log N’
In the same way, it can be shown that

o+ 25+ 25 + 27+ Q9 + 215 + (215
17 89 29
Cn)Y (135 % dt > ™ 1 /(135
——— — —w( —(1—t— d
- longogN< 16 S p u’ ( u) ) du

89

(64) 2, > 0.468045 -

s {a b s
16 SXQ t 16 U 186 Uw

462 135 135

C(n)Y

————( 0.5612 . —
longogN<

-
)| [9V]

135
—0.5617 - —
16

Sr——l
| &
~
N[
=&
o e 2
U
4

-

7

00

©

&l
o~

135
—0.5644 - —
16

g5
~| &
0,
[od
= ey
=|E
ey &
QU
4

cn‘»—A IN
alN o
©
00

% vl
—

-

w
NI

135
— 44 . ==\ = -
056 16 t U

,_
[~
=
=l
=
=l

N
5
|
o
|
W)
o

Y
> (0.658048 — 0.044320 — 0.069979 — 0.001171) - ¢(n)
Cn)Y

= 0.542578 - —————.
logY log N

logY log N
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Hence,

C(n)Y
logYlog N’
The proof of Lemma 28 is complete.

$ > 1.010623 -

11. Proof of the Theorem. From Lemmas 24-28, it follows that

C(n)Y
(65) 2 > 2.104057 - ogV1og N’
Then using Lemmas 22 and 23, we obtain
T(n) = S(A, (2Y)?) +O(Y'%) > 0.011 - _Cn)Y
logY log N

Now (44) holds and the proof of the Theorem is complete.
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