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Introduction. Around 1980, Galovich and Rosen (cf. [GR1] and [GR2])
computed the index of cyclotomic units in the full group of units in a cyclo-
tomic function field over a rational function field over a finite field. Later,
Hayes [H1] and Oukhaba [O] obtained a few index formulae of the elliptic
units in some special extensions of the global function fields with some re-
strictions on the infinite prime. Feng and Yin [FY] constructed the maximal
independent systems of cyclotomic units in finite abelian extensions over a
rational function field. Recently Shu [S] extended the result in [GR1] to the
global function fields with degree one infinite prime. In the Mini-Conference
on the Arithmetic of Function Fields held at Brown University in April 1996,
Yin announced a result along this line which extended his work in [Y] by re-
moving the restriction on the degree of the infinite prime. This result seems
to be the best one concerning the cyclotomic unit index in the sense that
the base field can be any global function field. In this paper we construct
maximal independent systems of units in an abelian extension over such a
global function field.

Notations and terminology are standard if not explained. Specifically,

e k: a global function field with a constant field F, of ¢ elements.

e oo: a fixed infinite prime.

e A: the ring of the functions in k£ which are holomorphic away from oo.
e M.: the set of integral ideals of A.

e ¢: the unit ideal of A.

e P: the set of k-primes (k-places).

e k,: the local field over k& completed at any v € P.

For any m € M,

o P :={pecP:(p,m) =1}
e My, :={beMy:(bm)=1}.
e m, (resp. A,): the completion of m (resp. A) in k,.
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e (2: the completion of the algebraic closure of ko, at oco.

® U, the extension to 2 of the normalized valuation at oo on k.

e K (00): the constant field of ko, which is a finite extension over F, of
degree dy.

o W, := g% — 1: the cardinality of K (c0)*.

o &(a) :=f(A/a)* for any a € M.

For any finite extension E/k,

e Op: the integral closure of A in E.

e 1(Og): the ideal class number of Op.

e h(E): the class number of E.

e 1(E): the nonzero elements of the constant field of E.

e ET: the maximal “real” subfield of E which corresponds to the decom-
position group of oo when F is an abelian extension of k.

Now we briefly review some facts from rank one elliptic modules
(cf. [H2]-[H4]). It is well known that there is a natural one-to-one correspon-
dence between the set of isomorphism classes of rank one elliptic modules
and the ideal classes of A (see [H2] or [H4]). So there are exactly h(A) iso-
morphism classes of rank one elliptic modules. In each class, we can choose
a sign normalized (canonical) elliptic module g; (i = 1,...,h(A)) which is
defined over K, (in fact Ok, ), where Ky, is by class field theory associated
with the idéle subgroup k*Uy, s and

Un,s = {t = (ty) € Ji : s(ts) = 1,t,€A} for all v # oc0,t, =1 (mod m,)}

for any m € M, and sign function s, where Ji is the idéele group of k (cf.

[H2]-[H4]). Let A be the set of m-torsions of g;, which is a cyclic A-module
for any m € M. Then we can take its generator Ay, = £(m)en (1) as defined
by [H3, (5.5)], where £(m) € £2* is chosen uniquely up to a factor of K (co)*
to make {(m)m correspond to a canonical elliptic module and en(z) is the
exponential function defined by

z
em(2) = 2 H (1—), Vz e 12
vem-foy ~

We know that K = Ke(/lg)) is an abelian extension over k for 1 < i <
h(A). Let H be the Hilbert class field of k, i.e., the maximal abelian unram-
ified extension of k in which oo splits completely (see [R]) and Hy,, = KI.
Then

Cal(K,/H) = K(c0)"/F?, Gal(Ky/K,) = (A/m)", Gal(Ky/Hg) = K(0)*,

From now on we always fix a sign function s.
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Maximal independent systems of units. Let F' be a subextension
of K;/k for some f € M. Such an f with least possible degree is called the
conductor of F' and denoted by cond(F). In fact, any finite abelian extension
F/k in which co is tamely ramified must be contained in a constant field
extension of some Kj (cf. [H3, II]), so we can enlarge the constant field of &
to make things work. In this section, we will construct maximal independent
systems of units in F.

Let G denote the character group of any finite abelian group G. For any

p——

X € Gal(F/k), x can be regarded as a map from P to C by Artin map. More
precisely, let I, and D, denote the inertia group and the decomposition
group of p in Gal(F'/k) respectively for any p € P. Therefore D,/I, is a
cyclic group generated by the Frobenius o, of p. Then

(op) if x(Ip) =1 (unramified),
X(p) = {g " i([i) £ 1 (ramified).

So we can define the incomplete L-function
Lu(s,x) == ] @ =x()Np™*)™" (s €C, Re(s) > 1)
pePy

for any n € M, where Np = ¢9°8¥ is the order of the residue class field
at p. By our assumption on F, Wrp = Wg+ = g — 1 (see [H2]). Writing

L.(s,x) = L(s,x), we have the following analytic class number formula
(see [W]):
Wrh(k
) TGO | S
1¢X€Ga@k)

and h(k)do = h(A).
Let U (resp. UT) be the group of units of Op (resp. Op+). Then
[U : U] < oo by the Dirichlet Unit Theorem (see [W]). Thus we only need
to construct systems of units in £, which is what we will do essentially.
Let m € M, with f|m and

Gm = Gal(Hn/k), R=Gal(Ky/F), R"=Gal(H,/F").

Let » = [F* : k] =1 and 09 = id,01,...,0, € Gal(Ky/k) be a set of
representatives of

Gal(Kw/k)/R Gal(Kw/Hn) = G /R = Gal(F* /k).

Suppose Dy = {a € My, : ¢ # a|m}, D a nonempty subset of Dy. For
any a € D, let Ay = £(a)eq(1) as in the introduction. Then we put

Ai=Ng,r [[ AT (i=1,....7).
aeD
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By [H3, Corollary 4.13 and Prop. 4.15], we have \; € UT and \; will only
differ up to an element in u(F) = u(F1) by the different choices of o; and
Aq- Therefore the following definition is correct.

DEFINITION. € = €(m, D) := pu(F1)(\1,..., \), the group generated by
w(Ft)and \; for 1 <7 <r.

It is obvious that € C U™. In fact, we have

THEOREM 1.

oo 171 (We Th(OF+)i
e =42 (B) MO i, ),

where

CEE | SR SRR 3 | RSt

oo €D such that qla
e (Gal(Ha /Ha))=1
and e = [F : FT]. Furthermore, i(m,D) = 0 means that rank(¢) <
rank(U™).

Proof. Let 3 be an infinite prime of K, above oo, and ST, v and y*
be the restrictions of 3 in Hy, F and F' respectively. Let D°(F*) and
DY(Ky,) be the free abelian groups of degree zero divisors of F* and K
generated by {o;(yt) — 7" : 1 < i < r}and {0y(8) — B :1 < i < r}
respectively. Let P(F*) and P(€) be the principal divisor groups generated
by {div(a): a € UT} and {div(a) : « € €} respectively. Since

[UF €= [P(F*): P(Q)], [D(FF): P(F")] =h(F)do/h(Op+),

we have

h(Op+)

togl = 2 DR P(€)).

U s = D) (@)

For any a € D, the infinite part of the principal divisor div(\,) in Ky, is
Woo Z UOO()‘Z)U_l(/B)

oc€Gal(Kwm /k)/ Gal(Km /Hm)

since the ramification index of 3 over oo is W,. So

div(A7 ™) = Wee > vee(AD) (0™ i(B) — 07 H(B))
oc€Gal(Km/k)/ Gal(Km/Hm)
=W > [0o0 (AT7") = Voo (AQ)]

o€Gal(Ky /k)/ Gal(Kup /Hp)

x (07 1(B) = B) € D (Kw).
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Note that N, /r(8) =~ and 47 = 7° since [F : FT] = e. We have
div(h) = Weo Y > [000 (A7) = Vs AN (0™ () =)

a€D oeGal(Km /k)/ Gal(Km /Hum)

= 1 S e l(AF=)77) — o (A=) (0 (1) — )

a€DoceGy

2T T el AF)) — o (AF))

j=la€Doeco; R+
x (o' (v") —4F) € DO(FT).
The last three lines make sense by [H3, Th. 4.17], [K, : Hy] = W4 and
H, C Hy for any a € D. Therefore

[D°(FT): P(€)] < 00 <

det {UOO(<H H (AKVOO)U) l ]>_U°°<<H H ()\ZVOO)U) l)]1<i,j<r# 0-
a€D geR* a€D geRt -

By the Dedekind determinant relation (see [S, Th. 1.5])

[DU(FE) P =e I dox@)d D velA>))

1¢X€(/‘;; J=1 aeD O’EO']‘R+
x(R*)=1

Sl | D SD SREIN(EE}

1¢X€Gm aEDoeGn
x(R*)=1
Now we set
S(m,a,x) = Y x(0)vee((A*)).
c€Gn
Then

S(m, a, X) = QS(Q)

0 lf X( ( m/H ))
Where Xu - X’G&I(Hu/k) SO

DY(FH):P@))=c" [ D Sm.ax)

1#)(66; aeD
x(RT)=1

=e " H Z fs((?))S(a, a, Xa)-

1 é\ a€D suchthat
SRR X(Gal(Hy /He))=1

{Q(nl)s(a’a,)(a) le( ( m/H )) L,
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By the last equation of [H3, P238] we have
S(a,a,Xa) = Weo La (0, Xa) = Weo L(0, ) H(l —x(a))
ala

for any x such that x(Hw/H,) =1 and for any a € D. By the analytic class
number formula (1) we have

o q—1 (W Th(OF+)Z.
vt s = (7))

where

e - 1 )

1 a- a€D such that
XS x(Gal(H /Ho))=1

Thus our theorem is proved.

Now we explain that i(m,D) # 0 by suitable choice of m € M, and D.
First, we need a lemma.

LEMMA. Suppose d and n are positive integers and for any integer t with
1<t<d,

fe(@i, . m0) = a H(xz —bi,t) — CH(CCz -
i=1 i=1

is a C-valued function defined on the set Uy x ... x U, = {(x1,...,2y) :
x; € Uy, 1 < i < n}, where each U; is a set of infinitely many integers
which are different from one, c is a nonzero integer, a; (1 <t <d) and b;,
(1 <j<mn1<t<d) are given complex numbers. If for any 1 <t < d
there is an integer j(t) with 1 < j(t) < n such that bjy) # 1, then there
are infinitely many (v1,...,v,) € Uy X ... x U, such that

d
Hft(vl,...,vn) £ 0.
t=1

Proof. If n =1, then f;(x1) is a nonzero linear form for 1 <t < d and
the lemma is trivial.

For n > 1, we can separate fi(x1,...,x,) with 1 <¢ < d into two types.
Type I. If there is (ag,...,ay) € Us X ... X U, such that
fi(z1,a0,...,a,) =0
has infinitely many solutions in U; then

fe(z, ... xn) = (1 — ) ge(za, ..., x4)
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where
gt(x27 s 7xn) = Qg H<$J - bj,t) - CH(Q:.] - 1)

Type II: Otherwise, for any given (fa,...,0,) € Uz X ... X U,
ft(xlv/g% e 7/877,) =0

has only finitely many solutions in U;.
For all these g¢, there is (v2,...,7v,) € Uz X ... x U, such that

gt(727 cee ”771) 7& 0
by induction on n. Note that
ft(wlany? .. ’Fyn) =0

has finitely many solutions in U; for the f;(z1,...,x,) of Type II and U; is
the set with infinitely many elements. Hence there is y; € U; such that

fr(vi, 7255 m) #0

for all 1 <t <d. Thus (v1,72,...,7n) is as desired.
Take U] = Uy \ {n},...,U), = U, \ {7} as the above Uy,...,U, and
keep the above arguments, we are done.

For convenience in the following arguments, we assume D is the following

special one:
D:{Hqgi :IgL}
i€l
where m = H»li:1 q;" with q; e Pand L = {1,...,[}.
THEOREM 2. There are infinitely many m such that
[UT :¢(m,D)] < cc.

Proof. Write
f = cond(F) = Hq‘“
i=1
with q; e Pand d+ 1= [F N H : k|. Let
Gal(FNH/k)={1=1,71,...,7q4}

and

G(FQH/I{) = {XO = 17X17"'7Xd}'
For each 1 <t < d, put
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ar = [ [(@(af") +1 - xa(qs))
i=1
and
d
ft(ml,...,xd):at H( — Xt Tj
j=1

where ¢ = [[[_,; (q") = &(f). For 1 <t < d, there are infinite prime ideals
p of k such that every image of p under the Artin map is 7, &(p) + 1 is
not equal to one and all these p’s form a set with infinitely many integers.
Furthermore, there is j(¢) with 1 < j(t) < d such that x;(7;«)) # 1 for each
1 <t < dsince x; # 1. Applying the above lemma, we have infinitely many
(P(p1) +1,...,P(pg) + 1) with Frob(p;) = 7, 1 <1i < d, such that

(2) f[[ f[ D(py) +1 = xi(p))) —cHdipJ]
= xt(p;) OHmﬂ

Put m = fH?:1 p;. We claim this m is as desired.
By Theorem 1, we only need to show i(m, D) # 0. Write i(m, D) = iyis
where

H:&

s

d
:H[ P(q7") +1— xe(qg

t=1 i=1

HE&

TSNS | D DF- 5 | CERO))

1#X€Gm x(RT)=1 9€P ala
x(Gal(Hn /H))=1

= I X fII ~ x(@))

1#£x€Gal(HNF/k) “€P ala
= I [TI@@) +1-x@)
1¢XeGa1(EFF/k) =1

xIl (p;) +1 = x(p,)) = @(m)| #0

o= I > STl @)

a€D such that
lﬁ’éilc(;}“}’x/(ﬁ));l x(Gal(Hw /Ha))=1
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S

- I1 [TT@a) +1 - x(@)
1#£x€Gm x(RT)=1 =1
X(Gal(H|n/H))7£17X(qi)7£0

d
< [1@0) + 1= xtes)] #0.

This completes the proof of Theorem 2.

Remark. In the above proof of Theorem 2, ¢; comes from the unram-
ified characters. This factor disappears if k is a rational function field (see
[FY]). In order to construct maximal independent units in an abelian exten-
sion F over a general global function field k, one has to construct enough
units inside the Hilbert class field H of k or H N F' by the suitable choices
of m. This fact was also pointed out in [S, Main Theorem 2, Theorem 5.2]
explicitly in the very special situation.
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