ACTA ARITHMETICA
LXXVIIL1 (1996)

Gauss sums for O (2n,q)
by

DAE SAN Kmm and IN-SOK LEE (Seoul)

1. Introduction. Let A be a nontrivial additive character of the finite
field Fy, and let x be a multiplicative character of F,. Throughout this
paper, we assume that ¢ is a power of an odd prime. Then we consider the
exponential sum

(1.1) > Atryg),

geSO™(2n,q)

where SO (2n, q) is a special orthogonal group over F, (cf. (2.6)) and trg
is the trace of g. Also, we consider

(1.2) Y Xl(detg)A(trg),

geO0t(2n,q)

where O (2n, q) is an orthogonal group over F, (cf. (2.2)) and det g is the
determinant of g.

The purpose of this paper is to find explicit expressions for the sums
(1.1) and (1.2). It turns out that both of them are polynomials in ¢ with
coefficients involving powers of ordinary Kloosterman sums.

In [5], Hodges expressed certain exponential sums in terms of what
we call the “generalized Kloosterman sum over nonsingular symmetric
matrices” Kgym (A, B) (for m even in the main theorem of [5]) and the
“signed generalized Kloosterman sum over nonsingular symmetric matri-
ces” Lgym (A, B) (for m odd in the main theorem of [5]), where A, B are
t x t symmetric matrices over F, (cf. (6.1) and [10], (7.1)).

Some of their general properties were investigated in [5], and, for A or
B zero, they were evaluated in [4] (see also [5], Theorem 10). However, they
have never been explicitly computed for both A and B nonzero.
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From a corollary to the main theorem in [5] and using an explicit expres-
sion of the similar sum to (1.2) but over O(2n + 1, ¢q), we were able to find,
in [10], an expression for Lsym,2n+1(%20*1,0), where C is a nonsingular
symmetric matrix of size 2n + 1 and 0 # a € F,.

In this paper, from the corollary mentioned above and Theorem 5.1, we

will be able to find an explicit expression for Ksym,gn(‘ﬁliC -1 C’), where C
is now a nonsingular symmetric matrix of size 2n with C' ~ J* (cf. (2.3) and
(2.13)) and 0 # a € F, as before. On the other hand, Ksymygn(%C’_l,C)
for C ~ J~ (cf. (2.14)) was determined in [9].

Similar sums for other classical groups over a finite field have been con-
sidered and the results for these sums will appear in various places.

Finally, we would like to state the main results of this paper. For some
symbols, one is referred to the next section.

THEOREM A. The sum - cqo+(an,q) Mirg) in (1.1) equals

[n/2] r
n?—n— r(r n j—
D S FAR | (R

r=0 qj=1
[(n—2r+2)/2] ' ‘
XY dEMNLDIEN (g — 1)L (¢ - 1),
=1

where K (A;1,1) is the usual Kloosterman sum as in (2.7) and the innermost
sum is over all integers ji, ..., ji—1 satisfying 21—3 < j1 < n—2r—1, 21-5 <
J2<i1—2,..,1 < jica <2 — 2

THEOREM B. The sum Y o+ (2n,9) X(det g)A(tr g) in (1.2) equals

[n/2] r

n?—n— r(r n j —

R DU B  CEaR)
r=0

qj=1
((n=2r+2)/2 | |
X Y o g KWNLD)MTETRN g — 1)L (¢ - 1)
=1
((n=1)/2] o
_ r(r+1) 2j—1
+x(=1) > 4 [2r+1} [1(a 1)
r=0 q4=1
[(n—2r+1)/2] ' ‘
X RO ) -
=1

where the first unspecified sum runs over the same set of integers as in
Theorem A above and the second unspecified sum runs over all integers
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J1y-voydi—1 satisfying 2l —3 < j1 < n—2r —2,2l -5 < jo < j1 —2,...,
1<j1<p-2-2

THEOREM C. Let 0 # a € F,. Then, for any nonsingular symmetric
matriz over By of size 2n with C ~ J*, the Kloosterman sum below over
nonsingular symmetric matrices (cf. (6.1)) is independent of C, and

a2
Ksym’Qn(ZlCl,C) =q" Z Aa(trg),

g€O0™(2n,q)

so that it equals q" times the expression in Theorem B above with x trivial,
A=A, (cf. (2.1)).

The above Theorems A, B, and C are respectively stated as Theorem 4.3,
Theorem 5.1, and Theorem 6.2.

2. Preliminaries. In this section, we will fix some notations that will
be used throughout this paper, describe some basic groups, recall the usual
Kloosterman sum and mention the g-binomial theorem. One may refer to
[1] and [12] for some elementary facts of the following.

Let F, denote the finite field with ¢ elements, ¢ = p? (p > 2 an odd
prime, d a positive integer).

Let A be an additive character of F,. Then A = A, for a unique a € F,,
where, for a € F,

(2.1) Aa(@) = exp {2pm(aa + (aa)?P + ...+ (aa)pdl)}.

It is nontrivial if a # 0.

tr A and det A denote respectively the trace of A and the determinant
of A for a square matrix A, and !B denotes the transpose of B for any
matrix B.

GL(n,q) is the group of all nonsingular n x n matrices with entries in
F,. Then

(2.2) O*(2n,q) = {g € GL(2n,q) | 'gJtg = J*},
where

. [o 1,
(2.3) Jt = [LL ol

We write g € O1(2n,q) as
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where A, B, C, D are of size n. Then (2.2) is given by

24) O (2n,q) = 4B € GL(2n,q) | '"AC +'CA =0,
C D

‘YAD +'CB =1,, '‘BD +'DB = o}

o A B t ta
_{[C D} € GL(2n,q) | A'B+ B'A=0,

A'D + B'C =1,, C'D + D'C = 0} .

P(2n,q) is the maximal parabolic subgroup of O"(2n, q) defined by

A 0][1n B

(2.5) P(Qn,q):{[o -1 || o 1n”AeGL(n,q), tB:—B}.

Moreover,
(2.6) SO™(2n,q) = {g € OF(2n,q) | det g = 1},

which is a subgroup of index 2 in O (2n, q).
For a nontrivial additive character A of Fy, a,b € Fy, K(X;a,b) is the
Kloosterman sum defined by

(2.7) K(X\;a,b) Z Maa + ba™1).

a€Fy

For integers n, r with 0 < r < n, we define the g-binomial coefficients as

r—1
n_ n—j _ r=j _
23) 7| = - v -,
a  j=0
The order of the group GL(n, q) is denoted by
n—1 n
(2.9) gn =[] (" - OT]@ - .
=0 j=1
Then we have
In _ r(n—-r) |:n:|
2.10 =q )
( ) gn-'f‘g'f‘ r q

for integers n, r with 0 < r < n.
For x an indeterminate, n a nonnegative integer,

(2.11) (#:0) = (1 = 2)(1 = 2q) ... (1 — 2q" ).
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Then the ¢g-binomial theorem says

n
o )rgB e = (2
(2.12) > [T] (=1)"¢\2) ™ = (2 ¢)n.
r=0 q
[y] denotes the greatest integer < y, for a real number y.
For n x n matrices A, B over F,, we will say A is equivalent to B and
write

(2.13) A~ B ifand only if B ='gAg for some g € GL(n, q).
Finally, for a fixed element ¢ in F — IFqXQ,
0 1,21 O 0
(2.14) JT=11,0 0 0 0
0 .. 0 1 0
0 e 0 0 —£

3. Bruhat decomposition. In this section, we will discuss the Bruhat
decomposition of O (2n, q) with respect to the maximal parabolic subgroup
P(2n,q) of O%(2n,q) (cf. (2.5)).

This decomposition will play a key role in deriving the main theorems
in Sections 4 and 5, and an elementary proof of that will be provided.

As a simple application, we will demonstrate that this decomposition,
when combined with the ¢g-binomial theorem, can be used to derive the order
of the group O (2n, q).

THEOREM 3.1. (a) There is a one-to-one correspondence
P(2n,9)\O*(2n,q) — GL(n,9)\4

given by

P(2n,q) {é ZB;] — GL(n, q)[C D],

where
A= {[C D] | C, D nxn matrices over F,, rank[C D] =n, C'D+D'C = 0}.

(b) For given [C D] € A, there exists a unique r (0 < r < n), g €
GL(n,q), p € P(2n,q) such that
1, 0 0 0

Lp—r

(c) We have
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where P = P(2n,q) and

0 0 1, 0
0 1, O 0

(3.1) o =14 0 0 o | € O™ (2n,q).
0 0 0 1np—r

Proof. The map in (a) is clearly well-defined and it is easy to see that it
is injective. For the surjectivity, it suffices to show that, for a given [C' D] €

A, there exists [é g} € O™ (2n,q) (cf. (2.4)) whose lower half is the given
[C DJ.

Choose ¢’ € GL(n,q) so that ¢’[C D] is a row echelon matrix. Let r
(0 < r < n) be the number of pivots in ¢’C. Then, for some h € GL(n, q),

1 0
/ h 0 T
(3.2) J1C D] [0 h} _ D
0 O

Write
D} D]
r_ | Y1 Do
-5 )
where D] is of size r, and D} is of size (n —r), etc.
One can check directly that g[C D]p € A, for any g € GL(n,q), p €
P(2n,q). Thus, in (3.2),
17’ 0t/__ 1t 17’ 0
[ 0 0} Dr==D"10g o
must be satisfied, i.e., ‘D] = —D}, D} = 0.
Write
i -D} — D47
In

try
p = Dy 0 € P(2n,q).

Then (3.2) right multiplied by p’ is

1, 00 0
(3.3) [o 00 Dg]'

Since (3.3) is of full rank, D) must be invertible. Thus, with

(1.0 ) [h o0 ],
g—[o Dg‘l]g € GL(n, q), p—[o th1:|p € P(2n,q),
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we have
deo=1v 00 4]
So (b) is proved. Moreover,
rg 901} o
is a matrix in O" (2n, ¢) whose lower half is the given [C' D]. Thus the proof

of (a) is complete.
In view of (a), the Bruhat decomposition in (c) is equivalent to

T [ 0 0 0
(3.4) A_]:IOG[O 0 0 1n_T]P,
where G = GL(n,q), P = P(2n,q). A is such a union of double cosets as in
(3.4) by (b). The disjointness in (3.4) is easy to check. m
Write, for each r (0 <r < n),

(3.5) Ar = A(q) = {p € P(2n,q) | ovpo, " € P(2n,q)}.

Expressing O (2n, q) as a disjoint union of right cosets of P = P(2n, q), the
Bruhat decomposition in (c) of Theorem 3.1 can be rewritten as follows.

COROLLARY 3.2.

(3.6) O*(2n,q) HPUT A \P),

where P = P(2n,q), o, is as in (3.1) and A, is as in (3.5).

Observing that detg = 1 for g € P(2n,q) and deto, = (—1)", we get
the following.

COROLLARY 3.3.
(3.7) SOt (2n,q) H Po,.(A\P),

0<r<n
reven

(3.8) 0t (2n,q)= [ Por(A\P)

0<r<n
reven

I [[ Por(A\P).
0<r<n
rodd

Write p € P(2n,q) as

(3.9) pz{gl tAolHlon fi]
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All A12 tAflz Ell E12 B = Bll Bl2
’ E21 E22 ’ _tBIQ B22 ’

tBll = _B117 tB22 = _B22-

Here A11, Aja, A21, and Agg are respectively of sizes r x r, r x (n — r),
(n—7r)xr,and (n —r) x (n —r), and similarly for ‘A~! and B.
Then, by multiplying out, we see that

arpo, ' € P(2n,q)

if and OIlly if AllBll *A12tBlg = 0, A12 = 0, E21 =0 if and OIlly if A12 = 0,
Bi11 = 0. Hence

(3.11) [Ar(@)] = grgn-rgl3)qr@=3rD/2
where g, is as in (2.9). Also,

(3.12) 1P(2n,q)| = ¢ g,.

From (2.10), (3.11) and (3.12), we get

(3.13) APl =@ 7] .
q

This will be used later in Sections 4 and 5. Also, from (3.12) and (3.13),
(3.14) L e P K e

q

From (3.6),
(3.15) 0% @)l = 3 1P@n, 0P (o)
r=0

Applying the binomial theorem (2.12) with x = —1 and from (3.14) and
(3.15), we get the following theorem. We note here that this result was
already shown in [3]. See also Theorem 6.21 in [14].

THEOREM 3.4.

n—1
(3.16) 0% @2n.q)| = 24" = 1) [T @ - 1.
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Proof.
0% (2n,)| = ¢(2)g, S~ [ ] = ¢ g,(~1:9)n
q

r=0

Hq—l ﬁq—l—l

4. SO (2n,q) case. In this section, we will consider the sum in (1.1)
> Atrg)
geS0t(2n,q)

for any nontrivial additive character A of F, and find an explicit expression
for this by using the decomposition in (3.7).
The sum in (1.1) can be written, using (3.7), as

(1.1) S 1AAPI Y Altrgar),

0<r<n geP
reven

where P = P(2n,q), A, = A,(q) is as in (3.5), and o, is as in (3.1).
Here one has to note that, for each h € P,

Z A(trgo h) = Z A(tr hgo,) = Z A(tr go..).

geP geP geP
Write g € P as in (3.9) with A, ‘A1, B as in (3.10). Then go, is
_M A12 -—
*
0 By |’
*
L 0 E

where M = A11B11 - AlgtBlg, N = AQIBII - AQQtBlz. SO7 for any r (0 S
r<mn),

(42) Z )\(tI' gO'r) = Z )\(tI' AllBll —tr A12tB12 + tr A22 + tr E22).
geEP A,B

For each fixed A, the subsum over B in (4.2) is
(43) Z}\(tl‘ A11B11 - tI’AlgtBlg),
B
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where the sum is over all Blla Blg, B22 satisfying tBll = _3117 tB22 = _B22.
Since the summand is independent of Bas, it equals
(4.4) q(n;) Z)\(tr AnBu)Z/\(— tr A15'Bis).

Bll BlQ

The sum over Biy in (4.4) is nonzero if and only if A5 = 0, in which case
it is ¢"(™="). On the other hand, we claim that the sum over By; in (4.4) is

nonzero if and only if Ay; is symmetric, in which case it is q(;). To see this,
we let A11 = (Oéij), Bll = (,6”) Then, since tBll = _Blh

r

trAdnBun = Y oBi= Y. (0 — )by

1,7=1 1<i<j<r
Thus the sum over Bj; in (4.4) is nonzero if and only if a;; = «j; for

1<i<j<r, ie., Ay is symmetric. Further, it is q(g) in that case.
In summary, we have shown that the sum in (4.3) is nonzero if and only

i<[i 2]

if
Ao Aso

with Aq1 nonsingular symmetric, in which case it equals

q(ngr)+(;>+7ﬂ(n_r) = q(g) .

Ell E12 o tAfll %
E21 E22 - 0 tA2_21 ’
and hence the sum in (4.2) is

q(g) Z Z )\(tr A22 + tr A;;) = q(;)ﬁ_r(n_T)STKGL(n—r,q) ()‘a 1’ 1)5
Aq1,A21 Aza

For such an A,

where s, denotes the number of r X r nonsingular symmetric matrices for
r > 1 (also we agree that s, = 1 for r = 0) and in [11], for a,b € Fy,
Kait,q)(A;a,b) is defined as

(4.5) Kart,g)(Na,b) = Z Matrg+btrg™t).
g€GL(t,q)
Putting everything together, the sum in (4.1) can now be written as

(46) q(g) Z |AT\P|qT(n_T)STKGL(n—r,q)()‘;171)'

0<r<n
reven

The next proposition was shown in [2]. See also the elegant proof in [13].
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PROPOSITION 4.1. For each positive integer r, let s, denote the number
of all r x r nonsingular symmetric matrices over F,. Then

r/2
q,r.(y.+2)/4 H(qzz‘—l —1) if  is even,
_ i=1
(4.7) Sp = ] (r+1)/2
q(r —1)/4 H (q%—l _ 1) if r is odd.
i=1

An explicit expression for (4.5) was obtained in [11].

THEOREM 4.2. For integers t > 1 and nonzero elements a, b of IFy, the
Kloosterman sum Kqr,1,q)(; a,b) is given by

(4.8)  Kargg(Xia,b)
[(t+2)/2]

=N NT G K (X, b)Y (¢ - 1) (¢ - 1),
=1

where K (A;a,b) is the usual Kloosterman sum in (2.7) and the inner sum
is over all integers j1,...,51—1 satisfying 2l —3 < j1 <t —1,20 -5 < jp <
J1—2,...,1 <711 < jJi_o— 2. Here we adopt the convention that the inner
sum in (4.8) is 1 for I =1, and that jo =t + 1 forl = 2.

From (4.6), (3.13), (4.7), (4.8) and replacing r by 2r, we get the following
theorem.

THEOREM 4.3. For any nontrivial additive character X of Iy, the Gauss
sum over SO (2n, q)
> Atrg)

geSO™(2n,q)

s given by

[n/2] van [ 7 r

n?—n—1 r(r+1 25—1

(4.9) ¢ doa [21»] H(qj —1)

r=0 qj=1

[(n—2r+2)/2] ' _
X< @ENLLPTEEEEY A 1) (g - 1),
1=1

where K (A;1,1) is the usual Kloosterman sum as in (2.7) and the innermost
sum is over all integers ji,...,J1—1 satisfying 2l — 3 < j1 < n —2r — 1,
20-5<j2<j1—2,...,1<ji1 <ji2—2.
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Remark. Comparing the expression of the Gauss sum over SO™ (2n, q)
in the above theorem and that over Sp(2n, ¢) in [11], we see that

Yoo Atrg)=q " D Altrg).

g€SO™(2n,q) g€Sp(2n,q)

5. O%(2n,q) case. Let x be a multiplicative character of F,, and let
be a nontrivial additive character of F,. We will consider the sum in (1.2)

> x(detg)A(trg)
ge0t(2n,q)
and find an explicit expression for it.
From the decompositions in (3.7) and (3.8), the sum in (1.2) is
D ges0+ (2n,q) Mir ) plus

(5.1) V=) S AP S Altrga).

0<r<n geP
rodd

Glancing through the argument in Section 4, we see that (5.1) equals
(52 x(-1g® 3 APl s Koo (A 11).

0<r<n
rodd

Using (3.13), (4.7), (4.8) and replacing r by 2r + 1, one gets an explicit
expression for (5.2). This expression combined with that in (4.9) yields:

THEOREM 5.1. For any multiplicative character x of F, and any non-
trivial additive character \ of Fy, the Gauss sum over O%(2n,q)

> x(detg)A(trg)

geOt(2n,q)
s given by
, [n/2] n T '
qn —n—l{ Z qr(r-l-l) |:2T:| H(q2]—1 o 1)
r=0 (Ij:1
[(n—2r42)/2] _ '
XY dENLDTEENY A 1) (¢ - 1)
=1
[((n—1)/2] : n r+1
_ r(r+1 2j-1 _
+x(=1) ZO q [2r+1LH1(q 1)
r= Jj=

[(n—2r+1)/2]

x ) qlK(A;1,1)"—2T+1—212(qh—1)...(qﬁ—1—1)},

=1
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where K(X;1,1) is the usual Kloosterman sum as in (2.7), and the first
and second unspecified sums are respectively over all integers ji,...,J51-1
satisfying 21—3 < j1 <n—2r—1,21—5 < jo < j1—=2,...,1 < ji_1 < ji_2—2
and over the same set of integers satisfying 21 — 3 < j; < n — 2r — 2,
20-5<jo<j1—2,...,1 <51 <ji2—2

6. Application to Hodges’ Kloosterman sum. In [5], the generalized
Kloosterman sum over nonsingular symmetric matrices is defined, for ¢ x ¢
symmetric matrices A, B over F,, as

(6.1) Kom(A,B) =Y \i(tr(Ag+ Bg™")),

where g runs over the set of all nonsingular symmetric matrices over [F, of
size t.

Unlike his other papers [6]-[8], Hodges neglected to mention an impor-
tant special case of the main theorem in [5]. Namely, if m = ¢t and U is a
nonsingular matrix in the main theorem of [5], then s; = so = 0.

Now, we take m =t = 2n, A = B = J" in (2.3), U = %1y, with
0 # a € Fy, in the main theorem of [5]. Then we have the identity

. a’ _
(62) Z )\a(trg) =q Ksym,Qn <4(J+) 17J+>7
geOt(2n,q)

where ), is as in (2.1).
We summarize this as the following theorem.

THEOREM 6.1. For 0 # a € F,;, we have the identity

(6.3) > Aaltrg) = ¢ " Kayman (‘Z(ﬁ)l, J+>

geO+(2n,q)
a2
= q_nKsym,Qn <4C_17 C) ;
where \q is as in (2.1) and C is any nonsingular symmetric matriz over F,
of size 2n with C' ~ JT (cf. (2.3)).

Remark. The second identity in (6.3) is clear from the definition of the
Kloosterman sum in (6.1).

Combining Theorem 5.1 and Theorem 6.1, we get the following.

THEOREM 6.2. Let 0 # a € Fy, and let C be any nonsingular symmetric
matriz over F, of size 2n with C ~ J* (cf. (2.3)). Then the generalized
Kloosterman sum below over nonsingular symmetric matrices is the same
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for any such C, and

2
(64)  Kiymon (201, C)

[n/2] r
n?— r(r n j —
e e o] [T -

r=0 qj=1
[(n—2r+2)/2]
<) @KLY g 1) (g - 1)
=1
[(n—1)/2] n 4l
e o0 ] e -
r=0 q45=1
[(n—2r+1)/2] ' '
XY KAL) (g = 1) (g - 1)},
=1

where K(Aq;1,1) is the Kloosterman sum as in (2.7), the first unspecified
sum in (6.4) is over all integers ji, ..., ji—1 satisfying 2l—3 < j; < n—2r—1,
20-5<jo<j1—2,...,1 <ji—1 < ji—2 — 2 and the second one in (6.4) is
over all integers ji,...,51—1 satisfying 2l —3 < j1 <n—2r—2, 21 -5 <
Je<pn—2,...,1<ji1 <ji—2—2
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