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On the global existence theorem
for a free boundary problem for equations
of a viscous compressible heat conducting fluid

by EWA ZADRZYNSKA and WOJCIECH M. ZAJACZKOWSKI (Warszawa)

Abstract. We consider the motion of a viscous compressible heat conducting fluid in
R? bounded by a free surface which is under constant exterior pressure. Assuming that the
initial velocity is sufficiently small, the initial density and the initial temperature are close
to constants, the external force, the heat sources and the heat flow vanish, we prove the
existence of global-in-time solutions which satisfy, at any moment of time, the properties
prescribed at the initial moment.

1. Introduction. The main result of this paper is the global existence
theorem for the following free boundary problem for a viscous compressible
heat conducting fluid (see [4], Chs. 2 and 5):

olve + (v- V)v] + Vp — pAv —vVdive = of in 27,
ot +div(pv) =0 in Q7
0¢y(0y + v - V) + Opg dive — kA
3
=53 (i, +050)? = (= p)(dive)?’ = or  in 27,
(1.1) hi=t B
T-7n=—pon on ST,
_ Pt T
ven=— on S*,
Vel
0 ~
% =0, on ST,
olt=0 = 00, V|t=0 =vo, Oli=0 =00 in (2,

where 27 = Useco,m 26 x {t}, £2: C R3 is a bounded domain depending
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ont, 2y = 12, ST = Ute(o,T) Sex{t}, St = 082, p(x,t) = 0 describes S, 7 is
the unit outward vector normal to the boundary, i.e. 7 = V/|Vp|. In (1.1),
v = v(x,t) is the velocity of fluid, ¢ = o(z,t) the density, 8 = 0(z,t) the
temperature. Given functions are: f = f(z,t), the external force field per
unit mass; r = r(z,t), the heat sources per unit mass; 6; = 6 (z,t), the heat
flow per unit surface; p = p(p, #), the pressure; ¢, = ¢,(p, 0), the specific heat
at constant volume. Moreover, u and v denote the viscosity coefficients, x the
coefficient of the heat conductivity, and py the external (constant) pressure.
We assume that u, v, k are constants and thermodynamic considerations
imply that ¢, > 0, Kk > 0, v > %u > 0. Finally, T = T(v,p) denotes the
stress tensor of the form

T ={Tij} = {=pdij + p(Vie; + Vja;) + (v = p)dij div v}
= {-pdij + Dij(v)},
where i,j = 1,2,3, and D = D(v) = {D;;} is the deformation tensor.
Let the domain §2 be given. Then by (1.1)5, 2, = {z € R® : z =
z(&,t), £ € 2}, where x = z(&,t) is the solution of the Cauchy problem

ox
(1.2) azv(fﬁat)a zli=o =€ €2, £=(§,62,83)
Therefore, we obtain the following relation between the Eulerian x and the
Lagrangian £ coordinates of the same fluid particle:

(1.3) v=¢+ [ (g s)ds = Xu(6,1),
0

where u(&,t) = v(X,(§,t),t). Moreover, the kinematic boundary condition
(1.1)5 implies that the boundary S; is a material surface. Thus, if{ € S = S
then X, (§,t) € S¢ and Sy = {x : x = X, (&, 1), £ € S}.

Equation of continuity (1.1); and (1.1)5 give the conservation of the total
mass, i.e.

(1.4) f o(z,t)dx = M.
24

In this paper we prove the existence of a global-in-time solution of prob-
lem (1.1) near a constant state.

To introduce the definition of the constant state consider the equation

(15) p(@eaee) = Po;

where 0, = (1/]12]) [, 6o d§. We assume that equation (1.5) is solvable with
respect to g > 0.
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DEFINITION 1.1. Let f =7 =6; = 0. Then by a constant (equilibrium)
state we mean a solution (v, 6, o, () of problem (1.1) such that v = 0,
0 = 0c, 0 =0, 2, = (2 for t > 0, where g, is a solution of equation (1.5)
and |2 = M/oe (|£2.| = vol £2,).

The paper is divided into five sections. In Section 2 we introduce some
notation and auxiliary results. In Section 3 we present the local existence
theorem (see Theorem 3.1) proved in [16], while in Section 4 we recall the
differential inequality (see Theorem 4.1) obtained in [19]. Finally, Section 5
is devoted to the global existence theorem (see Theorem 5.5).

The analogous problem to (1.1) for a viscous compressible barotropic
fluid was considered by W. M. Zajaczkowski in [20]. Hence, in order to
prove Theorem 5.5 we apply a method similar to the proof of the global
existence theorem in the barotropic case (see [20], Theorem 6.5). We prove
Theorem 5.5 under the appropriate choice of gg, vg, 09, 01, po, & and the form
of the internal energy per unit mass ¢ = ¢(p, ) (see conditions (5.40)—(5.45))
and under the assumption that ¢(0) < &1 (¢(t) is given in (4.5)), where &1
is sufficiently small. In Theorem 5.5 we obtain a global solution of (1.1) such
that (v,90,9, 0, 0p,) € M(t) for t € RL (where ¥, U, 05, 0p, are defined

n (4.2) and 9(t) is defined at the beginning of Section 5) and S; € W;fl/%

The papers [21]-[23] of W. M. Zajaczkowski and the paper [14] of
V. A. Solonnikov and A. Tani are devoted to the motion of a compress-
ible barotropic viscous capillary fluid bounded by a free surface.

The motion of a viscous compressible heat conducting fluid in a fixed
domain was considered by A. Matsumura and T. Nishida in [5]-[9] and
by A. Valli and W. M. Zajaczkowski in [15], while the papers [11]-[13] of
V. A. Solonnikov are concerned with free boundary problems for viscous
incompressible fluids.

The papers [1], [2] of J. T. Beale are devoted to the global existence of
solutions to free boundary problems, where the free boundary is unbounded
and the gravitation is taken into account.

Problem (1.1) is considered also in the papers [16]-[19] of E. Zadrzyriska
and W. M. Zajaczkowski. In [16] the local existence of solutions to prob-
lem (1.1) is proved. In [18] conservation laws, and in [19] the differential
inequality used in the proof of the global existence theorem are derived.

Finally, [17] is a survey of results concerning problem (1.1) and the free
boundary problem with surface tension, analogous to problem (1.1).

2. Notation and auxiliary results. In Section 3 we use the anisotropic
Sobolev—Slobodetskii spaces Wé’l/ (Qr), L € R (see [3]), of functions de-
fined in Qr, where Qr = 27 = 2 x (0,T) (2 C R? is a domain, T' < oo or
T =o)or Qr =857 =8 x(0,T), S= 0.
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We define WQl’l/ (27T as the space of functions u such that

lullggorsian = | 3 IDEGulE, o)
lae|+2i <[]

D‘I@gu &, t) D‘g,('?fu(&’ )2

by (g RO PRI e

|a\+2z‘—[l] 0 2 0

|Dgoju(€, t) — DEdu(E, t'))? 1/2
I D ﬁﬁ@ﬂ < o0,

2 0 0

where we use generalized (Sobolev) derivatives, D¢ = 0g !0 0¢?, 803? =
80‘1/85;” (1=1,2,3), a = (a1, a2, a3) is a multiindex, |a| = a1 +az + as,

' = 0'/0t" and [l] is the integer part of [. In the case when [ is an integer
the second terms in the above formulae must be omitted, while in the case
of [/2 being an integer the last terms in the above formulae must be omitted
as well.

Similarly to W2l’l/ Q(QT), using local mappings and a partition of unity
we introduce the normed space WQI’Z/ 2(ST) of functions defined on ST =
S x (0,T), where S = 3f2. We also use the ordinary Sobolev spaces W(Q),
where [ € R}H Q = 2 (2 C R3 is a bounded domain) or Q = S. To simplify
notation we write

= ||u||W21,z/2(Q) if Q=07 or Q =57,
Moreover, [|ullL, (@) = |ulp.@, 1 <p < oc.

Now, we introduce the spaces I'}(£2) and I} bt/ ?(£2) of functions u defined
on 2 x (0,T) (T < oo or T'= 00) such that

ke = el = D 10fulliie < oo
i<l—k

and

luli k0 = [ull vz o) = Z 107ul1—2i,0 < 0,
" 2i<i—k

where [ € RL | k> 0.

Next, define the space L,(0,T"; Fl 1/2((2)) (where 1 < p < c0) with the

norm Hu”LP(O,T;Fé’l/2(Q)) = |u|l,0,p,_QT

Moreover, let C>1(Q) (resp. C%'(Q)) (Q € R? x [0,00)) denote the
space of functions u such that D29ju € C°(Q) (resp. DX0iu € C%(Q)) for
la| +2i <2 (C%(Q) is the space of continuous bounded functions on Q).
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Finally, the following seminorm is used:

A W%Q 12
|u|H,QT:< [ dt) ,

0
where @) = 012.
Let X be whichever of the function spaces mentioned above. We say that
a vector-valued function u = (uq,...,u,) belongs to X if u; € X for any
1< <.

Moreover, we use the following lemmas.
LEMMA 2.1. The following imbedding holds:
(2.1) WiH2) C Ly(2) (2 CR?),
where |a|+3/r =3 <1, 1 € Z, 1 < p,r < o0; Ly (2) is the space of functions

u such that |D%ul, o < oo, and WL(§2) is the Sobolev space.
Moreover, the following interpolation inequalities are true:

(2.2) |D%ulp.0 < eg* | DLul, o + ce " |ul, 0,
where k = ||/l + 3/(lr) — 3/(lp) < 1, € is a parameter, and ¢ > 0 is a
constant independent of u and €. m

Lemma 2.1 follows from Theorem 10.2 of [3].

LEMMA 2.2 (see [10]). For a sufficiently reqular u we have

18t u(t)|21-1-26,02 < e(l|ullar,or + [[0;u(0)||21-1-2i,2),
where 0 <2t <21 —1,1 €N, and ¢ > 0 is a constant independent of T'. m

Now, consider problem (1.1). For (1.1) the energy conservation law is
satisfied (see [4], Ch. 5).
Assume that the internal energy per unit mass € = (g, §) has the form

(2.3) £(0,0) = apo™ + h(o,9),

where ag > 0, a > 0, h(g,0) > h. > 0, ag, a, h, are constants and h(p, 0) is
a sufficiently regular function of its arguments. Moreover, we assume that
h(o,6) has at (ge,0.) (0e and 6, are introduced in Definition 1.1) the only
minimum point equal to hy, i.e. ming g h(0,0) = h(oc,0c) = ha.

In [19] it is shown that assumption (2.3) and the thermodynamical rela-
tion

de = 0ds + L. d
3 s )2 0

(where s is the density of entropy per unit mass) imply the following relations
between h,p and c,:

(2.4) aago®tt + 0*h, = p — Opy
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and e

(25) Cy = % = h@.

In [18] (Corollary 1) the following result is proved.
LEMMA 2.3. Let conditions (2.3)—(2.5) be satisfied. Let
(2.6) F=0, 6 >0.

Assume that

2 t
(2.7) f QO%O d§+/€s1t1p fdt’ fel(s,t’)ds
2 0

S,
+ aoh(eo,00) dé —inf [ oh(e,0) dx < &,
2 24
(2.8) [ o0 — ge| d€ < o,
2
(6-1)°t 8 8 3
(2.9) Wg_l(aoge +po)” —apol < do,
(2.10) a0< f goﬁ d§ — irgf f o° dz:) < by,
9] 2

where dy > 0 is a sufficiently small constant and 3 = o+ 1. Then

2

+ [ oh(e.0)dz —inf [ oh(o,0) dx +po(|2] —|2]) < 5,
Qt Qt
where [£2,| = inf, |£,|, ¢ = const > 0 is a constant and & = 6(8y), 6 — 0 as
50 —0. =

Remark 2.4 (see [18], Theorem 2.7). Assumptions (2.3)—(2.9) imply
that var; [£2¢| < c¢d, where ¢ > 0 is a constant, var, |{2;| = sup, | 2| —inf; |£2;],
8% = ¢y and ¢ is a constant. m

Remark 2.5. Since
(2.11) [ oh(e,0)dx > h. [ odu=h.M
2 2
assumption (2.7) is satisfied if

2 t
v,
(2.12) 00— d€ + K sup dt’ | 01(s,t")ds
fzf 2 t 6[ S{

+ f 00(h(00,60) — hy)d§ < dp. m
Q
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Remark 2.6. By Remark 3 of [18] we have
(d —inf; [, oh(e,0)dx)( —1)
Bpo

)

(d - inf, [,,, oh(o.0) dz)(3 — 1)

< |2 < o8+ o
0

where ¢ > 0 is some constant, § = 6(dp) with 6 — 0 as dp — 0, and

Q S,

Therefore, using (2.11) and the estimate

_ g MP
!{Qﬁdazzmtll ﬁ((}(@dm) :7’%671

we obtain

MO (Bpo)*~!
(6300 + (d — hoM)(B —1)])P~1

; B
1rt1f fg dx >
£2¢

Hence, assumption (2.10) is satisfied if
MP(Bpy)°~1

1) ) J e = g hoAn ) S

205

v2 !
d= fgo<20+aog(2)+h(go,00)> d§+p0\0\—{—/€sgp f dt’ f@l(s,t/)ds.
0

We see that the left-hand side of (2.13) tends to 0 as § — 1, so for 3

sufficiently close to 1, it is as small as we wish. m

3. Local existence. To prove the local existence for (1.1) we rewrite it

in the Lagrangian coordinates introduced by (1.2) and (1.3):

nus — uViu — vV, Vy -u+Vup(n, I') =ng in 27 =02x(0,7T),

Nt +nVy -u=0 in 27,
ney(n, )Ty — kN2 = —pp(n, 1)V - u

3
I
+5 D (& Veu; + &, Veui)®

i,j=1

(3.1) + (v — ) (V- u)® +nk in 27T,
Ty(u,p) -7 = —pon on ST,
n-V, =1 on ST,
uli—o = o in £2,
nlt=0 = 0o in £2,

F|t:0 = 90 in Q,
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where u(€, £) = v(X,(,4),£), T(€,) = 0(Xu(€,8),1), n(€, ) = o(Xu(&,8),1),
Tu(“»l’) = _pI+Du(U)> Du(u) = {M(gkxiaékuj"i_gkzj aékui)_'_(y_ﬂ)dijvltu}
(here the summation convention over the repeated indices is assumed), and
Fl(ga t) = 91(Xu(§, t)a t)'

Let A = {a;;} be the Jacobi matrix of the transformation x = X, (¢, 1),
where a;; = d;; + fot O¢,ui(&,t')dt’. Assuming that |Veu|o or < M we

obtain
0<ecr(l—Mt)* <det{ze} <co(l+ Mt)*, t<T,

where ¢1,c5 > 0 are constants and T' > 0 is sufficiently small. Moreover,
det A = exp(f(f Vuudt') = 0o/n.

Let S; be determined (at least locally) by the equation ¢(x,t) = 0. Then
S is described by ¢(z(&,t),t)]1=0 = ¢(§) = 0. Thus, we have

_ _ Vep(z,t) Mo (€) = — =250
n(g;(g,t),t)——m P and Tolt) = Ve@(6)]

Now, we are able to formulate the local existence theorem.

THEOREM 3.1 (see [16], Theorem 3.7). Let S € W;_l/z, feC?(R3 x
[0,T]), » € C*YR? x [0,T]), 61 € C>L(R3 x [0,T]), vo € W5(£2), 0y €
W3(£2), 1/6p € Loo(£2), 60 > 0, 00 € W3(2), 1/00 € Loo(£2), 00 > 0,
ey € C*(R2), ¢, > 0, p € C*(R3). Moreover, assume that the following
compatibility conditions are satisfied:

(3.2)  Dg¢(Dg(vo) - o — p(00, 00)M0) = —Dg (pofo), |af <1, on S
and
(3.3) D¢ (o - Vebo) = Dg(01(€,0)), |l <1, onS.
Let T* >0 be so small that 0< ¢ (1 — CKT*)? <det{we} <co(1 4+ CKT*)?
(where x(&,t) =&+ fot uo(&,t') dt’ fort < T*, ug is given by (3.74) of [16],
Ko < c(fleolls.2 + leolso,2 + [1/00]00,2 + l[vollz,2 + [160lls,2 + [[ut(0)]|1, +
I7:(0)]|1,2), ¢ > 0 is a constant, C = C(Ky) is a nondecreasing continuous
function of Ko satisfying (3.94) of [16]). Then there exists T** with 0 <
T** < T* such that for T < T** there exists a unique solution (u, I, n) €
Wy (QT) x Wi 2(027) x ¢°(0, T; Fg’g/z(ﬁ)) of problem (3.1). Moreover,
Mt € CO(Oa Ta W22(Q)) N L2(07T, W23(“Q))a Nt € L2(O>T7 W%(Q)) and

[ulls,or + [I1'ls,0r < CKo,

sup Inlls,2 + sup 1nell2,2 + 17l o 0,7 w2 (2))
(3.4) + meell o 0,msw2 (2)) < P1(T, TKo)lloolls, 0,

’1/77|OO,QT + ‘77|oo,QT

< B3 (T2 Ko)|1/ 00|02 + P3(T"*Ko)| 00| 0,2,

where @1, P and D3 are increasing continuous functions, and a > 0. =

Vep(§)
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In order to consider the global existence we need
Remark 3.2. Assume that ¢ = 0 and define

Pe=pP—po, Yo=1"—0b, 15 =1— 0
(where 0, and g, are introduced in Definition 1.1). Then problem (3.1) can
be written in the form
nuy — uViu —vVyuVy-u+ Vyp, =0,
Not +NVy - u =0,
ney (1, Dyor = KV 0 + I'pr(n, 1)V - u

3

(3:5) = O3 (G Vew + &, Ve — (v = p)(Va - w)? = ks,

i,j=1
T (u,po) -7 =0,
n-Vyy =11,
ult=0 =vo, Molt=0 = 050, Yolt=0 = Voo,
where 0,0 = 09 — 0 and Vo9 = 0y — be.
Let the assumptions of Theorem 3.1 be satisfied and let (u, I, 7) be the

corresponding local solution of problem (3.1). Then by Theorems 3.5, 3.6
and Lemma 3.3 of [16] for a solution (u, v, 1,) of (3.5) such that

T(lull4,0r + llvolls,2 + [[Wooll3,2 + ll000ll3,2) 01 (T, Ko) < 0

(where a > 0 is a constant, (p; is an increasing continuous function of its
arguments, 0 > 0 is sufficiently small) the following estimate holds:

(3.6)  |ulla,or + [Insll3.07 + Nsl3.0.00.07 + 70ll2.07
< 02(T, Ko)(|lvoll3,2 + [|@ool

+lklla.or + 1EO) 1.0 + 171 ll-1 /2,57 + 1D L1l ja,57),

3.0+ [|[Po0ll3,0

where @5 is an increasing continuous function of its arguments. =

4. Differential inequality. In order to prove the global existence of
solutions we need the differential inequality derived in [19] (Theorem 3.13).
Assume that the existence of a sufficiently smooth local solution of problem
(1.1) has been proved and consider the motion near the constant state (see
Definition 1.1) ve = 0, pe = po, B = (1/|92|) [, 00 d€ and g., where g. is a
solution of the equation

(4'1) p(@eyge) = Po-
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Let

Po =P —DPoy, 0o = 0 — Qe 190:9_9e>

4.2
( ) 19:9—6(%7 EQt:‘Q—QQN
where 0g, = (1/|§2:]) th 0 dzx, and 0, = 00, (t) is a solution of the problem

(4.3) p(ea.,02,) =po,  00:lt=0 = Ce-
Then problem (1.1) takes the form

o[vr + (v - V)v] —divT(v,p,) = of in (%, te€[0,T],
ot +div(pv) =0 in {2, t €[0,77],
0¢y(0,0) (Dot + v - Vo) + 0pe(0,6) divo
(44) — HA190 — % Z(axlvj =+ 8%.7)1.)2
i,

— (v — p)(dive)? = or inf2, te[0,T],
T(v,ps) - =0 on S, t € 0,77,
9o /0n = 6, on S, t € 10,77,

where T(v, ps) = {1t(0,vj + 0z, vi) + (¥ — )85 dive — podsj} and T is the
time of the local existence.
Define

st)= [o S |DeGde

2 1<|al+i<3

P1 2 _o P20Cy 42
+ —05 + 00, + v > dx
J (s

+ [P Y IDOje,[Pda
24 e

1< 4+4<3
+[ 5 Y IDpojvsfdr,
2 1<|a|+i<3
(4.5) o(t) = [v3.0.0, + [90l3.0.0, + 0s150.0, + 120,15.,
®(t) = [vl7 1.0, + Dol 1,0, — 190ll5 0, + 19150,
+ \Qa|§,0,nt - | Q(r||(2),9t + ||?Qt||(%,9t7
F(t) = || feee 3,@ + ’f’%,o,m + [Ireeellg 0, + \Tg,o,m

+llrllo,e. + 10113 1.0, + 1011l1,2:;
D(t) = vlg e, + Ipal3.q,-

The following theorem is proved in [19] (see Theorem 3.13).
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THEOREM 4.1. Let v > %,u. Then for a sufficiently smooth solution (v,
Yo, 0) of (4.4) we have

do t
(46) Lt <aP@)(o+ [ Ilg, d)(1+ ") e+ )
0

+ C2F + CB’QD?

where P is an increasing continuous function; 0 < cg < 1 is a constant de-
pending on 0*, 0., 0%, 0., p, v, k; and ¢; (i = 1,2,3) are positive constants
depending on oy, 0%, 0., 0%, fot llvl|3,0, dt', ||S|la=1/2, T and the constants
from the imbedding Lemma 2.1 and the Korn inequalities from [20] (Sec-
tion 5). m

Remark 4.2. Theorem 3.13 of [20] was proved under the assumption
that v > p. This assumption implies that

I .
(4.7) 5B, (v) + (v = p)lldive[[§ o, >0,

where Eq, (v) = fm Z’ij:l(v’i,ﬂ?j + vj2, )%

It turns out that the condition v > u is too restrictive and we can now
show that (4.7) is satisfied for v > %, which is assumed in Theorem 4.1. In
fact, we have

7 .
5 B, (v) + (v = )| divo[|§, o,

_ M . Ry _ f a2
=3 f (Viye; + Vje,)" do+ (v — ) f (divv)* dz

2 2
S (e, v 4 2 [ (v vy da
73 S =7 £
+ (v —pn) f (div v)2 dx
2
Sy . 2
- 5 Z f (vz,zj + U]@i) dx
i#£G (2
+ %El Z f (Vie; + Vj;)” da
i=j
B2 4 [ (vin) da
i o
+ v —p f (divv)?de =1,
2

where 1 € (0,1).
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Since (& +&2+E€3)% < 3(€2+£2+£2) the last two terms in I are estimated
from below by

{y — 1+ 251)’2‘] [ (divv)? da.
£2¢
Assuming that v = (1 + 2¢1)u/3 we obtain 1 = %(V — 1/3), so

H 2 2
= 2519f (Vige; +0ja;)” do = ( ) Qf Vigzy +Vj;)” dT

>0 fory>%,u.-

5. Global existence. We assume that

(5.1) f=0, 6;>0,
and
(5.2) 171152, + I7[5.0.0, + I7]l0.2, + 10113 1.0, + [102]l1,2, < mre™ ™",

where 77 > 0 is sufficiently small and 7s > 1.
Let o(t) and @(¢t) be defined by (4.5). We introduce the spaces

N(t) = {(v,90, 05, 00,) : P(t) < oo},
m(t) = {(v V0,7, 005 003, ) +fq5 ) dt’ <oo}

Notice that (v, 19[],@0-7EQ ) € N(t) iff P(t) < oo and (v,90,Y, 05, 00,) €
M(t ) iff B(t) + fo Y dt' < oo. Moreover, 'p(t) < B(t) < ’p(t), where
d,c’” >0 are constants

LEMMA 5.1. Let the assumptions of Theorem 3.1 be satisfied. Let the
initial data vo, 0o, 0o, S of problem (1.1) be such that (v,?o, 05,00,) € N(0)
and S € W;fl/z. Let

f 0ovo d§ = 0, f 00€dé = 0.
Q Q

Moreover, assume

(5.3) ?(0) <ey,

where 1 is sufficiently small. Then the local solution (v, 8, o) of problem (1.1)
is such that (v,90,7, 05,00,) € M(t) for t < T, where T is the time of local
existence and

(5.4) p(t) + [ D) dt’ < ce1.
0
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Proof. Take (v,70, 05, 00,) € N(0), S € W;fl/Q. Then (vg, Yoo, 000) €
W3(£2) (000 = 00 — e, Yoo = 0o — 0) and by Theorem 3.1, Remark 3.2 and
(5.2) there exists a solution of problem (1.1) such that

uwe Wy(2F), 9o Wyt (0h),

5.5
(5:5) e € W2(QT) n 00, T; 2% (02))

and

(5.6)  ullZ or + 11013 0r + 1130, 00,0r + [10l1F or
< c([[voll3, + lleooll3,0 + [900ll3,2) < (0) < ey,
where u = U(%(g,t),t), No = Qg(l'(f,t),t), Yo = 190(1'(5775)725)'

Using estimate (5.6) for the local solution and the imbeddings (see Lem-
mas 2.2 and 2.1)

sgp(\lull%,g +lluell? ) < clllulli or + [u(0)]3 o+ [w(0)[F o) < cB(0) < ce
and

t
[ teloo,c2 dt’ < T2 ||ul|g or < cT/2%(0)
0

we have the following estimate for the solution 7, of (3.5)2 (see [22],
Lemma 6.1):

(5.7) N, = sgp(”ngtt

6.2+ 10t + 0115 2)

2 2
+ H%tt”Lz(o,T;Wg(Q)) + HWatHLQ(o,T;Wg(Q))
< @1(T, ¢(0)) < cex,

where 7 is an increasing continuous function of its arguments.

Repeating the proof of Lemma 3.10 of [19] we get

1d p oc
(58) thnj‘ (gvgmt + %ngxt =+ quﬁ(%mxt> dx
t
+ C(vawtniﬂt + ||Q<m:actH?),Qt + [P0zt ?,Qt)
< (e] + CN)(HUztttH(Q),Qt + ”’Umrthg,Qt + H’UmttHg,gt + Hﬁothant

+ [Woatell6 0, + [P0saatll5 0,) + M (L + N)* + cF(t),

where C, ¢ > 0 are constants, N = N1 4 Np, Ny = sup,([|ull3 , + lluel|F o +

I70ll5, + [hotll3 ) and M is such that fOTMdt’ < ¢(0) holds in view of
the estimates for the local solution.
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Similarly, using Lemma 3.11 of [19] yields
1d Do oc
(59) 5% f (Q’ngt + ngiza:t + gi)ﬁ(%mzt) dx
2

+ C|lvaeelli. 0, + l0oatells 0, + [Poztell.0,)
< (8/2 + CN)(H”:vttt”%,Qt + vzt 3,@ + Hvxmtug,ﬂt
+ ||190mttt||g,gt + H1909:mtt||379t + !790mzt||g,gt) +c(1+N)?
X ([vzat ¥ 0, + [P0aatllt 0,) + €M (1 + N)? + cF(t).
Next, Lemma 3.12 of [19] implies
(5.10) . f <QU152tt + Poo et + QCUﬁ?}ttt) dx

2 dt o 0 0

+ Cllvaels o, + loowtlld.0, + 190l 0,)

< (&5 4+ N+ M) ([lvaell§ a, + 1Poreell3,2,)
+ CN(H”wttH%,nt + vatttHg,Qt + ||Umt||%,nt + [P0zt
+ [ P0wtetlld. 0, + 1Pozatli o, + ll0otetllf 0,) + cllvael: o,

+ cl[Powtt|lF o, + cM(1+ N)? + cF(t),

2
1,82

where in virtue of the continuity equation (4.4); we have
61D lewnilio, < 1+ Mlvsil o, +cM(1+ N2,
Finally, to estimate |20, 1§ o, + [19§ o, rewrite the equation
p(ea,,00,) — p(0e,0e) =0
using the Taylor formula as

P00, — 0e) +1po(00, —0.) = 0.
Hence
(5.12)  |[2g, 5.0, + 1915 0,
< losllg. o, + llee — 02,1150, + 190l 0, + 1e — 02,15 o,
< clllesllf ., + 1905, + 10e — 00,115, o,)

2

1
< c(NerlB o, + 100lB.0, + H\m Jonds| Yo
24

0,82

where to estimate [ o5 [|5 o, and [[9o|§ o, we have used (5.6).



Global existence theorem 213

From (5.8)-(5.12) and (5.1)—(5.2), for sufficiently small ¢/, €5, €5, N,

fOT M dt" and n; from (5.2), we deduce that (v(t), 05 (), 20, (t),Jo(t), V(1)) €
M(t) for ¢t <T and (5.4) is satisfied. Of course to prove the last statement the
standard technique of mollifiers or differences should be used. This concludes
the proof. =

LEMMA 5.2. Assume that there exists a local solution to problem (1.1)
which belongs to M(t) for t < T, i.e. let the assumptions of Lemma 5.1 be
satisfied. Let the assumptions of Lemma 2.3 be satisfied. Then there exist
01,92 € (0,1) sufficiently small such that

(5.13) Ipo I3, 2, < 01,
(5.14) 1901150, + oo 1152, < 02,
where 6y = c£18' + ¢(6')0, 65 = ce18' + ¢(6") (8 + 0), 6" € (0,1) is as small

as needed, ¢(8') is a decreasing function of ¢, and dg and S are taken from
Lemma 2.3.

Proof. Estimate (5.13) can be proved in exactly the same way as esti-
mate (6.13) in [20]. In order to prove (5.14) we use the relation

1
2] = 2] = — [ (00 — 00) dé.
o

Hence, by assumption (2.8) of Lemma 2.3 we have

(5.15) [192] = |£2]] < cdo.
Using (5.15) and Remark 2.4 we obtain
(5.16) [|192:] — [£2:]] < ¢d,

where § = §(6p) — 0 as dp — 0.
If Y > Qe then (I/Qe) th |Q - Qe‘ d.%‘ = |Qe| - |'Qt|
If Y < Qe then (I/Qe) f()t |Q - Qe‘ dZE = |Qt| - |Qe|'
Therefore, from (5.16) it follows that

(5.17) f (0—00)*dr <c f lo — 0e| dx < cd.
24 2

Hence

(5.18) 0o l0,2, < 95

Using the Taylor formula we have

(5.19) Po = P10o + P29,

where p1 = p1(0,0) and pa = p2(0e,0) (see (3.4) of [19]). Now estimates
(5.13), (5.18) and formula (5.19) yield

(5.20) 190llo,0, < 5%,
By (5.19) and (5.20) we get (5.14). =
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LEMMA 5.3. Assume that there exists a local solution of (1.1) in I(t)
for 0 <t <T. Let the assumptions of Lemma 2.3 be satisfied. Assume that
the initial data are in MN(0) and

(5.21) ?p(0)<v, ~€(0,1/2],

where 7 is sufficiently small. Then the solution at t € [0,T] belongs to N(t)
and

(5.22) P(t) <.

Proof. Assumption (5.21) and Lemma 5.1 imply that the estimate (4.6)
can be written as

dﬁ t
(5.23) d—‘f b < ¢ ((p + [ &) dt’) (1+ ) (p + D) + eoF + c30h.
0

Since @ + [[9o|§ o, + ll0 5.0, = ¢, using Lemma 5.2 we obtain
(5.24) D16y >,

where 05 is independent of ~.
Next, by Lemmas 5.2 and 2.3 and assumptions (5.1)—(5.2) we have

(5.25) F4 ¢ <n+6 +cd,

where 7 = e~ and &1, 6 are sufficiently small. Using (5.24) in (5.23)
gives

dﬁ t
(5.26) d—‘f Yed < (cp + [ &) dt’) (14 ) (20 + 62) + coF + ca1h.
0

Assuming that the initial data are so small that

t
’ ’ / 3 co®
< —
2c1(<p+0f¢(t)dt)(1+<p o< -,
instead of (5.26) we get
dp  co® ;
(5.27) d—f + 607 <d (go + f P(t") dt’)(l + ¢*)0g + coF + c31).
0

Now using (5.24) 5), (5.21) and Lemma 5.1 in (5.27) yields

(5.2
A5 cod
(5.28) d—f + 9% < C4<

) ~
. 752+2+77+51+c5>.

2
By (5.21), B(0
(

<, v € (0,1/2]. Assume that t, = inf{t € [0,T] : p(t) >
~}. Consider )

)
5.28) in the interval [0, ¢,]. From the definition of ¢, we have
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@(ts) = . Therefore (5.28) implies

) ~
(5.29) ?,(t,) < —% + ey (762 + 52 + 461+ c5>.

Assume that 62, , 61 and § are so small that

2 4
Hence (5.29) yields @, () < 0, a contradiction. Therefore (5.22) holds. m

5 ~
64(’}/52+2+77+51 +c5> <

Lemma 5.3 suggests that the solution can be continued to the interval
[T,2T1], but to do this we need the following facts:

(5.30) (a) The existence of the transformation x = z(&,t) and its inverse
for t € [T,2T).
(b) The validity of the Korn inequality with the same constant for
the whole interval [0, 277.
(c) The variations of the shape of (2; for ¢ € [0, 2T are so small that
the constants in Lemma 2.1 (imbedding (2.1)) can be chosen
independently of ¢.

Generally, to prove the global existence we need these facts for all .
Theorem 2.7 of [18] implies that the volume of {2; does not change much
but we have not shown yet any restriction on the variations of its shape.

It is sufficient to show (c), because (a) and (b) follow.

LEMMA 5.4. Assume that there exists a local solution of (1.1) in IM(t)
for 0 <t < T with initial data in N(0) sufficiently small (see (5.3)). Then
there exist constants py > 0 and pe > 0 (ug is sufficiently small) such that

(5.31) P(t) < ce(B(0) + p2), =T,

where ¢ > 0 is a constant and T is the time of local existence. Moreover, if
we assume (5.2) with n1 = 0, then (5.31) holds with ps = 0.

Proof. Inequalities (3.20) and (3.28) of [19] (see the proof of Lemma 3.1
and the assertion of Lemma 3.2 of [19]) imply

d 1 0Cy
(5.32) o [ 0@+ o)+ ~(pro? + pyel) + LU ( 203+ 03, )| da
dt 5 0 0 \po

+co(|[0ll3 q, + luell} o, + [1divoll§ o, + [[dived§ o,
+ ””QOIH(Q),Qt + HﬁOtH%,Qt + ||Qat”g,(2t)
< Cop® (1) (1 + (1) + CLE ().
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Multiplying both sides of (5.32) by e~ (where 0 < a < 1) we obtain

d | _, 1
(5.33) dt{e t f [0(02 +vf) + E(plg?y +p90§t)
$2¢

+ ng (%03 + 19(2”)] d;v} + ae™ f [Q(v2 + v?)
0
2

1 0Cy [ P2
+ = (p102 + po02,) + 0 ("93 + 19315)] dzx
Y Do

+ coe ™ (

[Vl1% 0, + el o, + ldivollg o, + Idived o,

+ [P0

(%,Qt + HﬁOtH%,Qt + HQUtH%,Qt)
< Cae @ () (1 + () + Cre™ " F(t).

Next multiplying inequality (4.6) by e~ we have

.
(5.34) % + oy + oy

t
<aP()(¢+ [ Ivl.q, d)(1+ &%) (o1 + @)
0

+ By + ez,

where p1 = e~ p, = pe~ P = Pe ' [} = Fe ', and ¢ = e .

From the assumption that the initial data are sufficiently small we de-
duce that ¢ + fot HUHZ,Qu dt’ is also small (see Lemma 5.1). Therefore, for
sufficiently small data from (5.34) we get

do _
(5.35) % +ca(p1 +D1) < s Fy + CG(HPUH(Q),Qt + ||U”(2),Qt)€ ot

Now, applying the same argument as in the proof of Lemma 6.2 of [20] we
obtain

(536)  [lpolld.0 < ellpoalld o, + lvaalld 2,) + c(€) VG o, + l0ell§ 2,)-

Moreover,
(5.37) IPolld,c, < cllleoalld,c, + 1902115,2,)-
Using (5.36) and (5.37) in (5.35) we have
do _
638 Piaer+d) <ol + il a)e

Multiplying (5.33) by a sufficiently large constant cg, adding the result to
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(5.38) and using the fact that p(0) is sufficiently small we obtain

w _ ~
(5.39) —r 4@+ D) < ek,

where

~ o 1
F=p1tese ™ [ [9(1)2 i)+ (P25 + o)
24

n 9;“ <p2 92 4+ ﬁ%t)] dz,

Po

= _ —at 2 2 } 2 2
p=o1+ce ™ [ o +0}) + Q(plgﬁpo@gt)
24

n 9;“ (ijﬁg +193t>] dz,
P =& +cse (V]2 g, + vell3.q, + || divolZ o,

+ldived[§ o, + 1osllg 0, + [100ell5 2, + l0atld 2,)-

There exist constants ¢, ¢;j > 0 such that
AP, <P <cip, and P < o< coP1.
Hence by assumptions (5.1) and (5.2) inequality (5.39) implies
(5.40) Py < crae” N B(0) + e11),
where c¢11 > 0 is sufficiently small.
For « sufficiently small, from (5.40) we obtain (5.31). =

Finally, we prove the main result of this paper.

THEOREM 5.5. Let v > +u. Let (5.1), (5.2) with ny = 0 and the as-
sumptions of Theorem 3.1 with r € C3" (R? x [0, +00)) and 6, € Cy' (R? x
[0, 4+00)) be satisfied. Furthermore, let (v,7o, 05,00,) € N(0) and

(5.41) ©(0) < ey,

where €1 € (0,1) is sufficiently small. Let the following compatibility condi-
tions be satisfied:
(5 42) DQGZ(T~ﬁ+p0ﬁ>‘t:075 =0, |C¥’ +1 < 2,

' DeOH (- VO —01)|=0.s =0, |a|+i<2.

Assume also that the internal energy per unit mass € = (o, 0) has the form
(2.3) and conditions (2.4)—(2.5) hold. Moreover, assume that
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2 t
(5.43) f QO%O d{—i—/isgp f dt’ f 01(s,t") ds
Q 0 S,

+f 00(h(00,60) — hy) d§ < &2,
Q

(5.44) [ 120 = el dé < &2,
2

(8-t

G (a00? + po)” — agol < e,
0

(5.45)

8, MP(Bpo)° !
“%)G%J%“ wmwu4wmwww&§%

where €2 > 0 is a sufficiently small constant, 8 = a+ 1, and ¢ > 0 and
& > 0 are the constants from Remark 2.6. Assume, finally, that

(547) [ oovola+bx€)ds=0, [ 0€dé=0, [ odé=M,
9] 2 2

where a,b are arbitrary constant vectors. Then there exists a global solution
of (1.1) such that (v,90,9, 05, 00,) € M(t) fort € RL and S, € Wy /2.

Proof. The theorem is proved step by step using the local existence in
a fixed time interval. Under the assumption that

(5.48) (U; Yo, Qav@()t) € ‘ﬁ(O),

Theorem 3.1 and Remark 3.2 yield the local existence of solutions of (1.1)
such that

we Wy (21), o € W),

e € W20y n (0, T; I*2(02)),

where T is the time of the existence. By (5.48) and (5.49), Lemma 5.1
implies that the local solution belongs to M (¢) for ¢ < T. For small £, the

existence time T is correspondingly large, so we can assume it is a fixed
positive number.

(5.49)

To prove the last result we needed the Korn inequalities (see [20]) and
Lemma 2.1 (imbedding (2.2)).The constants in those theorems depend on
£2; and the shape of Sy, so generally they are functions of ¢. In view of (5.41),
Lemma 5.1 gives

t
p(t) + [ D) dt’ < ce1.
0
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Hence we obtain
(5.50) ‘ftvdt” <cey, telo,T].
Therefore from the relation
(5.51) a::§+ftu(£,t’)dt’, eSS teT,
0

it follows that for sufficiently small 1 and fixed T, the shape of (2, t < T,
does not change too much, so the constants from the imbedding Lemma 2.1
can be chosen independent of time.

Since @(t) < "p(t), (5.41), Lemma 5.3 and Remarks 2.5-2.6 imply

(5.52) ?(T) < ey,

for sufficiently small 1 and es.

Now we wish to extend the solution to the interval [T, 27]. Using (5.52)
we can prove the existence of local solutions in M(¢) for T' < ¢ < 27. To
prove

(5.53) 2(2T) < g

we need inequality (4.6), where the constants depend on the constants from
the imbedding theorems and the Korn inequalities for ¢ € [T, 2T]. Therefore,
we have to show that the shape of S, t < 2T, does not change more that
for ¢ < T. For this we need the following (see (5.30)). Assume that there
exists a local solution in [0, k7). Then in view of Lemma 5.4, for t € [0, kT
we have

‘Oftvda:’—i-)j‘vxda:’

k—1(G+1)T
< e f Wlls.e, dt' <c2 > [ lvlsq, dt
=0 4T
(i+1)T (i+1)T 1/2
<3 ([ il @) <ar Y ([ w0
i=0 T =0 T
k—1 G+1)T ‘ 1/2
< TV [@(z’T) [ emml=D) dt}
=0 iT

ch[T( —e —p1 T /Ml 1/22 1/2
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k—1

< [T =) ] 1?3 (@(T))?
=0

< e {T[(1 — e T/ |(0) (1 4 e~ T e~ 2T | )}1/2
= c3[T(1/p)B(0)(1 — e T)(1 — e7mT)71)1/2
= c3[T(1/ ) (0)]'/? < ea 7?67/,

Taking £ = 2 and e; sufficiently small we see that | fot v(x,t") dt'] is small
for any t € [T,2T], so (5.51) implies that the shape of S; changes no more
than in [0,7] and then the differential inequality (4.6) can be shown for
this interval with the same constants, too. Hence in view of Lemma 5.1 the
solution of (1.1) belongs to M(¢t) for t € [T,2T]. Next Lemmas 5.1-5.3 and
Remarks 2.5-2.6 imply (5.53).

Repeating the above considerations for the intervals [kT, (k+1)T], k > 2,
we prove the existence for all ¢ € R}r. This concludes the proof of the
theorem. m

Remark 5.6. Lemma 5.4 implies that ¢(¢) — 0 as ¢ — oco. Hence the
considered motion converges to the constant state. m
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