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LP-convergence of Bernstein—Kantorovich-type operators

by MICHELE CAMPITI (Bari) and GIORGIO METAFUNE (Lecce)

Abstract. We study a Kantorovich-type modification of the operators introduced in
[1] and we characterize their convergence in the LP-norm. We also furnish a quantitative
estimate of the convergence.

In [1] and [2] we introduced a modification of classical Bernstein oper-
ators in C([0,1]) which we used to approximate the solutions of suitable
parabolic problems. These operators are defined by

(1) An(N)(@) =Y anga® (L =) *f(k/n),  fec(01]), =< 0,1],

k=0

where the coefficients a, ;, satisfy the recursive formulas

(2) An+1.k = On k + Qn k-1, k= ]-7 e, n,
(3) Qp.0 = >\n7 Qn.n = On,

and (Ap)nen, (0n)nen are fixed sequences of real numbers.

In [1], we investigated convergence and regularity properties of these op-
erators; in particular, we found that (A, ),en converges strongly in C(]0,1])
if and only if (A,,)nen and (0n)nen converge. In this case A, (f) — w- f, for
every f € C([0,1]), where

o0

(4) w(@) =Y (Amz(l =)™ + oma™ (1 - z))
m=1
is continuous in [0,1] and analytic in ]0,1].
Connections with semigroup theory and evolution equations, via a Voro-
novskaya-type formula, have been explored in [2].
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In this paper we deal with a Kantorovich-type version of the operators
(1) (see [3, p. 30]) and characterize the convergence in the LP-norm giving
also a quantitative estimate.

Let 1 < p < oo and define an operator K, : LP([0,1]) — L?([0,1]) by

n (k+1)/(n+1)
(5) Ko(f)(@) =Y anpa®1—2)"*n+1) [ f@)dt
k=0 k/(n+1)

for every f € LP(]0,1]) and = € [0, 1], where the coefficients v, , satisfy (2)
and (3).

If A\, = o, = 1 for every m = 1,...,n, then o, = (2), k=0,...,n,
whence the operator K, becomes the well-known nth Bernstein—Kanto-
rovich operator on LP(]0,1]) (see, e.g., [3, p. 31]), in the sequel denoted
by U,.

We define
(©) s() = max{Anls oml}, M = sups(n) < oc.

Note that > p_o (3)z"(1 — 2)" % = 1 and z*(1 — 2)"~% > 0 for every
x € [0, 1]. Hence by the convexity of the function ¢t — ¥ (p > 1) and Jensen’s
inequality applied to the measure (n+ 1)dt, we get, for every f € LP(]0,1]),

n (k+1)/(n+1)

K@ < s Y (F)at ety [P

k=0 K/ (n+1)

Consequently, the equality

! 1 n\ *
k n—k _ _
6/'$(1—:c) dx_n+1<k> , k=0,...,n,

yields [[Kn(f)ll, < s(n)]|fll, and hence

(7) 1K (f)llp < s(n).
On the other hand, if we take the function f = sign(\,) - X[0,1/(n+1)]>
then || f||, = 1/(n +1)*/? and

1Kn ()l ( ntl )”” ~y
Kn > = )\n > p P )\n ’

from which
[ An| < pl/pHKan-
Analogously,
|onl < 7|1 Knllp.
These last inequalities together with (7) lead us to the following result.
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PROPOSITION 1. The sequence (|| K, ||p)nen is bounded if and only if the
sequences A = (Ap)nen and 0 = (0n)nen are bounded. In this case
(8) sup || Ko ||, < M.
n>1
In the following, we assume that the sequences A\ = (A, )nen and o =
(on)nen are bounded. Consequently, the function w defined by (4) satisfies
(9) [wlleo < M.

Observe that w is not necessarily continuous on [0,1]. More precisely, if
An > 0 and g, > 0 for every n > 1, then the existence of the limit

lim+w(3:) ( lim w(x), respectively)
x—0 r—1—

is equivalent to the existence of the limit

DV S W <
lim 22t

n— oo n

lim QLT on
m —

n—oo n

, respectively> ,

and these two limits coincide (see, e.g. [5, Ch. 7, §5, pp. 226-229]).

However, by (9), the operator K : LP(]0,1]) — L?(]0,1]) defined by
K(f) = w- f for every f € LP(]0,1]) is continuous in the LP-norm and
satisfies

1Ky = lwlloo-
Before stating our convergence results, we need some elementary formu-

las for Kantorovich operators. Using the following identities for Bernstein
operators:

-1 1
B,(1)=1, By(id)=id, B,(id?) = "n id? 4= id,
we obtain by direct computation
n 1
(1) =1, U,(id) = id ,
Un(1) Unlid) = Z 7 144 50
. nn—1). on . 1
Un(id?) = ——2id d
(%) = e 4 e s e

and consequently, for fixed x € [0, 1],

(10)  Un((id—z-1)*)(2)
n—1 1 3n + 1 1

oyt T ST S B S A1)

Moreover, we give an explicit expression of the function K, (1) in terms
of the assigned sequences (A, )nen and (05 )nen-
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LEMMA 2. We have
n—1
(1) Kn(1) =D a1 =2)" 4 0ma™(1 = 2)) + An(1 — 2)" + onz™.

m=1
Proof. We proceed by induction on n > 1; if n = 1,(11) is obviously
true. Supposing (11) true for n > 1, we have by (2) and (3),

n+1

Koy (1) = ) ompaea®(1—a)"tF
k=0

_ )\n+1(1 _x)n—i-l 4 QnJrlxn_H

n
+ Z(an,k + an,k—1)$k(1 )

k=1
= )‘n+1(1 - x)n—i—l + Qn+1$n+1
n n—1
+(1—ux) Z (1 — )" 4o Z (1 — )"
k=1 k=0
= ()\n—l—l - An)(l - :C)n—i-l + (:Qn—‘rl - Qn)xn+1
+(1-2)Y appet1—z)" " —HUZan prt (1 — x)"k
k=0 k=0
()\n—l—l - )‘n)(l - l,)nJrl + (Qn+1 - Qn)xn+1 + Kn(]-)
- (An—‘,-l - )\n)(l - x)nJrl + (Qn-‘rl - Q )xn+l
n—1
+ 3" Azl = @)™ + 0™ (1 — 7)) + A1 —2)" + 02"
m=1

n—1
= A1 (L= 2)"™ 4 o™+ ) (Apz(l - 2)™

m=1
+ omx™ (1 —2)) + A(1 — )"z + 02" (1 — )
_ )\n+1(1 _w)n—i-l 4 QnJrlxn_H

+ Z Amz(1 =)™ + o™ (1 — x))

and hence (11) holds forn+ 1. m

THEOREM 3. The following statements are equivalent:

(a) For every f € LP(]0,1]), the sequence (K, (f))nen converges in the
LP-norm;

(b) The sequences (Ap)nen and (0n)nen are bounded.
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Moreover, if statement (a) or equivalently (b) is satisfied, then
(12 Tim_ [[Ku(f) = -, = 0
for every f € LP([0,1]).

Proof. By the Banach—Steinhaus theorem and Proposition 1, we only
have to prove the implication (b)=-(a). By Proposition 1 again, the sequence
(Ky)nen is equibounded in the LP-norm, and therefore it is sufficient to show
that lim, .o || K, (f) —w - f]|, = 0 for every f € C([0,1]).

If fe€C([0,1]), then
(i) ”Kn<f) —w- f”p < HKn(f) - f ’ Kn(l)Hoo + ”f”oo ’ ”Kn(l) - pr.

By (10) and the inequality |f(t) — f(z)] < (14+52(t—x)?)w(f,d), where
w(f,0) is the modulus of continuity of f, we get

[ K (f) (@) — f(2) - Kn(1)(2)|

nn (k+1)/(n+1)
<MY (Data-artaen [ 10 fold
k=0 k/(n+1)

" (k+1)/(n+1) Y
< Mw(f,8)Y <Z>aﬁk(1 —2)" *n+1) [ <1 + (t - ) > dt
k=0

k/(n+1)

1 1
<M 14—= - — ).
= w(f’5)< oy 4(n—|—1)>

Taking 6 = 1/v/n + 1, we obtain

I (9) ~ £+ Ka(Dle < 001 ).

Finally, we estimate the second term on the right-hand side of (i). By
Lemma 2, we have

[Kn (1) (2) — w(z)]

- ‘An(l — )"+ 002" = 3 (1 — &)™ + 0™ (1 — x))(

oo

ll—xnz — Angm)z(l —2)™ + 2" Z — On+m)T m(l—x)’

< oM((1—

8]

)"+ 2"
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this yields

1/p
1 Ku(1) = w- Sl <2M( [ (1= 2)" + 2P dz) S

IN

) )l

S T

It is well known that if f € LP([0,1]) and = € [0,1] is a Lebesgue point
for f, i.e.,

O%H O%H

AM

ant(
and the proof is complete. =

hmff\fx—i—t f(x)|dt =0,

then (see [3, p. 30])
(13) lim Up(f)(z) = f().
In particular,
nlLH;o U (f)=f ae
Next we prove an analogous result for the operators K.

PROPOSITION 4. If A\ = (An)nen and 0 = (0n)nen are bounded sequences
and f € LP([0,1]), then

(14 Tim K, (@) = w(@) - f(2)

at every Lebesgue point x € ]0,1[. Consequently, lim, o K,(f) =w- f a.e.
Proof. Let  €]0,1] be a Lebesgue point for f. Then
(K (f)(2) = f(z) - Kn(1)(2)]

nog (k1) /(n+1)
<MY (Data-artarn [ 10 - ol
k=0 k/(n+1)

= MU, (uz)(z),

where u,(t) := |f(t) — f(z)|.
Since x is a Lebesgue point for u, and u,(z) = 0, by (13) it follows that
lim,, o0 Up (1) (2) = 0 and hence lim,,—. o | K, (f)(z) — f(x)- K, (1)(z)| = 0.
Moreover, lim, . |f(z)| - |[Kn(1)(z) — w(x)] = 0 since = € ]0,1[ and
therefore (14) follows. m
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Finally, we state a quantitative estimate of the convergence in terms of
the averaged modulus of smoothness 7(f,0), defined by

1

(15) r(£,8)y = ([ wlf,z,0) d:c)l/p
0

for every f € LP([0,1]), 1 < p < oo, and 0 > 0, where
(16) w(f,x,0) :=supf{|f(t+h)—f(t)]|t,t+he[x—05/2,x+5/2]N[0,1]}.
Denote by M([0, 1]) the space of all bounded measurable real functions
on [0,1].
If L : M([0,1]) — M([0,1]) is a positive operator satisfying L(1) =1
and

(17) d = ||id? +L(id?) — 2id - L(id)]| oo,
it is well known that
(18) IL(f) = fllp < 7487(f,Vd),

for every f € M([0,1]) and 1 < p < oo (see, e.g., [4, Theorem 4.3]).
In the case of Bernstein—Kantorovich operators, the preceding inequality
yields

(19) IIUn(f)—pr§7487<f, ! )

vn+1

If L(1) is strictly positive, we may apply (18) to the operator L/L(1) and
we have

(20) LU~ F- L), < ||L<1>HH§§{§ g

< 748\ L(1)[|7(f, V3),,
p
where

(21) 5=

id®-L(1) + L(id®) — 2id -L(id)
L(1) Hoo

THEOREM 5. Assume that the sequences A = (Ap)nen and 0 = (0n)nen
are bounded. Then, for everyn > 1 and f € M([0,1]),

1 1 1/p
22 K,.(f) —w- <C , +4M 00>
@) ) el < on(s ) eav(g )
where the constant C depends only on \ and ¢ (e.g., C = 1683M).

Proof. For every f € M([0,1]), we write
(1) K (f) —w- fllp S En(f) = f - Kn(@)llp + [ flloo - 1K (1) —wllp

and we estimate separately the two right-hand terms.
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If ¢ > M, then we consider K, . = K,, + ¢- I which satisfies K,, (1) > 0
and

(ii) Kn,c(f) - Kn,c(l) =K, (f) = f- Ku(1).
By (19) and (20) we have
(iif) 1K o(f) = f - Kne()llp < T48] K o(L)lI7(f, V),

where, by (10),
id® K, (1) + K, (id*) — 2id - K, .(id)

" Kne(1) .
|[id? K (1) + K, (id?) - 2id - K, (id) H
Kn.c(1) oo
— s K, ((id =z - 1)?)(2)
0<z<1 Kp,o(1)(2)
S T 021;21 |Uy ((id —z - 1)2)(35) < e ]\%(n )
Choosing ¢ = 2M, we obtain § < 1/(n+1) and || Kp,c(1)[|o < §M. Conse-

quently, by (ii) and (iii), it follows that

1
I5u(r) = Kl < 1053007 (£, )

The second term on the right-hand side of the inequality (i) has been
already estimated in the proof of Theorem 3. m
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