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Slicing of generalized surfaces with curvature measures
and diameter’s estimate

by SILVANO DELLADIO (Povo, Trento)

Abstract. We prove generalizations of Meusnier’s theorem and Fenchel’s inequality
for a class of generalized surfaces with curvature measures. Moreover, we apply them to
obtain a diameter estimate.

1. Introduction. The spaces of generalized Gauss graphs defined in [1]
are natural candidates to be good ambient spaces for setting problems of cal-
culus of variations involving surfaces, for example the problem of minimizing
functionals depending on the area and on the curvatures of the argument
surface.

Taking the point of view of the direct method of the calculus of variations,
one is then interested in estimates for generalized Gauss graphs which may
yield compactness of minimizing sequences.

A related question, which is also of independent interest, is to find ap-
propriate generalizations of classical differential geometric results related to
curvatures. Let us consider an estimate from above of the diameter of a
compact surface by means of the L'-norm of the second fundamental form
(compare [8]). For a regular two-dimensional surface embedded in R3 a
possible way to get such an estimate rests on a couple of classical geometric
results: Meusnier’s theorem and Fenchel’s inequality. In fact, from these two
results one can deduce an estimate (called a slice estimate) for the slices of
the Gauss graph obtained by slicing with planes orthogonal to a fixed direc-
tion. Then the final estimate easily follows from the Morse-Sard theorem.

In this paper we prove suitable generalizations of Meusnier’s theorem for
two-dimensional generalized Gauss graphs and Fenchel’s inequality for one-
dimensional generalized Gauss graphs. Then we are able to prove a suitable
generalization of the slice estimate. Unfortunately, in the general case, the

1991 Mathematics Subject Classification: 28A75, 49Q15, 49Q20, 53C65.
Key words and phrases: generalized Gauss graphs, rectifiable currents, generalized
curvatures, Meusnier theorem, Fenchel inequality, diameter estimate.

(267]



268 S. Delladio

classical Morse—Sard theorem does not hold. Nevertheless, we conclude the
proof of the diameter estimate by means of a suitable transversality result,
implying the “good” behaviour of generalized Gauss graphs with respect to
slicing with planes orthogonal to a fixed direction.

In Section 2 we state some notation and recall from [1] just as much as is
necessary throughout the paper. In Sections 3 and 4 we prove respectively
the Meusnier-type and Fenchel-type results (Theorems 3.4 and 4.1), while,
in Section 5, we prove the slice estimate (Theorem 5.9). The original idea
giving rise to the diameter estimate for classical surfaces is explained in
Remark 5.10 (slice estimate) and Remark 5.12 (diameter estimate). The
proof of the generalized estimate (Theorem 5.19), obtained by means of the
“transversality result” (Proposition 5.13), concludes Section 5.

Acknowledgements. I wish to thank Gabriele Anzellotti (University of
Trento) and Joseph Fu (University of Georgia) for the useful conversations
we had during the preparation of this work.

2. General notation and preliminaries. The standard notation of
geometric measure theory will be adopted. For example, if U is an open
subset of a euclidean space, we let D™(U) denote the set of smooth n-forms
with compact support in U, equipped with the usual locally convex topology.
The usual mass and the normal mass of currents will be denoted by M and
N respectively. The rectifiable current carried (or supported) by R, oriented
by ¢ and with multiplicity 6 will be denoted by [R, &, 6].

Throughout this paper we will deal with a generalized notion of Gauss
graph immersed in the euclidean space R?*! x R;'H. Let e1,...,ent1 and
€1,--.,€ns1 bethe standard bases of R? ! and Rg“ respectively and denote
by z € Rg“ the image of z € R?*! through the trivial isomorphism R?*+! 3
ej € € Rg“, ie z= 7;1 e if 2= Z?;l 27 e;. The notation for
the generic point of R?+1 x Rg“ will be (z,y) or, indifferently, = + y. The

one-dimensional linear space generated by a vector u € R3 will be denoted
by [u]. Given ¢ € A"(R?F! x Rg“), &, will denote the kth stratum of &, i.e.

= ), &eanes,
a€l(n+1,k)
Bel(n+1,n—k)

where I(n +1,7) = {(o1,...,05) |1 <01 <...<o0; <n+1} and
Ca=Cay Ao Neay, €= N...NCs, ., &P =(eqNEp).

In order to describe the process of slicing our surfaces orthogonally to a
fixed unit vector v in R3, we introduce the couple of slicing maps f : R2 — R
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and f:R3 x RS — R defined by

flz)=z-v and f=fop,
where p : R3 x ]R?’17 — R3 is the usual projection. If E is a subset of R

(resp. R3 x ]R%) then the slice EN f~1(t) (resp. EN f~(t)) will be denoted
by Et.
Also, we will need the map 7" : R2 \ [v] — S? defined by
T(z) = x—(z-v)v .
|z — (2 - v)v|
The essential reason which makes this map useful is the following: the push-
forward, by means of 7', of the slice G; of a regular two-dimensional Gauss
graph G is the Gauss graph of pG;. We note that range(T) = S2 N [v]+.
We recall some preliminaries from [1].
DEFINITION 2.1 ([1, Definition 2.7]). Let {2 be an open subset of R?*1.

Moreover, let ¢ and ¢* denote the canonical 1-form and its adjoint, respec-
tively, i.e.

n+1 n+1
p(x,y) =Y ¢ da) and @ (x,y) = *p(x,y) = > _sign(j, 7 )y’ da’ .
j=1 j=1

Then we define curv, (£2) as the set of n-dimensional rectifiable currents
Z=[G,n, o] in R x R;H such that:

(i) = is supported in 2x 5%, i.e. GC2x Sy, and Z(gp*) =, glnolo dH"
for all g € C(12 x R;‘H),

(ii) 0= is rectifiable supported in 2 x Sy and 0=(p A w) = 0 for all

n—2 n+1

w € D22 xRYT).

The next proposition makes clearer, from a geometrical point of view,
the hypothesis (i) in Definition 2.1.

ProOPOSITION 2.2 ([1, Remark 2.3)). If & = [G,n, 0] is supported in
{2 x Sg, then the condition

Z(g¢") = | glnol o dH™  for all g € Ce(£2 x REH)
G

1s equivalent to
E(eAw)=0 forall weD" (02 x Rg“) and
Z(gp*) >0  forall g e C.(2 % Rg“) with g > 0.

The following theorem gives us some information about the structure of
the currents belonging to curv, (£2).
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THEOREM 2.3 ([1, Theorem 2.9]). Let = = [G,n, o] € curv,,(£2). Then
(i) v-y =0 for H"-a.e. (x,y) € G and for allv € T, )G,
(ii) pr;l C {(z,¢(x)), (x,—C(x))} for H"-a.e. = € M = pG, where
p: RAHL % Rg“ — Rt s the usual projection and ¢ : M — S™ is an
H"-measurable map such that ((x) € (T,M)* H"-a.e. on M.

3. A Meusnier-type result. If M is an n-dimensional C? surface em-
bedded in R? ", oriented by a continuous normal vector field v : M — S? C
R?*1 then we will denote by I, the second fundamental form of M at x,
while @ will be the Gauss-graph map, i.e.

D:M—MxS;, zw—(z,v(2)).
The graph of v, ®(M), will be denoted by G. The tangent planes to G at
(z,y) and to M at x will be denoted by T'(x,y) and Ty(z,y) respectively
(note that Ty(x,y) = p(T(z,y)). Moreover, let
T(z) =xv(x) forallx e M
and
E(z,y) = A"dP,(1(x)) for all (z,y) € G.

Then an orientation of G is given by n = &/[¢|.

Also, let us recall (see, for example, [6]) that, for each x € M, there
exists an orthonormal basis 71 (z),...,7,(z) of T, M and a set of numbers

k1(x),...,kn(x), called respectively principal directions of curvature and
principal curvatures of M at x, such that

dd,(1;(x)) = 1i(x) + Ki(2)T35 ().
From now on, we will restrict ourselves to the case of two-dimensional

surfaces in R2, although something in what follows could be easily stated

even for higher-dimensional surfaces. Moreover, for brevity, we will often
omit in formulas the obvious arguments z, (z,y) and .

Remark 3.1 (how to recover II from 7). As
f = (Tl + "11?1) A\ (TQ + /452’7:2) =TI ATo+KoTi ANTa — K1To AT + K1KaT1 T2
S~—— S——

o &1 &2
it is not difficult to verify that, for every tangent vector u,

II(u) = (&, (T Lu) AT), ie  |nol*TI(u) = (n1, (o L u) ATQ).

Remark 3.2 (Meusnier’s formula in terms of 7 and 7). Let Qo =
(xo,v(x0)) € G be a regular point for the slicing function f and let ¢y =
f(Qo). Then Gy, has to be a regular curve, namely of class C?, in a neigh-
bourhood of Qg, and v7? (i.e. the projection of v on Tp) cannot vanish along
this regular arc since v70 = VM f. It follows that, in a neighbourhood of
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xg, T oy My, is the Gauss map of M;, considered immersed in the plane
Py, = (R3),,. Let
I'= (Fo,Fl) . [—E,E] — Gto

be a C? parametrization by arc length of a piece of Gy, such that I'(0) = Qo
and let us denote by x and n respectively the scalar curvature and the normal
vector of M, (in a neighbourhood of xp). Recalling that I1 = v o I, we
can easily recover the scalar curvature x from 7

K| [To] = |d(X o v)(10)| = [dY (dv(1D))| = |dY (d(v o ID))| = [dY (I1)].
By Remark 3.1 and recalling that [v10| =
formula (see, for example, [2])

TL(Io)| = [To|sv - x|

|v-n|, we can write the Meusnier

as follows:
|(m, (no L Lo) AT o)| = |dT (1) [ To| [V o[-
Finally, we remark that the transversality condition
vIio =vMf L0 along M,
holds for a.e. t € R, as follows from the Morse-Sard theorem (see [4]).

Before stating the Meusnier-type theorem, we give the following simple
lemma.

LEMMA 3.3. Let T be a two-dimensional linear subspace of R3 x R% and
To =pT. Then
(i) given v € R2, one has v = 0 if and only if vl =0,
(ii) given w € T, one has wo - ul® = w-u?l for all u € R3.
Proof. (i) trivially follows from T = pT since v -w = v - wy for every
w e R3 x ]R?’17 (and thus, in particular, for every w € T').

As far as (ii) is concerned, we note that w-u”
wo = pw € pT = Ty, whence wg - u = wg - u’®.

= Ww-u = wg-u. Moreover,
|

Now we are ready to prove the main theorem of this section. As we will
see in Section 3, the hypotheses will be satisfied by a parametrization I" of
almost every slice of a generalized Gauss graph.

THEOREM 3.4 (Meusnier-type). Let I' = (I, I1) : [—¢,e] — RS x 52 be
a Lipschitz map differentiable at 0 and such that

() 11 (0)] =1

(11) Fl(O) . F(](O) =0.
Moreover, let 1 and v be respectively a unit simple two-vector in R3 x S% and

a unit vector in RS such that (with Ty = pT, where T is the two-dimensional
linear subspace determined by n)
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-vTo =0,

)
)
Then Iy (0) # £v and we have the Meusnier formula

[ (70 L T5(0)) A Fo(0)] = (D) ry 0y (L1 (0D 1T (O)] [v7? o]

Proof. From (iii) and (vi) it immediately follows that
(3.1) vt =v — (v I1(0))I1(0).

Then (iv) implies that I7(0) # £v, whence the right side of the formula is
well defined.

In proving the formula, we can suppose I 0(0) # 0 (otherwise the for-
mula holds trivially). Moreover, for brevity we shall write simply d7" instead
of d(T)ry 0y and we will omit the argument of I" (and of its derivative)
understanding that it is 0, while it will be specified in the other cases.

By (i), (v), (vii) and Lemma 3.3(ii) (choosing w = I") one has
(3.2) VI =T AvT =To+ 1) AT +vT —vi).

In particular,
VI =Ty A (vI = vi) = v ATy
and thus
V(s (00 L To) AT o) = (Lo A (v =vg), (o L T) AT)
—(VgAfl,(ng Lfo)/\fg)
= (Lo,mo L Io)(v! = v, 1)
N——_———
=0
- (Vg7n0 L fﬂ)(ﬁla FU)
As [vT|no = Iy AvE (by (3.2)), we obtain
VTP (s (o L Lo) AT o) = =(vg s v |no L 1) (1, To)
== —(Vg, (Fg VAN Vg) L fO)(Flny)
= — [Ty AVE P, o) = =T Plmol* (11, o),
ie.
(3.3) (m, (o L L) A1) = —[nol* (I, To)
since v # 0 (as v1® # 0 and by recalling Lemma 3.3(i)).
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The proof will be complete once we show that the right side in the
Meusnier formula can be reduced to the right side of (3.3).

Let us start by computing d¥'(I}). Recalling (3.1) and (iv) again, it is
easy to check that

dr(Iy) =% _OTofl(s)
_ vy +(Fl’V)(fl‘V)(Fl—(Fl'V)V)
(1— (I -v)?)L/2 (1= (I - v)2)3/2 ’

whence
5 !F.1!2—(1%1'V)2+(Fl'V)Q(Fl'V)2
1= (V)2 (1—(I1-v)?)?
(Fl'V)(fl'V)(Fl'fl—(Fl'V)(Fl'V))
(1—(I1-v)?)?
NP =D P v)E = (L v)?
a (1—(I1-v)?)?

|dY (1)

+2

since Il - Iy = 0 (as I (s) - I (s) = 1 for all s), i.e.

VI AT (D)]? = (L PR = (1 v)2,
We now have to prove the following formula:
(34) (Lo v P = (T - v)?) = (11 - To)* v

We can suppose I} # 0, since otherwise (3.4) is trivial. Let [ be the
angle between Iy and I and let € be a vector chosen in such a way that
e, I, / |F 0| and v form an orthonormal basis of R (this is possible since, by
(v) and (vii), one has Iy -v =Ip- (v — v7) + Iy - v = Ty - v = 0).

Then, again from (ii), it follows that Iy = (I - €)e + (I - v)v, whence
there must exist « such that

IN-e=cosa and [7-v=sina.

Moreover, we note that:

(a) [vT0|? = cos? a, because of (3.1);

(b) the vector
. . I\ I
[Tol/ [ Lol

belongs to the plane spanned by ¢, v and it is orthogonal to I';. In particular,
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|u-v| =|u||[]-¢e| = |u||cosal, so that
. : L I\’
(Fl-v)2:|u-v|2:|u|2c:os2a:{|F1|2—<F1'|ﬁ—()|> }cos2oz
0

= |I1)?sin? B cos® a.

Now it is trivial to check (3.4). m

4. A Fenchel-type result

THEOREM 4.1 (Fenchel-type). Let X € curvy(R2) be such that X # 0
and 0X = 0. Then M(X;) > 2.

Proof. Because it is always possible to find an indecomposable non-
trivial component X* of X' without boundary and as M(X;) > M((X*)y),
we can assume, without loss of generality, that Y itself is indecomposable.
Then, by [3; 4.2.25], there exists an injective Lipschitz map A = (Ao, 4;) :
[0,M(X)] — R2 x S! such that Ax[0,M(X)] = ¥ and |A| = 1 ae. in
0,M(3)].

In particular (for X' = [R, v, 0]) it follows that R = A([0, M(X)]), and
(4.1) A=voAd ae in[0,M(X)].

We note that the statement trivially follows whenever Ay = 0. Indeed, we
then have Ay = constant = T and so R = {Z} x S!, whence M(X,) =

H(S) = 2r.
Thus, from now on, we can assume that
(4.2) Ay #0.

We need the following lemma that we shall prove later.

LEMMA 4.2. Let v :[0,1] — R? be an integrable map such that

N ol
(i) §o7(s)ds =0,
(i) image(y) C So = {(0cos b, 0sin6) | 0 >0, 0 € [a,« + 7)} for some
a € 0,2m).
Then ~y is identically zero.

Now we apply the lemma with v = Ay and [ = M(X) to conclude
(by (4.2)) that there is no « in [0,27) such that Ag(s) € S, for every s in
[0, M(X)]. ‘

But Ag(s) = |Ag| x A1(s) for a.e. s, just by definition of curvy(R2), so
that the previous statement is equivalent to the following;:

(4.3)  there is no « in [0,27) such that A;(s) € S, for all s in [0, M(X)].
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By (4.3) together with the compactness and connectedness of A1 ([0, M(X)])
implied by the continuity of A;, we obtain

H (A1 ([0, M(2)])) = .

Then we can find s1, so in [0, M(X)] (with s; < s2) such that A;(s;) =
—A1(s2). It follows that

s2

S |/11(s)| ds >

and, since A;(0) = A;(M(X)), also that

M)y s1
\ 1dis)lds + | [Ai(s)| ds > .
S2 0

Now the conclusion immediately follows by recalling that
M(Z)
M(Z) = | |Ai(s)|ds
0
by (4.1). =

Proof of Lemma 4.2. It is enough to prove the assertion for a = 0.
In this case v2 > 0 and as Sé v2(s)ds = 0 it follows that 75 is identically
zero. Then
image(y) C So MR, x 0 ={(z,0) | z > 0},

i.e. 71 > 0 and then, as Sé ~v1(s)ds = 0, also v; has to be identically zero. m

5. Estimating the diameter

LEMMA 5.1. Let 1, y be respectively a simple two-vector in RS x R% and
a unit vector in RS such that

(*y,m0) = |nol,

where x is the Hodge operator in RS with respect to the canonical basis ey,
ea, e3. Then, for any unit vector v in R3, one has

x
To _

—|nol ly — (y-v)vl e T(y),

where T is the two-dimensional linear space related to n, Ty = pT and e
denotes the Hodge operator in [v]: = R? with respect to an ordered or-
thonormal basis €}, e}, such that €}, €}, v is canonically oriented.

mLvh)o=moLv

Proof. Without loss of generality, we can assume v = e3 and €} = ey,
el = es.

As ez — eg:o is orthogonal to the linear space oriented by 79, one has
no L e3® = 1o L e3. Analogously, 7 L e} =7 L ez and then also (L e} ) =
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(n L es)o =no L es. Moreover, by hypothesis, g = |no| * y. It follows that
(MLe3)o=moLes® =mo L es=|mol(xy) L es
= ol (~yr€2 + yaer) = —|nol(yi +3)" " @ T(y). m

LEMMA 5.2. Let v and X be respectively a unit vector and a linear sub-
space of RS such that X+ N S%\ {£v} is not empty. Then Y|x g2\ 4y} S
injective if and only if one of the following conditions holds:

(i) dim X = 2,

(ii) dim X =1 and v¥ # 0.

Proof. Let w be any vector in S2N[v]* and consider the open half-plane
Hy ={sv+tw]|s,t e Rand t>0}.

Then the assertion is a straightforward consequence of the following easy
statement:

T\p,ns2 = constant = w. m

Let = = [G,n, 0] € curva(R3) be such that 9= = 0 and consider the
function f : R3 x Rzi — R defined as in Section 2: f(x,y) = x -v. The
following remarks will be useful to prove the next theorem.

Remark 5.3. From the general slicing theory (see [3], [5], [7]), we know

that =, = (&, f, t) is a null-boundary one-dimensional rectifiable current for
a.e. t € R. More precisely,

(5.1)  the tangent plane T to G exists and v # 0 H'-a.e. along G; =
flena

for a.e. t € R, and =} = [Gy, vy, 0], where vy =L (vT/|vT|) and 6; = g, .
It follows that

(5.2) VI =wv, AvT  H'-a.e. along G, for a.e. t € R.

Remark 5.4. As vl = 0 whenever = 1, (5.1) implies that 1 # 1,
H!-a.e. along G;. In particular, if (5.1) holds true, then also

(5.3) m #0 H'-a.e. along Gy N {ny = 0}.

Remark 5.5. Let w; = u; +Vv; (i = 1,2) be a couple of H? L G-
measurable orthonormal vector fields such that n = w; A wo H? L G-a.e.,
i.e.

(5.4) mo=uiAuz, M =uAva—usAvy; and 12 = V1AV, H? L G-a.e.
It follows that
(5.5) (5.4) holds H'-a.e. along G; for a.e. t € R.
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Remark 5.6. Let » denote the Hodge operator in R3 with respect to
the canonical basis e, es, e3. Then
(5.6) (*y,m0) = |no|  H'-a.e. along Gy for a.e. t € R,
since (xy,7m0) = |no| H? L G-a.e. (by Definition 2.1).

Remark 5.7. One can always find two disjoint rectifiable sets G* and
G? such that G' UG? = G and p; = p|gi is injective (i = 1,2) (see Theo-
rem 2.3(ii)). From H2(p{no = 0}) = 0 it follows that

-1
‘nlopi ‘dHQ

S \m\dHQ = S 1
Gin{no 0} pe 0o P |
and
Mo Op;1 £0 H'-ae. along (pG"), for a.e. t € R.

By Remark 5.3 and Lemma 3.3(i), these easily imply that

—1
(5.7) S % dH!' = S ’7111017;0 | ——dH' for ae. t ER,
i o0} pozi M0 0P [[vTo o pi]

where G = G, N G".

Remark 5.8. For a.e. t € R one can find an indecomposable null-
boundary component of =; which will be denoted by =} = [G}, v}, 0f] (let
us note that vy = vygr and 0] = 0yq: = 0g;). We stress the obvious
statement that =} can be chosen to be non-trivial if =, is. By [3; 4.2.25],
there exists a map I = ((I7)o, (I7)1) : [0, HX(G})] — R3 x 2 such that

(5.8) I} is a Lipschitz parametrization of Gf and [I] =1 a.e.

Recalling Theorem 2.3(i), we find immediately that (omitting for simplicity
the symbols ¢ and x)

(5.9) To C [IM])* ae. in [0, HY(G})] for ae. t € R

and, moreover, we can easily apply Theorem 3.4 to find that

(5.10)  |(m o I, ((no o I') L Ip) A 1))
= |dY(I)||To||v™® o I'|jno o I'>  ace. in [0, H}(G)] for ae. t € R.

Now, let us denote by J the null-measure subset of R outside of which
all the properties pointed out by the foregoing remarks hold. Moreover, let
PR3 x (R%\ [Vv]) — R x [V]* be defined by ¢y = 1 & 7T, i.e. ¥(z,y) =
(=, 7(y)).

THEOREM 5.9. Let t € R\ J by such that

(i) =¢ is non-trivial,

(ii) v ¢ image(I?).
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Then

| —
| oy @ 2 la =), 2 2
Gt

Proof. Without loss of generality we can suppose =} to be indecompos-
able, i.e. = = 5. By (ii), X' = —t4 =, is a well defined rectifiable current.
We first show that

(5.11) 0¥ =0 and X € curvy([v]').

The first equality immediately follows from 0=; = 0 taking into account (ii).
The second is proved as follows.
Lemma 5.1 and (5.6) imply that

(o2 (), (n Lv o) = —[(n L v )o| H'-ae. along G.
By the transversality condition (5.1), we can restate this as
(5.12) (e7(y), (ve)o) = ~[(v)o| ~ H'-a.e. along G.

Taking into account (5.1) together with Lemma 3.3(i) and using then Lem-
ma 5.2 (with X =Tp), we can assume that v, is injective. It follows that

H (Y{(x,y) € Gy | dyp(vi(x,y)) = 0}) =0
and

_ _ dp(vepT)
= me’ (v, ow)r’l]]'

Then, if g is any function with compact support and ¢® denotes the Hodge
transform of the canonical one-form in [v]*, one has

° dw(Ut O¢ 1) o> 1
X gp = — g\ V5P dH
( ) w(xt) <|d7,z)(Ut O¢_1)|

and therefore, since (dih(vy 09"),¢*) = (v 0 6o, %) = —|(ve 0 ¥l
by (5.12), we obtain
S(ge®) = | dH*,

g o il | (WevT)y

Tdp(vy 0 )] (o 1)]

Y(Gr)

which is just the integral condition in the definition of curv;([v]*). This
concludes the proof of (5.11).
Now, consider the decomposition

(5.13) S%d%lz | %dﬁ(“r | —||j;|| dH" .
Gy GN{no#£0} G¢N{no=0}

Il 12
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For the first integral, we note that, by (5.7),

. | 1 |1 1
L= | T+ | rakd
G1n{no#£0} Gin{no#0}
opyt opyt
— | men ]y _men |

Ino o py | [vTol o o py | [vTo|

pG} pG?

= m o I'|| 1]

T S.
[O,Hl(Gt)] ’TIO OFHV © OF‘

Hence, by (5.10), we obtain

(5.14) I > | |dY(I7))| ds.
[0,H(G)\{To=0}

Now we have to tackle I5. As

Iml 00 m o 1|
5.15 I, = —dH" > ——d
(5.15) ? ) VT R VT or| ™
Gen{no=0} {I'o=0}
the conclusion will easily follow by the Fenchel-type theorem, once we prove
that

[ny ol :
- >
(5.16) | | VT o T ds> | larn)|ds.
{Iv=0} {I'v=0}

Indeed, (5.14)—(5.16) imply that

Sm(yﬂ:]ﬁbz | lar)lds

V7]
Gt [Ole(Gi )]
and the right hand integral is not less than 27 by Theorem 4.1, taking into
account (i).

To prove (5.16) we note that, by (5.8), \I'1| = |I"| = 1 almost everywhere
in {Iy = 0}. Then, also by recalling (5.2), we obtain

v o T
[vT o I'|? s,

moll  _ ( fanGFon),
S [vT o I| 5T S |[vT o I'|? 5T S
{Iv=0} {Iv=0}

{Ih=0}
whence the assertion will follow by showing that
(5.17) vl or| > v o I?|dY(I)| ae. in {Iy =0}
Recalling (5.1), Remark (5.4) and (5.5) we can assume that

(5.18) u; #0 and uy =cu; a.e. along Z; := F({f‘o = 0})
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(by renaming the vector fields if need be), where c is an H! L Z;-measurable
function. Then the equations
(5.19) vl = (v -wi))w + (v -wa)wa = (v-w)((1 + cA)uy + V1 + cvy)
and
vi> =1—|wl* fori=1,2,

vy vy = —clu|* (since wy - wy = 0)
hold a.e. along Z;, whence, with a short computation, it follows that
(5.20) VP =(1+A)(v-u)?  ae along Z;.
By (5.20), (5.19) and recalling that |[v’°| = |v - u|/|uy|, we can restate
(5.17) as follows:

1

: B
(5.21) [dY (I1)] < N o Tyl

a.e. in {1y = 0}.

To prove (5.21), we use the formula

o 1—(-v)?* = (I -v)?
A= (Iv)?

which one can get by the same calculation made in proving Theorem 3.4

(here we recall again that 7" and dY" are well defined because of hypothesis
(ii) and take into account (5.8)). Then

1
(L= (Iy-v)?)H2

whence (5.21) immediately follows upon noting that, by (5.9),

(5.22) |dY (1) a.e. in {Iy = 0},

ldY(I)] < a.e. in {Iy = 0},

VD0 o Iy < W o Iy = (1 — (I - v)2)Y2,

Remark 5.10. If G is the Gauss graph of a compact C? surface M
embedded in R3, then the proof of the statement becomes easier (and it
has been that case which provided us with the path followed to prove the
general case). Indeed, under this assumption, 79 # 0 on G and hence

ml 0 [ o I'[| T XLr, || 25|

—_— dH =1 = ds = ALl VLN i} ds
Gst ]VT‘ 1 o HIS(G : ‘770 o FHVTO o F’ 0 HlS(G . ’VTo o F’

) t ) t
TLr, (Lo /[ To])[ 1]
> S O‘VTO oT ds.
(0,H(G1)]

As [vT®| = |v - n|, where v is the unit normal vector to M in R3 and n is

the unit normal vector to M; in the slicing plane f~!(t), from Meusnier’s
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theorem we deduce that
| ”"1“ dH'= | |kolo||lo]ds,
Gy [0,H(G4)]

where k denotes the scalar curvature of M;. Hence the assertion follows
from Fenchel’s theorem.

Now we state a corollary of Theorem 5.9. Let
R:={t e R\ J | Z} is non-trivial and v ¢ image([1)}
and note that R\ f(G) is a null-measure set.

COROLLARY 5.11. We have

1
m(R) < o S | dH?,

where m denotes the Lebesgue measure in R.
Proof. Indeed, from the slicing theorem (see [3], [5], [7]), one obtains

é\nlyd?ﬂ: | (S ||m||d7-(>dt> | <G§|77_ )dt

f(@) (&)
|

23(3‘ m ' ) dt

R ~Gy

The conclusion follows from Theorem 5.9.

Remark 5.12. Let G be still as in Remark 5.10. Then, by Morse—Sard’s
theorem (see [4]), the set of critical values of f|q is a null-measure subset of

R. In other words, G; is a regular level surface (of class C2) for a.e. t € R.
It follows that m(f(G)) = m(R). Then Corollary 5.11 implies that

1
m(f(@) < 5=\ lm| dH®.
TG
In particular, if G is connected one also has (by the arbitrariness of v)

diam(pG) < — S In1| dHZ.

We conclude this section by proving the diameter estimate in the non-
regular case. First, we state a simple transversality result which will play
the same role as the Morse—Sard theorem in Remark 5.12. Then we make
some remarks and definitions useful to end the proof of the estimate.

PROPOSITION 5.13. Let = have a finite mass. Then there exists a set Q)
of full measure in S? such that if v € Q then

v ¢ image([1) for a.e. t € R.
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Proof. If v.e S% let Ay, = ¢ (V) N G. Then the area formula implies
that #A, < oo for a.e. v € S2. The conclusion follows since v ¢ image(I7)

~

provided =} is defined and t & f(Ay).

Now we recall that, if v € S2, then the one-dimensional linear subspace
of R3 generated by v is denoted by [v]. Also, let us introduce the set

oy ={z €[v] | Esv #0}.

Remark 5.14. Without loss of generality, the set o, can be assumed
to be equivalent to the set m, obtained by projecting pG orthogonally on
[v], ie.

H (my A oy) = 0.
Also, observe that the map d : S? — R defined by
d(v) = Hl(UV) = HI(WV)
is continuous.

DEFINITION 5.15. = is said to be segment-projecting at v € S? if o
is equivalent to a segment, i.e. if there exists a connected set I, C [v]
such that H!(I, A oy) = 0. We say that = is segment-projecting if it is
segment-projecting at every v € S%.

ExaMpPLE 5.16. If = is indecomposable, then it is segment-projecting.

Indeed, let v be given in S2; then, by [7; Lemma 28.5], there exists a measure
zero set Z C R such that

(5.23) (E,f.t)=0[= L{f <t}] foreveryteR\Z
Let ¢, and t, be any elements in I = {t € R | (Z, f,t) # 0} = f(oy). Then
it is enough to prove that

(tl,tg)\ZC[.

Otherwise there would exist t* € (t1,t2) \ Z such that (=, 7, t*) = 0. Hence,
recalling that 05 = 0 and (5.23) holds, we would have
A L{f<tY=0[=EL{f>t} =0
Then = would admit the non-trivial decomposition
E=EL{f<t'} + EL{f>t"}
with N(Z) = N(ZL{f < t*})+N(ZL{f > t*}), but this is absurd because

—

Z is indecomposable. The conclusion follows by the arbitrariness of v.
DEFINITION 5.17. Let = be segment-projecting. Then we define the
z-diameter of = as

z-diam = = sup d(v).
ves?
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Remark 5.18. By of the continuity of d, we have

z-diam = = sup d(v)
veQ

whenever @ is a dense subset of S2. In particular, that is true if Q is
H2-measurable and H?(Q) = 4.

Finally, we are able to prove the generalized diameter estimate.

THEOREM 5.19. Let = = [G,n, o] € curvo(R3) be of finite mass, without

boundary and segment-projecting almost everywhere. Then

1
z-diam = < — S 1| dH2.
27rG

Proof. Corollary 5.11 and Proposition 5.13 imply that

1
_ 1 < = 2
d(v) =H <ov>_2ﬂ§;\mrdH

for all v in a full measure set @ C S2. The conclusion follows from Re-
mark 5.18. =
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