COLLOQUIUM MATHEMATICUM

VOL. LXIX 1995 FASC. 1

A NOTE ON A MULTI-VARIABLE POLYNOMIAL LINK INVARIANT

BY

ADAM SIKORA (WARSZAWA)

In 1985 the Homfly polynomial was discovered independently by several
groups of authors (see [PT], [FYHLMO]). Various possible generalizations
were also discussed in [PT] and [HW]; see also [L]. In particular, one many-
variable polynomial link invariant was defined in [PT], Example 3.9. In
this note we show that this invariant is in fact equivalent to the Homfly
polynomial.

First of all we recall the definition of the invariant. This is a polynomial
w in variables ylil, :EIQiI, 2, Ziy xiil, 1 € N, satisfying the following three
conditions.

(0)  For the trivial link T, of n components the following equality holds:

n—1 n—1
w(T,) = H(Cﬂz + i) + 21 H (@i +yi) +.. + 20—2(Tn-1 + Yn—1) + 2n-1.
i=1 i=2

The next two conditions involve the notion of multiplicity pattern. We
say that a triple Dy, D_, Dg of oriented diagrams has multiplicity pattern
(n,k) if Dy and D_ have n components each, and Dy has k components.
If the specified crossing of Dy is a self-crossing of one component then
k =n+ 1. Otherwise k = n — 1. Thus, the only patterns that may appear
are (n,n+ 1) and (n,n —1). Let wy = w(D4), w— = w(D_), wy = w(Dy).
Then the next two conditions defining the polynomial w are:

(1)  zpwi +ypw— =wo — 2z, for multiplicity pattern (n,n + 1) and

(2) 2wy +y,w_ =wy— 2z, for multiplicity pattern (n,n — 1).
Moreover, x;, y;, zi, *;, y;, and z, are supposed to satisfy
/ /
W ; Ta1 LYt
;= "L“—, xT. = —, =
vi 1y ‘ Li—1 vi I

(3)

/

Zit1 — Fi—1 1 Y1 z, oz
o +— PV b
T1To T x; xX;

fori=1,2,...
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In Problem 4.4 of [PT] it is asked whether the polynomial w is a better
invariant of links than the Homfly polynomial. We will show that the answer
is negative, namely:

THEOREM. The polynomial w is equivalent to the Homfly polynomial.

Here “equivalent” means that given the value of h(K) we can calculate
w(K) and conversely.

Proof. We will use the Homfly polynomial, denoted by h, in variables
x and y as defined by the equalities

zhy +yh_ =ho, W(T,)=(z+y)" "

Let us observe that if the link K has n components, then degh(K) =
n—1. Obviously, the substitutions x; = zb =z, y1 =y, z; = 25 = 0fori € N
yield w(K) = h(K). Therefore, it is enough to show that given the value of
the Homfly polynomial for a link K we can determine the polynomial w(K).

Let us begin with a simplification of the definition of w. Let z := x1,
y := y1. In this notation, after multiplication of both sides of formulas (1)
and (2) by x/x,, and x,,_1/x} respectively, we obtain the following identities:

(0" w(T,) = (1 + z>n_1xx2 U
n—1 L n—1—k
—i—;zk( +x> Tht1 - -Tp—1,
(1) Twy +yw_ = ﬁ(wo — Zn) for (n,n + 1),
(2') Twy +yw_ = xnl_l (wo — 2z)  for (n,n —1).

2

From (3) we have

/
Zhi1 = Zn—1 + TTH <1 + y> <ann_l - Z”) for n > 2.
T

/
THT Tp

LEMMA 1. The following equality holds:
n—1

/ /
Zn = E Cn,kZk 1 Cn,2/ %9,
k=1

where the parameters c, i, cn 2 are defined in the following manner. Set
(1+y/z)" 3Bxg...0p_o forn >3,

Cn1 =14 1 form =3,
0 forn < 2.
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Let =1 — zah(1 +y/z)?. For k > 2 define ¢, i as
a(l+y/x)" "2z q . wyo forn>k+2,

S forn=Fk+2
" —(x5/zk)(z +y) forn=k+1,
0 forn <k,
and
_J1 for n =2,
Cn2r = { (1+y/x)"2z1... 242 for n>3.

Proof. By induction on n. m

We will prove the next two lemmas using the method described in [K]
and [PT], namely: Let D be an oriented diagram of n components, and let
cr(D) denote the number of crossings in D. Let b = (by,...,b,) be base
points of D, one point for each component of D, none of them a crossing
point. Now, one travels along D (according to the orientation of D) starting
from by, then (when the walk along the first component is completed) from
b2 and so on. Any crossing that is passed by a tunnel when first encountered
is called a bad crossing.

Let us consider all possible choices of (b1, . ..,b,). We denote the minimal
number of bad crossings in D (over all possible choices of base points) by
x(D). For a given diagram D let (by,...,b,) be base points of D such that
the number of bad crossings in D is minimal possible. We may assume
that the first bad crossing is positive. We denote D by D, with respect
to this crossing. Then x(D_) < x(D4), and Dg has less crossings than D.
Therefore, in order to prove some property of w(D), it is convenient to use
induction on cr(D) and x(D).

LEMMA 2. For every diagram D of n components we can group the terms
of w(D) as follows:

w(D) = wo(D) + wi(D)z1 + Y _ dp r2k + wa (D)2},

k=2
where
(1 +Yut1) o (Tno1 +Yn—1) forn>k+2,
dpp =141 forn=k+1,
0 forn <k,
and wy, wi, wy are polynomials in the variables y*?, xéil, and xiil, 1€ N.

Proof (by induction on cr and x). If cr(D) = 0 then from (0') the
lemma is true. Let us assume that it holds for all D such that cr(D) < c.
Let cr(D) < ¢+ 1. Now we apply induction on x (D). If x(D) = 0 then D is
a trivial link and the lemma is true. Let us assume that it holds for D such
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that x(D) < s. If x(D) = s+1 then there is a crossing in D (we assume that
it is positive) such that D = D, cr(Dg) < c and x(D-) < s. Therefore D
and D_ satisfy the inductive hypothesis. If D, Dy have respectively n and
n + 1 components then we have

w(Do) = wo(Do) + w1 (Do)z1 + Zdn+1,kzk + wy (Do) 2,
k=2

w(D_) = wo(D_) =+ w1 (D_)Zl + Z dn,kzk + w2/(D_)ZQ/.
k=2

Then from (1’) for n > 2 we obtain

w(Dy) = —w(D) — % — Luy(D_)

k=2
+ |:’LU2/(D0) — *’U)QI(D ):| Zé
Ln
One readily sees that
1 Y 1
7dn n_*dnn_izo
n +17 x b xn
and
1 Yy
fdn_i_l,k — *dn,k :dn,k for k :2,...,71,— 1.
T x

n
This completes the proof for this case.

For n = 1 and n = 2 the proof is similar and even simpler. What
remains to prove is the case when D and Dy have respectively n and n —1
components. In this situation (2’) implies
$n—127/1 )

w(Dy) = Txéw(Do) - o - ;w(D,)

€T T Tp—
= |: L lwo(Do) — Q’LUQ(D ):| + |: n lwl(Do) — gwl(D ) — Llcn 1|21
.T.Tz T 33332 T TTy

Tn—
Z[ 1 nlk_cnk)_dnk]zk

k=
Tn—1 Tp—1 )

[ war Do — Cn2 — *w2/(D—) 20 .
x T

/
2 LTLo
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It is easy to prove that the equalities

Ty

L,l(dn—l,k - Cn,k) - gdn,k = dn,k
TXY x

hold for k > 2 by checking directly the casesn > k+3, n=k+2, n=k+1,
and n < k. This completes the proof of Lemma 2. m

LEMMA 3. Let D have n components. Then wo(D), w1 (D), and wa (D)
are sums of monomials of the form

1
CToy ... :t?n_lnvo‘yﬂ,—ﬂy forn >3,
Lo
1
caco‘yﬁ,—7 forn <2,
Lo
and the sum of the exponents of x,y,1/xh, xa,..., 2,1 in each of these
monomials is equal to n — 2 for wi, and to n — 1 for wy and woy.

Proof. Follows from (1’) and (2) by induction on cr(D) and x(D). m

Let vg, v, vy be polynomials (in the variables z%!, y*!, :U’Qil) equal

to wg, wi, wo after substitution x; := x, ¢ € N, and let vy, v1, Uar be the
polynomials obtained respectively from wvg, v1, vor by putting x in place of
zh. Now from (0'), (1’), and (2") we have

aTo, +yUo_ =Ty, and To(Ty,) = (z +y)" L.

Therefore To(D) = h(D) for each D.
For 77 the identities (0'), (1’), and (2’) take the form
U, + YU =Ty, — 1 for (1,2) pattern,

TV, + Yv1_ =T, for (2,1) and (n,n + 1) patterns,
n#1,

TV, + Y01 =V, — (T + y)("=3) for (n,n — 1) pattern, n # 2,

U1 (Tl) - 07

1 (T,) = (x +y)" 2 for n > 2.

One readily sees that the polynomial

_ Tty n—1 (x +y)"2 forn > 2,
($+y)2—1(h (@ +9) )+{0 for n =1,

satisfies all the above conditions. Since these conditions uniquely define vy,
therefore

= Tty n—1 (x+y)"? forn>2
=2 —(h—(z+ + Z 2,
“ (3:+y)2—1( @+9)") {0 for n = 1.
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Finally, vy is defined by
TV, + YUy =Ty for (n,n + 1) pattern,
TV, + YUy =Ty — (x+y)"
v (Ty,) = 0.
In the same way we prove that vy = (h — (z +y)" 1) /((x + y)* — 1).

Since the number of components of D is equal to deg h(D) + 1 we have the
following;:

for (n,n — 1) pattern,

COROLLARY. From h we can calculate vy, 71 and Ty .

If we know the form of 7y then we can reconstruct vg: if a monomial

cx®y® appears in Ty then a monomial cz®y® wi” appears in vy with o,y € Z

satisfying

a—v=a, oao+v+b=n-1
In a similar way we can deal with 7; and Ty. If we know vg(D) we can
calculate wo(D): if n < 2 then wo(D) = vo(D), and for n > 2 the monomials

of the form cx®y" z,ly in vg(D) correspond to monomials
2

1
Ty . . .a:n_ga:a_(”_?’)yﬁl—,y
Lo
in wo(D). The case of v; and vy is similar. This completes the proof of the
Theorem. m

The author wishes to express his gratitude to Prof. P. Traczyk for his
help and inspiration, which resulted in this work.
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