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1. Introduction. Let G be a locally compact o-compact topological
Hausdorff group with a right Haar measure A. The class of all such G
with equivalent right and left uniform structures is denoted by SIN. A
comprehensive review of properties of such groups can be found in [HR]
or in a more recent paper [HT]. We note that if G is in addition second
countable then G € SIN if and only if there exists a (two-sided) invariant
metric on G.

We denote by P(G) the convex convolution semigroup of all Borel
(Radon) probability measures on G. For a fixed u € P(G), and f € LP())
or f € Cy(G), we define

Puf(z) = [ f(zg)du(g).

To simplify, and in accordance with [DL2], we write T'(t) for Ps,. Clearly, P,
is a positive linear contraction on each LP(\) where 1 < p < co as well as on
Co(G). We notice that P, considered as a linear contraction on L>(\) may
be treated as adjoint to P, which obviously acts on L*(\). Moreover, it is
doubly stochastic on L*(\). Py(v) = v * i is an extension of P to M(G),
the (AL) Banach lattice of all bounded (Radon) measures on G. Clearly
P} (v) = v % u, where P, is now an operator on Co(G).

The smallest closed subgroup which contains the topological support
S(w) of p is denoted by G(u). If G(u) = G then we say that u is adapted.
We introduce another subgroup which is strongly responsible for asymptotic
properties of the iterates P}. Namely, we denote by h(p) the smallest closed
subgroup H C G such that

gH=Hg and pu(gH)=1 foreach g€ S(u).
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In [DL2], h(u) is identified as the closed subgroup generated by

IS« )y u S « ™).
n=1
Our notation is taken mainly from [DL2]. In particular, i stands for the
symmetric reflection of p and * denotes as usual the convolution operation.
In this paper we shall study the following:

PROBLEM. Characterize y € P(G) such that for all f € L?*(\) we have
() T (17 f]l2 = 0.

On the other hand, if for some f € L?*(\) the convergence (x) does not hold,
then identify all such f € L2(\).

In 1984 Y. Derriennic and M. Lin [DL1] proved that if G is Abelian then
(x) holds for all f € L?()\) if and only if h(u) is noncompact. We introduce
the class Gpr, of all locally compact, o-compact groups with the property
that (x) holds if and only if h(x) is noncompact. It was shown in [B2] that
all countable groups belong to Gpr,. Subsequently in [B3] it was proved
that all Polish, locally compact groups with invariant metrics are in Gpy,.
Proposition 1 of [B4] gives examples of Lie groups without invariant metrics
which still belong to Gpr,. Although a full characterization of the class Gpr,
is not provided here, we show that SIN C Gpr.,.

This fact will be used in the third section which includes the main result
of the paper. We extend the Krengel-Lin decomposition to the class SIN.
Namely, we show that if u is adapted then L?(\) = Eq® FE; where Eg = {f €
L2(A) : limy, oo | P fll2 = 0} and Ey = L*(G, £4(P,), A), where according
to [F], Xq(P,) stands for the deterministic o-field of the Markov operator
P,,. We recall that it is defined as

Ya(P,) ={A C G : Ais measurable and V,ey 3B,, P14 =13, }.
It is proved in [KL] that the tail o-field
Yi(Py) ={A C G: Ais measurable and V,en 3B, P;ngn =14}

coincides with Xq(P;). We will prove that if £ is nontrivial then X4 (P,) is
atomic and consists of classes of the group h(u). As a result we get Y4(P,)
= Yq(P;) and consequently, the deterministic part G (u) defined as

esssup{A : A € Yq(P,) N Xy (P,) with A\(A) < oo}
is the whole group G.

CONVENTION. All groups considered in this paper are locally compact,
Hausdorff, and o-compact. Measures are Borel and Radon.
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2. Concentrated probabilities. We start with some auxiliary results
and provide the necessary definitions. Most of them are taken from [B3].
We say that u € P(QG) is concentrated if there exist a compact set K C G
and a sequence g, € G such that

wW(gnK) =1 for all natural n.

A measure p € P(G) is said to be scattered if (x) holds.

The following lemma, which actually is a version of the theorem on
convergence of alternating sequences, has been proved in [B3]. In its proof
we used Lemma 1.2 and part a) of the proof of Theorem 3.1, both from
[C]. It may be easily checked that even though the separability assumption
is essential for most of the proofs in [C], the results we quote are valid for
general topological groups.

LEMMA 1. Let p € P(G). Then either p is scattered, or there exists a
probability measure p € P(G) such that i*™ x u*™ = o in the weak measure
topology. Moreover, we have the obvious identity

(1) fixox p=p.

The above convergence has also been studied in [E] and from the general
point of view in [AB].

As in [B3], for a unimodular group G and p € P(G) we define

T.f(9) = [[ Flygz"") du(y) dp(z).
We recall that any group G € SIN is unimodular (see [HR], p. 278).

LEMMA 2. Let p € P(G) and G € SIN. Then the following conditions
are equivalent:

() there exists a measure p € P(G) such that [i* o * p = o,
(B) T, (f«) = f for some nonnegative and nonzero f. € L*(\) N L>(N).

Proof. Only (a)=(f) needs to be proved. For 0 < ¢ < 1/2 let f
be a continuous function with compact support K such that 0 < f < 1
and [ fdo > 1 —¢e. Then [ T/'fdo > 1—2¢, so T} f(xn) > 1 —2¢
for some z,, € K. Since the family {T wfn natural} is equicontinuous
([HR], (4.14)(g)), there exists a compact neighbourhood W of e such that
T} f(g) > 1 — 2¢ whenever g € Wx,,. Consequently,

[ Tifdx> (1= 22)A(Way) = (1 - 22)A(W).
WK
This implies that the Cesaro L? limit of the sequence T} f (we denote it by

f+) does not vanish, and is T),-invariant. Clearly f. € L'(\) N L>()) since
T,, is doubly stochastic. m
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The following theorem extends some results of [B3] to SIN groups. We
will apply this result in the next section. The proof is omitted as it easily
follows from Theorem 2 of [B3] and Lemma 2.

THEOREM 1. Let i € P(G) be adapted and G € SIN. Then the following
conditions are equivalent:

(i) there is a compact set K and ¢n, gn € G so that p*"(g,K) =
2" (g, K) =1 for all n,

(i) p is nonscattered,

(iii) there exists f € L*(X\) such that lim, o || P} f]l2 > 0,

(iv) there exists p € P(G) such that fi* o * p = o,

(v) h(p) is compact.

We notice that for noncompact G and adapted p € P(G), if h(u) is
compact then it has positive Haar measure. This follows from the identity
G/h(p) = Z, which may be easily inferred from [DL2], Proposition (1.6).
Using Baire category methods it may be shown that the interior of h(u) is
nonempty.

3. Krengel-Lin decomposition. In this section we extend the Kren-
gel-Lin decomposition from compact groups to the class SIN. We begin
with the following

LEMMA 3. Let G € SIN. Then for any p € P(G) and f € L*(\) the set
Gry={teG: lim TP S~ Py fll =0}
is a closed subgroup containing h(p). As a result, if u is nonscattered and
0 = lim,, o i*™ % u*™, then for any f € L?*(\) we have
i npe_prfll, =
(2) nILH;OHPQpr Puf||2 0.
Proof. Without loss of generality we may assume that the considered

functions f are taken from Co(G)NL?(N). Clearly Gy, is a subgroup. Now
let t, — to, where t, € G ,. We find that independently of n,

IT(ta) P f = T(to) P23
=[] Utan) ~ sGato)) du )] dr(a)
< [ [ 1f(@tay) = fatoy)* dp*" (y) dA(x)
= [ [ 1yt tay) = f(2)|* dA (@) dp*" (y) < (¢/2)

for ¢y t, close to e, the neutral element of G. Therefore for sufficiently
“large” o and n we have
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1T (o) By f — By fl2
<|T(to)P)f —T(ta) Py fll2 + I T(ta) Py f — Pl fll2 < e
This implies that ¢y € G .
From the above arguments it is easy to conclude that all sets

3 {teG: lim TP f ~ o fll2 =0},

where n; — oo are arbitrary, are closed.
Now, let

Grow= () Gru
ez

Clearly it is a closed subgroup of G. We prove h(u) € Gz . It follows
from the convergence

tim [ |T(0)Pf ~ B flladn(t) = 0,

where

oo

— 1 1
77:22?”*143 and V227(,U/*k*ﬂ*k+ﬂ*k*ﬂ*k)
k=1 k=2

(see [DL2]), that for any sequence m; — oo there exists a subsequence
n; — oo such that

(4) lim [|T(¢)P,7 f — Py fll2 =0,
j—o0

where t runs over a set of full  measure. By (3) the convergence (4) holds
for all t € S(n) = h(u) and the inclusion h(u) C G2, is proved.

The second part of the lemma is an easy consequence of the first one.
For nonscattered p € P(G) we have S(g) C S(n) = h(j1). This implies that
for all f € L%(\),

1P Py f = Prflla < [IT@) Py f — Pgfllado(t) — 0. m

PROPOSITION 1. Let G € SIN and p € P(G) be adapted. If p is non-
scattered then S(p) = h(u), where o = lim,, o0 ™™ * w*™. If in addition the
group G is noncompact, then

_ /\’h(u)
©) = Mhw)

is the normalized Haar measure on h(p) and 7 = lim, o " x @*™ = o.

Proof. Firstly we notice that e € S(p). For this, let W be a compact
neighbourhood of e. By Theorem 1 the group A(u) is compact, so it may be
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covered by a finite union U§:1 x;W. Hence
P
S(u*™) C g™hpw) € | g™ W,
j=1

where g € S(u) is arbitrary. Therefore for any n there exists x;, such that
w(g"x;, W) > 1/p. Consequently,
~ %7 *T — ~ %N n - — —-n.n 1
o N (WIW) = 1k gt (W e g g e, W) > ol
Passing with n to infinity we get o(W~1W) > 1/p?. Since W is arbitrary,
it follows that e € S(p). In the same way we obtain e € S(7).
Now we apply Theorem 1 (condition (iv)). For all natural n we have

M*n*ﬂ*n*g*u*n*ﬂ*n:M*n*g*ﬂ*n‘

The left side tends to 7 x ¢ x 7. By (2) the right side is convergent to 7. As
a result,

(6) TX0*xT =T

and consequently 7xpxTx o = Txp. It is well known (see [H]) that then 7%

must be the normalized Haar measure of the compact subgroup S(7 * ).
Now we show that S(7) is a group. It is obvious that this closed set

is symmetric and contains the neutral element of the group. It remains to
prove that it is a semigroup. This follows from

S(1)S(r) = S(m)eS(1) C S(1)S(0)S(1) = S(r*ox7) = S(7).
Notice that S(p) C S(7)S(0) = S(7%p). Hence px7%p = T%p. Interchanging
o with 7 in (6) we have p* 7 * 0 = p, S0 ¢ = T x 0. Since S(7) C S(7* ), it
follows that 7 = 7 * 9 x 7 = p. The inclusion

o0

(SGE™ ™) U S (™ ™)

n=1
C (S 5 0% p*™) U S(u*" % 7% ji*™)) = S(0)
n=1

is obvious and we get h(u) € S(g). The opposite inclusion S(p) C h(u) is
always valid so S(g) = h(u).

It is noticed in (5) that A(h(u)) > 0 for noncompact G. Therefore the
measure ¢ may be identified as

_ Al
A(h())
and the proof is complete. =
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It is well known that on compact groups left and right uniform struc-
tures are equivalent. So, the following theorem extends the Krengel-Lin
decomposition which is discussed in [KL] only for compact groups.

THEOREM 2. Let u be an adapted probability measure on a noncompact
group G € SIN. If u is nonscattered then:

(a) Xa(Py) =oc({g"h(p) :n € Z and g € S(p) arbitrary}),
(b) limy, oo [|P(f — Eaf)|l2 = 0 for all f € L*(X), where Eq stands for

the conditional expectation operator with respect to Xq(P,).
Proof. For natural n and j we have P/'1 i) = 1gi-np(y), SO
o({g"h(w) : n € Z, g€ S(u)}) C Sa(Py),
It follows from [F] that
L*(G,X4(P,),\) = {f € L*(\) : Pyenyyon f = f for any natural n}.
This gives P,f = f for f € L*(G, X4(P,),\) where ¢ is defined in Proposi-

tion 1. Using that proposition we have

f@) = [ fey)do(y) = [ +f(y)doly) =

[ 2f) drw).
h(p)

A(h(p))
If z € xh(p) then

g = L = f(x).
h({) of (27 Ty) dA(y) YAm h({) 2f(y) dA(y) = f(=)

This means that f is constant on cosets of h(u), and (a) is proved. Here
we notice that Yq(P,) = YXq(Py) = Xt (P,). Since A(h(p)) is finite, the
deterministic part is the whole group.

To prove (b) we must show that lim, . || P} fll2 = 0 for any f € L?())
satisfying

f fdx=0 forall g eG.
gh(n)
We notice that the above condition is equivalent to P, f = 0. Now,
lim |PrfI3 = lim [ PPrf-fd= [ Pyf - fdA=0.m
COROLLARY 1. For any adapted probability measure p on a noncompact
group G € SIN there exists a decomposition
LQ()\) = EO S LQ(Ga Ed(PN)a )‘)7
where lim, .o [P fllz = 0 for all f € Eo, and if nontrivial, then
(L*(G, Xa(P,), N), P,,) is isomorphic to the bilateral shift (¢*(Z),0).

In the above decomposition it may happen that Ey = L?(\) (u is scat-
tered) or that Ej is trivial (G =Z, and p = 6;).
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