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Let X be a Banach space, and S(X) and B(X) denote the unit sphere
and unit ball of X, respectively. For each x € B(X), write

AMz) =sup{A € [0,1]:z=Xe+ (1 - Ny, y € B(X), e € Ext B(X)}.

If A(z) >0 for all x € B(X), then X is said to have the A-property. Moreover,
if inf{\(z): z€S(X)} >0, then X is said to have the uniform \-property.

If X has the A-property, then B(X) = co(Ext B(X)) and each element
z € B(X) can be expressed as z = Y .- \;e;, where ¢; € Ext B(X) and
i >0, 72 A\ = 1. Moreover, if X has the uniform \-property, then the
series © = Y~ \;e; converges uniformly for all z € B(X).

Define

AX) =inf{\(z) : 2 € S(X)}.
Obviously, A\(X) expresses the degree of A-property; we call it the A-coeffi-
cient of X.

The A-property of Orlicz spaces has been thoroughly discussed in the
literature, and it is well known that the Orlicz function space Lj; endowed
with the Luxemburg norm has the uniform A-property iff M (u) is strictly
convex on [0,00) (for short, we write M € SC). Indeed, if M ¢ SC, then
M Lyr) =0, and if M € SC, then A(Lys) = 1. In this paper, we discuss Orlicz
sequence spaces endowed with the Luxemburg norm, and get an interesting
result that A\(Ij;) may take every value in the harmonic number sequence
{1/n}2, and 0. Hence, we can easily deduce a sufficient and necessary
condition for lj; to have the uniform A-property.

Let M : (—o00,00) — (0,00) be convex, even, continuous and M (u) =
0 < u = 0. For a given sequence x = (x,,)52, define pps(z)= Y00 | M(z,),
I ={z = (2)52; : IXN > 0, om(Ax) < oo}, and [|z|| = inf{\ > 0 :
om(z/X\) < 1} for x € lpr. Then (Ip, || - ||) is a Banach space. Ext B(ly)
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denotes the set of all extreme points of B(lys). SAI represents a structural
affine interval of M(u), i.e. an interval [a,b] such that M (u) is affine on
[a,b] and is not affine on [a — €,b] and [a,b + €] for any € > 0. Sy is
the set of strictly convex points of M(u) (i.e. u € Sy iff for any ¢ > 0,
Mu) < (M(u—c¢)+ M(u+e¢))/2).

LEMMA 1. If z,y,z € B(X) and z = ay + (1 — o)z for some « € [0,1],
then \(x) > aA(y).

Proof. See [2].

LEMMA 2. Let © € S(lpr). Then x € Ext B(lyr) iff (i) om(x) =1 and
(i) i (i) & Sur} < 1.

Proof. See [5].

LEMMA 3. A(lar) = inf{\(x) : on(x) = 1}.

Proof. Define X' = inf{\(x) : ppr(z) = 1}. Obviously, A(Ipr) < N. For
any € S(lp) with op(z) <1 and 0 < e < 1, since pp(z/(1 —¢€)) = o0,
there exists n such that

2§22+ e

i<n ji>n

Select 0 < €’ < € satisfying

Soar (L) 4 30 artatiy) -
Take i
<1 ...,m,x(n+1),x(n+2),...>.
Then op(y) = 1. Set z = (O ,0,z(n + 1), z(n + 2),...). Clearly, z €

B(Lys) and x = (1—¢")y+€'z. By Lemma L, Ax) > (1-e)A(y) > (1-&")N.
Since z, ¢’ are arbitrary, we have A(lp;) > )\’.

Now define

dyr = sup{d > 0: M(u) is strictly convex on [0, d]}.

The main result of this paper is the following;:

THEOREM. Let Iy be an Orlicz sequence space.

(i) If dpy > M=Y(1/2), then A(lp) = 1.

(i) If M—1(1/(n + 1)) < dyy < M~Y(1/n), then A(lp) = 1/n (n =
2,3,...).

’3&iii))If dy =0, then M) =0

Proof. (i) For any = € Iy with gp(z) = 1, since dpy > M~1(1/2)
and M~1(1/2) € Sy, we see that {j : #(j) &€ Sy} contains at most one
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element. Hence by Lemma 2, z € Ext B(lj;). According to Lemma 3,
AMlar) = inf{\(x) : o () =1} = 1.
(ii) First we show

AMlar) < 1/n.

Since M~1(1/(n + 1)) < dy < M~Y(1/n), there exists a SAI [a,b] of
M (u) such that dyy < a < M~1(1/n). Choose a < ¢ < b satisfying [a, c] C
[dar, M~1(1/n)). Since M (u) is strictly convex on [0, M~1(1/(n + 1))), we
can construct a sequence

n

1 1 1 1
T = l—=Ja+—c¢c,...;(1==)a+ —c,z(n+1),...
n n n n

with opr(x) =1 and z(j) € Sm (7 > n).
Let x = Ae + (1 — \)y, where e € Ext B(lpr) and y € B(ly). Since

1= on(z) = ZM(/\e(j) + (1= Ny(5))

SAD MG+ (=2 M) <A+ (1-A) =1,

we get M(e(j)+(1-N\)y(j)) = AM(e(7)) + (1 \M(y()) for any j, which
shows that either z(j), e(j) and y(j) are in the same SAI of M, or z(j) =
y(j) = e(j). Using z(j) € Sy for any j > n, we have z(j) = y(j) = e(j) for
any j > n. Thus

ZM(G(J')) =1 Me(j) =1-) M(z(j) = ZM(fC(j))

_ éM((l— i)a—}— lec> — (n— 1)M(a) + M(0).

Since e € Ext B(lar), all elements of {e(j) : 1 < j < n} except possibly
one are equal to a or b. By the above equality, there exists no j satisfying
e(j)=b(1<j<n). So{j:e(j)=a} contains n — 1 elements, and there
exists only one index jg (1 < jo < n) such that e(jo) = c¢. Therefore

(1= ) e =atio) = Actio) + (1~ Ao
=X+ (1=Ny(o) = (1 —Na+ Ac.

This implies A < 1/n and we have A\(z) < 1/n as the decomposition x =
Ae + (1 — Ay is arbitrary. So we get A(lp) < 1/n.
From the above proof, we can deduce (iii).
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Now we prove
Alar) > 1/n.

For any = € S(lar) \ Ext B(lpr), by Lemma 3, assume gpr(x) = 1. With-
out loss of generality, we may assume x(j) > 0 for any j. This part of the
proof will be split into two steps. Let {[ax, by]}3>, be all the SAT of M.

Step I: We show that A(z) > min{o,1 — o}. For each X\ € [0,1], define

bk, by > l’(]) > Aag + (1 — )\)bk,
rA(j) = 4 ar,  Aap + (1= A)bp > z(j) > ax,
x(j), otherwise.

Then the function f(A) = oar(zy) is nondecreasing. As {j : z(j) & Sm}
contains at least two elements, opr(xo) < om(z) = 1 and (1) > om(x)
= 1.

Define

o =sup{\: on(zy) <1}

Asdy > MY (1/(n+1)), {j: () € Srr} is a finite set. Clearly, 0 < o < 1.
Write

N, ={j:2(j) =oar + (1 —o)b}.

If op(z,) = 1, then set e = z,. If oar(z,) < 1, then |J, N # 0. Thus
there exist Fy C Ni (k> 1) such that gpr(us) < 1, where

b, b > x(j) > oar + (1 —o)by or j € Ey,
us(7) = { ag, oa + (1 —0)bg > x(j) > ag or j € Ni \ Ej,
x(j), otherwise,

and for any j € Ny \ Ek, if we set u,(j) = by, then opr(uy) > 1.

If op(ug) = 1, set € = ug. If opr(uy,) < 1, we can take an index k'
such that Ny \ Ex # (0. Select a € (ays,byr) and j' € Ny \ Ej satisfying
om(e) = 1, where

N )@ j:j/7
0=\, 127
By Lemma 2, e € Ext B(ls).

If 0 > 1/2, take z with x = (1 — 0)e + 0z, and if 0 < 1/2, take z with
x = oce+ (1 —0)z. In both these cases, we can prove gp(z) = 1. We only
discuss the case o > 1/2 (the case 0 < 1/2 is similar).

If 2(j) = e(j), then 2(j) = 2(j) = e().
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If x(j) < oar + (1 — 0)by, and e(j) = ay, then
(z(7) = (1 = a)e()))

< —(oap+(1—o0)bp — (1 —0)ag) = ax + ((17 - 1> (br — ag)

ax < o)) < =) =

—

Q

< ag + (by, — ay) = b.
If 2(j) > oar + (1 — 0)by, and e(j) = by, then

b > 2(j) > 2(j) %(Jak + (1= o) — (1= o)by) = ay.
If 2(j) = oag + (1 — 0)by < @ = e(j), then
be > 2(j) > 2(j) = %(Uak + (1= )by — (1 — o))
> %(aak F (1= o)bp — (1— 0)be) = ax.
If 2(j) = oag + (1 — 0)b > @ = e(j), then

ar < 2(j) < 2(j) = %(Uak + (1= o) — (1—0)a)

< %(aak F (1= )bk — (1 — o)) = ax + (i - 1) (b — ax) < by

Thus either z(j) = e(j) = 2(j), or z(j), e(j) and z(j) are in the same SAI
of M. Hence
l1=om(x) =0om((1—0)e+o0z)=(1—0)om(e)+oonm(z)
=1—-0+oom(2).

This shows that ops(2) = 1, and thus A(z) > 1 — o. Similarly, if 0 < 1/2,
we can get A\(x) > 0. Consequently, A\(x) > min{c,1 —o}.

Step II: We prove A\(xz) > 1/n. If 0 > 1/2, then by Step I, A(z) > 1—o0.
If 1 — o > 1/n, then the proof is complete. Conversely, if 1 — o < 1/n,
then rearrange x(j) by putting x(j) at the beginning if x(j) & Sp;. Assume
() € Sy (j=1,....m), ie. for 1 < j <m, z(j) = (1 — )\]’)a]‘ + Ajbj,
where 0 < A\; < 1 and [aj, b;] is a SAI of M.

Now = ¢ Ext B(lys) implies m > 2. Notice that dyy > M~1(1/(n + 1)).
We deduce that
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So m < n. Define
J={1<j<m:\; <1/n, A; is the coefficient of
x(j) = (1 = Aj)aj + A;b;}.

Then J # . Otherwise, if \; > 1/n for any 1 < j < m, then 2;_41,,(j) =
bj (1 <j <m). Hence opr(z1-1/n) > 1. But op(z5) < 1, and we obtain
o0 < 1—1/n, which contradicts 1 — o < 1/n.

By rearranging again, assume J = {1,...,r} (r < m) with

A (M (5,) = M(ay)) = max X (M (b) = M(ay).

For each 0 € [0, 1], consider

CL]', j <T’,
N (1—(5)aj—|—(5bj, jZT’,
z(j), j>m.

Clearly the function f(d) = poum(ys) is nondecreasing, and g (yo) =
om(Z1-1/n) < om(zs) < 1. Notice that rA, < m/n < 1, and therefore,
Yra, has a meaning. We have

om(yra,) = 1= M(a;) + M((1 = rA)a, + rAby)

J<r

Y M)+ Y M(x(5)

j=r+1 j>m

_ Z((1 — X\j)M (aj) + \jM(bj))

= D Ma(h) - Y M(z(j)
j=r+1 j>m

T

> - Z Nj(M(b;) — M(a;)) +r\-(M(b,) — M(a,))

> — A (M(by) — M(ay)) + rA.(M(b,) — M(ay)) = 0.

Hence there exists 0 € [0,7),] such that opr(ys) = 1.

By Lemma 1, ys € Ext B(lpr). Suppose that z satisfies z = (1/n)ys +
(1 —=1/n)z. To prove A(z) > 1/n, it suffices to verify z € B(lp). As in
Step I, we need to show that either z(j) = ys(j) = x(4), or 2(j), ys(j) and
x(j) are in the same SAI of M.

If 5 > m, then z(j) = y5(j5) = =(4).
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If j <, notice that A\; <1/n and n > 2; then

o <ali) £20) = 17 (900 = 2ust)

1 1
= T"1n ((1 = Aj)aj + Ajbj — n%‘)

(e Do o)

1/n
=a; + m(b]’ —a;) < aj + (bj — a;) = b;.
If » < j < 'm, notice that A; > 1/n; then
. . 1 1
bj >2(j) 2 2(j) = ;= n ((1 = Aj)aj + Ajbj — nbj>

U (N, oy LY
~1-1/n n )T RN T R ) T

If j=rand (1 —6)a, + b, < (1 — A\)a, + A\pby = x(r), then
ar < x(r) < z(r)

- 1—11/77, <(1 — Ar)ay + Apby — %((1 — §)ar + br)>

< L 1—l a —i—lb —la
~—1-1/n n) " n" n "
1/n
1-1/n
If j=rand (1 —6)a, + b, > (1 — A\p)a, + A\pby = x(7), then
by > x(r) > z(r)

= ay + (br —ay) < by.

(1= A+ Acby — (1= S)a + 5@))

(
1 —11/n ((1 - i)a * (A’" - i>(br - ar))
1

:wl_l/n(»z)(brar).

By A\, > 0/r > §/n, we have b, > z(r) > a,. Thus A\(xz) > 1/n. Since z is
arbitrary, by Lemma 3 we conclude that A(lps) > 1/n.

The theorem immediately yields

COROLLARY. Ip; has the uniform A-property iff dys > 0.
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