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ESTIMATES FOR THE INTEGRAL MEANS
OF HOLOMORPHIC FUNCTIONS ON BOUNDED DOMAINS IN C"

BY

ZHANGJIAN HU (HUZHOU)

Let D = {z € C" : A(2) < 0} be a bounded domain with C*° boundary.
For f holomorphic in D, let M,(f,r) be the pth integral mean of f on
0D, ={z € D: A(z) = —r}. In this paper we prove that

g g
f T‘SHO‘lqu(Daf, r)dr <C f r*M](f,r)dr
0 0

and
£

frsMg(f,r) dr
0

g
<cf Y Aoeneol+ Y [ ey drf,
|a)<m |a|=m O
where 29 € D is fixed, 0 < p < 00, 0 < ¢g < o0, s > —1, m € N,
a = (0aq,...,q,) is a multi-index, and € > 0 is small enough. These in-
equalities generalize the known results in [9, 10] on the unit ball of C". Two
applications are given. The methods used in the proof of the inequalities
also enable us to obtain some theorems about pluriharmonic functions on D.

1. Introduction. Let D be a bounded domain in C"* = R?*" with C*°
boundary 9D, and A\(z) be a defining function of D. That means, A(z) is a
C* function, D = {z € C" : A(2) < 0}, and |[VA(2)| #0on 0D ={z € C":
A(z) = 0}. A typical model of D is the unit ball B = {z € C" : |2] < 1}
of C™. For r > 0 and small enough, let D, = {z : A(2) < —r}. Then A(2)+r
is a defining function of D,, and 9D, is the level surface {z : A\(z) = r}. Of
course two different defining functions define two different systems of {D,}.
We denote by do, and do the induced surface measures on 9D, and 9D
respectively, and by dm the Lebesgue volume measure on D. All this can
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be found in [6, 11].
Let H(D) be the space of all holomorphic functions in D. For a multi-

index a = (o, ..., ), o; being nonnegative integers, and z = (21,...,2y)
€ C", we write |a| = a1 + ... + ayp, 2% = 21" ... 20" For f € H(D),
olal ¢
(D f)(z)

=— (2
0z7" ... 0zp"

A continuous real function u on D is called pluriharmonic if for every
holomorphic mapping ¢ of the unit disc D = {z € C: |z] < 1} into D, uo ¢
is harmonic in D. If f = u+iv € H(D), u = Re f, then both v and v are
pluriharmonic and v is the pluriharmonic conjugate of u.

For f continuous on D, the integral means My(f,r), 0 < p < oo, are
defined by

Mp(f,r):{ f \f(z)]pdar(z)}l/p for 0 <p < oo

oD,
and

Moo (f,r) = sup |f(2)] for p = oo.
2€0D,.

Here are the main results of the paper.
THEOREM 1. Let 0 < p< 00,0 < ¢ < 00, s > —1, and a« = (ay, ..., 0).
Then there exists € > 0 such that for f € H(D),

erHalqu(Daf,r) dr < C frsMg(f,r) dr
0 0

and

(1.1) sup TSHO"MP(DO‘f,r) < C sup r*My(f,r).
o<r<e o<r<e

THEOREM 2. Let 0 < p <00, 0< ¢ < o0, and s > —1. Then for zo € D
fized and m € N, there exists € > 0 such that for f € H(D),

3

Sty <o Y (0 o)

0 lal<m
€
+ Z frs+qug(Daf,r)dr}.
|a|=m O

THEOREM 3. Let 0 < p <00, 0< qg <00, and s > —1. Then for zo € D
fized, there exists € > 0 such that for f = u+ v € H(D) with f(z) real
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and u(z) = Re f(z2),
£ S
frsMg(v,r) dr < C frsMg(u,r) dr.
0 0

Here, and later, C,Cy, Cs, ... always denote positive constants, not nec-
essarily the same at each occurrence; they are independent of the functions
being considered.

The research leading to the results in this article was motivated by the
results in [3, 12, 15] and especially in [9]. On the other hand, we can find that
the results of those papers, together with their proofs, depend strongly on
the homogeneity and the Bergman kernel of B (or D). A bounded domain
D with C*° boundary need not be homogeneous and little is known about
the Bergman kernel in this case. Therefore our theory will be more subtle.

This paper is organized as follows. In Section 2 some preliminaries are
given. Theorems 1 and 2 will be proved in Section 3. In Section 4, we deal
with pluriharmonic functions on D, from which Theorem 3 follows. In the
last section, Section 5, two applications of Theorems 1 and 2 are given, one
of them to the Bloch functions on strongly pseudoconvex domains.

2. Preliminaries. Recall that D = {z € C" : A(z) < 0} is a bounded
domain with C* boundary, and D, = {z € D : A(2) < —r}. For r > 0
small enough and £ € 9D,, we write n¢ for the unit inward normal vector
of 0D, at £&. For z € D, the Euclidean distance from z to 9D, is denoted
by 6,(z). do(z) is often written as d(z) for short.

LEMMA 1. There is a number € > 0 so that for each & € 9D, with
0 < r < g, there are balls Be(e) = {z € C" : [z — (§ +eng)| < €} and
Be(e) ={2 € C": |z — (£ —eng)| < €} that satisfy

(i) Be(e) Dy = {¢},
(i) Be(e) N (C"\ Dy) = {&}-

Lemma 1 is an improved version of the known result on p. 289 of [6].
Because D has C'*° boundary, we have

(2.1) IVA(z)] > C > 0

for z in some neighborhood of 9D. Now Lemma 1 can be deduced from that
geometric fact directly.

LEMMA 2. Let € be as in Lemma 1, and 0 < r < e. Then for & € 0D,
and ¢ € Dy,

57‘(()
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where P,.(+,-) is the Poisson kernel of D, and C' is independent of r, £, and (.

Proof. It is well known that

d0(¢)
¢ — &P
This inequality is most conveniently obtained by comparing the explicitly
known Poisson kernel for the exterior of a ball tangent to 9D at & (see [11,
p. 2; 6, pp. 290-291] for the details). Meanwhile, a careful check shows that
the constant C' on the right side of (2.3) depends only on the radius of the

ball which lies in the exterior of D and is tangent to dD. Hence we have
(2.2) from Lemma 1.

(2.3) (€ <C (¢ € dD, ¢ € D).

LEMMA 3. Let € be as in Lemma 1. Then for 0 <r < o < e,

[ P¢€)doy(¢)<C (£ €0D,).

oD,

Proof. By (2.1) we get

ZEMO —1) QS OEAQ —1) (CeDy)
Hence
Sle-n<HQ<Clo—r) (oD,
Since D has smooth boundary, it is an elementary fact that

f do,(¢) < Cr" 1,
D, N{¢:|¢—¢[<t}

where C'is independent of £ and p. Then for £ € 0D,., Lemma 2 gives
[ Pe(¢.€)do,(¢)

oD,

<C
9D, M{¢:|¢—¢l<2(e—7)}

) 5T
+ Z f } IC —(22" d%(()

k=2 oD,n{¢:2" " (o—r)<|¢—€]<2F (0—7)}

< c{ I 5,(0)1 2" dory ()
0D,N{¢:[(—§[<2(0—7)}
= 6-(¢) dU@(C)
> / e

k=2 D,n{¢:2" " (o—r)<|¢c—€|<2¥ (0—7)}
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< {(e—m)' (o — vy

+Z 2k 1 ?”)]72”[2]6(9—7“)]2”71}

1
<C {1 + Z 2k}
k=2
This is the desired result.

LEMMA 4. Let € be as in Lemma 1. Then for0 <r < p<e, 0 <p < o0,
and f continuous with | f|™»P) subharmonic in D,

(2.4) My(f, 0) < CM,(f,7).

Proof. That (2.4) is valid for p = oo is obvious. We assume 0 < p < oc.
Since | f|P is subharmonic in D, and continuous on D,., by the reproducing
property of the Poisson kernel, we get

FOP < [ 1F©IP(C€) don(€) (¢ €Dy

oD,

Now Lemma 3 gives

ME(f,0)= [ 1F(QI dog(C)

4D,

< [ 1f@Pdo(&) [ P €)doy(C)
D, D,

<C f &P do, (&) = CME(f,r).

For r > 0 sufficiently small, & > 1, and z € 9D, as in [6, p. 297] we set
Io(z) ={w e D, : |w— 2z < ad(w)}.
For f € H(D) and z € 9D, define
fir(z) = sup [f(2)l.

wEely o (2)

LEMMA 5. If a > 1 and r > 0 is sufficiently small, then for 0 < p < oo
and f € H(D),

(25) ||fl*,7 ||LP(8'D ) S CM (f?r)v

where C' depends on « but not on r.
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Proof. We know from [6, p. 304, (8.5.6)] that
||f1*,7 HLp(aD ) < C M (fﬂ”)~

The only thing we should prove is that C, , can be chosen so as not to
depend on 7. Analysing the corresponding results (8.4.4), (8.5.5), (8.5.6)
in [6] carefully, one can find that C,, depends only on the curvature of 9D,
and on the properties of the Poisson kernel P, (-,-) (see [6, pp. 290-291)).
Because D is a bounded domain with smooth boundary, we see that (2.5)
is exactly valid if r > 0 is sufficiently small.

There are infinitely many defining functions of D. For two defining
functions A (z) and A2(z), we use DJ and do? to denote {z : A\j(z) < —r}
and the surface measure on D7, j = 1,2.

LEMMA 6. Let M\ (2) and Aa(2) be two defining functions of D. There
are positive constants €, c1 and co such that for 0 <r <e, 0 < p < o0, and
f € H(D),

1
& erat @< [ eraie<c [ I5er?,e.
oDz .. oD} oD,
Proof. Asin the estimates of [6, p. 297], we have two positive constants
e and A so that if 0 < r < ¢, then

(2.6) [ 1f©PdetE) <cr™ [ £ dm(),
aD? S(r)

where S(r) = {z : =3r/A\? < \1(2) < —A?r/3}. By Lemma 4,
3r/A%

@7) b [lf©Pdm@) <Crt [ do [ IF©IPdoy(é)
S(r) \2r/3 oD,
<C [ OPdoe, (9.
8D;27/3

Now (2.6) and (2.7) imply
[ lr©rde2© <c [ £ dols, 5.

2 1
oD? oD}z, s

This immediately gives the conclusion of the lemma.

LEMMA 7. For zg € D fized, there exists L > 0 such that every z € D

can be connected with zy by a broken line which lies in D and has length less
than L.
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Proof. By Lemma 1, we have » > 0 so that for £ € 0D and 0 <t <1,
(2.77) §+trne € D and 6(¢+ trng) = tr.

Since D is a connected open subset of R?", every z € D can be connected
with 2y by some broken line I" which lies in D. Set

L(z) = inf{length of I" : I" lies in D and connects z with z(}.

Obviously, L(z) is upper-semicontinuous (for the definition, we refer to [6]).
Hence L(z) is bounded above on the compact subset {z € D : d(z) > r},
say

(2.8) L(z) < L —r whenever 6(z) > r.

For z € D, §(z) < r, let £ be a point on dD such that |§ — z| = §(z). Then
by (2.7%), z and £ 4+ rne can be connected by a segment of length not more
than r. This and (2.8) give the conclusion of the lemma.

LEMMA 8. If f is holomorphic in B(z,r) = {w € C": |w—z| < r}, then
for 0 < p < oo,
VI < Cr=Crt) [ f(w) P dm(w),
B(z,r)
where C' is independent of r, f and Vf(z) = (0f/0z1,...,0f/0zy).

Proof. For f € H(B(z,r)), define g(w) = f(z + rw), w € B(0,1).
From Lemma 2 of [9],

Vo) <C [ |g(w)]P dm(w).
B(0,1)
By a change of variables in the integral, we obtain
PIVIEP < Cr [ fw)]P dm(w).
B(z,r)

This is the desired inequality.

LEMMA 9. Let 1 <k < o0, s > —1,1>0, and let h : (0,e) — [0,00) be
measurable. Then there exists a constant C independent of € so that

g g k g

(2.9) f re dr{ f (0 —7r)"'h(0) dg} <C f SR ()R dr,
0 T 0

Proof. The substitutions r = (1 —u)e and ¢ = (1 — t)e give

£ g

(2.10) frs dr{ f (0 — r)lilh(g) dg}k
0 r
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1 € k
= f e¥(1 —u)’e du{ f (0— (1 —u)e) " h(o) dg}
0 (1-u)e
1 u k
_ sthit f(l—u)sdu{ [ (u—t)""h((L - t)e) dt} .
0 0
Similarly,
€ 1
(211) [ e HR(r)Rdr = e TR (1= u)* M R((1 - w)e)* du.
0 0
By inequality (9.2) of [2, p. 758],
1

[(—wrd {

0

H)h((1 — t)e) dt}k

O%@

1
<C [ (1 =ur™Ma(1 - u)e)” du,
0
which combined with (2.10) and (2.11) proves (2.9).

LEMMA 10. If 8 >0, 0 < p < g < 00, and h(t) is a positive continuous
function of t € (0,1) satisfying h(t1) < Ch(t2) whenever 0 < t1 < to < 1,
then

1

(2.12) { f1(1—t)ﬁq1h(t)th}1/q < C{ f(l—t)ﬁp’lh(t)pdt}

0 0

1/p

Proof. This lemma is an improved version of Lemma 8 of [9], with the
hypothesis “h(t) is nondecreasing” replaced by “h(t1) < Ch(tz) whenever
0 < t1 < t3 < 1”. Imitating the proof of Lemma 5 of [8], we get

1

[(—tPr=th Pdt>f t)7P = h(t)P dt
0
- > Ch(t)P(1 =) (t € (0,1)).
{ Ja- t)""‘lh(f)th}l/q
0
< Oiligl{(l_t)ﬁh }(q p)/q{ f ,Bp lh )pdt}l/q

1

<cf [ -7 they dt}l/p,

0
and (2.12) is proved.
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3. Proof of Theorems 1 and 2. To prove Theorems 1 and 2 for
any defining function, by Lemma 6 we need only prove they hold for some
defining function. Therefore we can take the defining function to be

o0 -

Proof of Theorem 1. Let € be as in Lemma 1. Suppose |a| = 1.
We have to prove

(3.2) [t M (D forydr < C [ et ME(f,r) dr
0 0

and

(3.3) sup rsHMp(Do‘f,r) < C sup r*My(f,r).
0<r<e 0<r<e

If 0 < p < o0, then by Lemma 8,
VP <o)~ [ | f(w) dm(w).
B(z,6(2)/2)
Let xp(z,r) denote the characteristic function of B(z,r). Then

ME(VSr) <Cr@mD [ do(z) [ |f@)P dm(w)
9D, B(z,6(2)/2)

= Cr= ) [ doy(2) [ XB( a2 (W) f(w)[P dm(w)
D

oD,

= Cr=Cm) [ fw)Pdm(w) [ Xp(ar2)(w) don(2)
D oD,

< Cp G / |f (w)[? dm(w)
—3r/2<X(w)<—"r/2

X f XB(w,'r/Q)(Z) dO'T(Z).
oD,

But for —3r/2 < AMw) < —r/2,
f XB(w,r/z)(Z) do,(z) < Cr2n—1.
oD,
Therefore
(4)  MUVLDSCrE [ fw)P dm(w)
—3r/2<A(w)<—7/2

3r/2

<Cr ) [ g [ |fw)]? doy(w).

r/2 oD,
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To get the above inequality, we have used the “polar coordinates” (see
also [6]). Now Lemma 4 gives

(3.4%) ME(VEr)<Cr P [ f(w)]P doyys(w).
D,z

If p = oo, then by Lemma 7 and the maximum modulus principle,

(3.5) Vi) <C3(z)7" sup  |f(w)]
weB(z,6(z)/2)

< Or~'My(f,r/2) for z € OD,.
Combine (3.4*) and (3.5) to obtain

(3.6) rM,(Vf,r) < CMy(f,r/2) for0<p < oo.
Then we get
(3.7) T‘S+qu(Vf, r) < CriMJ(f,r/2)

for 0 < p <00, 0<q< o0, and s > —1. Therefore
1>
f rsﬂMg(Vf, r)ydr < C
0

MI(f,r/2)dr

O%m
<
w
=

r*MI(f,r)dr

p

IA
Q
o%m

and

(3.8) sup TS+1MP(Vf,T) < C sup r°My(f,r/2)

o<r<e o<r<e

< C sup r*My(f,r).
o<r<e

This proves (3.2) and (3.3).

The general case can be proved by induction. Theorem 1 is proved.

Recall that we have chosen the defining function (3.1). By Lemma 1, we
have € > 0 so that £ +7rn¢ € 9D, for £ € 9D and 0 < r < e. Now we define
the mapping

(3.9) Trt 0 0Dy — 0Dy, 2+ T(2) + tng(y,

for 0 <t < ¢, where 7(z) is the unique point on 9D closest to z. Then 7, ;
is one-to-one and the corresponding Jacobian J, .(z) satisfies

(3.10) C1 < Jri(2) <Cy  (r,t €(0,¢], z € ID,).

The following lemma will be needed in the proof of Theorem 2.
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LEMMA 11. There ezists € > 0 so that for 0 < r <e and f € H(D):
(a) If 1 <p < oo, then
1

(3.11) M, (f—forer)<C(e—r1) f M,(Vf,tr+ (1 —t)e)dt.

0
(b) If 0 <p <1, then
1
(3.12) M2(f—forer) < Cle—r)P [(1=t)P'ME(Vf,tr+ (1—1t)e)dt.
0

Proof. Let € be as in Lemma 1. For z € 0D,

() = fore(2)| < [IVFtz+ (1= )rrc(2))] - |2 = 7re(2)| dt
0

1

<(e=m) [ sw [Vftzt (1= 0] dt
0 zEe s

(a) If p = o0, then
(313)  Muo(f = fome,r)= sup [f(z) = fom(2)|

2€0D,-

1

(a—r)f sup |Vf(tz+ (1 —t)1,(2))|dt
0 Z€90D,

IN

= (e 1) [ Moo(Vf.tr + (1 t)e) dt.

If 1 < p < o0, apply Minkowski’s inequality to get
Mp(f - fOTng,?“)

e—r{ f do( )[flny(tHu—t)n,g(z)ndtr}”p
0

1/p
(e—r f dt[ [ VF(tz+ (1= ez ))|pdar(z)} :
oD,
Setting w =tz 4+ (1 — )7 .(2) in the inner integral, by (3.10) we obtain
(3.14) My(f—fotre,r)

1

<Cle—1) f [ I V@) doy e (w)

0 ODri(1—1t)e
Now (3.11) follows from (3.13) and (3.14).

r/p dt.
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(b)If0 < p <1, set t, =1 —27% Applying the lemma on p. 57 of [1],
we get

f |f(2:) —fo TT,E(Z)’p dO'T(Z)

oD,

SCET DY fny(tz+(1—t)n,s(z))\dt]pd@(z)

oD,  j=1 tj_1

<= [ [ sw (Vi + 1= D@l —ty1)] don()

oD,  j=1ti—1Ststy

<(e—r)P f > osup  V(tz+ (1= 8)7e(2)P277 dov(2)
oD, j—1ti-1Stst;

<Cle— [ S UTD etz + (L= t)7e(2) P27 do(2)

oD, j=1
—pi *,10
< C(S - T)p Z 27P f |(vf)1’tjr+(17tj)5(w)‘p datjr+(1—tj)s(w)'
.7_1 aDth+(1—tj)E

Applying Lemma 5 to 0f/0z; (j =1,...,n), we find that
M(f = forper) < Cle =) Y} 2 PME(V S tyr + (1= ty)e).
j=1
Using the same method as that on p. 628 of [9], and Lemma 4, we get (3.12).
The lemma is proved.

Proof of Theorem 2. Let us first deal with m = 1. For ¢ > 0
small enough, it is sufficient to prove

£

(3.15) Sy dr < {1 o)l + [ OMA for) dr ).
0 0

This will be a trivial consequence of the following two inequalities:

(3.16) f r*MI(f — fore,r)dr <C fT$+qu(Vf,T) dr
0 0

and

(3.17) sup [f(z) — f(20)|? < C fr”qu(Vf, r)dr.
z€D, 0
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In fact,
Jremgprydr < [ ME(r= fore ) dr
0 0
+ sup |fome(2) = flzo)l’ + |f(20)|7
z€D\ D,

< c{|f(z0)|q+frs+fIMg(Vf,r) dr}.
0

The proof of (3.16) will be divided into four steps.

Casel: 1 <p<ooandgq>1. By Lemma 11, we have £ > 0 such that
5 1

J M= forer)dr < C [r°] [(e=r)My(Vf tr+ (1)) dt}qdr.
0 0 0
Setting 0 = tr 4+ (1 — t)e in the inner integral gives

g

£ €
q
J M= forerydr <C [r°] [ My(Vf,0)do] dr.
0 0 T
Taking [ =1, k = ¢, and h(r) = Mp(Vf,r) in Lemma 9 gives (3.16).
Case 2: 1 < p < ooand 0 < ¢ < 1. Taking f# = 1 and h(t) =
M,(Vf,tr+ (1 —t)e) in Lemma 10 gives
1

{ [ Q=0 MVt + (1)) dt}l/p
0

: 1/q
< c{ [ (L= t)1 MYV St + (1~ t)e) dt} .
0
Hence Lemma 11 yields
1

M(f = f o) < Cle=r){ [ (1= ) MV, tr + (1= t)e) dt }.
0
Setting o = tr + (1 — t)e in the integral shows that
1

[ Q=) MUV fotr+ (1 —t)e)dt = (=) [ (o—7)"""MI(Vf,0)do.

0 r
Thus

MI(f = fore,r) <C [(0—1)" ' MI(Vf,0)de.
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Now by Lemma 9 again we get

£

[rMos - forandr<C [ | [ 0= r=2az(v 1,00 ar

0 0 r
£
<C erJqug(Vf, r)dr
0

Case 3: 0 <p<1andp>gq. Lemma 11 gives
1
ME(f = fore,r) < Cle =)t [ (L=t MUV f,tr+ (1= t)e) dt
0
As in Case 2, by Lemma 10 we get

}q/p

1
MI(f = fore,r) <Cle—r)7 [ (1= t)PYP=LMPUP(Vf,tr+ (1 — t)e) dt
0

—Cf — 7)1 MA(V £, 0) do

Now (3.16) follows as in Case 2.
Case4: 0 <p<1andp<gq ByLemma 11 and Lemma 9,

£

[ MI(f — forer)dr

0

€ 1

/

<C [rE-n [ (1= P MV tr+ (1= t)e)dt] dr
0 0

C’f [f (o—1r)P~ 1M”(Vf, 0)d }/pdr

<C f Ts+pq/pM£q/p(vf’ r)dr

Thus (3.16) is proved.

Now for fixed zp we prove (3.17). Without loss of generality we may
assume zg € D.. Applying Lemma 7 to the domain D, (if € > 0 is small
enough, D, has C* boundary), we have L > 0 so that any z and zp in
D. can be connected by some broken line I'(t) (0 <t <1, I'(0) = zp and
I'(1) = 2) in D, with length < L. Then

(3.18)  [f(2) = f(20)| = ’f (VHI(#) - I'(t) dt| < L sup [Vf(2)].
0

z€D,
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Since |V f|P is “plurisubharmonic”, we have some 2’ € 9D, /5 so that

(3.19)  sup [Vf(z)| < C|Vf(z')]

2€D,

1/p
<c{IBGz\ e/ [ IVIw)ldm(w)}
B(z',2/4)
e/4 1/q
< OM,(Vf,e/4) < c{ [ ety )dr} .
e/8
To derive the last two inequalities above we have applied Lemma 4 to func-

tions 0f/0z; for j = 1,...,n. Inequality (3.17) now follows from (3.18)
and (3.19).

For m = 2, applying (3.15) twice, we have

£

[ remg s,y dr < {1 f(zo0)l7 + f PV f,r) dr )

sc{irx f ”W( )

7j=10
q

f
< | 0z;

+ i f rs+2qu <V<gf>,r> dr}
j=10 %
<c{ > s+ Y [reraag(ne s dr .

lov]<2 la|=2 0

< C{!f 20)]4

As in Theorem 1, the general case can be proved by induction. The proof
of Theorem 2 is complete.

Relating to (1.1) in Theorem 1 we have the following:

THEOREM 4. Let 0 < p < 0o and s > 0. Then for zog € D fized and
m € N, there ezists € > 0 such that for f € H(D),

sup TsMp(f,?”)SC{ Z |D* f(20)| + Z sup Ts+mMp(Daf’r)}'

o<r<e — 0<r<e
laj<m |ae]=m

Proof. For m =1 it suffices to prove

(3.20) sup 7°M,(f — forre,r) < C sup r "M, (Vf,r),

o<r<e o<r<e
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and

(3.21) sup |f(z) — f(z0)] < C sup T‘S+1Mp(Vf,’l”)

z€D, o<r<e

for € > 0 small enough. (3.21) is almost trivial (see also (3.18)). To prove
(3.20), we consider two cases.

Case 1: 1 < p < 0. By Lemma 11, we have ¢ > 0 such that for
fe H(D),
g

Aﬂxj;_(fo7%av <C j) ‘7f7

£

< C(sup T M, (Vf,7)) ft*(sﬂ) dt

o<r<e r

< C( sup rsHMp(Vf,r))r*s

0<r<e
This gives (3.20).
Case 2: 0 <p < 1. By Lemma 11 again,
(3.22)  MP(f - foTre,m)

<Cf — )P MP(V £, 0) do

I3
< C(sup r*TM,(Vf,r))P f p=1,y=(s+0p gy,

0<r<e
Integration by parts gives
g
(3.23) f (0 — )Pt~ (HIP go < Cp=op

From (3.22) and (3.23), (3.20) follows.

For m > 1, the conclusion can be proved by induction. The proof is
complete.

4. Pluriharmonic conjugates. It is well known that if f € H(D) then
both u = Re f and v = Im f are pluriharmonic in D and v is the plurihar-
monic conjugate of u. Conversely, if D is simply connected [4, p. 311], then
every pluriharmonic function on D is the real part of a holomorphic function
(14, p. 44]. In [12], Stoll proved the following:

THEOREM A. Let f = u+ iv be holomorphic in B, the unit ball of C",
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with f(0) real. Then for 1 <p <o0, 0<q< o0, and s > —1,

1 1
f (1 —=r)*MJ(v,r)dr <C f (1 —=7)*MJ(u,r)dr.
0 0

In [8], Shi generalized this theorem to bounded symmetric domains of C™.
Restricting himself to the unit ball of C™, Shi proved in [9] that Theorem A
is still valid for 0 < p < 1. In both [9, 10] Shi mentioned the problem
whether Theorem A holds on arbitrary bounded symmetric domains for
all possible p € (0,00]. We have solved this problem affirmatively in [5].
Theorem 3 shows that Theorem A can be generalized in another direction;
that is, B can be replaced by any bounded domain D with C* boundary
for all p € (0, o).

Proof of Theorem 3. First, we prove that for some € > 0,

(4.1) frs+qu(Vf,r) dr < C frsMg(u, ) dr.
0 0

The proof of this inequality uses the same approach as in the proof of The-
orem 1. Four cases will be considered.

Case 1: 0 < p=¢q < oo. Similarly to Lemma 8, we know from formula
(35) of [9] that

(4.2) Vi <Coz)"Cm [ Ju(w)]? dm(w).
B(2,0(2)/2)

Since r/C < 6(z) < Cr for r small enough and z € 9D,, we have positive
constants ci, ¢ (We may assume c; < 1 < 62) independent of r so that

U B(z,6(2)/2) C {w: —car < ANw) < —cy7}.

z€0D,
Therefore
43) [ V)P do(z)
oD,
<t [do(z) [ Ju(w) [P dm(w)
D, B(z,6(2)/2)
<Or ) [ do,(2) | (W) [PXB(z,5(2) /2) (W) dm(w)
oD, —cor<A(z)<—cir
:Cr_(2n+p) f ]u(w)|pdm(w) f XB(z,é(z)/2)(w)dUT(z)

—cor<A(z)<—cir oD,
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Cc2T

<Cr —(2n+p)+(2n-1) f do f w)|P doy(w).
cir oD,

Then for some ¢ > 0,

e/ca e/ca car
44) [ v MV dr<C [ e [ do f w)|P doy(w)
0 0 cir
5 Q/Cl
SC'fdg f lu(w)|P dop(w) f st dr
0 oD, o/c2

= C [ 0" M}(u, 0) do.
0

By the plurisubharmonicity of |V f|P, M,(Vf,r) < CM,(Vf, o) whenever
0<o<r<e. Then

£ 5/02
(4.5) f r T IME(V f,r)dr < C f r*tIME(V f,r) dr
6/02 0

Combine (4.4) and (4.5) to get (4.1).
Case2: 0<qg<p<oo. Asin Case 1,

VIR <o) [ ) dm() )
B(2,6(2)/2)

Then
{ [ 9s@pao )"
oD,
gCr’(Q"H){ f dar(z)[ f |u(w)!q¢im(w)}p/q}q/p
5 B(2:8()/2)
SCr*(an){ f do,(z [ j de f )X B 2872 (W (w )}P/q}‘ﬂp_

c1r

Minkowski’s inequality implies the above is not more than

O~ (2n+a) ff‘rdg{ i dar(z)[ 1l \u(w)\qXB(z,a(z)/m(w)dag(w)}p/q}Q/p.

car oD, oD,



ESTIMATES FOR INTEGRAL MEANS 231

Using the Holder inequality in the inner integral with exponents p/q and
p/(p—q), we get

M(Vf,r) < Cr~@nta) f d@{ f dar(z)[ f ([u(w)|"X B(2,6(2)/2) (W)
cr oD oD,

p/aya/p
X (XB(= g2/ (w)) dog(w)] |
corT

< Cr~ @t f dg{ f do,(2)
oD,

c1r

X [an [u(w)[PX B(2,5(2)/2) (W) do’g(w)]

B /
’ [aipf XB(z6(2)/2) (W) dag(w)} v q)/q}q P

coT
< Op—@n+a)+2n=1)(p—q)/p f dg{ f do,(z)
oD

c1T

a/p
<[ (W) PXBzsz) 2 (w) d%(w)}
oD,

— Op-mtat Do/ [ dQ{ [ u(w)|P dog(w)
cir oD,

q/p
X f XB(Z,J(Z)/2)(w)dUT(Z)}
D,
< Cr~(ath) f M (u, o) do.

c1r
From this we obtain, as in Case 1,

e/ca <
[ ML) dr < C [ 0 M. 0)do,
0 0

and then (4.1) follows.

Case 3: 0 < p < ¢ < co. By (4.3) and the Holder inequality with
exponents ¢/p and ¢/(q — p),

c2T

VL) <l o [ uw) dog(w)}
oD

c1r
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c2T

:CT—(q+q/p){ fdé’ f WP doy(w )}Q/p

c1r

§Cr_(q+q“’){ f dg[ f (w)|? doy(w )}q/p}
er aD,

Cca7r a—p,

< Jaep T

c1T

L1

CaT
< Cr= [ M2 (u, o) do.

c1r

Case 4: p=o00,0 < g < oo. By (4.2) and the plurisubharmonicity of
|u(2)],
VI < CoE7C [ fu(w)| dm(w)
B(z,6(2)/2)

< Co(z)7t
(2) weBg%§z)/z)!u(w)\

<Crt max |u(w)|  (whenever z € 9D,)
—cor<A(w)<—cyr

< Cr "Moo (u, e17).
This implies

fr5+quo(Vf, rydr <C frsMgo(u, cr)dr
0 0

C1€

<C [ o°M%(u,0)do

<C [ 0*MZ(u,0)do.
0

The proof of (4.1) is complete.

Furthermore, by Theorem 2,

£

(4.6) frsMZ‘f(f, r)dr < C{]f(zo)\q —|—frs+qu(Vf,r) dr}.
0 0

We can also fix € so small that zg € D.. Then

(4.7) [ (z0)|? = lu(z0)|? < M (u,e) < C [ r* M (u,r)dr.
0
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Therefore from (4.1), (4.6), and (4.7) we get
frsMg(v,r) dr < C f r*MI(f,r)dr <C f M (u,r)dr.
0 0 0

The theorem is proved.

Remark. In the proof of Theorems 1 and 2, we have actually proved
that for 0 <p < oo, s >0, m € N, and f € H(D),

My(f,r)=0(r") iff > My(D*f,r)=0@"™).
|a]=m
Then, the proof of Theorem 3 tells us that for f = u + iv,
M,(u,r) =0(r®) iff My(v,r)=O(?).

5. Applications. The first application is to get a generalization of the
following theorem.

THEOREM B. Let m be a positive integer and f € H(B). Then f €
LP(dm) for 0 < p < oo iff the functions (1 — |2|*)™(Df)(z) with |a| = m
are in LP(dm).

For 1 < p < oo, Theorem B was first proved by Zhu (see [15]). In [9],
Shi gave a proof for all p € (0,00). To state our result precisely, we need
some notation. Recall that D is a bounded domain with C'*° boundary, and
A(z) is its defining function. Let zp € D be fixed, and 0 < p < co. Set

(Taf)(2) = (=A(2)(D* f)(2),
fllmp =Y 1D NG+ Y I Taflps

la|<m |a]=m

where || Tafllp = { [ |TafI?(2) dm(2)}'/7.

THEOREM 5. Let zg € D be fizred, 0 < p < oo, and m € N. Then for
f € H(D), we have f € LP(dm) iff all functions Ty, f with |a] = m are in
LP(dm). Furthermore, ||f|l, and || f||p,m are equivalent.

The expression “A and B are equivalent” (denoted by A ~ B) means
A/C < B < CB for some positive constant C'.
Before proving the theorem, we first prove the following lemma:

LEMMA 12. Let 0 < p < o0 and s > —1. Then for f € H(D), f €
LP(|\(z)|°dm) iff for some e > 0,
frsMI{’(f,r) dr < oo.
0
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Moreover, { [, | f(2)[P|\(z)|*dm(z)}'/? and {fos T MP(f,r) dr}'/? are equiv-
alent.

Proof. Let € > 0 be fixed and small enough. Using polar coordinates
(as in [7, p. 160]) we obtain

m

61 [ FEPREFdnE) = [ [ P wr,2) do(z) dr
oD

D\D. 0 oD,

~ [ [ FEPING)) doy () dr
0 0D,

= [ ME(f,r)dr,
0
where w(r, 2) is a C! function and 1/C < w(r, z) < C. This implies
(5.2) J PGP dm(z) = C [ rME(f,r)dr
D 0

On the other hand,
€/2

sup |f(2)]P < CMP(f,e/2) <C [ r*ME(f, )dr<0f r*M2(f,r)dr
2€De e/4

Then
(5.3) [ 17116 dm(2)
D
-{ | + f}\f )P10(2)]" dm(2)

D\D.

c{ [ PSS dmz) + sup ()}

D\D. 2€D:

IN

<C [rMp(f,r)dr
0

From (5.2) and (5.3) the lemma follows.

Proof of Theorem 5. We first assume f € LP(dm). Take p = ¢ in
Theorem 1, and use Lemma 12, to obtain € > 0 so that

[ BEPID )P dm(z) < C [ ME(D* f,7) dr
D 0
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<C [ Mp(frydr<C [ |f(2)P dm(z).
0 D

This proves that T, f € L?(dm) for any multi-index o and || Ty f||, < C|| f]|p-
Therefore

Y ITaflls < Clifllp,

lo|=m

and by the plurisubharmonicity of |[D* f|,
DD NG C Y I Taflly < Cllfllp-

laf<m |a|<m

That is,

1fllpm < Clifllp-
Next, suppose T, f € LP(dm) for all a with || = m. Take p = ¢ in
Theorem 2 and use Lemma 12 again to obtain

£l < C [ ME(f,r)dr
0

_C’{ Z (D f)(z0)|P + Z frp‘o‘lMp (D™ f, r)dr}

lo|<m o=

<o{ Y 1D + > [eerions NP dm(z)}
loe|<mn lee|=

= CIFI

Theorem 5 is proved.

Remark. Theorem 5 can of course be further generalized to the case
of weighted Bergman spaces. More precisely, one can prove the following
theorem.

THEOREM 6. Let zg € D be fired, 0 < p < o0, s > —1, and m € N.
Then for f € H(D), we have f € LP(|\(2)|°dm) iff all functions T, f with
la| =m are in LP(|\(2)|*dm). Furthermore,

{ [1rePnerdne}
D

~ S e+ 3 [0t i dm(z)}

la|<m |a|=m

The proof of Theorem 6 will be omitted here because it runs along the
same lines as that of Theorem 5.
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Our second application is to Bloch functions. For this purpose we restrict
D to be a bounded strongly pseudoconvex domain with C'*° boundary (for
the definition of strong pseudoconvexity we refer to [6]). A function f €
H(D) is called a Bloch function (denoted by f € B(D)) if

1fll8(p) := sup [Vf(2)] - [A(z)] < o0.
zeD
An equivalent definition of Bloch functions can be found in [7].

THEOREM 7. Let D be a bounded strongly pseudoconvexr domain with
C> boundary, and m € N. Then for f € H(D), we have f € B(D) iff all
functions Ty f with || = m are in L°°(dm). Moreover, for fized zy € D,

(5.4) Ifllsoy ~ > 1Dz + > [ Taflloe

1<]lal<m lal=m

Proof. To prove (5.4), it suffices to prove
HVAEN oo ~ Y- DN+ D 1 Taflloo
1<|al<m lal=m
or equivalently,
(5.5) Do Taflse~ D 1PN+ Y I Tafllc
lor|=1 1<]al<m loe|=m
Let € > 0 be small enough. Then
sup T'a‘Moo(Daf, T)

o<r<e
= sup  A@)[ND*f)(2)] < sup [A)N(DF)(2)] = 1 Taf o
z2€D\ D, z€D
= sup  [A)[(D*f)(2)] + sup M=) (D F)(2)]
2€D\ D, 2€D.
< sup M (DYf, 1)+ CMo (DY, ¢)
o<r<e
< C sup rl®M(DYf,r).
o<r<e
Hence
(5.6) I Toflloc ~ sup Mo (D*f,7).

o<r<e

For p = oo and s = 1, applying Theorems 1 and 4 to 0f/0z; (j =1,...,n),
we get
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sup My <af,r)

0<r<e aZj

-2 @)

laj<m—1
Summing over j from 1 to n gives

(5.7) Z sup rMy(Df,r)

0<r<e

~ YD)+ Y sup P M (D fr).

1<r<e

of
e ())
Z 02171287" azj "

|a|=m—1

jal=1

1<]a|<m |a]=m
Now (5.6) and (5.7) imply (5.5). The proof is complete.
Theorem 7 is a generalization of Stroethoff’s results in [13].
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