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FELL’S SUBGROUP ALGEBRA
FOR LOCALLY COMPACT ABELIAN GROUPS
AND L'*-COVARIANCE ALGEBRAS

BY

DETLEV POGUNTKE (BIELEFELD)

For any topological space X Fell has introduced (see [6]) a quasi-compact
topology on the set @(X) of all closed subsets of X: For each quasi-compact
subset C' (the empty set is not excluded) and each finite family F (the empty
family is not excluded) of nonempty open subsets of X let Q(F,C) be the
set of all Y € &(X) such that Y NC =@ and YNF # 0 for all F € F.
The sets Q(F,C) form a basis of this topology. If X happens to be locally
quasi-compact then @(X) is Hausdorff, hence compact. In this paper we
shall be exclusively interested in locally compact spaces X, very often even
in locally compact (abelian) groups.

Our first proposition says that a locally compact transformation group
(G, X) gives rise to a continuous action of G on @(X). Then we special-
ize to X = G, where an alternative description of the above topology on
&(G) was given by Bourbaki [3]. Next, two subspaces of ¢(G) are stud-
ied, namely the space X(G) of closed subgroups and the space A(G) of left
cosets, A(G) = {gH | g € G,H € ¥(G)}. The space ¥(G) is the basis for
the construction of Fell’s subgroup algebra As(G) (see [7] and below). We
show that the Banach algebra As(G) has a bounded two-sided identity, and
that the restriction maps As(G) — L(H) are surjective for all H € X(G).

In the second section the case of abelian groups G is treated. Then
As(G) is a commutative regular symmetric algebra, whose structure space
is homeomorphic to A(G"), where G" denotes the Pontryagin dual. The
arguments developed for those results also show that the map X(G) 5 H —
H* € X(G") is a homeomorphism, which was proved by Williams [21].
Furthermore, it is shown that if the Haar measures on the various subgroups
H € ¥(G) are chosen continuously then the associated Haar measures on the

subgroups A of G”, via Poisson’s summation formula, depend continuously
on A e X(G").
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In the final section we extend some results of Pytlik [18], in particular
we determine the *-primitive ideal spaces of covariance algebras L!(G, B),
where G and B are commutative and some additional mild assumptions are
satisfied. As an application we compute the support of the conjugation rep-
resentation for semidirect products of abelian groups. This representation
has recently drawn some attention (see [11, 12] and the references given
there).

1. Some properties of ¢(X) and of the subgroup algebra. We
start with an easy lemma, used several times in this article. For the notion
of (sub)nets we refer to [13, p. 65ff].

LEMMA 1.1. Let X be a locally compact space, and let (S;)icr be a
convergent net in ¢(X). Then the following subsets of X coincide with

S = lim;er Si:
M, = ﬂ ( U Rj)_,

J o jeJ
where (R;) ey is any subnet of (S;)ier,

Mo ::ﬂ ( U Sj>_,

J o jeJ

where J is any cofinal subset of I,

M3 = ﬂ ( U Si>77

io€l i€l
i>ig

and

M, :={x € X | there exists a subnet (R;)jcs of (Si)icr
and points xv; € R; such that v = }1€mJ xj}.

Proof. The inclusions M; C My C M3 are obvious. To show M3 C My
let x € M3 be given. Let U be a basis of the neighborhoods of z in X,
and let J := I x ¥ with the obvious ordering, i.e., (i,V) < (¢/, V') if i < ¢’
and V D V'. For j = (i,V) € J choose n = n(i,V) = n(j) € I such that
Sp, NV # 0 and n(i,V) > i, and choose a point z; € S, NV. Clearly,
the required subnet (R;);cs is defined by R; = S,,(;), and the net (x;);cs
converges to x.

To see My C S, let © € My, let (R;)jcs be a subnet of (S;)icr, let z; €
R;, and suppose that = limjcyx; exists, but that x € § = lim;e; S; =
limjey R;. Then there exists a compact neighborhood V' of x with VNS = (.
The set Q(0, V) C #(X) is a neighborhood of S in $(X). Hence there exists
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Jo € J such that R; € Q(0,V) for all j > jo, i.e., R;j NV = (). But this is
absurd as (z;) converges to x.

Finally, we have to show that S is contained in Mj, i.e., for any subnet
(Rj)jes of (Si)ier the set S has to be contained in ({J;c; Rj)”. Let z € S
(if S is empty there is nothing to prove), and let F' be any neighborhood
of z in X. Then Q({F'},0) C ¢(X) is a neighborhood of S. As (R;),ecs
converges to S there exists jo € J such that R; N F # () for all j > jo. In
particular, F'NJ;c; R; # 0 for all F, whence z € (U;c; Rj)”- =

PROPOSITION 1.2. Let (G, X) be a locally compact transformation group.
Then there is a natural action G x ®(X) — @(X), (g,5) — ¢S, which is
continuous, i.e., (G, P(X)) is a transformation group.

Proof. Clearly, it suffices to check the continuity at a point (e,.S).
Let a typical neighborhood Q(F,C) of S be given. There exists a compact
symmetric neighborhood V' of e such that SN VC = (). For each F € F
choose a point sp € FN S, a neighborhood Vg of sp € X, and a symmetric
neighborhood Wy of e in G such that WrgVr C F. Then put C' = VC,
F' ={Vp | F € F} and form the neighborhood Q(F’,C’) of S. It is easily
verified that the neighborhood W :=V N (.- Wr has the property that
geW, S e Q(F,C) implies gS" € Q(F,C). m

Now we consider ¢(G) for a locally compact group G. In this case
Bourbaki has defined a topology on @(G) which is more closely related to
the Hausdorff distance in the context of metric spaces. For S € @(G), a
neighborhood V of the identity in G and a compact set A in G let

P(S,V;A)={Red(G)| SNACVR, RNACVS}.

These sets P(S,V, A), where V and A are varying, form a neighborhood basis
of S for a certain topology on ®(G), which we call the Bourbaki topology.
As pointed out in [3] there is a natural uniform structure which gives this
topology.

PROPOSITION 1.3. For any locally compact group G the Bourbaki topology
and the formerly introduced topology on ®(G) coincide.

Proof. Clearly, as both topologies are compact (for the Bourbaki topol-
ogy see [3, pp. 188-189]), it would suffice to prove one inclusion of the
topologies, but in order to clarify the relation it seems best to prove both
inclusions.

First, let P(S,V,A) be given. We have to construct a finite family F
of open sets in G and a compact set C' in G such that S € Q(F,C) C
P(S,V,A). Choose an open symmetric neighborhood U of e in G such that
U? C V. There exist finitely many elements sq,...,s, in the compact set
AN S such that AN S is covered by Usj, 1 < j < n. Put F := {Us; |
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j=1,...,n} and C := A\ ﬂ?:l Us;. Then one verifies S € Q(F,C) C
P(S,V,A).

Secondly, let S € Q(F,C) be given. We have to construct a neighbor-
hood V of the identity and a compact set A in G such that P(S,V,A) C
Q(F,C). For each F € F choose a point sp € FNS. Then choose a
symmetric neighborhood V' of the identity such that S NVC = () and
Vsp € Fforall F e F. If A:= CU{sp | F € F} then one checks
that P(S,V,A) C Q(F,C). =

The subset X (G) of @(G) consisting of all closed subgroups of G is
closed (see [7]), hence X (G) is a compact space. Next we consider the
larger set A(G) of all left cosets, i.e., A(G) is the image of the obvious map
Gx X(G) — @(G). This map defines an equivalence relation ~ on G'x X(G).

PROPOSITION 1.4. The subset A(G)U{D} of ¢(G) is closed, hence com-
pact, and the space A(G) with the relativized topology is locally compact.
The above equivalence relation ~ on G x X(G) is open, i.e., the saturations
of open sets are again open. The natural map from the space of equivalence
classes in G x X(G) onto A(G) is a homeomorphism.

Proof. Let (\;)ier be a net in A(G) U {0} which converges to a point
A € &(G). We have to show that A belongs to A(G) U {0}; of course, we
may assume that X # (). Let x € \. Passing to a subnet if necessary,
and using the same letters I and A; again, by Lemma 1.1 we find x; € A;,
i € I, with x = limx;. The \; define a net of subgroups H; := {y € G |
Aiy = A}, @ € I, and without loss of generality we may assume that this
net converges to H € X (G). Considering G as a G-transformation group
for the left translations, Proposition 1.2 shows that G acts continuously by
left translations on ¢(G). In particular, the convergence of (x;) and of (H;)
implies that \; = x; H; converges to xH, whence A = xH is a left coset.

To see the openness of the equivalence relation on G x X (G) we prove
the (equivalent) “dual” version, namely that the closure of any saturated
subset A of G x Y(@G) is again saturated. So, let (g;, H;)icr be a net in
A which converges to (g, H) € G x XY(G), and let (¢’, H) be equivalent to
(9,H), i.e., ¢ = gh with h € H. Without loss of generality we may assume
by Lemma 1.1 that there exist h; € H; such that lim h; = h. The points
(gihi, H;), i € I, are in A because A is saturated, and the net (g;h;, H;)icr
converges to (g', H). We have seen that A is saturated.

The homeomorphy of (G x X(G))/~ with A(G) follows from the con-
tinuity of G x X (G) — A(G) by a similar reasoning as above, where we
started with a convergent net (\;) in A(G) and constructed x; and H;. m

Remark 1.5. Since the locally compact group G acts continuously on
the whole (compact) space &(G), it acts in particular continuously on the



FELL’S SUBGROUP ALGEBRA 243

locally compact space A(G) (by left translations). Each closed subgroup of
G can be realized as the stabilizer of some point in A(G).

Moreover, if another locally compact group M acts continuously and
homomorphically on G then M acts continuously on X' (G). In particular,
G acts by conjugation continuously on ¥(G). This fact was used in [10]. m

It might be illuminating to see a simple example of a space A(G). The
closed subgroups of G = R can be parametrized by Ry = [0,00]: to 0 <
x < oo corresponds the subgroup xZ, to £ = 0 the whole group R and to
x = oo the trivial group. This map is a homeomorphism between X'(R)
and R,. The space A(R) is homeomorphic to (R x R;)/~, where (¢, z) and
(t', ') are called equivalent if either 0 < z =2’ < oo and (t —t') € Z, or
r=a'=0,orxz=2"=occand t =¢.

As was shown in [3] and [8] there exists a continuous choice of Haar
measures on the various closed subgroups of a locally compact group G.
Actually, Bourbaki first topologized X (G) by viewing it as the quotient
M/R,, where M is the set of all Haar measures on closed subgroups en-
dowed with the weak convergence w.r.t. C.(G), and then compared with the
topology described above.

PROPOSITION 1.6 (Glimm [8, appendix]). For each locally compact group
G there exists a choice of left Haar measures vy on the closed subgroups
H of G such that for all f € C.(G) the function H — [, f(x)dvg(x) is
continuous on X (G). Moreover, for each such choice and edch compact
subset C' of G there is a constant E = E¢ such that vy (xCNH) < E for all
x € G and all H € X(G). Therefore, the function (f,H) — [, f(z)dvg(z)
on Co(G) x X(Q) is continuous in both variables if C.(G) is endowed with the
usual inductive limit topology. Furthermore, the choice of vy is essentially
unique: Two choices differ by a positive factor, which is continuous on X(Q)
and hence in particular bounded and bounded away from zero.

Glimm obtains the desired normalization of the Haar measures as follows.
Fix fo € Cc(G) with fo > 0 and fo(e) > 0 and demand that

f fo dI/H =1.

Moreover, Glimm shows that with this choice of vy one has vy (CNH) < E¢
for all H € Y(G) and all compact subsets C. The above stated uniform
version can be proved along the same lines.

From the essential uniqueness of the vg’s, which was observed by Fell [7],
it follows that the assertions remain true for other continuous choices. m

Motivated by the work of Glimm, Fell has associated with each locally
compact group G the so-called subgroup algebra As(G) which is defined as
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follows. Consider the closed subspace Y of G x X(G) consisting of all pairs
(x, H) such that z € H. If Haar measures vy on H € X(G) are selected
according to 1.6 then define a norm || ||s, a multiplication and an involution
on C.(Y) by

Iflls=sup [ |f(z H)|dvi(z),

HeS(G) f

(f*9)(x, H) = [ flay, H)g(y™" H)dvu(y),
H
f*(.CU,H) = AH(x)_lf(‘T_laH)_’

where A denotes the modular function of H. In that way C.(Y) becomes
an involutive normed algebra, and A(G) denotes its completion. The next
proposition says among other things that L*(H) is a quotient of A(G) for
each H € X (G).

PROPOSITION 1.7. The algebra As(G) has a two-sided bounded approx-
imate identity which may be chosen in C.(Y). For each H € X(G) and
each f € C.(Y) define Ruf € C.(H) by (Ruf)(x) = f(z,H). The map
Ry extends to a bounded x-morphism from As(G) onto the involutive Ba-
nach algebra L*(H). Furthermore, the algebra C(X(G)) acts in an obvi-
ous manner on C.(Y), and this action extends to As(G). The kernel of
the extended map Ry : As(G) — LY(H) is just the closure of the span of
As(G){g € C(X(G)) | g(H) = 0}

Proof. An approximate identity can be constructed by the usual pro-
cedure. For each neighborhood U of the unit in G choose a function ¢ =
Yy € Co(G) such that ¢ > 0, ¥(e) > O and supp® C U. Then define the
continuous function I on X (G) by I =[x ¥(x) dvg(z), and h = hy on
Y by h(y, K) = (y)I(K)~'. The famlly (hy) is an approximate identity.

Clearly, Ry induces a bounded *morphism from A(G) into L'(H) for
each H € X(G). To see the surjectivity it is enough to show that there is an
£ > 0 such that for each ¢ € C.(H) there exists f € C.(Y) with Ry f = ¢
< (1+¢)|lell1. Actually, we shall prove this claim for each e.
Choose any extension ¢ € C.(G) of ¢. Without loss of generality we may
assume that ¢ is different from zero. From the continuity of the family v,
K € Y(G), follows the existence of a neighborhood V' of H in X(G) such
that

| [ 1B@drte) = [le@ldvn(@) << [ lo@]dvnta

for all K € V. Then choose g € C.(¥(G)) such that 0 < g <1, g(H) =1,
and g = 0 outside V. The function f € C.(Y) given by f(y, K) = ¢(y)g(K)
has the required properties.

Checking the final assertions is routine. m
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2. Abstract abelian harmonic analysis, X(G) and A,(G). For lo-
cally compact abelian groups G we first consider the canonical map X' (G) >
H v H* € X(G"), where H denotes the annihilator of H in the Pontrya-
gin dual G".

PRroOPOSITION 2.1 (Williams [21]). For each locally compact abelian group
G the map H — H* is a homeomorphism from X(G) onto X(G").

Proof. While Williams used L2-spaces of G' (and of quotients) our proof
will be based on the duality between L!(G) and L>°(G). This point of view
is more in the spirit of this paper. Later we shall give still another proof
using Poisson’s summation formula and the existence of certain functions.

Let (H;)ier be a convergent net in X(G) with limit Hs. As X(G") is
compact it suffices to show that each convergent subnet of (H;");cr converges
to HL. Hence we may assume from the beginning that (H:");c; converges
to A, say. We have to prove that A = HL. As pointed out by Williams,
the inclusion A C HZ is easy, indeed it readily follows from Lemma 1.1,

For the reverse inclusion we need another type of argument. According
to Proposition 1.6 let Haar measures on the various subgroups of G be
selected. In particular, this gives Haar measures v; on H; for i € I U {oo}.
For each ¢ € C.(G) and each i € IU{oo} define T;p : G — C by (T;¢)(x) =
Ju, ¢(xh) dvi(h). The T;p are elements in Cc(G/H;), but we view them as
members of L™ (G/H;) C L>=(G).

The norms ||T;¢|| are uniformly bounded, actually one has ||T;¢|lcc <
lolloo Ec where C' = supp(y) and E¢ is as in 1.6. We claim that (T;p);cr
converges to T in the weak topology of L>*(G). For f € C.(G) and
i € IU{oco} one has

(Tip. f) = [ (Tip) @) f(@) dva(@) = [ ([ elah)dvi(h)) f(@) dve ()

G G H;
= [ ([ e@nf@) dva(@) dih) = [ (o ) 0)dvi(h),
H; G H;

where fV is defined by fV(x) = f(z1). Since ¢ x fV € C.(G) the continuity
of the choice of the Haar measures gives

As C.(G) is dense in L (G) and as the norms ||T;|| o are uniformly bounded
it follows that indeed (T;¢) converges weakly to T .

Because T (C.(G)) is weakly dense in L*°(G/H) it follows that
L>*(G/Hs) is contained in the weak closure of (J,~;, L°°(G/H;) for each
ig € I. Using the duality between L*(G) and L*°(G) and the fact that the
span of Hi, i € I U {oc}, is weakly dense in L>°(G/H;), one concludes
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that k(HZL) contains MNisi k(H*) = k(Uisi, H:)™), where k denotes the

kernel in the “hull kernel sense”. In view of the regularity of L'(G) this
implies that HL is contained in (Ui, H:)~. Hence we know that HZ is
contained in (), ¢;(U;s,, H;")~, which coincides with A by 1.1. Since we
already observed that A C HL the proof is finished. m

In order to prove the “continuity” of Poisson’s summation formula and
the regularity of As(G) we need the following lemma.

LEMMA 2.2. Let G be a locally compact abelian group, let xo € G, and
let U be a neighborhood of xo in G™. Then there exist a continuous function
f on G, a compact set B in G and a sequence x1,xs,... in G such that

(i) supp(f) € U2y n B,
(ii) 3°0° ; en < 00, where en = supl,egc B |f(a;)| (and hence f € LY(@G)),

(iii) the Fourier transform f fG x(x) dz is nonnegative every-
where, f(Xo) #0,

(iv) the support of f is compact and contained in U.

Proof. Clearly the lemma implies the regularity of L'(G), and our proof
is a slight extension of the standard proof of this fact (compare e.g. [4]).

Without loss of generality we may assume that xo = 1. By the structure
theory of locally compact abelian groups the group G can be identified with
R" x H, where H contains a compact open subgroup K. Accordingly, G*
splits into R” x H", and K- N H” is a compact open subgroup of H". We
choose (relatively compact) open symmetric neighborhoods V' and W of the
identity in R” and in K+ N H", respectively, such that V2 x W2 C U. Then
we choose nonnegative continuous functions o and 3 on R” and on H”,
respectively, which are nonzero at the identity and supported by V and W,
respectively. In addition, we require that « is a Schwartz function. Then
a® (3 is in L?(G"), hence the inverse Fourier transform g = a ® 3 of a ® 3,
where

a(t) = f e a(z)dr and B(h f B(x)x(h)dy,

R"

is a continuous L2-function on G = R" x H.

The pointwise product f = gg is a continuous L!-function on G whose
Fourier transform is equal to (o x o) ® (8 * 5*), which is supported by
V2 x W2, nonnegative and nonzero at the origin.

The function 3 € L?(H) is constant on K-cosets because supp 3 C H"N
K. Hence there is a sequence (h;) of elements in H and a sequence (n5)
of nonnegative real numbers such that supp(f ) c Ui o K| 6[ < n; on

h;K, and ijl 77]' < o0. Let @ be the closed unit cube in R". Since « is
a Schwartz function, for an appropriate sequence (t;) of points in R” the
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whole space R" is covered by t; + @, and |a| is bounded on ¢; + Q by g; with
o2, 0f < co. Note that here R” is written additively while other abelian
groups are written multiplicatively.

Then put B = @ x K, and enumerate the points (t;,h;) € G somehow
to obtain the asserted sequence (x,,). m

THEOREM 2.3. Let G be a locally compact abelian group, and let vy,
H € X(G), be a continuous selection of Haar measures in the sense of 1.6.
Normalize the Haar measures pua on the various subgroups A € X(G") so
that Poisson’s summation formula

[ f@)dvu(a f FOO0 dpar (x)
H

holds for all, say, f € C.(G) x Cc(G) (compare [19, p. 120] and [4, p. 127]).
Then (na) is a continuous selection in the sense of 1.6.

Proof. Fix a function fy on G with the properties (i)—(iv) of 2.2 corre-
sponding to xo = 1 € G” and an arbitrary U. We shall use the notations
(), (en), B in the meaning of 2.2. As f is a continuous L!-function
Poisson’s formula (see [19, p. 122])

ffo ) dvy (z f fo ) dpgra(X)

holds true for all H € X(G). We next claim that I is a continuous function
on X(G). To this end, for any (large) N choose a cut-off function ¢n €
Cc(G) such that 0 < oy < 1and py = 1on U _, TpB. From the properties
of fo we conclude that for all H € X(G),

1(H) = [ folwen (@) dva ()| < S [ 1@ - ex () dva(e)
H

n=1 x,BNH
[eS) [eS)
< Y ewn(@,BNH)<Ep Y &,
n=N+1 n=N+1

in view of 1.6. Therefore, for a given € > 0 there exists N, € N such that

1) = [ fola)on(a) dvn(o)] <«

for all H € ¥(G) and N > N.. As (vk) is a continuous choice, for a given
H € ¥(G) there is a neighborhood V' of H in X (G) such that

| [ h@en.(e)dva(o) = [ folahen. () dun(a)| <
H
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for all K € V. Then clearly
[I(H) - I(K)| <3¢ forall K eV.

If according to Glimm the Haar measures dpon on A, A € Y (G"), are
normalized by

f fo(x)doa(x) =1

then (pa) is a continuous selection. But dua = I(A+)doa, hence we are
done if we use the fact that A +— AL is continuous (see 2.1).

But from the present considerations one can also very easily deduce that
XY (@) and Y (G") are homeomorphic: Suppose that the net (H;);cr in X(G)
converges to Hy, € X(G) and that (H;-) in X(G") converges to A € X(G").
We claim A = H. If HL is not contained in A (this is the more challenging
case as was explained in the proof of 2.1) choose xo € HL, xo € 4, and a
neighborhood U of xg in G" with UNA = (Z) To Xo and U choose a function
gon G as in 2 2. As above the net J fH g(z)dvy,, i € I, converges
in R to J(H, fH g(x)dvy_ (z le g(x) dpg s (z) > 0 by Poisson’s
formula. On the other hand, again by Poisson’s formula, one has

fg ) dpg s (x) = I(H fg ) dog 1 ().

As I(H;) stays bounded and as [}, §(x)doy.(x) converges by Glimm’s

result to [, g(x)doa(xz) = 0 we conclude that J(H;) converges to zero, a
contradiction. m

For illustration let us consider the space X(R?). The set X(R?) de-
composes into six G La(R)-orbits, namely into the two one-point sets Xy
and Y5, consisting of the trivial and the whole subgroup R?, respec-
tively, Y10 := {Rb | b € R? b # 0}, o1 = {Za | a € R?, a # 0},
Y11 ={Za+Rb|a,be R? are linearly independent}, and the set X5 of
all lattices in R?. The sets Xy, Y20 and X o are closed in X(R?), the
latter being homeomorphic to the real projective line. The closure of X
is Yoo U X1 UXio. Actually, a given net a;Z in X ; converges to {0}
iff lim; |a;| = oo, it converges to aZ, a # 0, iff lim; a; = a after possibly
changing the signs of the a;’s, and it converges to bR € Xy, |b] = 1, iff
lim; a; = 0 and lim; a;/|a;| = b after a possible change of signs. In all other
cases the net a;Z does not converge. By duality (the set Xy is mapped
onto X1 1(R?")) the closure of X 1(R?) is equal to X5 U X1 1 U X1, and
one has a similar description of convergence of nets in X 1(R?). It follows
that X 2 is open (and dense) in X(R?). In particular, X is locally closed
as are all six GLy(R)-orbits, and hence all are homeomorphic to homoge-
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neous spaces (compare also [3, p. 187]). We do not consider the more subtle
question which nets of lattices converge to boundary points.

The next theorem contains some basic properties of the commutative
Banach algebra As(G).

THEOREM 2.4. For each locally compact abelian group G the involutive
Banach algebra As(G) is symmetric and regular. Its structure space As(G)"
is homeomorphic to the coset space A(G™"), which by 1.4 is homeomorphic
to a certain quotient of G x X(G™) and, by 2.1, to a quotient of G" x X(Q)
as well.

Proof. To prove symmetry we must show that each nonzero (bounded)
multiplicative linear functional n on Ag(G) is hermitean. At the same time
we shall determine the set As(G)". As C(X(G)) acts on C.(Y) (and on
As(G)) we find a multiplicative linear functional " on C(X(G)) such that

n(ef) =n'(en(f)

for all ¢ € C(¥(G)) and f € A(G). The multiplicative linear functionals of
C(X(@)) are known: there is a unique H € X(G) such that n'(¢) = ¢(H).
Then using 1.7 we conclude that n factors through the (extended) mor-
phism Ry : As(G) — L'(H), and yields a multiplicative linear functional
on L'(H). As those are known, there exists y € H” such that

n(f) = | x(@)f(x, H) dvy ()

H

for f € C.(Y). Clearly 7 is hermitean. On the other hand, each such pair
(H, x) gives rise to a multiplicative linear functional of A4 (G). Moreover,
this set of pairs can be identified with A(G"): to yA € A(G") corresponds
the pair (7|1, AL).

Next we show that As(G)", according to Gelfand equipped with the weak
topology, is indeed homeomorphic to A(G”). More precisely, we show that
the canonical map from the compact space As(G)" U {0} into A(G") U {0}
is continuous. Let (n;);cr be a convergent net in As(G)" U {0} with limit
Neo and denote by A;, @ € I, the corresponding points in A(G") U {0}.
Without loss of generality we may assume that 7; # 0 for all ¢ € I, i.e.,
N\ = v Hi for some v; € G, H; € Y(G), and that (\;);e; converges to,
say, Moo € A(G™) U {0}. We have to show that 1., corresponds to A\o,. To
this end, we distinguish two cases.

Case 1: 15 # 0, i.e., 15 corresponds to a point YK+ € A(G"), K €
Y(G). For each ¢ € C.(G) and each a € G define ¢® € C.(Y) by ¢p*(z, H) =
(az), and put p;(a) = n;(¢?) for i € I as well as Yo (a) = Nao(¢?), i.e.,

gi(a) = [y (ah)ya(h) dvg(h) and pao(a) = [ @(ak)x(k) du(k), where dv;
and dv denote the chosen Haar measures on H; and K, respectively. By
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assumption the functions ¢; on G converge pointwise to ¢o,. Once more for
all ae G and all i€ TU{oo} one has |¢;(a)| <||¢|lEc, where C'=supp(y).
Moreover, for all f € Ce (G) and all i € I,

9017 f 901 dVG f f 90 mh % de(h)f(x) dVG(‘T)

= f o+ £V dn(h) = o+ 17 9 11y,

H;

and similarly (¢oo, f) = 0o (p* f@1|y). Hence (p;, f) converges to (poo, f)-
As ||pilloo is bounded in 4, it follows that the net (¢;) in L>(G) converges
weakly to ¢o. Then also the net (¢;) converges to P for all p € C.(G).
The functions ¢; are contained in L (G, H;, ;) consisting of all functions
Y € L™(Q) with ¥(zh) = v;(h)y(z) for h € H;. And ¢ is contained in
L*>(G, K,x) which is defined accordingly. Using the regularity of L'(G),
the fact that L>°(G, H;,v;) is “weakly spanned” by the set \; = v; H;-, and
the fact that {Ps | ¢ € Ce(G)} is weakly dense in L (G, K, x) we conclude
as in the proof of 2.1 that for each i € I the coset YK~ is contained in the
closure of (J;5; Ai. Hence YK+ is contained in NigerUisi, M)~ = A

In particular, A\, is not empty. Passing to a subnet and changing the
~; inside \; if necessary, we may assume that (-;) converges to x and that
(H;) converges to Hy,. Then Ao =xHZL by 1.4 and 2.1, and YK+ C yHZ.

As we observed above, for each ¢ € C.(G) the numbers p;(e) =
Ju, #(R)7i(h) dvi(h) converge to [, (k)x(k)dv(k). On the other hand, as
(7;) converges to x uniformly on compacta and (H;) converges to Ho,
from 1 6 it follows that the integrals | g, ¢(h)yi(h) dvi(h) converge to

f He h) dveo (h), where dv is the chosen Haar measure on H,. Hence

[ e(k)x(k) f p(h)x(h) dvass (h)

for all p€C.(G). Clearly this implies Ho, = K, whence YK+ =yHE = \.

Case 2: 15 = 0. We have to show Ao, = ). Suppose to the contrary
that Ao # 0. Then we may assume that the v; € \; converge to Yoo € Moo,
that (H;) Converges to Hoo, and that Moo = Yoo HZE . Now for each ¢ € C.(G)
the integrals p;(e fH h) dvi(h) = n;(p®1|y) converge to zero. On
the other hand, these 1ntegrals converge to [i;_ ¢(h)veo(h) dvas(h). Hence
the latter integral is zero for all ¢ € C.(G), which is impossible.

To prove the regularity of As(G) take a point 7y in As(G)” and a neigh-
borhood V' of 9. We have to show the existence of an element a € A4(G)
such that ng(a) # 0, but n(a) = 0 for n € V. Since G acts on As(G) and
on A;(G)" = A(G") we may assume that 79 corresponds to a subgroup,
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say Hy, in A(G"). Furthermore, we may assume that V corresponds to
the subset Q(F,C) N A(G") of A(G"), where F is a finite collection of
open nonempty subsets in G”, and C is a compact subset of G” (for the
definition of Q(F,C) see the introduction). Since As(G) is an algebra and
since Q(F,C) = Q(0,C) N Nper QUF},0) it is good enough to solve our
problem for each of the cases Q(0,C) or Q({F'}, D) separately.

Case 1: Suppose that V corresponds to Q({F},0) N A(G") for some
nonempty open subset F' of G*. Then F N Hy is not empty; pick xo €
F N Hyi. Apply 2.2 to xo and U = F in order to obtain a function f
on G with the properties stated there. In the following we shall use the
notations B, z,,e, as in 2.2. For each N € N choose a cut-off function
on € C(G) with 0 < oy < 1 and oy = 1 on Ug:1 z,B. Then define
ay € C(Y) C As(G) by an(z,H) = onx(z71)f(z1). As in the proof of
Theorem 2.3 one sees that the ay form a Cauchy sequence in A (G). Let
a:=limy_ay € As(G).

If n € As(G)" corresponds to the coset YH* in A(G”) then

n(a) = lim_ fx Den (W) dva(h) = [ x(B)' F() dvi (h).

H

Poisson’s summation formula yields

= [ fOv) duns ().

HJ_

In particular, we have 7y(a fHL F( V) dpgs(v) > 0. Butif n ¢ V, ie., if
the corresponding coset XHJ- is disjoint from F' then n(a) = 0.

Case 2: Suppose that V corresponds to Q(0,C) N A(G") for some
compact subset C of G*. Then Hy N C = () and there exists a compact
symmetric neighborhood U of the identity xo in G such that Hy- NCU = ().
To xo and U choose a function f on G according to 2.2. Moreover, choose
a continuous function g on X(G") such that g(Hg") # 0, but g(H*) = 0
if H- ¢ Q(0,CU), i.e., H- N CU # (. If the cut-off functions ¢y are as
above then define ay € C.(Y') C As(G) by

an(z, H) = g(H  )pn(z71) f(a™).
Observe that Y(G) > H +— g(H?') is continuous as X (G) and X(G") are
homeomorphic.
Again (ay) converges to an element a € A(G). And if n € AJ(G)"
corresponds to YH* € A(G") then
n(a) = g(HY) [ x(h)~"f(h) dvy(h 5 [ Fo) dpge ().

H ot
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Again no(a)=g(Hy") [y;1 F() dpgrs (7)70, but if ngV', Le., xH-NC # 0,
then n(a)=0: In case H- N CU # () the factor g(H*) vanishes, in case
HYNOU = () the sets U = U~™! and yH"' are disjoint, hence the integral

~

fHL F(xv) dig o () vanishes. m

In the proof of the theorem the multiplicative linear functionals on As(G)
were first parametrized by pairs (H, x), H € X(G), x € H". Identifying the
set of all such pairs, say X, in a canonical manner with A(G”") we introduced
a topology. This raises the question if the topology on X can be described
in a more internal fashion. We conclude this section by giving an answer to
this question.

Let C be a compact subset of G, let F be a finite family of nonempty
open sets in G, and let 2 be a finite family of pairs (A,U), where A is a
compact subset of G, and U is an open subset of the torus T. For each such
triple C, F, 2 let W (F,C,2) be the set of all pairs (H, x) in X such that
He Q(F,C)and x(HNA) C U for all (4,U) € A. Clearly, the collection
of all those W (F,C, %) is the basis of a topology on X. Henceforth we shall
view X as being topologized that way. Evidently, for each fixed H € X(G)
the relative topology on {(H,x) | x € H"} C X coincides with the usual
topology on the Pontryagin dual. Furthermore, X is a Hausdorff space: Let
(H1,x1), (Ha, x2) be given. If Hy # Hs then these points can be separated
by means of the Hausdorff property of X(G). If H = H; = Hj, but x1 # X2
then choose x € H with x1(x) # x2(z), choose disjoint open neighborhoods
Uy and U; of x1(z) and x2(x), respectively, and choose a relatively compact
open neighborhood F' of z in G with closure A such that x;(ANH) C U;
for j = 1,2. The two sets W({F},0,{(A,U;)}) are disjoint neighborhoods
of (H,x1) and (H, x2), respectively.

THEOREM 2.5. A net (H;,x:)ic1 converges in X = {(H,x) | H €
Y(G), x € H"} to (Hso, Xoo) if and only if (H;);cr converges to Hy in
Y(G) and if for any subnet (K;,wj)jcs of (Hi, Xi)icr and any convergent
net (z;)jes with x; € K; the net (w;(x;))jes converges to Xoo(Too), where
Too = limjeyz;. The canonical map A(G") — X, YA — (AL, y|a1), is a
homeomorphism.

Remark 2.6. In view of the characterization of limits in A(G") (com-
pare Lemma 1.1), the theorem gives a criterion when a net of partially
defined characters can be extended continuously to the whole of G. More
precisely, let (H;, x;)ier be a convergent net in X with limit (Hs, Xoo), and
let an extension v, € G” of Yo be given. Then there exists a subnet
(Mj,¢j)jes of (Hy, Xi)ier and anet (v;)jes in G such that v;|a, = ¢; and
limjejv; = Voo. This consideration also shows that Theorem 2.5 improves
Theorem 2.1.
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Proof of Theorem 2.5. Suppose that (H;,x;)ics is a convergent
net in X with limit (Hs, Xoo). The definition of the topology of X clearly
shows that (H;) must converge to Ho, in the topology of X (G). Suppose
further that the subnet (K, w;) cs and the net (z;),c; with limit 2, are as
in the theorem. To a given open neighborhood U of X« () in T choose an
open relatively compact neighborhood V' of .+, in G with Yoo (VN H,,) C U.
Since (z;) converges to Zo, and (K, w;) converges to (Ho, Xoo) there exists
jo € J such that z; € V and (K;,w;) € W(0,0,{(V,U)}) for j > jo. In
particular, x;(z;) € U for j > jo.

Next, suppose that a net (H;, x;)ier and a point (Huo, Xoo) € X fulfill the
criterion of the theorem, and that a neighborhood W (F, C,2) of (Hoo, Xoo)
is given. We have to show that there is an iy € I such that (H;, x;) €
W(F,C,2) for i > ig. Without loss of generality we may assume that 2
consists of one element (A, U). By assumption there exists i; € I such that
H; € Q(F,C) for i > iy. Furthermore, either there exists an iy > ¢; such
that ¢ > 4o implies x;(H; N A) C U, or the set I' := {i € I | i > i and
Xi(ANH;) ¢ U} is cofinal in I. In the first case we are done, in the second
case for i € I’ we choose a; € AN H; with x;(a;) € U. As A is compact the
net (a;);er has a convergent subnet. Therefore, we find a subnet (K, w;) e
of (H;, Xi)ier and a convergent net (z;);ecs with z; € K;NAand w;(x;) € U.
By the criterion, (w;(x;)) converges to Xoo(Zso), Where o = limjcjx; €
ANHy. From (Hy, Xoo) € W(F,C,2) it follows that xoo(7s) € U, which
leads to a contradiction. Therefore, it is impossible that the above set I’ is
cofinal in I.

Next, suppose that the above map A(G”) — X is not continuous. Then
there exists a convergent net \; = v;4A;, ¢ € I, with limit Ao = Yoo Ao
and a neighborhood W of (Huo, Xoo) such that (H;,x;) € W for all ¢ € I,
where H; = A} and y; = +;|H; for i € I U {oc}. Passing to a subnet and
changing the ~; inside \; if necessary, by 1.1 we may assume in addition that
(7i)ier converges to 7o, in G. Since the canonical map A(G") — X (G"),
vyA — A, is continuous by 1.4, from 2.1 it follows that (H;);c; converges
to Ho. Now the convergence of the net (7;) readily implies that the above
criterion for the convergence of (H;, x;) in X is satisfied, which leads to a
contradiction to the assumption that A(G") — X is not continuous.

To see that the inverse map X — A(G”) is continuous, in view of the
Hausdorff property of X and of the just established continuity we only have
to exclude that there exists a net (\;)ier, \i = vi4;, in A(G") converging
in &(G") to the empty set while (H;, x;), where H; = A and x; = vi| .,
converges in X to some point (Huo, Xoo). Suppose that ()\;) is such a net.
Without loss of generality we may assume in addition that y., = 1: Take
any extension v € G of X and consider the net (\});cr, \; = v 1y, A,
which still converges to the empty set (compare 1.5), while (H;, v~ |z, X:)ier
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converges to (Hu,1) € X. Observe that each v € G" yields by multiplica-
tion a homeomorphism of X. Actually, as soon as the claimed homeomorphy
is established it will be clear that (G",X) is a topological transformation
group. The weaker statement (already applied here) follows for instance
from the convergence criterion.

Once more take Haar measures v;, i € I U{oo}, on H; according to 1.6.
We claim that for each ¢ € C.(G) the net

f o(x)xi(z) dvi(x), i€l

H;

converges to fHoo ©(z) dveo (). Denote by A the support of ¢. By definition
of the topology on X the net (g)icr, Where ¢; := sup,cg,na [Xi(z) — 1],
converges to zero. Using Tietze’s extension theorem we find continuous
functions ¢; : G — C such that ¢; = x; on H; N A and |¢;(x) — 1| < g; for
all z € G. Clearly, (pv;);cr converges to ¢ in the inductive limit topology
of C.(G), hence by 1.6 the integrals

[ e@)i@) dvi(z) = [ plx)xi() dvi(z)
Hi Hi
converge to
f o(z) dvso ().
Hoo

With this information at hand one may argue exactly as in the proof of 2.4:
For each ¢ € C.(G) and i € I U {oco} define ¢, : G — C by

pila) = [ plaz)yi(z) dvi(a).
H;
As there, one shows that (¢;);e; converges to ¢, in the weak topology of
L*°(G), and one concludes that HZ is contained in Niyer(Uisi, Ai)~» which
contradicts the assumption that (\;) converges to the empty set. m

3. Covariance algebras. Throughout this section let G be a second
countable locally compact abelian group, and let 3 be a separable com-
mutative symmetric regular Banach x-algebra with a bounded approximate
identity. Moreover, we assume that a strongly continuous action T of G
on B is given with the usual properties so that we can form the covariance
algebra L' (G, B, T):

(frg)@) = [ flay)? gly™dy, f*(z) = fla™)*,
G

where we put b* :=T,-1b for b € B and x € G. The separability conditions
are only imposed for the later application of the (ungeneralized) Effros—Hahn
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conjecture to the C*-completion of L!(G, B, T). The basic idea is to reduce
questions on the ideal theory of L'(G,B,T) to questions in terms of the
commutative algebra L'(G,B), which is nothing but the projective tensor
product of L'(G) and B. In the group case this idea, which traces back
to Leptin [15, 2], was exploited by Pytlik [18]. Our first results are easy
translations of Pytlik’s.

Since B has a bounded approximate identity each closed two-sided ideal 7
in L'(G, B, T) is also an ideal in the adjoint algebra [14, p. 196], in particular
if f € Z then the following functions are in Z as well:

(1) z— f(x)",
(2) z— f(ax) for all a € G,
(3) =~ f(2)b,

(4) x—b"f(x) for all b € B.

Properties (2) and (3) tell that Z is an ideal in L'(G, B). Properties (1) and
(4) have consequences for the hull A(Z.), where Z. means the set Z considered
as an ideal in the commutative algebra L' (G, B). Clearly, the structure space
of LY(G,B) is just G" x B" where B" is the Gelfand structure space of B
consisting of all nonzero multiplicative (hermitean, by assumption) linear
functionals on B.

LEMMA 3.1. Let Z be a closed two-sided ideal in L*(G,B,T). If (v,3) €
G x B" is in the hull h(Z.) of . then (v, ") is in h(Z.) as well, provided
that (' is in the closure of the G-orbit through 3 € B (x € G acts on 3 € BN
by (zB)(b) = B(b”) for b € B), and that v and ~' agree on the stabilizer Gg
of B.

Proof. The assumption (v,3) € h(Z.) means [,~(x)B(f(x))dz =0
for all f € Z. From (4) we conclude that

0= [ 7(2)B0" f(x))de = [ v(x)(B)(B)B(f(x)) de
G G
for all b € B and f € Z. Using Weil’s formula we obtain
[ @O [ Aah)B(f(xh)dh) di = 0.
G/Gpg G

Since by [17, Corollary] the collection of functions = — (z3)(b), b € B,
is weakly dense in L*°(G/Gp), in the above identity we may replace the
function x — (203)(b) by any « € (G/G3)". Therefore,

0= [ a@/( [ A=)B(f(xh))dn)di = Gf a(x)y(@)B(f(x)) da

G/Gg Gg
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for all f € 7 and all & € (G/Gp)". But this means that (v, 3) € h(Z.) if
v =~ on Gg.

That § may be replaced by anything in its G-orbit (without leaving
h(Z.)) follows immediately from (1). m

It is not hard to write down a collection of irreducible representations of
LY(G,B,T). One simply induces from the stabilizer G of 3 € B using a
character on Gg: Given (v,8) € G" x B" define representations of G and
Bin L*(G/Gg) by

{my,5(2)E} (1) = ()&M), {my,p(D)E}(E) = BV )E(R),
for t € G/Gg, € € L*(G/Gg), x € G and b € B. Note that 5(b*) = (¢5)(b)
only depends on the coset t € G/Gg. This covariant pair of representations
defines an irreducible involutive representation 7., g of L' (G, B,T) by

Ty,5(f)§ = f 7y, 8(2)my g (f(x))€ da.

G

Observe that we have not given directly the induced representation in its
usual form, which acts in a space of functions on G with some transformation
property with respect to v|g,. However, multiplying the functions in the
latter space by v one ends up with the above picture.

Of course, it is very easy to compute the kernel of 7, 3, and one obtains
the expected result, whose proof here is omitted (compare also the proof of
Proposition 3.5).

LEMMA 3.2. The ideal (ker .y 5)c in L*(G,B) is the kernel in the hull-
kernel sense of the subset

{(&,8) | v=1"onGg, '€ (GB)"}
of G" x B". m

The representations ., 5 extend to the C*-hull of L*(G, B, T), which is
nothing but the transformation group C*-algebra C*(G, C (B"), T") asso-
ciated with the G-space B”, the action being given in 3.1. The Effros-Hahn
conjecture [9] gives that the map (v, 3) +— kerc» 7 g from G* x B into the
primitive ideal space Priv(G, C (B")) is surjective. Therefore, also (v, 3) —
kerri(q,p,1) Ty,3 from G x B into Priv, L'(G,B,T) is surjective, where
Priv, L'(G, B, T) denotes the set of kernels of irreducible involutive repre-
sentations of L!(G, B, T). Trivially, the canonical map Priv(G, Co (B")) —
Priv, L'(G, B, T) is continuous if both spaces are equipped with the Jacob-
son topology. Moreover, the above map G" x BN — Priv(G, Co (B")) is
continuous (see [20]). The next theorem gives more precise information.

THEOREM 3.3. The canonical map Priv(G, Cs (B"))— Priv. LY(G,B,T)
is a homeomorphism, i.e., L*(G,B,T) is a x-regular algebra in the sense of
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[1, 2]. Both spaces are homeomorphic to the quotient space (G" x B")/~,
where the equivalence relation ~ is defined by: (v,5) ~ (7,0 if (GB)~ =
(GB')™ and v =" on Gg (= Gg/). Saturations (according to this equiva-
lence relation) of open subsets of G™ x B are again open.

Remark 3.4. The C*part of the theorem was obtained by Williams [20].
While we shall use the continuity of the map (v, 3) — kerc- 7, g, the open-
ness of this map will be an easy consequence of the regularity of the com-
mutative Banach algebra L'(G, B), which is an object not to be seen in the
context of C*-algebras.

Proof of Theorem 3.3. First we show the openness of the equiv-
alence relation ~, or rather as in 1.4 its dual version. Let A be a satu-
rated subset in G x B, (v,8) € A and (7', 3) ~ (v,3). We claim that
(v, 3) € A. Let (vn,n) be a sequence in G x B converging to (v, 3).
Without loss of generality we may assume that the stabilizer groups Gg,
converge in X(G), say G’ = lim,, Gg,. From 1.1 and the fact that B" is a
G-space it follows that G’ is contained in Gz. By definition of the equiva-

lence relation the difference y~14/ is in G C (G’)*. Since (Gén) converges

by 2.1 to (G’)1 there exist a subsequence (3,,) and characters oy in Génk
with limg ap, = v~ 14'. The pairs (agYn,,3n,) are in A, but this sequence
converges to (v/,) € A. Since A (and hence A) is G-invariant, where G
acts only on the second component, we conclude that (v, 5’) € A.

There is a commutative diagram

G x B Y Priv(G, C(BM))
¢l !
Priv, L'(G,B,T) - Priv, L}(G,B,T)

of surjective continuous maps, where 1 is defined by (v, 5) = kerc- 7, g,
and ¢, p(v, 8) = kerp1(q,B,1) Ty,3, is the composition of ) with the canon-
ical map Priv(G, Coo (B")) — Priv. LY (G, B,T). The p-images ¢(7,3) and
(v, 8") coincide if and only if (v, B) ~ (7', #’). This follows at once from the
description of kerp1 (g B,1) 7y, given in 3.2 and the regularity of LY(G,B).
Consequently, the equation ¥(vy,3) = ¥(v/,[') implies (v,5) ~ (v, 5').
On the other hand, if equivalent pairs (v, ) and (7', 3’) are given then
Y(v,B) = ¢¥(v,zp) for all x € G as the representations m, g and 7, 43
are equivalent. Since (3’ is in the closure of G3 the continuity of v implies
»(vy,B) C (v, B, whence equality by interchanging the pairs. Altogether,
in the above diagram we get only bijective maps if we replace G x B” by
(GN x BN)/~.

In order to see that all three maps are homeomorphisms it is enough to
show that the ¢-image of a closed saturated subset A of G x B is closed in
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Priv, LY (G, B,T). Let P = (70, 3) be a point in the closure of ¢(4), i.e.,

kerLl(G’B7T) Tryg,B0 = ﬂ keI‘Ll(GJg,T) Ty, 3
(v.B8)eA
Transferring this inclusion into L!(G, B) yields by 3.2 and the regularity of
LY(G,B) that [y, 0] is contained in A, where [y, 3] denotes the equiva-
lence class of (9, 8o). It follows that P is in ¢(A), hence ¢(A) is closed. m

For the needs of a forthcoming paper on representations of so-called
diamond groups we include the following proposition. Here it may be con-
sidered as an exercise to Theorem 3.3. In addition to (G, B,T) let another
second countable locally compact abelian group H and a continuous homo-
morphism o : H — G” be given. This homomorphism defines an action R
of Hon L'(G,B,T) by

(Raf)(x) = ola)(a)" f(x)
fora € H, f € L*(G, B) and x € G. For any triple (a,~, 3) € H" x G" x B"
we define a representation 7 = 7, , 3 of the associated covariance algebra
LY(H,LY(G,B,T),R) in L?*(G/Gs Nker p), where 9 : G — H” denotes the
dual homomorphism, p(x)(a) = o(a)(x). The unitary representations 7y
and 7¢ of H and G, respectively, are defined by

(Tr(a)§)(t) = a(a)e(a)(t)T'E(t),  (ta(2))(t) = y(x)é(=z '),

and an involutive representation 75 of B is defined by

(15(D)E)(t) = BOE()
fora € H, z € G, £ € L*(G/GgNkerp), t € G/GzNkerp and b € B.
Observe that (7g,75) looks similar to the above 7, g, but that these rep-
resentations act in different spaces. The representations 7¢ and 75 form a
covariant pair for (G, B, T'), hence they yield a representation of L' (G, B, T,
which together with 7z forms a covariant pair of (H,L'(G,B,T),R). The
latter pair yields 7, 3, explicitly

(ramp(@®) = [ [ ala)o(a)(®) (@) Bg(a,2)" )¢(a"t) da da
H G

for g € LY(H x G, B).

PROPOSITION 3.5. The algebra L*(H,L'(G,B,T), R) is of the type stud-
ied in this section, namely it is isomorphic to L'(G,B',T"), where B’ =
LY(H,B) = L'(H) ® B, and the action T’ is given by

(Tzh)(a) = o(z)(a)T; (h(a))
forx € G,a € H and h € L*(H,B). In particular, in view of 3.3 the algebra
LY(H,L'(G,B,T), R) is x-reqular. All the above representations 7o~ are
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irreducible. The map
H" x G" x B" > (a,7,8) = ker 1, , 3 € Priv. L'(H, L'(G,B,T), R)

is surjective and induces a homeomorphism from (H" x G" x B")/~ onto
Priv, L*(H,LY(G,B,T), R), where the (open) equivalence relation ~ on
H" x G x B" is defined as follows: (a,v,8) = (/,~,3") if the G-quasi-
orbits through (o, B) and (/, (") coincide, where x € G acts on («,3) €
H" x BN by z(a, B) = (0(z) e, 23), and if v and v coincide on the stabi-
lizer G(o,5) = ker 0N Gg.

Moreover, the action of H on L'(G,B,T) induces an action of H on
Priv, LY(G,B,T). In terms of the above parametrization of the latter space
the action is given by a-ker m g = ket o(q) 8 fora € H and (v, 3) € G xB".
FEach ideal P in Priv, L'(H,L*(G,B,T),R) defines by restriction an H-
quasi-orbit in Priv, LY (G,B,T). If P = kert,,. 5 then the corresponding
H -quasi-orbit is parametrized by

{(,8)e G"xB" |+ =~ on Ggnkerp, (GB)~ =(GB)"}.
Proof. Define J: L*(H x G,B) — L'(G x H,B) by
(Jg)(z,a) = o(a)(x) "' g(a,z),

which is clearly an isometric isomorphism of Banach spaces. A simple com-
putation shows that J defines a x-isomorphism from L'(H,L'(G,B,T), R)
onto LY(G, L*(H,B), T") = L*(G,B',T"). The space Priv, L'(G,B’,T") can
be parametrized by G x (B')" according to Theorem 3.3. Identifying (B')"
with H" x B" for each v € G and each («,3) € H" x B" we have an
irreducible representation 7, (o g of L'(G,B',T"). Again it is easily veri-
fied that the transferred representation ., (4 )0 J of L'(H, L'(G,B,T), R)
is nothing but 7, 3 of the proposition. Hence the 7, . 3 are irreducible,
and they exhaust the dual of L*(H, L*(G, B, T), R) up to weak equivalence.
Transferring the equivalence relation ~ of 3.3 on G x (H" x B") clearly
gives the equivalence relation =~ on H" x G x B".

Finally, we consider the kernel of the restriction 7/ of 74 g to L*(G, B, T).
This kernel could be computed by writing 7/ as a direct integral over irre-
ducibles, but we prefer a more direct way, whose arguments also provide us
with a proof of Lemma 3.2. Put S := G Nker g for short; an L!-function
f : G — Bis in the kernel of 7/ if and only if

[ [ 8@ (@) tn(t) dedt = 0
Ga/s &

or

[ [ @B)(f@)@e®n(at) dedt =0

G/S G
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for all £, € C.(G/S). Defining F' : G/S x G/S — C by
Flt,u) = [ (46)(f(ws))n(ws) ds,

S

where z is any point in the coset u € G/S, this condition may be written as

[ | Ftwétm(ut) dt du= 0.

G/S G/S
Since each ¢ € C.(G/S x G/S) can be uniformly approximated by functions
of the form (¢,u) — 2?21 &;(t)n;(ut), where the &;,n; € C.(G/S) have their
support in a fixed compact subset of G/S depending only on ¢, the latter
condition is equivalent to

[ [ Ftuwetm(w) dtdu=0

G/S GJS
for all £,n € C.(G/S). But this property of F' is equivalent to

f F(t,u)n(u)du =0
a/s
for all t € G/S and all n € C.(G/S).
Inserting the expression for F' we find that f € L'(G,B,T) is in the
kernel of 7/ if and only if

[ uB)(F @)@y de =0

G
for all t € G and all n € C.(G/S), which is equivalent to

[ O @)r(@)() dz =0
G
for all t € G and all ¢ € (G/S)".

This shows that the “commutative” kernel (ker7’). in L'(G) ® B is
the kernel of the subset C' := v(G/S)" x (GB)~ of G x B". The (un-
proved) Lemma 3.2 gives ker 7/ = ﬂ(% gnec kermy g, Conversely, special-
izing to H = {1} from our above considerations one can immediately deduce
Lemma 3.2.

Using our knowledge, Theorem 3.3, about the topology of the space
Priv, L}(G,B,T) and the H-action we easily conclude that the H-quasi-
orbit associated with {H kerm, g}~ = {kermy g | (7/,5") € C} is just
{kermy g | (/,0") € C, (GB')~ = (GB)~}; observe that the closure of
o(H) is equal to (ker9)* C G". m

Next, we turn to the study of the Wiener property of L'(G,B,T) in the
sense of [16]. Recall that an involutive Banach algebra has this property if
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each proper two-sided ideal is annihilated by an involutive nondegenerate
(irreducible) representation. For commutative symmetric regular Banach
x-algebras A this is equivalent to saying that the ideal Ay of all elements in
A with compactly supported Gelfand transform is dense in A or that the
empty subset of A" is a set of synthesis (compare [19, Chap. 2]).

THEOREM 3.6. If in addition to our general assumptions B has the
Wiener property then L'(G,B,T) has the Wiener property as well.

Proof. The algebra L'(G) has the Wiener property (see for instance
[19, Chap. 6]). Hence the algebraic tensor product L!(G)o®By (in the above
terminology) is dense in the projective tensor product L' (G)®B = L(G, B),
which shows that the commutative algebra L'(G, B) has the Wiener prop-
erty. Let a proper two-sided ideal Z in L'(G, B, T) be given. Then the hull
h(Z.) € G" x B" of the corresponding ideal Z. in L'(G, B) is not empty,
say (v0,00) € h(Z.). By Lemma 3.1 the whole equivalence class [y, fo] is
contained in h(Z.), from which we conclude by means of Lemma 3.2 that
kerr1(q,B,1) Tryo,5, contains 7. m

Finally, we consider semidirect products M = G x B of second countable
locally compact abelian groups. Their L!-algebras L'(M) with respect to
the left invariant measure obtained as the tensor product of invariant mea-
sures on GG and B may be written as L'(G, B, T), where B = L'(B) and
the action T is given by (Th¢)(b) = d(z)p(z~tbx) for ¢ € LY(B), x € G
and b € B; here § is the modular function of the action of G on B, which
coincides with the modular function A of M in the sense that A(xb) = 6(x).

Hence all our previous results apply to L!(M) because L!(B) is a sym-
metric regular Banach *-algebra satisfying the Wiener property. Note that
the *-regularity of L'(M) was proved in [1] without separability conditions
(by reducing to this case). Identifying the structure space B = L'(B)"
with the Pontryagin dual B” gives a parametrization of the homeomorphic
spaces PrivC*(M) and Priv,. L'(M) by G" x B". The G-action on L*(B)"
corresponds to the action of G on B” given by (z3)(b) = B(x~!bx) for
B € BN, b€ Band v € G. The above equivalence relation can be inter-
preted as follows. Each pair (v, 5) € G" x B” defines a character x = x~,3
on GgB by x(xb) = v(x)3(b). Two pairs (v, 5) and (7, 5’) are equivalent iff
the corresponding characters x and x’ have the same domain and lie on the
same G-quasi-orbit. The above considered representations 7., g correspond
to unitary representations of M, denoted by the same letters. Explicitly,
one has

(7,3 (@BE)(E) = 4(2) Bt b 1) ()
for £ € L*(G/Gg), x € G, b€ B and t € G/Gg.

In our next theorem we determine the support of the tensor product of
two such representations in PrivC*(M) = Priv, L'(M).
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THEOREM 3.7. For (v, 8), (v, ') € G xB" the support of my g &1 g in
Priv C*(M) (or in Priv, L'(M)), i.e., the set of all ideals P in Priv C*(M)
(or in Priv, L' (M)) with P D kerc«(ap) Ty, @7y g (01 P D kerpi(an) my 8@
Ty gr) is parametrized by the subset

7 (GsNGg)t x [(GBNGB))™
of G" x B".

Proof. In view of the xregularity of L'(M) it suffices to prove the
L'-version of this theorem. The C*-version was only formulated in order to
exhibit the relation to the more common notion of weak containment.

To compute the L!-kernel of 7., @7,/ 5 we apply the usual trick, namely
we consider first the outer tensor product 7., g xm,s g, which is an irreducible
representation of M x M. Since M x M is also a semidirect product of abelian
groups, Lemma 3.2 applies, and we conclude that the kernel of m g x 7,/ g
consists of all g € L*(M x M) such that

f f f fg(fUlbl,xzbz)’h(SUl)ﬁl(bl)’Yz(fUz)ﬁz(bz) dzy dby dxg dby =0
G B G B

for all 71 € ¥(Gp)™, 72 €7/ (Gp) ™, B1 € (GB)™ and Bz € (GA') ™.
Embedding M diagonally in M x M one sees that f € L!(M) belongs
to kerpi(ar) my,3 @ my g iff frho€ LY(M x M), given by

(f x h)(x1b1, 2b2) = f ff($b)h(b_1$_1$1b1,b_liﬂ_lfﬁzbz)dfﬂdba
G B

belongs to ker m, g X my g for all, say, h € Cc.(M x M).
Combining these two equations yields that f € L'(M) belongs to
kerL1(M) Try,B3 & Ty 3t iff

o= [ [ [ [ [ [ fabh® e zib, b o 2obo)

G B G B G B
Y1 (.%'1)ﬂ1 (b1>72(.%'2)ﬂ2(b2> d(l? db d.’Bl dbl d.ili'g db2

:ffffh(xﬂn,xzbz)(fff(l‘b)vl(xxl)ﬁl(xl_lbajlbl)
G B G B

G B
o (22) B2 (25 babs) da db) day dby das dbs

for all h € C.(M x M) and all 1,72, 51, B2 as above.

Since h is arbitrary this means that the inner integral has to be identically
zero, in other words,

0= [ [ fzb)a(z)¢(b) dudb
G B
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for all a € vy/(Gp)*(Gp )t and ¢ € (GB)~(GB')~. But as Fourier trans-
forms are continuous and (G)t(Gg/ )t is dense in (Gg N Gg)t, in view of
Lemma 3.2 this is precisely what we wanted to show. m

Theorem 3.7 can be used to determine the support of the so-called con-
jugation representation xy; in L?(M) given by

(kar(m)&)(t) = A(m)'/2¢(m™tm)

for t,m € M and ¢ € L?(M) (compare [11, 12]). To this end we introduce
some notation. Denote by

[,]:GxB—B

the commutator, i.e., [z,b] = zbr~'b~1. This map is multiplicative in the
second variable. For z € G and 8 € B” define 3, € B" by z8 = 343,, i.e.,
B:(b) = B([z71,b]). One easily verifies that

(11) Bmﬂy_l = (yﬂ)my*U and
(ili) y(Bz) = (¥B)a
hold for all z,y € G and 3,3’ € B". Moreover, put
Xg={(1,8:) €G"xB"|r€G,ye Gé} and
Xp={(7.8,) €G"xB" |veGy, x€G, 5 €(GH) }.

COROLLARY 3.8. The support of ky, M = G x B, in Priv, LY(M) =
Priv C*(M) is parametrized by the subset (Usecpr X5)™ = (Ugepn X5)~ of
G" x B".

Remark 3.9. Everything in this description rests on the map [ , ]
(and its dual version (z,3) +— (), because z € Gy iff 5, = 1. A more
explicit description of (|J sepr X, 3)~ in special cases requires a more concrete
knowledge of this map |, |.

Proof of Corollary 3.8. It is easily verified that X} is contained in
(Ugepn Xp)~ from which one concludes that the latter set coincides with
(Ugepn X5)~- Obviously, each individual Xj is saturated with respect
to the equivalence relation ~, whence (|J sepr X 5)” is saturated. By [11,
Corollary 1] the support of ks is the smallest closed subset of Priv C* (M)
containing the supports of all the 7 ® 7, 7 € M”, where T denotes the
conjugate representation. Since each 7 is weakly equivalent to one of the 7 g
and since evidently 7, g = m,-1 g-1 one only has to consider the supports
of the various 7, g ® 7,1 g1 which are given in 3.7. Then one quickly finds
the claimed structure of the support of ;.
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We just remark that one can also compute directly, i.e., without using
[11], the kernel of xys in L'(M) by means of the Fourier transform of the
abelian group G X B. =

Similarly, one can also treat the two-sided translation representation 7
of M x M on L*(M), i.e., ((m,n)€)(t) = A(n)'/26(m~'tn) for m,n,t € M
and £ € L?(M) (compare also [11]). If one parametrizes Priv C*(M x M) =
Priv, L'(M x M) in the obvious way by G x B" x G x B” then the
support of 7 is the closure of the union of all the Y, 3, (v,8) € G x B",
where Y, 3 is defined as

Y’Y“B = {(77ﬂ7 a’7_17 (zﬂ)_l) | a € Gé, x e G}
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