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1. Introduction. We describe the structure of the Auslander—Reiten
components of finite-dimensional modules for endomorphism rings X' of tilt-
ing bundles and tilting sheaves on a weighted projective line. Such alge-
bras were called in [10] concealed-canonical algebras and almost concealed-
canonical algebras, respectively. Concealed-canonical algebras and almost
concealed-canonical algebras are important classes of quasi-tilted algebras
in the sense of Happel, Reiten and Smalg [3].

Our result generalizes theorems of Kerner [7] and [8] studying the case
of tilted algebras and of Lenzing and de la Pena [11] considering the case of
canonical algebras.

The representation type of X' depends on the weight type, or equivalently,
on the virtual genus g of the weighted projective line X. If g < 1 then
)] is a tame concealed algebra and the Auslander—Reiten quiver is well
known. If g = 1, the algebra X' is a tubular algebra and the structure of the
Auslander—Reiten components was described by Ringel in [13] (see also [9]
for a classification using the geometrical approach).

Here we are interested in the case g > 1, i.e. X is wild. In this case X
is strictly wild as was shown in [10]. In that paper we also gave a global
view of the category mod(X') of finite-dimensional modules over Y. Iden-
tifying the derived category of mod(X) with the derived category of co-
herent sheaves coh(X) and transporting the notions of rank and degree of
sheaves to modules we have four typical parts of Y-modules, mod(X),
modg (X), mod_(X) and mod, (X) denoting respectively the additive clo-
sure of the indecomposable modules of positive rank, rank zero with positive
degree, negative rank and rank zero with negative degree. The last part is
finite and does not appear if we are dealing with a tilting bundle. The
categories mod (X)), modg (X) and mod<(X), which is the additive clo-
sure of mod_ (X) and mod; (X), are closed under extensions and under the
Auslander-Reiten translation. The components of modd (X) are tubes and
form a separating family [10, Theorem 5.8].
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184 H. MELTZER

Here we determine the shape of the Auslander—Reiten components in
mod; (X) and mod<(X) in the wild case. It is shown that a component
in mod<(X) different from the preinjective component has as stable part
a shape of type ZA.,. Moreover, we can construct bijections between the
following three sets:

e (2_(X) of components of mod_ (X,

e (2(X) of components of the category of vector bundles over X

e (2(X7) of regular components of modules over a concealed wild algebra
Y defining the unique preinjective component of mod(X).

A similar result for mod; (X) is true if X is a wild concealed-canonical
algebra. For an almost concealed-canonical algebra X' the part mody (X)
can be “smaller”, depending on the decomposition T'= T"®T" of the tilting
sheaf in a vector bundle 77 and a sheaf of finite length 7".

The main results are similar to those in [8] following the general philos-
ophy that the vector bundles in coh(X) have the same behaviour as regular
modules over wild hereditary algebras. Some proofs, however, become easier
in the geometrical situation. Moreover, in contrast to the situation of tilted
algebras we can characterize special summands in the sense of Strauss using
the rank and degree of vector bundles appearing in the wing decomposi-
tion. Note that a modified version of Theorem 5.3 for modules over tilting
algebras can also be used for the inductive step of [8, Theorem 1].

I would like to thank Dieter Happel and Helmut Lenzing for many in-
teresting discussions.

2. Notations

2.1. Throughout the paper we work over an algebraically closed field k
and use the following notation. Let p = (p1,...,p:) be a weight sequence of
positive integers p; and A = (A1,...,At) a parameter sequence of pairwise
distinct elements of P! (k) such that Ay = 00, Ay = 0, A3 = 1 and X = X(p, A)
the attached weighted projective line in the sense of [1]. Using a graded
theory Geigle and Lenzing introduced in [1] the category coh(X) of coherent
sheaves on X, with structure sheaf O. We denote by vect(X) (resp. cohg(X))
the category of vector bundles (resp. finite length sheaves) on X. The virtual
genus gx is defined by

t
1
gx =1+ 5((?5 —2)p — z;p/pi)a
where p = Le.m.(p1,...,pt). If not mentioned otherwise we assume that

gx > 1, in this case coh(X) is wild. Recall that for sheaves F' on X the no-
tion of rank rk(F') and degree deg(F') are defined, moreover, the slope of F' is
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given by p(F') = deg(F)/rk(F). By a tilting sheaf (resp. tilting bundle) we
mean a multiplicity-free object T' € coh(X) (resp. T' € vect(X)) without self-
extensions and generating the derived category DP(coh(X)) of bounded com-
plexes over coh(X). We call the endomorphism algebra of a tilting bundle
(resp. tilting sheaf) a concealed-canonical (resp. almost concealed-canonical)
algebra. The reason is that a tilting sheaf (resp. tilting bundle) can be alter-
natively viewed as a tilting module over the canonical algebra A = A(p, \)
attached to the data p, A [13], with the property that each indecomposable
direct summand of T has rank > 0 (resp> 0).

2.2. For a finite-dimensional algebra A we denote by mod(A) the cate-
gory of finite-dimensional right A-modules. Let T be a tilting sheaf and X' =
End(T). Then by [1, Theorem 3.2], D(mod(Y)), the derived category of
bounded complexes over mod(Y), is triangle-equivalent to DP(coh(X)). Let
coh (T) (resp. cohg (T))) be the full subcategory of vect(X) (resp. cohg(X))
consisting of all F satisfying the condition Ext'(T, F) = 0. Similarly we
denote by coh_(T") (resp. cohy (T")) the full subcategory of vect(X) (resp.
cohy (X)) consisting of all F satisfying the condition Hom(7, F') = 0. Fur-
thermore, let cohx (T") (resp. coh<(T")) be the additive closure of coh (T') U
cohgd (T) (resp. coh_(T) U cohgy (T')). Then by [10, Theorem 5.1] under
the identification DP(mod (X)) ~ DP(coh(X)) each indecomposable X-mo-
dule is in one of the four subcategories coh, (T), cohgd (T), coh_(T)[1],
cohgy (T')[1], where [1] denotes the translation in the derived category. We
denote these four parts of the module category respectively by mod (X)),
mody (X), mod_(X), mody (X), accordingly to the fact that for an inde-
composable module M we have

e M € mody (X) iff rk(M) > 0,
e M € mod{ (%) iff rk(M) = 0 and deg(M) > 0,
o M € mod_(X) iff rk(M) <0
o M € mod, (X) iff rk(M) = 0 and deg(M) < 0.

Finally, we denote by mod>(X) (resp. mod< (X)) the additive closure
of mod (X) Umodg (X) (resp. mod_(X) Umod, (X)). For the sake of
simplicity we often write cohg(T) and mody(X) instead of cohg (T) and
modg (X).

2.3. Assume that an object Z belongs to an Auslander—Reiten compo-
nent C of coh(X) or mod(X). Then the 7-cone (—Z) (resp. the 77 -cone
(Z —)) consists of all objects of C which are predecessors (resp. successors)
of Z. If necessary we will distinguish the Auslander—Reiten translations in
coh(X) and mod(X) and denote them by 7x and 75, respectively. Recall that
Tx is given by a line bundle shift with the canonical sheaf w = O(J) where
&= (t—2)¢—_, % [1, Corollary 2.3].
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3. Regular components. In this section 7' denotes a tilting sheaf
on a weighted projective line X of arbitrary type. Let X' = End(7T) be the
attached almost concealed-canonical algebra. Here we describe the regular
components in mod(X), i.e. the components without projective and injective
modules.

3.1. Similarly to [1, 3.5] for each F' € coh(X) there is a short exact
sequence

0—-FL —-F—F_—0 with Fy € coh>(T), F_ € coh<(T).

In fact, F; is the largest subsheaf of F' belonging to coh>(T').
The following result is similar to a result of Hoshino [5] concerning rela-
tive Auslander—Reiten sequences for torsion pairs in module categories.

PROPOSITION 3.1. (a) For each indecomposable module M € modx(X)
we have Ts M = (x M) 4.

(b) For each indecomposable module M € mod<(X) we have 7o M =
(5 M)_.

Proof. (a) was proved in [9, 5.1] if T" is the canonical tilting sheaf; the
general case follows easily.

(b) For M, N € mod<(X) we have Homyx (75, M, N) ~ Homy (75, M, N)
~ Homy (M, 7sN), where Homy(X,Y) (resp. Homyx(X,Y)) denotes the
group Homyx(X,Y) modulo the subgroup consisting of all X-homomor-
phisms from X to Y which factor through projective (resp. injective) mod-
ules. This follows from the facts that all projective modules are in mod> (X),
in particular 7 M and N have no nonzero projective direct summand, and
that there are no nonzero homomorphisms from mod<(X) to mod> (X).

Now, invoking the Auslander—Reiten formula and the Serre duality for
coh(X) we obtain Homy (75 M, N) ~ DExt5 (N, M) ~ DExtg(N, M) ~
Homx (M, N(&)) ~ Homx (7 M, N).

Applying the functor Hom(—, N) to the exact sequence

0— (xM)y — M — (7xM)_ — 0,

we see that Homx (75 M, N) ~ Homx((7 M)_, N) since there are no non-
zero homomorphisms from cohs(T) to coh<(T). The last term equals
Homy;((ry M)_,N) because both are modules in mod<(X). Therefore
we obtain isomorphisms Homyx (75, M, N) ~ Homyx ((r4 M)_, N), which are
functorial in N € mod<(XY), and consequently 7o M ~ (14 M)_.

COROLLARY 3.2. (i) For each indecomposable module M € mod<(X) we
have rk(r5, M) > rk(M).

(ii) Let M be indecomposable in mod_(X). Then rk(ry M) = rk(M) if
and only if T M = 74 M.
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Proof. (i) The inequality follows from Proposition 3.1 and the exact

sequence
0= (g M)y 174 M -7 M — 0

and the fact that the application of 7y does not change the rank. Note that
k(75 M)) < 0.

(ii) Suppose that M is indecomposable in mod_(X) and rk(7o; M) =
rk(M). From the exact sequence above we infer that rk((ry M),) = 0. By
our assumption we have 75, M = F[1] for some F' € vect(X). Because there

are no nonzero morphisms from finite length sheaves to vector bundles it
follows that (7 M)y = 0.

COROLLARY 3.3. (i) For each indecomposable module M € modx(X) we
have tk(tx M) < rk(M).

(ii) Assume in addition that T is a tilting bundle and let M be indecom-
posable in mod(X). Then rk(rx M) = rk(M) if and only if Ts M ~ M.

Proof. (i) The inequality follows from Proposition 3.1 and the exact
sequence

0—7sM — xM — (7xM)_ — 0.

(ii) Let M be indecomposable in mod, (X) and assume that rk(7x M) =
rkM. Then rk((7xM)_) = 0. Because for a tilting bundle coh< (7") does not
contain sheaves of rank zero we obtain (7xM)_ = 0, consequently 75, M ~
TxM.

THEOREM 3.4. Let X' be an almost concealed-canonical algebra and C be
an Auslander—Reiten component in mod<(X) different from a preinjective
component. Then there exists an indecomposable Z € C such that the 7y, -
cone (Z —) in C is a full subquiver of a component in vect(X)[1].

Proof. Applying Corollary 3.2(i) and the assumption that C is not a
preinjective component, we can find an indecomposable Z € C such that
the 75-orbit of Z does not contain an injective X-module and 0 > rk(Z) =
k(75" Z) for all t > 0. Let

(+) 05 Z25VieYa brgz—0

be the Auslander—Reiten sequence in vect(X)[1]. Applying Corollary 3.2(i)
we infer that 7o Z ~ 75 Z, in particular 7 Z € mod<(X). Applying the
functor Hom(7', —) we see that also Y7 @ Y3 is in mod<(X).

Moreover, if f : Z — U is a morphism in mod(X') which is not a split
monomorphism, then there is a morphism ¢ : Y7 @ Yo — U in mod(X) such
that f = g o a. Indeed, in case U € mod<(X) we can use the Auslander-
Reiten factorization property in coh(X)[1], and in case U € mod>(X), f is
zero. Thus (k) is also an Auslander—Reiten sequence in mod(X').



188 H. MELTZER

Repeating this argument, first for the Auslander—Reiten sequence
0 =74 Z > Y1 D1 Yo HT;EQZ—)(),

then for the meshes adjacent to the two already studied and continuing this
process we see that the whole 74 -cone (Z —) consists of Auslander—Reiten
sequences in mod(X'). Therefore the 77 -cones (Z —) in C and in vect(X)
coincide.

Remark. It follows from the results in Section 4 that mod(X) has a
unique preinjective component.

COROLLARY 3.5. Let X be a wild almost concealed-canonical algebra and
C a regular Auslander—Reiten component in mod_(X). Then C is of type
ZA.

Proof. Let Z € C be such that the 7~ -cones (Z —) in C and vect(X)[1]
coincide. The application of 75 does not produce projective X-modules,
thus the result follows from the fact that all regular components in vect(X)
are of shape ZA., [11].

3.6. Recall from [2] that for a system of objects S in an abelian category
A the right perpendicular category S* (resp. the left perpendicular category
18) is defined as the full subcategory of A consisting of all objects A € A
satisfying the following two conditions:

(i) Hom(S, A) = 0 (resp. Hom(A4,S) =0) for all S € S,
(ii) Ext'(S, A) = 0 (resp. Ext*(A,S) = 0) for all S € S.

Now, let T'=T'" @& T" be a tilting sheaf on X where T" € vect(X) and
T" € cohy(X). Denote X’ = End(7"). We know from [10] that 7" is a tilting
bundle on a weighted projective line X’ with the property that in coh(X)
the right perpendicular category to all simple composition factors of the
objects of T" is equivalent to coh(X’). Moreover, mod, (X') coincides with
mod4 (X”). Using these notations we have

THEOREM 3.6. Let X be an almost concealed-canonical algebra and C be
an Auslander—Reiten component in mod, (X) different from a preprojective
component. Then there exists an indecomposable Z € C such that the Tx-
cone (— Z) in C is a full subquiver of a component of vect(X').

Proof. Similarly to the proof of Theorem 3.4 there is an indecomposable
Z € C with the property that the 7x-orbit of Z does not contain a projective
Y-module and 0 < 1k(Z) = rk(7£Z) for all t > 0. Then for the Auslander—
Reiten sequence

0—715Z —->Y —>27Z—0
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in vect(X’) we have rk(rsZ) = rk(mxvZ) = rk(Z). Therefore by Corol-
lary 3.3(ii), 7x/Z = 75+ Z € mod(X’) = mod, (X). Now one can follow the
dual of the arguments of the proof of Theorem 3.4.

COROLLARY 3.7. Let X be a wild concealed-canonical algebra and C a
regular component in mody (X). Then C is of type ZA.

Remark 3.8. If T is a tilting sheaf on a wild weighted projective line
X, then X’ can be wild, tubular or domestic, thus for the almost concealed-
canonical algebra X a regular component in mod4 (X) can be of type ZA,
a stable tube or of type ZA for an extended Dynkin graph A.

4. The wing decomposition of a tilting bundle

4.1. In this section we assume that X is wild and T is a tilting bundle
on X. The following theorem is the analogue of the result of Strauss [14]
concerning tilting modules without nonzero preinjective direct summands
over connected (wild) hereditary algebras. We use the fact that for a vector
bundle E € vect(X) without self-extensions the right perpendicular category
E+ formed in coh(X) is equivalent to a module category over a hereditary
algebra [6], thus it makes sense to speak about E=-preprojective objects.
The proof of the following theorem can be given using the arguments of [14].

THEOREM 4.1. Let T' be a tilting bundle over a wild weighted projective
line X. Then there exists a decomposition

T'=TpdT
which satisfies the following conditions:

(i) The category Ty is equivalent to the module category of a connected
wild hereditary algebra.
(ii) Tp is Ti--preprojective.
(iii) The preprojective component of the algebra Xp = End(Tp) is a full
component of the Auslander—Reiten quiver of X. Moreover, this is the only
preprojective component for 2.

4.2. Let T =Tp & T} be the decomposition of a tilting bundle from the
Theorem above. Now we apply the results of [12] and [8] in order to obtain
a wing decomposition for 7. By [11] all components of the Auslander—
Reiten quiver of vect(X) are of the form ZA., thus the indecomposable
direct summands of 7} determine wings in the sense of [13, (3.3)]. For an
indecomposable vector bundle W on X with quasi-length s and quasi-socle
X, which is contained in a component C, the wing W(W) of W is defined
to be the mesh-complete full subquiver given by the vertices 7 * X (r) with
1<r<m,0<t<s—r, where X(r) is the indecomposable with quasi-
length r and quasi-socle X.
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Now, if W is an indecomposable direct summand of T of quasi-length s,
then in the wing W(W) there are s indecomposable direct summands of T’
and they form a branch in the sense of [13]. Further, for an indecomposable
direct summand W of T} no summand of Tp is contained in W(W). If
Wi and Wy are summands of 77 such that W(W;) € W(W;) for i # j,
then W(W1) N W(W3) = 0. Therefore T has a decomposition T = Tp @
@lizl T'(M;) such that T'(M;) is a tilting object, hence a branch, in the wing
W(M;) and furthermore the wings W(M;) are pairwise disjoint. Observe
that M; is a direct summand of T'(M;).

Finally, we want to distinguish the branches T'(M;) which do not allow
nonzero morphisms to other branches. Define T"(M;) = Tp & ,; T'(M;).
Since the quiver of T" has no oriented cycles there exists an M; such that
T'(Mj) € T+(Mj).

Let {Wy,...,W,} be the set of these M;’s and {V1, ..., V,} be the others.
Then we have

S T
T =Tp o PTV:) & PTOW))
i=1 j=1
We call this decomposition the wing decomposition of T

Observe that for each V; there exists a W; and a sequence of nonzero

maps (fi)1<i<¢:
(%) Vi=vi, Bv, B s, By, =w

t4+1
It follows from [4] that each f; is either a monomorphism or an epimorphism.
In fact we have

LEMMA 4.2. In the sequence (x) above every morphism is an epimor-
phism.

Proof. Assume that some f; : V;, — V., is a monomorphism. Denote
by T" the direct sum of all branches T'(M;) where M = W or M =V such
that M; # V;, and there is a chain of nonzero maps

Vi, = My, — My, — ... — My, = M;

and let 77 be the complement of 7" in T. Now, the perpendicular category
(T")* is by [6] equivalent to a module category mod(H) over a hereditary
algebra. Observe that T” is in (7”)*. Since f; is a monomorphism we
have an embedding V; — T". Now, V;, is projective in (7”)*. Indeed,
if Z is an arbitrary object in (T")%, then Ext}(T”,Z) = 0 and therefore
EXt%T//)L(‘/il,Z) = Extx(V;,, Z) = 0. Then V;, is preprojective in mod(X")
where X' = End(T”). Since Tp is contained in 7", V;, is also preprojective
in mod(X'p) hence in mod(Y'). Consequently, V;, is a direct summand from
Tp by Theorem 4.1, a contradiction.
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4.3. If T is a tilting sheaf With wing decomposition

T = TP@@T @@T

=1

then we consider s r
T=Tro@PV.0 HW,
i=1 j=1

where V; (resp. W) is the direct sum of the projectives in the wing W(V;)
(resp. W(W;)). By [13, (4.4)], T is a tilting sheaf again and

S '
T=Tp @@Vz @@Wj
i=1 j=1

is the wing decomposition of T. We call T the normalized form or the
normalization of T. As in [8, Lemma 2.5] we have

LEMMA 4.3. Let T be a tilting sheaf with wing decomposition

T = Tp@@T @@T

=1
and let T be the normalization of T.

(a) Assume that F € coh(X) is not contained in the wings W(xV;) and
W(rxW;) for alli, j. Then F € cohs(T) if and only if F € coh>(T).

(b) Assume that F' € coh(X) is not contained in the wings W(V;) and
W(W;) for alli, j. Then F € coh<(T) if and only if F € coh<(T).

4.4. Furthermore we will frequently use the following information about
wings proved in the situation of modules in [8] (see also [12]) and easily seen
to be valid in our situation.

LEMMA 4.4. Let U be indecomposable in vect(X) with quasi-length r and
quasi-top X . Then:

(a) For an indecomposable vector bundle Y in vect(X) which is not in
add(W(U)) the following conditions are equivalent:

(1) Hom(Y,U) =

(2) Hom (YTXX)—Ofori—O ,r—1,
(3) Hom(Y, W) =0 for all W € add(W(U))

)
)
)
(b) For an indecomposable vector bundle Z in vect(X) which is not in
addW(U)) the following conditions are equivalent:

)

)

)

(1) Hom(U, Z) = 0,
(2 HOIH(TXX Z)=0 fori=0,...,r—1,
(3) Hom(W, Z) =0 for all W € add(W(U)).
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LEMMA 4.5. Let W be an indecomposable vector bundle in vect(X) with
quasi-length m and quasi-top X. Then the following conditions are equiva-
lent:

(a) X, xX,... ,TBE”_IX are pairwise orthogonal.
(b) If Z,Y € add(W(W)), then rad™(Z,Y) = 0.

Here rad denotes the Jacobson radical of the category coh(X) and the
infinite radical rad™ is the intersection of all powers rad’, i > 1, of rad. If
one of the two conditions of the Lemma above is satisfied we call W(W) a
standard wing.

LEMMA 4.6. Let W be an indecomposable vector bundle in vect(X) with
quasi-length m and let R be the indecomposable in vect(X) such that there is
an irreducible epimorphism from R to W. Then W(R) is a standard wing
if and only if W is exceptional.

Recall that an indecomposable object X is exceptional if Exty (X, X)
=0.

5. Nonregular components for concealed-canonical algebras

THEOREM 5.1. Let T be a tilting bundle on a wild weighted projective
line X with wing decomposition

T=Tpra@PTV:) & PTW;).
i=1 j=1

Denote by X; the quasi-socle of W; and let R; — W; be an irreducible
epimorphism for j =1,...,r. Then

(a) Rj € coh>(T') forj=1,...,r.

(b) Let l be such that tk(X;) is minimal and pu(X;) is maximal among
the X;’s with minimal rank. Then

(i) 72X, € coh>(T).

(ii) The tx-cone (— 72X,) is contained in coh>(T) and is a full subquiver
of the nonregular component in mod(X) containing W;.

Proof. By Lemma 4.3 we can assume that T is normalized. Therefore
let T =Tp ®@;_, Vi ® @)_, W, using the notation of 4.3.

(a) First, W is exceptional, thus by Lemma 4.6, W(W}) is a standard
wing and by Lemma 4.5, Hom(R;, 7xW;) = 0. Moreover, Lemma 4.4 implies
that Hom(R;, 7xW;) = 0. Now, let "= W; ®T’(W;) and consider the exact
sequence

0—mW; = R; — Z; — 0.
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Then Hom(Z;, xT"(W;)) = 0 because otherwise 0 # Hom(W;, xT"(W;)) ~
DExt' (T"(W;), W;), which is impossible. Furthermore, from the wing de-
composition of T' we obtain Hom(W;, T'(W;))=0, hence Hom(R;, xT"(W))
= 0. Consequently, Hom(R;, 7xT") = 0, which implies that Ext!(T, R;)=0.

(b) We know from (a) that R; € coh>(T), thus by Proposition 3.1,
Tv Ry ~ (7xR;)+ and we have an exact sequence

0— TERZ — Tle — (Tle)_ — 0.

Define @ = (7xR;)—. In the same way as in [8, Lemma 2.3] we conclude
that @ € add(mx(B;_, Vi & B, W))).

We claim that 78X; € coh>(T). Assume first that Q is of the form
(xW7)®™ for some m. Since W(R,;) is a standard wing, Hom(mx R;, xW;) =
k and therefore applying the functor Hom(—, W;) to the exact sequence (3)
we obtain m = 1. Hence we have a commutative diagram

0——=7s Ry ——T1xR W1 0
|
| \L: l:
A

0——T12X7 ——> xR W1 0

The induced morphism is an isomorphism, in particular we infer that
72X, ~ xR, € cohs(T).

Assume now that () contains an indecomposable direct summand 7xY €
add(rx (@i, Vi ® @, W;)). Then there is an epimorphism xR — 7V’
and therefore an epimorphism R; — Y. Moreover, applying the functor
Hom(—,Y’) to the exact sequence

0—-mX >R —-W;—0
we obtain a nonzero map f : 7xX; — Y. Now,
Ext' (Y, 7 X;) ~ DHom(mx X}, 7xY;) ~ DHom(X;,Y) = 0,

therefore it follows from [4] that f is an epimorphism or a monomorphism.
Clearly f is not an isomorphism, because Y € coh>(T") but 7xX; € coh< (7).

Assume first that f is an epimorphism. If Y = W; for some j then
rk(X;) > rk(W;) > rk(Xj;), contrary to the assumption on [. If Y = V]
for some ¢ then using Lemma 4.2 we can compose f with an epimorphism
Vi — W; and again rk(X;) > rk(W;) > rk(X;) gives a contradiction.

In case f is a monomorphism we also have a monomorphism T%Xl —
<Y . Applying the functor Hom(T, —) we see that Hom (T, 72X;) = 0. Now,
applying the functor Hom(7', —) to the exact sequence

0— T;%Xl — xR — ~W; —0
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we conclude Hom(T', 7x R;) = 0, which means that 7xR; € coh<(T'). There-
fore T R; = 0 and R; is projective in mod(X'), which is impossible. This
finishes the proof that 72X, € cohs (T).

Now we show by induction on n that 7% X; € coh> (7). From the in-

duction hypothesis and Proposition 3.1 we see that 75 (14 ' X;) =~ (£ X))+,
thus there is an exact sequence

0— TE(Tgile) — T;ELXZ — Q — 0.

Again by [8, Lemma 2.3] we have Q € add(rx(D;_, Vi © -, Wj)). As-
sume that () # 0. Then there is an epimorphism f : ng_le — Y where
Y is some W; or some V;. Using Lemma 4.2 the second case can be re-
duced to the first one. Now, if f : ng_le — Wj is an epimorphism but
not an isomorphism then rk(X;) > rk(W;) > rk(X;), which contradicts the
choice of [. On the other hand, if f is an isomorphism then W; = X; and
therefore rk(X;) = rk(X;) but u(X;) = p(X;((n — 1)J)) > wu(X;), again
a contradiction to the assumption on [. Hence ) = 0 and consequently
80X ~ 7x(t¢ ' X)), in particular 72X, € cohs (7).

Finally, as in the proof of Theorem 3.4, one shows that all Auslander—
Reiten sequences in the mx-cone (— 72X;) in vect(X) are also Auslander—
Reiten sequences in mod(X). Using 7xR; ~ 72X, and the existence of an
irreducible morphism from R; to W, we see that the cone (— 72X;) and W)
are in the same component in mod(X).

DEFINITION 5.2. Let T be a tilting bundle. An indecomposable direct
summand S € add(7) is called a special summand of T if S is a sink sum-
mand of T" and T has no S*-preinjective direct summands. Recall that S
denotes the direct sum of all indecomposable projectives in the wing W(S).

This definition is the analogue of [14, Def. 7.3] and makes sense because
by [6], S+ is equivalent to a module category. In our situation we can
characterize special summands using the rank and the degree functions.

THEOREM 5.3. Let T be a tilting bundle on a wild weighted projective

line X with wing decomposition

S T

T =Tp o PTV:) & PTOW)).

i=1 j=1
Denote by X; the quasi-socle of W;. Let | be such that rk(X;) is minimal
and (X;) is mazimal among the X;’s with minimal rank. Then W; is a
special summand.

Proof. We can assume that 7" is normalized. Indeed, we have T(W;)* =

Wt [14]. Furthermore, the whole wings W(W;) and W(V;) are contained in
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Wit and the irreducible maps between the projectives of those wings remain
irreducible in W;t.

We suppose therefore that T = Tp®@;_, VZ@@;:I W; and consider the
tilting bundle 7" = T'(W;) = Tp&@;_, Vie @, W; in W;t. Denote X' =
End(7”). Then an indecomposable direct summand from Tp is preprojective
in mod(X'), thus preprojective in mod(X”) and consequently not preinjective
in Wf‘.

Next we show that no X, j # [, is preinjective in Wf. Fix such an Xj.
By [11, Theorem 2.7] there exists an N such that Homy (75 Y X;, X;) # 0.
Now, consider the chain of irreducible maps in coh(X):

Ho €0 _ L - €1 —n Hn g En  _p-1
(#) X;oVonX;onV—». . "X, oY o "X
Hn+1 1 En+41 MN—1 —N+1 EN-1 _N
— Tx Y, » ... = 1 Y, —» X,

where all y,, are monomorphisms and all ,, are epimorphisms.

In case all 7 " X; and all 7 "Y; appearing in () belong to Wit we obtain
a cycle in Wit and then X j is regular. Thus we can assume that one 7 " Z;
with Z = X or Z =Y is not contained in W;*.

We claim that Hom(W,;, 74 "X;) = 0 for n = 0,...,N. First, as a con-
sequence of Theorem 5.1, we have 0 = Ext' (T, 7# X;) ~ DHom(7% X;, 7T')
for n > 2. Moreover, Hom(W;, X;) = 0, which implies by Lemma 4.4,
Hom(ry ™ X, X;) =0form =0,1,...,t where t+1 is the quasi-length of W;.
Therefore Hom(ry " X;, 74" X;) =0 form=0,1,...,t and n =0,1,..., N.
Observe that 74" X; ¢ add(W(W;)). Indeed, otherwise X; is in the 7-
orbit of X;, which implies that X; and X; have equal rank. Since the
wings W(W;) and W(Wj) are disjoint we then have X; = 7 " X for some
m > 0, hence pu(X;) < p(X;), which contradicts the assumption on .
Therefore 74 " X; ¢ add(W(W,)) and consequently Hom(W;, 74 "X;) = 0
by Lemma 4.4.

It follows that in our case some Ext' (W}, 7 *Z;) # 0 for some 7 ' Z;, Z =
X or Z =Y. Because the ¢; are epimorphisms, the first sheaf of () which is
not contained in W} is some 7 "Y;. For this n we have Ext' (W, 7 "Y;) #
0. Now, by [6] the embedding W;* < coh(X) admits a left adjoint functor
I : coh(X) — W, Then we can proceed as in [14, Lemma 7.2]. The
object I(74"Y;) is indecomposable by [14, 2.2] using Hom(7y "Y;, W) ~
DExt! (W;, 7. ""Y;) = 0 by the choice of n. Moreover, the map () :
I "X;) — (15 "Y;) is nonzero. Now, W;- is the coproduct of W= and
the category of a finite wing by [14, Theorem 3.5] and we conclude that
U1 "Y;) € Wit Tt follows that Hom(I(75 "Y;), R;) ~ Hom(I(7 "Y;), W),
where R; is defined as in Theorem 5.1. By the construction of the functor
[ (see [2]) the last term is nonzero. Thus we have a chain of nonzero maps
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in WIJ-:

X;=Y, - X > Y, — .. =Xy =" X;) = "Y; — Ry
By [14], R; is regular in W, Therefore X; and consequently no direct
summand of W is preinjective in W;t.

In order to finish the proof it remains to show that no V; is preinjective
in W;t. By Lemma 4.2, for each V; there is some epimorphism f : V; —» W;.
If 5 # 1 we conclude from the fact that W, is not preinjective that V; is not
preinjective. If j = [, then f : V; — W, factors through the middle term of
the Auslander-Reiten sequence ending in W;, and since Hom(V;, 7xW;) =~
DExt!' (W, V;) = 0 it factors through R;. Now the fact that R; is regular in
Wit implies that V; is not preinjective in W;t.

THEOREM 5.4. Let T be a tilting bundle on a wild weighted projective
line X with wing decomposition

S T
T=TraPTV) & PHTOW))

i=1 j=1
Define ¥p = End(Tp). Let C be a component in mod4(X). Then there
exists an indecomposable Z € C such that the Ty5.-cone (Z —) is a full
subquiver of a component in mod(Xp).

Proof. The proof of this theorem is similar to the proof of [8, Theo-
rem 1].

We can assume that C is not the preprojective component and further-
more that T =Tp & P;_, V; ® @§:1 W; is normalized. Define T"(W;) =
Tp ® @5:1 Vi® @t;éj Wi.

Choose [ such that rk(X;) is minimal and p(X;) is maximal among the
X;’s with minimal rank. To simplify notation we write W = W; and X =
X;, where as before X; is the quasi-socle of W;. Let Z € C. We will first
show that for some N > 0,

(1) Homyx (W, 75'Z) =0 for t > N.
By [9, 2.9] there is an integer M such that
(2) Homx (74X, Z) =0 for i > M.

Let i > 2. We know from Theorem 5.1 that 74 X € cohs (T') and for these
objects the application of 7y, and 7y coincides. Therefore the application
of 75, gives an isomorphism
(3) Homy (5 X, 75" Z) ~ Hom (7 X, 7571 7).

The first term of (3) equals Homy (74" X, 75" Z) because mod 4 (¥) con-
tains no nonzero injective X-modules and the second term of (3) equals
Homx (14X, 75" "' Z) because for i > 2, Homy (& X, T) = Homx (14 X, T)) ~
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DExtl(T7 T%Jrl) = 0 and therefore a nontrivial factorization through a pro-
jective module is not possible. Iterating the arguments above ¢ +1 times we
obtain Homy (X, 751 Z) ~ Homy (i "' X, Z), which vanishes by (2)
fort > M —1i—1.

Thus we have shown that there exists an N € N such that
(4) Homx (7 X, 75'Z) =0 fori>2andt> N.

Now we show that
(5) Homy (13 X,75'Z) =0 fori>0andt> N +2.

Consider the exact sequence
(%) 0—75'Z = (5 2) 2 Q, — 0
where Q; = (tx(75"7'Z))_. By [8, Lemma 2.3], @, € add(rx(®;_, Vi @
@D;_, W;)). Now, for t > N, Homx (73X, 75'Z) = 0 and Hom(72 X, Q;) = 0
because there are no nonzero morphisms from cohs(7T") to coh<(7T") and
consequently 0 = Homx (72X, 7% (75" "' Z)) ~ Homyx (1« X, 75" Z).

Assume now that there is a nonzero morphism

f € Homyx (¢ X, 7 (75" ' Z)) ~ Homx (X, 75" 'Z)  fort > N + 1.

Applying the functor Hom(7x X, —) to () we see from Hom(rx X, 75'Z) =0
that the composition po f : 7x X — ()¢ is nonzero. Since it factorizes over
(7571 Z) it is in rad™ (15 X, Q).

Let Q = Ey @ Es where Eq € add(mxW) and E, is without direct sum-
mand isomorphic to 7xW and decompose p = (ﬁ;), i : Tx(Tgt_IZ) — E;.
Then ps o f = 0 by the wing decomposition of T'. It follows that 0 # pyo f €
rad™ (mx X, (txW)™), which gives a contradiction to the fact that W(W) is
a standard wing. Thus formula (5) holds.

Let g be the quasi-length of W and denote by X(j) the indecomposable
vector bundle with quasi-length j and quasi-socle X. We show by induction
on u that for 1 < u < ¢ there exists an N’ € N such that

(6) Homx (4 X (§),75'Z) = 0

foralli >0, j <wu,t> N'. The case u = 1 was already proved. For u > 0
we consider the Auslander—Reiten sequence

0—>7’;§X(u—1)HT%X(U)EBT;%_lX(’U,—2)—>TXX(u—1)—>O

(where for u = 1 the middle term consists only of the first summand). Ap-
plying the functor Homyx (—, 75"Z) we obtain by induction Homs (7% X (u),
75'Z) = 0 for t > N' and i > 1. In order to show that also Homy (X (u),

Tth) = 0 assume to the contrary that there is a nonzero map f’ €
Homx(X (u),75'Z). Then for the corresponding f € Homx(msxX (u),
mx(75'Z)) the composition p o f is nonzero and is in rad™(rxX (u), Qy).
Using again the decomposition Q; = F1 @ F», and p = (g ;) we have py = 0
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and then 0 # p; o f € rad™(mxX(u), (=xW)™), a contradiction because
W(rxW) is a standard wing. It follows that Homyx (X (u),7'Z) = 0 for
t> N

For u = q we obtain Homx (W, 7'Z) = 0, which proves formula (1). As
a consequence for Z' = 75" 'Z the Ty.-cone (Z' —) consists of modules over
End(T’(W)). Now the perpendicular category W}t is equivalent to a module
category over a hereditary algebra H. Under this equivalence (W) corre-
sponds to a tilting module in mod(H ), which is, by Theorem 5.3, without a
preinjective direct summand. The modules of (Z’ —) are contained in the
class of torsion-free modules Ypoq(m) (1" (W)) of the torsion pair in mod(H)
defined by the tilting module 7"(W'). Moreover, the Auslander—Reiten se-
quences of C which are in this cone are also Auslander—Reiten sequences
in Vioacm) (T"(W)). This means that (Z’ —) is part of a component in
Vmod(r)(T'(W)) and our result follows from [8, Theorem 1].

COROLLARY 5.5. Let X be a wild concealed-canonical algebra and C a
component in mody (X) different from the preprojective component. Then
the stable part of C is of type ZAs.

COROLLARY 5.6. Let X be a wild weighted projective line, T a tilting
bundle on X and ¥ = End(T") the corresponding concealed-canonical algebra.
Then T defines bijections between the following three sets:

o 2(X) of components of vect(X),

o 2,(X) of components of mody (X)) different from the preprojective
component,

e (2(Xp) of regular components of mod(Xp).

Proof. Let C be a component of mod; (X) different from the prepro-
jective component. It follows from Theorems 3.4 and 5.4 that there exist
a unique component C' in vect(X) and a unique regular component C” in
mod(Xp) such that C and C’ coincide on a 7-cone and C and C” coincide
on a 7~ -cone. Thus we obtain injective maps p1 : 24 (X) — 2(X) and
Mot Q+(2) — .Q(Ep)

Let D be a component of vect(X) and X a quasi-simple vector bundle
in D. Then DExt} (T, 7 X) = Hom(r X, 7xT) = 0 for all n > ng by [11,
Theorem 2.9]. Therefore all objects in the 7-cone (— 74°X) are in mod (X)
and the Auslander—Reiten sequences of that cone are also Auslander—Reiten
sequences in mod(X). Consequently, 11 is surjective.

In order to show that also ps is surjective we proceed as in [8, Theorem 3].
X is an iterated branch-enlargement

Y= CO[Zla Ql] s [va Qm]a
where CO = Zp and, for j = ]., cee My, Cj = CO[Zlan] e [Zjan] is ob-
tained by a one-point extension of C;_; by a quasi-simple Cj_1-module Z;
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and then rooting a linear quiver ¢); = o — o — ... — o at the module
Zj. Now, let D be a regular component in mod(X'p) and Y a quasi-simple
object in D. For j =0,...,m — 1, C; is a tilted algebra of some wild con-
nected hereditary algebra with tilting module without preinjective direct
summand (using Theorem 5.3). Therefore by [8, Corollary 3.2] there are
N; €N, j=0,...,m— 1, such that Homcj(ZjH,TEjlY) =0 for I > Nj.
It follows that the Auslander—Reiten sequences of a 77 -cone (7,;Y —) are
also Auslander—Reiten sequences in mod(X') and consequently o is surjec-
tive.

Using the duality D : cohy (T') — coh_(T'), F — F~(¢+ &), we have for
a tilting bundle the same results for mod_(X).

6. Nonregular components for almost concealed-canonical
algebras

6.1. In this section we assume that T = T & T" is a tilting sheaf on
a wild weighted projective line X where 7" € vect(X) and T" € cohy(X).
Because mod (X)) coincides with mod(X”), where X’ = End(7”) ([10]), the
structure of the components of mod () follows from the description of the
previous sections (see 3.6 and 5.4).

In order to describe the left hand side of a component of mod_ (X) we
use the dual wing decomposition. The proofs of the following results are
dual and therefore omitted.

THEOREM 6.1. Let T be a tilting sheaf over a wild weighted projective
line X. Then there exists a decomposition

T=T&1T;
which satisfies the following conditions:

(i) The left perpendicular category +Ty is equivalent to the module cat-
egory of a connected wild hereditary algebra.
(ii) Ty is +Ta-preingective.
(iii) The preinjective component of the algebra X = End(T7) is a full
component of the Auslander—Reiten quiver for 2. Moreover, this is the only
preinjective component for 3.

6.2. Dually to 4.2 we have a decomposition

a b
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THEOREM 6.2. Let T be a tilting sheaf on a wild weighted projective line
X with a decomposition

a b
T=BrTwW,) e PTVi) @ T1.

Denote by Z; the quasi-top of W; and let R; — W; be an irreducible epi-
morphism for j =1,...,a. Then:

(a) Rj € coh<(T) forj=1,...,a.
(b) Let 1 be such that vk(Z;) is mazimal and pu(Z;) is minimal among the
Z;’s with mazimal rank. Then
(i) 7 Z1 € coh<(T).
(i) The 15 -cone (14 Z; —) is contained in coh<(T) and (14 Z; —)[1] is
a full subquiver of the nonregular component in mod(X) containing TxW;.
Observe that this is the dual situation of Theorem 5.1 shifted by 7x.

Moreover, because T' is not contained in cohy(X), X; is a vector bundle, and
therefore we can apply dual arguments as in the proof of Theorem 5.1.

THEOREM 6.3. Let T' be a tilting sheaf on a wild weighted projective line
X with decomposition
a b
r=@Prw;,)e@1(V:) @ 1r.
j=1 i=1
Denote by Z; the quasi-top of Wj. Let I be such that tk(Z;) is mazimal
and p(Z;) is minimal among the Z;’s with mazimal rank. Then no direct
summand of T is J-M—p?“@p?"ojectz've where W denotes the direct sum of all
injectives in the wing W(W,).

The theorem can be proved again by using dual arguments with simple
modifications. It is essential for the induction step of the following result.

THEOREM 6.4. Let T be a tilting sheaf on a wild weighted projective line
X with decomposition

b

T=PrwW;)ePTV:) & 11

j=1 i=1
Define X1 = End(Ty). Let C be a component in mod<(X'). Then there exists
an indecomposable Z € C such that the T -cone (— Z) is a full subquiver of

a component in mod(Xy).

COROLLARY 6.5. Let T be a tilting sheaf on a wild weighted projective
lineX and T =T'&T" with T" € vect(X) and T" € cohy(X). Furthermore,
let T =Ty & Tt be the decomposition of Theorem 6.1. Then T" is a direct
summand of T7.
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Proof. Let C be a component in mod<(X) different from the prein-
jective component containing some injective YX-module of the form Y =
xM;[1] where M = W or V and M, € cohy(X). It follows from Theo-
rems 3.4 and 6.4 that Y has infinitely many successors in the component C.
This is impossible, since the Y-modules from mod; (X) have only finitely
many successors in mod(X).

COROLLARY 6.6. Let X be a wild weighted projective line, T a tilting
sheaf on X and X = End(T') the corresponding almost concealed-canonical
algebra. Then T defines bijections between the following three sets:

o 2(X) of components of vect(X),

e 2_(X) of components of mod_(X) different from the preinjective
component,

o 2(X1) of regular components of mod(X7).

Proof. A component of mod_(X) coincides on a 7-cone with a compo-
nent of mod(X;) and on a 77 -cone with a component of vect(X). Now we
can apply similar arguments as in the proof of Corollary 5.6. For the proof
of the surjectivity of p1; we use the fact that there are no nonzero morphisms
from T" to vector bundles.
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