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Ultrametric spaces bi-Lipschitz embeddable in R"
by

Kerkko Luosto (Helsinki)

Abstract. It is proved that if an ultrametric space can be bi-Lipschitz embedded in
R"™, then its Assouad dimension is less than n. Together with a result of Luukkainen and
Movahedi-Lankarani, where the converse was shown, this gives a characterization in terms
of Assouad dimension of the ultrametric spaces which are bi-Lipschitz embeddable in R".

1. Introduction. Embeddability is a central theme in modern mathe-
matics, common to various different fields such as topology, algebra, func-
tional analysis and set theory. Here the specific notion under considera-
tion is bi-Lipschitz embeddability and the spaces are ultrametric or Eu-
clidean spaces. In this context, the metric dimension introduced by As-
souad [A], or the Assouad dimension, plays a key role. In [LM-L, The-
orem 3.8], Luukkainen and Movahedi-Lankarani showed that every ultra-
metric space (X,d) whose Assouad dimension dima (X, d) is strictly less
than n is bi-Lipschitz embeddable in R™ (see Definitions 3.1 and 4.1 be-
low). In this paper I prove that the converse also holds, i.e., if an ultra-
metric space (X,d) can be bi-Lipschitz embedded in R™, then necessarily
dima (X, d) < n. Movahedi-Lankarani and Wells [M-LW] have independently
arrived at a weaker result implying that if (X, d) can be bi-Lipschitz embed-
ded in R™, then the image of X under this embedding has Lebesgue measure
Zero.

The result of [LM-L] implies that an ultrametric space can be bi-Lipschitz
embedded in R™ if and only if its Assouad dimension is finite (see also [A]).
According to Semmes [S, Theorem 7.1], this cannot be generalized to arbi-
trary metric spaces, since, while the necessity is clear, the Heisenberg group
with Carnot metric gives a counter-example to the sufficiency. For readers
interested in the history of this subject, I recommend the introduction of
the paper [LM-L].
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Suppose (X, d) is an ultrametric space and f : X — R™ a bi-Lipschitz
embedding. The proof that dimp (X, d) < n is organized as follows. In Sec-
tion 2, the diameters of finite subsets of R™ are estimated with the aid of a
certain fixed linear order on R™. More specifically, given a finite set Y C R"
and, for all y € Y, the distance of y from the set of the predecessors of y in Y,
Proposition 2.2 will give a lower bound for the diameter of Y. To motivate
this setting, note that (X, d) has a clear-cut structure being an ultrametric
space, as for every positive r, the open balls with radius r form a partition
of X. One consequence of this fact is that if we consider a finite set Z C X
and a linear order =< on Z, then the set of distances of elements of Z from
the sets of their predecessors does not depend on < (compare with the dis-
cussion after the proof of Proposition 3.4). Thus the result of Section 2 can
easily be used to estimate the size of f[Z] under a bi-Lipschitz mapping f.

Section 3 deals with the structural properties of the ultrametric space
(X, d). This section introduces a function v, defined on all non-empty finite
subsets of X, which should be regarded as some kind of invariant of the
space (X, d). Using the result from Section 2, the function v, is related to
the sizes of images of finite subsets of X. In the next section everything is
drawn together and the result dima (X, d) < n is proved. The last section
studies the bi-Lipschitz embeddability from a different point of view: special
attention is paid to bi-Lipschitz coefficients which are close to 1. The result is
roughly that the smaller the coefficient, the smaller the Assouad dimension
of the space to be embedded.

The following notation is used: N is the set of natural numbers (including
zero), N* = N\ {0}, Z is the set of integers, R is the set of reals, R} =
[0,00[ = {r € R | r > 0}, and R} = Ry ~ {0}. The natural number n is
identified with the set of its predecessors, i.e., n = {0,...,n — 1}. This set-
theoretic convention explains notation like min;e,, ; = min{zg,...,z,1}
and I C n. For any set X, the power set of X is denoted by P(X), the set of
finite subsets of X by P, (X) and the cardinality of X by |X|. We also set
Pr(X) =Pu(X) {0} and || = max{n € Z | n < x}. In the course of this
paper we shall meet several linear orders. Instead of relying on the context,
I have chosen to emphasize the particular linear order used by writing it as
a subscript, e.g., as in max< A.

For a metric space (X,d) and a set Y C X, the diameter of Y is denoted
by 6(Y). If Y is finite and |Y| > 2, the notation

a(Y) = min{d(z,y) | z,y € Y, v # y}

is used. The open ball with centre x € X and radius » > 0 is denoted by
Bd(IE? 7") .

I thank Jouni Luukkainen for introducing me to this subject and for his
continued interest in my work.
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2. An estimate for the diameter of a finite subset. Let us fix
a linear order C on the space R™ such that if T = (zg,...,2,-1) E 7§ =
(Y0, -+ >Yn_1), then E?:_Ol x; < Z?:_Ol y;. For the sake of unambiguity, let us
agree that for distinct points T = (zo,...,Zn-1),7 = (Yo,.--,Yn—1) € R,
we have T C 7 if and only if either S0 '@, < 20 wi, or S0 @ =
Z?;ol y; and xp < yg, where k is the least number such that the coordinates
xy, and yy differ.

Let A = {Zo,...,Tr—1} C R", where £k € N* and the elements of A
are enumerated in the increasing order with respect to C. Suppose we are
given the following data: For every | < k — 1 we know the distance of %41
from the set {Zy,...,Z;}. The objective of this section is to derive a lower
bound for 6(A) using this piece of information. The estimate is obtained by
inductively considering for every | < k the diameters of the projections of
the set {Zo,...,T;—1} onto coordinate axes.

A crucial point here is that the order C works well with the projec-
tions, which is reflected in the fact that, by the compactness of the set
K ={T = (z0,...,%n1) € R" | [7] = 1 and Y7~ z; > 0} and the con-
tinuity of the function f : R™ — R, f(zo,...,Tn—1) = max;ey, =;, there is
#, € ]0,1] such that for every unit vector T = (xq,...,Tp—1), if the sum
of its coordinates is non-negative, then max;c, x; > 7,. In fact, it can be
shown by elementary methods that sy = 1 and s, = 1/y/n(n — 1) forn > 2
are the best possible choices.

The linear order C on R™ and the constant sz, remain fixed for the rest
of this paper. The derivation of the estimate uses the following lemma of
combinatorial nature.

2.1. LEMMA. Let (A, <) be a finite non-empty linearly ordered set and
o:A— Ry a function such that o(min< A) = 0. Suppose that n € N* and
that B; : A — P(A), i € n, are functions such that for every a € A the set
{be A|b<a} is a disjoint union of the sets B;(a), i € n. Suppose further
that functions f; : A — Ry, i € n, satisfy the condition fi(a) > fi(b)+o(a),
for everyi €n, a € A and b € B;(a). Then

max max f;(a) > % " Z o(a)m.

acA 1€n
acA

Proof. Let us first split A into classes according to how the sets B;(a)
behave. More specifically, let J, = {i € n | B;(a) # 0}, for every a € A,
and let A; = {a € A| J, =1}, for I C n. Note that Ay = {min< A}. The
sum S = ) 4 0(a)" may be arranged as S = ) ;7> ,c4, 0(a)", where
Z ={I Cn| Ar # 0}, whence there is J € T such that >, o(a)" >
S/|Z| > S/2™. We may assume S > 0, which implies J # (). Let m = |J| > 0
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and 0= (D _,ca, o(a)™)Y/™; then o > (X aca, o(a))/™ > 271517 due to
a well-known inequality.

Let J = {jo,.-.,Jm-1}, where jo < ... < jm—1, and for every a € Ay,
consider the set

Qq = U [O) f]o(b)] XX [vajm—1(b)]‘

beAs,b<a

Since A is finite and linearly ordered by <, we may use induction on a € A
to prove that 1(Qa) > D pc 4, p<a 0(0)™, Where p is the ordinary Lebesgue
measure on R™. B

1) If a is an element of A, then picking any by, € Bj, (a), for k € m, shows
that fj, (a) > fj, (bx) + o(a) > o(a). In particular, u(Q,) = HZL:_OI fi(a) >
o(a)™ =3 e a, p<q @(b)™ holds for the least element a of A,.

2) Suppose then that a € A; has an immediate predecessor ¢ in A ;. Let
Q" = [fjo (a) _U(a)’ fjo (a)] XX [fjm—l (a) _U(a)v fjm—l (a)] Then @ C Qq
by the first inequality in the previous paragraph. If (zg, ..., zm-1) € Q*NQ.,
there is b < ¢ such that for all k € m, f;, (a) — o(a) < z < f;,(b). As
b € U;es Bi(a), it follows that, for some k € m, f; (a) > f;,(b) + o(a),
which implies 23, = f;, (a) —o(a). Hence, Q*NQ. C UZL:_Ol (Toy- -y Tim—1) €
R™ | 1, = fj,(a) —o(a)} has measure zero and by the induction hypothesis,

Qo) = u(QeU Q") = pu(Qe) + pu(Q”)
> > o +o@m= Y o)™,

beEA, b<c bEA;, b<a
so the induction claim is proved.

Choosing a = max< Ay we have u(Qa) > D _ycq, 0(b)™ = 0™. So Qg is
not included in any m-cube with the length of an edge less than g, which
implies that for some b € A, max;c,, fi(b) > 0. Consequently,

1 1 1/n
mepmae i) 2 02 58" = 5 (3 o(ar)

The preceding lemma easily yields the desired lower bound for the di-
ameter of a given finite set.

2.2. PROPOSITION. Let A C R"™ be finite and non-empty and let o :
A— ]R+7

o(T) = 0 for T = ming A,
x,min{|y — | |y € A, YyC T} otherwise.
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Then
6(A) >

Y o@)m

zTEA

| =

Proof. For i € n, let p; : R® — R, p;(xo,...,Tn_1) = ;. Suppose
T,y € A are such that T C 3. Recall that if Z € R" is a unit vector such that
Y ien Pi(Z) > 0, then max;ey, pi(Z) > 5¢,. This holds in particular for zZ =
(y—1)/[y — z|, which implies that max;e, p;(y—7) = [y — T| max;e, pi(z) >
»#,|y — Z|. Denote by kyz the least i € n such that p;(y —T) > »,|y — 7|
For every i € n,let B; : A — P(A), Bi(y) ={z € A|zC 7Y, kyz =i} and
fi: A—- Ry, fi(y) = max{p;(y—7) | T € A, T C y}. One can now easily
check that the assumptions of the previous lemma are in force. In fact, if
T € B;(Yy), then there is Z € A such that Z C Z C y and f;(Z) = p:(T — 2),
so that f;(y) — fi(Z) 2 pi(¥—2) —pi(T—2) = pi(§— ) = 2[y —T| = o(y).
Therefore there are 7,5 € A and i € n such that T C 7 and

o> o(@n .

zZ€EA

S(A) =T -7l Zpi(¥—7) = fi(y) >

| =

3. Ultrametric spaces and bi-Lipschitz embeddings. The results
of this section rely heavily on the fact that the open balls of fixed radius r
form a partition of an ultrametric space. This has some nice structural con-
sequences, which have been described in [LM-L, Theorem 2.2 and Remarks
2.3]. In the special case when the ultrametric space is bounded, it has tree-
like structure (cf. Example 3.2 here, where the space is actually like a binary
tree). In the sequel, the special properties of ultrametric spaces and the re-
sult of the previous section are applied to the bi-Lipschitz embeddability of
an ultrametric space in the Euclidean space R™.

3.1. DEFINITION. Let (X, d) and (Y,d’) be metric spaces.

(a) A function f: X — Y is a bi-Lipschitz embedding if there is a real
number L > 1 such that for every x,y € X,

%d(w,y) < d(f(x). f(y)) < Ld(x,y).

If there is a need to stress the constant (the bi-Lipschitz coefficient) L, the
function f is also called an L-bi-Lipschitz embedding. 1-bi-Lipschitz embed-
dings are called isometric embeddings. If only the rightmost inequality is
required, for some L > 0 and every z,y € X, then f is called a Lipschitz
(or an L-Lipschitz) function.

(b) The space (X,d) is an ultrametric space (and d is an ultrametric) if
for every z,y,z € X, the strong triangle inequality d(z,z) < max{d(z,y),
d(y, z)} holds.
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Let (X, d) be an ultrametric space and n € N*. T shall define a function
vn @ P5(X) — R4 which will be of help in measuring the diameter of the
image f[Y] of a finite set Y C X under a bi-Lipschitz embedding f : X —
R™. To this aim, note first that

~r = {(ﬂj,y) e X xX | d(l‘,y) <T}

is an equivalence relation on X for every r € R%, as (X, d) is ultrametric.
Obviously, ~,. C ~s whenever 0 < r < s.

Fix Y € Pj(X) for a while. For r € R, let k(r) be the number of
the equivalence classes of ~, which meet Y. Then clearly k : R} — N is a
left-continuous decreasing function, and the support supt(w) = {r € R |
w(r) # 0} of the function w : R} — N, w(r) = k(r) —lim,_,4 k(z), is finite.
Moreover, a(Y') = minsupt(w) provided that [Y] > 2, and }_, . 0 w(r)
= |Y| — 1. Now set

r>0 resupt(w)

There is a very canonical class of ultrametric spaces, namely the ultra-
metric Cantor spaces. In the course of the proof it is instructive to follow
what happens in this particular case.

3.2. EXAMPLE. Let C' = N{0, 1} be the set of all functions f : N — {0, 1}.
There are various ways to endow C with an ultrametric; specifically, for every
a>1, let

) 0 for f =g,
do : CxC— R-l-’ da(fag) = {Od_ min{neN|f(n)#g(n)} for f ?é qg.

Then (C,d,) is an ultrametric space. Since d,, induces the product topology
on C, the space (C, d,,) is compact. Let us fix «, and consider a finite Y C C
with at least two points. Obviously, 6(Y) = a~! and a(Y) = a~™ for some
I,m € N, I < m, and the restriction f[{0,...,l — 1} does not depend on
f € Y. Let us use the same notation k, w as above. Then it is straightforward
to check that k(r) = k(a™7) for j € Nand r € Ja=7~1, a77], that supt(w) C
{a=7 |j €N, I <j<m}, and that for every j € N, we have k(a~!77) <
271 and w(a~!77) < 27. In particular,

(A) Y] = k(a(Y)) = k(o™ ")

covr-aorr ()

where s = log, 2 = In2/Ina. Later we learn that s is a good dimensional
parameter.
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Let n € N. For the function v,, we get the estimate

3

(B) va(Y) =) w7 (a7

B
Il
o

m—l 9 j
,anQJ = §(Y)" Z(an> )

7=0
These inequalities are the best possible in the sense that there are sets Y
of arbitrarily large cardinality (and even of arbitrarily small diameter) such
that equalities hold in (A) and (B). Indeed, given f € C and [, m € N with
I < m,let Y be the set of all g € C such that g[{0,...,l—1} = f[{0,...,1—
1} and g(j) = O for every 7 € N, j > m. Then |Y| = 2"+ §(V) = o™
and a(Y) = =™, which 1mphes |Y\ =2(0(Y)/a(Y ))S Furthermore we have
k(a=t=7) = 271 and w(a™!79) =2/ for j €N, j < m — [, so that equality
holds in (B), too.

We have the following cases: If n > s, then 2/a™ < 1 and the geo-
metric series Y ((2/a™)? converges, which gives an upper bound for the
ratio v, (Y)/0(Y)". If n = s, we know that for every I,m € N, I < m,
there exists Y such that v,(Y) = (m — [ + 1)6(Y)". Hence, no upper
bound can be given for v, (Y)/6(Y)". Note that this applies to v,(Y) as
well, since if we choose | = 0, we have 6(Y) = 1. Similarly, if n < s, the
fact that > 2% (2/ a™)’ diverges implies that there is no upper bound for

vn(Y)/0(Y)".

3.3. LEMMA. Let (X,d) be an ultrametric space, n € N* and ¥ C X
a finite set with at least two points. Denote by Y the partition of Y cor-
responding to the equivalence relation ~syy N (Y x Y). Then Y| > 2
and

vn(Y) = (I¥| = DY) + > vn(2)

zey

Proof. As §(Y) > 0, there are points of Y which are inequivalent
with respect to ~s(yy, whence [Y| > 2. For every Z € ) and r € R,
let kz(r) be the number of the equivalence classes of ~, which meet Z,
and let wy : RY — N, wz(r) = kz(r) — lim,_,4 kz(x). Moreover, let k
and w be the corresponding functions for Y. Then one easily checks that
k(r) =>_zey kz(r), for every r < 6(Y'), which implies

w(d(Y)) = k(6() = 1= (D kz(3(¥)) ~1
= > (O = V= 1= V] =14 3 wa(8(Y)

zZey zey
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and for every r < §(Y), w(r) = >,y wz(r). Hence by definition,

vn(Y) =) wr)r = > wr)r" +w(d(Y))s(y)"

r>0 r€]0,6(Y)]
= > Y w5 (V- 1+ Y wa(6(1))
rel0,6(Y)[ Z€Y Zey
= (V1= D6 )" + > Y walry”
zZey r>0
= (V1= 18Y)" + D va(2). m
zey

The following proposition gives an alternative definition for the function
v, in terms of linear orders.

3.4. PROPOSITION. Suppose (X,d) is an ultrametric space and < is a
linear order on X. Then for every Y € P} (X),

v (Y) = Z oy ()"
z€Y
where
0 forz =mingY,

oy 1Y =Ry, ov(r) = {min{d(y,:ﬂ) lyeY,y<ax} otherwise.

Proof. The proof proceeds by induction on the cardinality of Y. The
claim is clearly true if Y = {y} is a singleton, as then v,(Y) =0 = oy (y),
so let us assume that |Y'| > 2. Let ) be the partition defined in the previous
lemma. For Z € Y and z € Z, let us compare the sets of predecessors
P={zeY |z <zlandQ ={r € Z |z < z}. Since Z is a ~s5y)N(Y xY)-
equivalence class, P\ Q ={z €Y |z < z, d(z,z) = §(Y)}. This readily
gives the comparison of the values oy (z) and oz(z) for the occurring three
cases: If z = min<Y, then also z = min< Z and oy(z) = oz(2) = 0.
If 2 =mingZ # min<Y, then P~ Q # 0, so that oy(z) = §(Y) and
0z(z) = 0. Finally, if z # min< Z, then

oy (z) =min{d(z,2) | x € P} = min({6(Y)} U{d(z,2) | z € Q})
=min{d(z,2) | z € Q} = 0z(2),

because d(z,z) < §(Y), for every x € Q. Altogether, using the notation
Tz = min< Z and applying the induction hypothesis, for each Z € ), we

have
Sov@ =Y (ovl@)"+ Y ov(@)")

z€Y zey z€Z~{xzz}
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= (Y| -1 +ZZUZ
zeyY xeZ

= (1Y = 1)) + D va(2) = va(Y),

zey

by the previous lemma, and the induction is completed. =

Observe that, in the previous proposition, even the set oy [Y] = {oy () |
x € Y} is independent of the linear order <. This is because oy [Y] obeys
the following recursion formula, which can be deduced along the same lines
as the proof itself: oy [Y] = {0}, for a singleton Y € P*(X), and oy [Y] =
Uzeyoz[Z]U{(Y)}, where Y is as defined in Lemma 3.3, for Y € Pj(X),
Y| > 2.

The next step is to show that v, (Y") is related to the size of the image
fIY].

3.5. LEMMA. Suppose f is an injection of an ultrametric space (X,d) in
the Euclidean space R™ such that f=1 is L-Lipschitz with L > 0. Then for
every Y € P(X),

— 2L
Proof. The linear order C and the injection f induce a natural lin-
ear order = on X, namely X = {(z,y) € X x X | f(z) C f(y)}. Let
Y € Pi(X) be arbltrary and let o, oy be as in Propositions 2.2 and 3.4
with A = f[Y]. Since f~1 is an L-Lipschitz function, o(f(x)) > s,0y (x)/L,
for every z € Y \ {min< Y'}. Using Propositions 2.2 and 3.4 (and their no-
tation) we get

zeY €Y
An An o,
- E n Z O-Y(x)n — ﬁ Vn(Y) u
zeY

3.6. EXAMPLE. Consider the compact ultrametric space (C,d,) in the
special case o = 21/ with n € N*. Let us show that there is no bounded
injection, and in particular, no topological embedding, f : C — R" for
which f=1: f[C] — C is a Lipschitz function. Suppose on the contrary that
such a function f exists. Choose L > 1 such that f~! is L- Llpschltz then
for every Y € P} (C), we have §(f[C]) > 6(f[Y]) > (5en/(2L)) /vn(Y), by
the previous lemma. But on the other hand, by Example 3 2, vp(Y) can
be arbitrarily large, which is in contradiction with the hypothesis that f is
bounded.
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4. Bi-Lipschitz embeddability and Assouad dimension

4.1. DEFINITION. For C, s € R, a metric space (X,d) is (C, s)-homoge-
neous if the inequality
b S
a

holds for a,b € R} and Xy, C X provided that b > a and that for every
distinct x,y € Xo, a < d(z,y) < b holds. The space (X, d) is s-homogeneous
if it is (C, s)-homogeneous for some C' € R;. The Assouad dimension of
(X,d) is

dima (X, d) = inf{s € Ry | (X, d) is s-homogeneous},
if this infimum exists; otherwise dimp (X, d) = oc.

The following expected result (due to Assouad [A]) is a good illustration
of the dimensional contents of Proposition 2.2.

4.2. PROPOSITION. Let n € N* and equip R™ with the usual Euclidean
metric d. Then dima (R™,d) = n.

Proof. Let s <n and consider 4; = {0,...,1}", for [ € N*. Then
. 5(141) 8 . (l + 1)"
Jim 14l / <a(Al) Ay
so that (R™,d) is not s-homogeneous. On the other hand, suppose A C R"

is a finite set with at least two points. Let ¢ be as in Proposition 2.2; then
o(T) > »pa(A), for every T € A\ {minc A}. By Proposition 2.2,

5(4) 2 5 o[> o@) = 5 VA= 1) malA)"
zTEA
oI smatd)
> Ssmma(A) [ 51 2 22U YA

which implies that

41 = <f5(<€i>>

Hence, (R™,d) is ((4/5,)™,n)-homogeneus and dimu (R",d) =n. =

Another example is the Cantor space (C,d,), a > 1, from Example 3.2.
By inequality (A) there, (C,d,) is (2,s)-homogeneous for s = log, 2 =
In2/Ina. It was also mentioned in the example that inequality can be re-
placed by equality for finite subsets Y C C of arbitrarily large cardinality.
Hence, dimy (C,d,) = s. Compare also Example 3.6, where s = n.
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At this last stage it will be shown that it is possible to find an upper
bound for dima(X,d) from the bi-Lipschitz embedding properties of the
space (X, d). For that purpose, a technical lemma is necessary.

4.3. LEMMA. Let ¢ € 10,1[ and k = (1 —logy(1 — ¢))~! € ]0,1[. Then
£:10,1/c[ =R, f(z) = (1—cx)*(1+x)*=F, is a function such that f(z) <1,
for every x € [1,1/c|.

Proof. The function f is differentiable and f'(x) = f(x)h(x), for every
x €]0,1/¢c[, where h : ]0,1/c[ = R, h(x) = —kc/(1—cz)+(1— )/(l—l—x) The
constant k is so chosen that f(1) = (1—c)k-217F = 2kloga(1=e)+1-k — 90 — 1,
Therefore, it is enough to show that f/(z) < 0, for every x € |1,1/¢].
Consider the value

, —kc 1—-k

M) = FO/F() = 2 1
ct+1l+(c—1Dk™1  2c+(1—-c)logy(l—c)

2k=1(c—1) 2k=1(c—1) '
The denominator is obviously negative. To estimate the numerator, let g :
|—00, 1 = R, g(z) =22+ (1 —z)logy(l —z) =22+ (1 —z)In(1 —x)/In2.
Then ¢(0) = 0, g is differentiable and ¢'(z) =2 — (1 + In(1 — z))/In2, for
every x < 1. Since ¢’(0) =2 —1/In2 > 0 and ¢’ is increasing, ¢'(z) > 0
holds, for every z € ]0, 1[. Hence, g(c¢) > 0, which implies h(1) < 0

The function f takes only positive values; in particular, f'(1) = h(1)f(1)
< 0. One readily sees that h is decreasing on [1,1/¢[, whence for every
x €[1,1/c[, h(x) < h(1) <0, and consequently f'(x) <O0. m

4.4. PROPOSITION. Let (X, d) be an ultrametric space L-bi-Lipschitz em-
beddable in R™. Suppose Y C X is a finite set with at least two points. Then
(YY) > Covn(Y) and |Y] < C4 (z/n(Y)/a(Y)”)k, where Cy = (52, /(2L%))"
€01, C1 = (1 - (1—Cp)*)"t > 1 and k = (1 — logy(1 — Cy)) L €]0,1].

Proof. By assumption, there is an L-bi-Lipschitz embedding f : X —
R™. Lemma 3.5 implies that for every Y € 73*( ), we have 0(Y) >

S(FIYD)/L > (3ea/(2L2)) /vn(Y) = {/Cov,(Y). Tt is easy to check that

Co€10,1/2], C1 > 2 and k €]0,1[. The claim of the proposition is proved
by induction on the cardinality of Y. Observe that by the definition of v,
and since |Y| > 2, the inequality v, (Y) > a(Y)™ > 0 holds. As C; > 2, the
starting case |Y'| = 2 is part of Step 1.

1) Assume |Y| < Cy. Then Oy (v, (Y)/a(Y)™")* > C1 > |Y].
2) Assume |Y| > C; > 2. Let Y be the partition from Lemma 3.3. Then

VI = 2 and v, (Y) = (Y| = 1)6(Y)" + > 5cy vn(Z). Here we have two
subcases according to whether )/ contains singletons or not.
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2a) Suppose {zo} € Y for some z¢p € Y. Let Yo = Y N {zo}; if Y =
{Yo,{x0}}, then v, (V) = (2 = 1)6(Y)" + v, (Yo) + vn({x0}) = 1-6(Y)" +
Un(Yp) +0 = v, (Yp) + 0(Y)™. On the other hand, if Yy ¢ Y, then there are
Y1,y2 € Yo such that y; %5y y2, because ) is the partition corresponding
to the equivalence relation ~syy N (Y x Y'). Hence §(Yyp) = §(Y') and the
partition of Yy related to ~s(y,) N (Yo x Yp) is simply Vo = ¥ ~ {{zo}}.
Applying Lemma 3.3 to both Y and Yj in place of Y (note that |Yp| > 2)
we get v (¥) — v (¥o) = (V] — [P)S(V)" + X geyyy vn(Z) = 1-6(Y)" +
vn({zo}) = 0(Y)™, so that v, (Y) = v, (Yo) + 6(Y)™ holds anyway.
By the induction hypothesis, |Yy| < C; (v, (Yo)/a(Yy)™)*. Moreover, 6(Y)
> {/Covp (YY) implies
vn(Y) vp(Y) < vn(Y) 1
vn(Yo) 1Y) =38(Y)" T v, (Y) = Covn(Y)  1—-Cp

Consequently,

Y| =Yoo

rn c va(Yo) \" %

va(Yo)  \" v, (V)
< R S A— < .
—C%anwvwm>—clmnn
2b) Suppose |Z| > 2 for every Z € Y. Since k € ]0,1], the function

x — ¥ is concave and owing to the induction hypothesis and a well-known
inequality concerning concave functions we get

n-gme 5o (o) s g

zey zey

_ G w2y (E:Zeyl%<z>>k

~a(Y)nk o YL T e Y
Oyl K
— a!Y;”k (Z I/n(Z)) .
zey

On the other hand,
va(Y) = (V[ = 16Y)" + Y va(2)

zZey

> Co(IV] = Dva(Y) + Y va(2)

zZey

and thus (1 —Co(|V]| = 1))vn(Y) = > ,cy va(Z). Applying Lemma 4.3 with
¢=Cpand z = |Y| —1 > 1, which is possible as 1 — cz > 0, gives
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e (S )

zey

Y|

VAN

Crim (V) . va (V)"
< Ol - o - I < o (L0

4.5. THEOREM. For every L > 1 and n € N* there are C > 1 and s <n
such that the following holds: Suppose (X,d) is an ultrametric space and

there is an L-bi-Lipschitz embedding f : X — R™. Then (X,d) is (C,s)-
homogeneous and thus dima (X, d) < n.

Proof. Choose C' = (Co"(1 — (1 — Cp)*))~' > 1 and s = nk, where Cj
and k are as in the preceding proposition. Then

1 va(Y)\"
¥1S e ()

n k s
< 1 (YY) /Cy _c I(Y) ’
1—(1=Cp)*\ a(Y)” a(Y)
for every Y € P (X) with at least two elements. If now Y C X and a,b €

R*, b > a, are such that a < d(x,y) < b for every distinct =,y € Y, then
either Y| <2 ora <a(Y) <4(Y) <b. Hence, |Y| < C(b/a)*. m

When this is combined with [LM-L, Theorem 3.8], we get the following
corollary.

4.6. COROLLARY. Let n be a positive integer. Then an ultrametric space
(X,d) can be bi-Lipschitz embedded in R™ if and only if dima(X,d) <n. =

Other known notions of dimension do not seem to be good for character-
izing those ultrametric spaces which can be bi-Lipschitz embedded in R™ for
fixed n, even if we restrict our attention to compact spaces. This is trivial
for the topological dimension, since every ultrametric space has a clopen
basis and is therefore zero-dimensional. We study the difference of Assouad
dimension and Hausdorff dimension dimyg in some detail.

4.7. EXAMPLE. Fix s > 0 and let a = 2'/%. Then in the case of Ex-
ample 3.2 the Assouad and Hausdorff dimensions coincide: dimy(C,d,) =
dima (C,dy) = s. On the other hand, it is not too difficult to find a countable
compact ultrametric space (Z,d”) with infinite Assouad dimension. With-
out loss of generality, C N Z = () and the diameter of Zis 1. Let Y = CUZ
and d' : Y xY — Ry,

/ do(z,y) ifz,y€C,
d'(z,y) =1 d'(z,y) ifz,yeZ,
1 otherwise.
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Then (Y,d') is a compact ultrametric space for which
dimy (Y, d’") = max{dimy (C, d, ), dimg(Z,d")} = max{s,0} = s
< 00 = max{s, 0o}

= max{dima (C, d,),dima (Z,d")} = dimp (Y, d").

Consequently, for every s > 0, there are compact ultrametric spaces (X, d)
and (Y,d’) such that s = dimyg(X,d) = dima (X, d) and s = dimy(Y,d’) <
oo = dimp (Y, d’), so that any attempts to characterize bi-Lipschitz embed-
dability of ultrametric spaces in R™ in terms of Hausdorff dimension are
bound to fail. By [LM-L, Example 3.6], a similar statement holds for the
upper fractal dimension.

5. Approximating isometry. Suppose (X,d) is an ultrametric space
and f: X — R™ an L-bi-Lipschitz embedding. In the preceding section we
learnt that not only do we have dima (X, d) < n, but also there is an upper
bound s for dima (X, d) depending only on L and n. A closer look at the
proofs of Theorem 4.5 and Proposition 4.4 reveals, however, that the bound
there is very modest. Indeed, we chose s = nk, where k = (1—logy(1—Cp))~?
and Cy = (5¢,/(2L?))". For n = 1, we have Cy = (31 /(2L%))! = 1/(2L?) <
1/2 and k > (1 —logy(1 —1/2))"' =1/2 =1-1/2; if n > 2, then Cy =
(300 (2L2))" < (56,/2)? = (4n(n—1))"1 < 1/(4n) and k > 1+log,(1—Cp) >
1-2Cy>1—-1/(2n). Hence, s =nk >n(l1 —1/(2n)) =n —1/2.

In this section, these bounds will be improved significantly in the special
case when L is close to 1. To be precise, for L > 1 and n € N*, let s(L,n)
be the supremum over all dima (X, d), where (X, d) is an ultrametric space
L-bi-Lipschitz embeddable in R™. We shall find out that for every n € N*,
we have limy, 14 s(L,n) = 0. Intuitively, if an ultrametric space (X, d) can
be embedded in R™ by a bi-Lipschitz function which approximates isometry,
then the Assouad dimension of (X, d) is small.

The theorem of this section is simply an elaboration of the fact that
only finite ultrametric spaces can be isometrically embedded in Euclidean
spaces (see, e.g., [ABBW]). While one reads through the following lemmas,
it is instructive to think what happens if the bi-Lipschitz coefficient L is
replaced by 1. Thus, it is easy to see that an ultrametric subspace of R has
at most two points. If X C R" is a finite ultrametric subset with at least
two points and n > 1, it is also relatively simple to find two points a, b of
X such that X \ {a,b} is a subset of some hyperplane of R". Bearing these
two ideas in mind makes it easy to follow the next lemmas.

5.1. LEMMA. Let (X,d) be a finite ultrametric space with at least three
points. Suppose (X,d) can be L-bi-Lipschitz embedded in R. Then L >

V1+a(X)/5(X).
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Proof. Choose an L-bi-Lipschitz embedding f : X — R. Since (X,d)
is an ultrametric space, we may choose three points xg,x1,y € X such
that d(zg,z1) = a(X) and d(xg,y) = d(z1,y) = 6(X). If L > /2, we
have nothing to prove, as /1 +a(X)/6(X) < VI+1 = /2, so assume
1 < L <+/2. Then f(y) is not between f(x¢) and f(z1), since otherwise for
1 =0or¢=1 we would have

6(X) _ d(zi,y)

=) = A ()~ ()

- L L
J) TN L g, ) = La(x),
implying §(X)/a(X) < L?/2 < 1, which is impossible. Therefore, without
loss of generality, we may assume that f(x;) is between f(z() and f(y).
Then we have

a(X)/L < [f(x0) = f(x1)]
= [f(xo) = fF(y)| = | f(21) = f(y)] < (L —1/L)6(X),
which implies L? — 1 > a(X)/6(X), so that L > /1 + a(X)/5(X). =

5.2. LEMMA. Let (X,d) be a finite ultrametric space with | X| > 2 and
let f: X — R™ be an L-bi-Lipschitz embedding, where n € N*. Assume
k= (L*—-1)(6(X)/a(X))? < 1 and let L* = L(1 — k?)~Y/%. Then there are
points xo,x1 € X and an L*-bi-Lipschitz embedding h : X ~ {zg,z1} — R".

Proof. Choose xg,x1 € X such that d(zo,z1) = a(X) and denote X ~
{zo,z1} by X*. Let € = (f(z1) — f(x0))/|f(z1) — f(z0)], let T be the set of
those & € R™*! which are perpendicular to € and let ¢ > 1 be a constant to
be fixed later. For y € X*, we have the unique representation

f(zo) + f(z1) | 9(y)

fly) = 5 += +7(y)e,

where 7 : X* — R, y(y) = (f(y) — (f(20) + f(21))/2) -& and g : X* —
T, g(y) = e(f(y) — (f(zo) + f(z1))/2 — v(y)e). We intend to show that
f(y) — (f(xo) + f(x1))/2 is close to the hyperplane T', or in other words,

|7(y)| is small. (If L = 1, we simply have v(y) = 0.)
Let u = |f(x1) — f(xo)|. For y € X* and i € {0, 1}, we have

1F(y) = f@)” = g/ + (v(y) + (—1)'u/2)?,

<

so that

1f(y) = Fzo)* = 1f(y) = Fl)* = (V(y) +u/2)” = (V(y) —u/2)* = 29(y)u.
On the other hand, as (X, d) is an ultrametric space and d(y, z;) > a(X) =
d(xo,x1), for i = 0,1, we know that d(y,xo) = d(y,x1) = b, where b depends
on y, of course. Since f is an L-bi-Lipschitz embedding, we have

(L/L? = L2)6* < |f(y) = flao)|” = |f(y) — flan)]” < (L° = 1/L2)?,
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so that
@l _ 1) - F@o)l* = I () = Fan)]?| o (L2 =1/L2)
a(X) 2ua(X) — 2ua(X)
_ (- yYr)5(x)? L1 (5(){))2 k
2a(X)2/L 2L \a(X)) 2L

Now that we know that |y(y)| is small, let us proceed to show that with the
right choice of ¢, the function ¢ is an L*-bi-Lipschitz embedding. For every
v,y € X*, y #y', we have
2 1 2
) = £ = Zlaw) = 9" + (v(w) =7 (¥))*,

implying that

1o le) —9@)l _ [, 0y =)
c |fy)—f)l 1f(y) — F)I
() —)? (@l )N
= \/ e 7 \/1 (L a(X) )
z\/1—<L 9. F 2:\/1—/#.

But trivially |g(y) —g(v')| < ¢|f(y) — f(y/)], so that if we fix ¢ to be
(1— k)% > 1, we get

~dly,y) < eV/T- R |(9) — F)] < lo(y) — 9y')| < cL(y,y),

as ¢=2 = /1 — k2. Because L* = L(1 — k?)~'/* = ¢L and there is a natural
isometry j : T — R", the composition h = jog : X* — R” is the L*-bi-
Lipschitz embedding we were looking for. m

Combining these lemmas, we have:

5.3. LEMMA. For every n € N* and ¢ > 1, there exists L > 1 which
satisfies the following condition: Let (X,d) be a finite ultrametric space with
|X| > 2 which can be L-bi-Lipschitz embedded in R™ and for which §(X) <
ca(X). Then | X| < 2n.

Proof. Let us fix ¢ > 1. Obviously, we can choose L,, > 1, for n € N*|
such that Ly = /1 +1/(2¢) and L, = Lpy1(1 — (Lpy1* — 1)%2¢*) =14, for
n € N*. We are to prove that if (X, d) is an ultrametric space with | X| > 2,
X is L,-bi-Lipschitz embeddable in R™ and §(X) < ca(X), then | X| < 2n.

Assume for contradiction that there exists m € N*, a finite ultrametric
space (X,d) with |X| > 2m and §(X) < ca(X), and an L,,-bi-Lipschitz
embedding f : X — R™. Suppose further that m is the least possible.
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Lemma 5.1 implies that m > 1, as L1 < /14 1/¢, so m = n + 1, where
n € N*. Now L, and L,, are so chosen that, by Lemma 5.2, there are
xo,z1 € X and an L,-bi-Lipschitz embedding h : X* = X \ {zg, 21} — R™.
Because | X*| > 2n and 6(X*) < §(X) < ca(X) < ca(X™*), we have a
contradiction with the minimality of m. m

As a by-product, we get the following well-known result [ABBW] about
the isometric embeddability of ultrametric spaces. Of course, this corollary
could also be shown directly in the manner that was outlined in the para-
graph preceding Lemma 5.1.

5.4. COROLLARY. Suppose that (X,d) is an ultrametric space which can

be isometrically embedded in a Euclidean space R™ for some n € N*. Then
X is finite.

Proof. Let us prove that for every n € N*, if (X, d) can be isometrically
embedded in R", then | X| < 2n (by [ABBW, Lemma 4.1], n + 1 instead of
2n is the best possible bound). Suppose this does not hold. Then there is
an ultrametric space (X, d) with |X| = 2n 4 1 and an isometric embedding
f X — R™ Choose ¢ = §(X)/a(X) and note that f is an L-bi-Lipschitz
embedding for every L > 1; then we have arrived at a contradiction with
the previous lemma. =

Having Lemma 5.3, it is quite easy to derive the theorem of this sec-
tion. Although that lemma restricts to finite sets X with bounded ratio
d(X)/a(X), the following proposition (cf. [A, Remarque 2]) shows that the
estimate for |X| in 5.3 implies a more general one.

5.5. PROPOSITION. Let (X,d) be a metric space, k € N* and ¢ > 1.
Suppose that for every finite Y C X with |Y| > 2, we know that if Y C
Bi(x,ca(Y)) for some x € Y, then |Y| < k. Then dima (X, d) < log_ k.

Proof. We prove by induction on j € N* that if Y € P,(X), |Y| > 2
and Y C By(z,c’a(Y)) for some z € Y, then |Y| < k7. By hypothesis, the
claim holds for j = 1. Suppose now that the claim holds for j € N*, and
that Y € P,(X), |Y|>2, 2 €Y and Y C By(x,c/ta(Y)). Let Z C Y be
a maximal set with the following two properties:

1°z e Z,

2° |Z| <1lora(Z)>ca(Y).
If |Z] > 2, we have Z C Y C By(z,cta(Y)) C By(z,ca(Z)); so in any
case, |Z| < k. If y € Y, then by the maximality of Z, there is z € Z such
that d(y,2) < da(Y). For z € Z,let Y, = {y € Y | d(y,2) < da(Y)};
then either |Y,| = 1 or a(Y;) > a(Y) and thus Y, C By(z, ¢’a(Y,)), which
implies |Y,| < k7, by the induction hypothesis. On the other hand, we have
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Y C U,y Ve, s0 that Y] <Y, |V2| < k-k = kT, and the induction
is complete.

Let s = log. k. Assume Y C X and a,b € R, are such that a < b and for
every distinct z,y € Y, we have a < d(z,y) < b. Let j = [log.(b/a)| +1 €
N*; then ¢/a > b. I claim that |Y| < k(b/a)*. We may assume that Y| > 2
and Y is finite. Then a(Y) > a and for any * € Y, Y C By(x,c’a) C
By(z,a(Y)). Consequently, |Y| < k% < k(b/a)®. Hence, (X,d) is (k, s)-

homogeneous. m

5.6. THEOREM. For every n € N* and s € ]0,n[ there exists L > 1

such that the following holds: If (X, d) is an ultrametric space which can be
L-bi-Lipschitz embedded in R™, then dimp (X, d) < s.

Proof. Fix n € N* and s € ]0,n[, let ¢ = (2n)'/* > 1 and choose
L > 1 as in Lemma 5.3. Consider an ultrametric space (X, d) which can
be L-bi-Lipschitz embedded in R™ by some f : X — R™. Let us apply
Proposition 5.5 with k& = 2n. Suppose that Y C X is finite, |Y| > 2 and
there is € Y such that Y C Bg(x,ca(Y)). Since d is an ultrametric, the
last condition is actually equivalent to 6(Y) < ca(Y). Now we know that
f1Y : Y — R™is an L-bi-Lipschitz embedding, so by the choice of L, we get
|Y| < 2n. Hence, the hypothesis of Proposition 5.5 holds, and we get

dlmA(X,d) < logck‘ = 1/10gk kl/s =S. n
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