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The Banach—Mazur game and o-porosity
by

Miroslav Zeleny (Praha)

Abstract. It is well known that the sets of the first category in a metric space can
be described using the so-called Banach—-Mazur game. We will show that if we change the
rules of the Banach-Mazur game (by forcing the second player to choose large balls) then
we can describe sets which can be covered by countably many closed uniformly porous
sets. A characterization of o-very porous sets and a sufficient condition for o-porosity are
also given in the terminology of games.

Let (P, o) be a metric space. The open ball with center x € P and
radius r > 0 is denoted by B(x,r). Such a ball, considered as a set, does not
uniquely determine its center and its radius, therefore a ball will be identified
with the pair (center, radius). From this point of view, two distinct balls need
not be geometrically different. Since inclusion will be used in the usual sense,
the inclusions B; C By, B C By do not imply By = B in general.

The center of an open ball B is denoted by ¢(B) and its radius by r(B).
The symbol 2 x B denotes the ball with twice the radius of B and the same
center. The symbol Ny denotes the set of non-negative integers.

Let M C P,z € P and R > 0. We define

v(z, R, M) = sup{r > 0 : for some z € P, B(z,r) C B(xz,R)\ M},
p(z, M) =limsupy(z,R,M)/R, wvp(x, M) = liminf~(z, R, M)/R.
R—0+ R—0+

A set M C P is said to be porous if p(x,M) > 0 for every x € M,
uniformly porous if there exists ¢ > 0 such that p(z, M) > c for every
x € M, very porous if vp(x, M) > 0 for every x € M. A countable union
of porous (very porous, respectively) sets is called o-porous (o-very porous,
respectively).

The notion of o-porosity was introduced by E. P. Dolzhenko ([D]) to
describe a certain class of exceptional sets which appears in the study of
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boundary behavior of complex functions. There are many other results de-
scribing sets of exceptional points in terms of o-porous sets (cf. [Zs]). The
main goal of this paper is to develop methods to prove that certain sets
are “small” in various senses, which are defined using porosity. A result
(Corollary of Theorem 2) was already used to obtain results concerning
differentiation of functions ([Z1]).

Now we define an infinite game G(M) of two players, where M C P,
which is closely related to the well known Banach-Mazur game (cf. Remark
below). The first player chooses a ball By, the second chooses a ball By C By,
the first chooses a ball By C Bs and so on. The first player wins if

() Bn N M #0,
n=1
otherwise the second player wins.
A strategy for the second player in the game G(M) is a sequence of open-
ball-valued mappings (f,)22, such that f,, is defined on all (2n — 1)-tuples
of open balls and

fn(Bla N Bgn_l) C BQn_l for every n € N.

We say that a decreasing sequence (B,,)%_; of open balls, k € NU {00},
is compatible with the strategy (fn)o>, if

fu(B1,...,Bon_1) = By, for every n € N with 2n < k.

A strategy S for the second player is a winning strategy in the game G(M)
if for every sequence (B,,)52; compatible with S we have

[o.¢]

() BnN M =0.

n=1
The notions of a strategy for the first player and a winning strategy for the
first player can be defined in the obvious way.

Remark. Our game G(M) and the Banach-Mazur game for M are
closely related, but they are not the same. The Banach—Mazur game is
played with open sets or equivalently with open balls (cf. [K], [O]). The
players of G(M) choose elements from P x (0,00). These games are in fact
identical in those metric spaces where each open ball uniquely determines its
center and radius. They are also equivalent in general metric spaces because,
if some player has a winning strategy in the Banach—Mazur game for M,
then the same player has a winning strategy in G(M) and vice versa. If the
winning strategy for the second player should fulfil some extra conditions
concerning centers and radii of balls then differences may appear. It will be
our case.
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CONVENTION. The term family will be used for indexed sets and the
term collection for (non-indexed) sets.

DEFINITION. We say that a family (Bgy)aca of subsets of P is discrete
if there exists n > 0 such that dist(B,, B,) > n for any distinct o, o’ € A.
We then also say that (B,)aca is discrete with constant n. We say that
(Ba)aca is o-discrete if there exist sets A,, such that A ={J;-; A, and the
families (Ba)aca, are all discrete.

CONVENTION. The discreteness and o-discreteness of a collection B of
open balls are always understood in the sense of the family indexed by pairs
of centers and radii of balls from B.

NOTATION. Let D be a set of sequences D = (D,,)72; of open balls. We
put

Din={(D;)j—; : D e D} forneN, and Dloc=D.
LEMMA A. Let (Ba)aca be a non-empty family of open balls in P. Then

there exists ) C A such that (Ba)acq is o-discrete and for every a € A
there exists a* € Q with

27(Bar) <7(By) € 2r(Ba+) and  dist(Bg, Bar) < 7(Bg).
Proof. For every n € Z we define
L,={ac A:r(By) € (27" 27"},

We let C), be the maximal subset (with respect to inclusion) of L,, such that
for any distinct elements «, 8 € C,, we have

dist(Ba, Bg) > 27"

Put Q = U, ¢z Cn- The family (Bq)acq is clearly o-discrete. Choose o € A.
There exists n € Z such that « € L,,. Since C,, is maximal with respect to
inclusion, there exists a* € (), such that dist(B,, Ba+) < 27". Hence

dist(Bg, Bax) < 1(Bag).
We also have
r(By) >27" > %T(Ba*) and r(B,) < 27" < 2r(Bg-).
This proves our lemma. =

LEMMA B. Let (By)aca be a o-discrete family of open balls. For every
a € A, let (Kg)pec, be a o-discrete family of open balls contained in B.,.
Then the family (Kg)gec, where C =, c 4 Ca, is o-discrete.

Proof. We have A = |J,_, A,,, where (By)aca, is a discrete family
with a constant £, > 0. For every a € A we also have C, = U,;“;l Ckas
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where (K3)sec, ., is a discrete family with a constant 7 o. For n,k,l € N
we define

Hy = U{Ck»a ta€ Ay, M > 1/
Clearly
C=|J{Chta:keN, acA}=|J{Hnri:nkleN}
For two distinct elements £, € H,, ;; we obtain
dist(K¢, K¢) > min{e,, 1/1}
and we are done. m

LEMMA C. Let M C P. Let S = (fn)22, be a strategy for the second
player in the game G(M). Then there is a set D of infinite sequences D =
(D)2, of open balls such that

(P1)  every D € D is compatible with S,
(P2)  for every k € N the family (Sox)sepjar of balls is o-discrete,
(P3)  ifk €Ny, (Dp)52, € D, and Copy1, Cokto are open balls such that

(D1, .. Dok, Copt1, Cop42)
is compatible with S, then there exists (D})2, € D such that
Df =D, forl<i<2k,
37(D3jp2) < 7(Copi2) < 2r(Diyin) and  dist(Diyio, Corta) < 7(Cokyo).

Proof. We will define sets D,,, n € Ny, of sequences of open balls such
that for every j € N we have:

25

1=

(P1);  the set D; contains sequences (D;)
(P2);  the family (S2;)sep, is o-discrete,
(P3); if (Dz)fiI2 € Dj_1, Cy5—1, Cy; are open balls such that
(D1,...,D3j_2,C5;_1,C5j)
is compatible with S, then there exists (D})?., € D; such that
Df=D,; forl<i<2j—2,
%T(ng) <1r(Cyj) < 2T(D§]-) and dist(ng,ng) < r(Cyj).
(P4);  for every (D;)?2, € D; we have (D;)” > € D;_;.
Put Dy = {0}. Define
U' = {B C P : there exists an open ball B; C P such that f,(B;) = B}.

Lemma A gives us a o-discrete collection H' C U' such that for every
B € U! there exists B* € H! with

ir(B*) <r(B) <2r(B*) and dist(B,B*) < r(B).

, compatible with S,
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For every B € H! let B;1(B) be an open ball such that f;(B;(B)) = B.
Define

D, = {(B1(B),B) : Be H'}.
The set D; clearly has the properties (P1)q, (P2)q, (P3); and (P4);.

Now suppose that a set D; satisfying (P1);, (P2);, (P3); and (P4); has
been defined. We construct D,y as follows. Fix S = (By,...,Byj) € D;.
Put

UT1(S) = {B : there exists an open ball Byj1 C Ba;
such that fj+1(Bl, ey ng, ng+1) = B}
There exists a o-discrete collection HI*1(S) C U/ T1(S) such that for every
B € UIFL(8) there exists B* € HIL(S) with
ir(B*) <r(B) <2r(B*) and dist(B,B*) <r(B).
For every B € HItL(S) let B%H(B) be an open ball such that
B3, 11(B) C By; and  fj41(By,..., Baj, By, 1(B)) = B.
Define

D = {(Bu,.., By, Byt "7 (B), B) :

(Bi,...,Byj) € Dj,B€ HIT(By,...,Byy)}.

The set Djy1 clearly satisfies the conditions (P1);41, (P3);41 and
(P4);41. We check that (P2);4, is also satisfied. The family (S2;)sep,; and

the collections H/T1(S), S € D;, are o-discrete. By Lemma B, the family
(S2j12)sep,,, is o-discrete. Thus we have constructed D;’s. Now we define

D = {(D;)2, : for every j € N we have (D;)?, € D;}.
Then D clearly has the properties (P1)-(P3). m
LEMMA D. Let (Aq)acr be a discrete family of subsets of P.

(i) If each A, can be covered by countably many closed uniformly porous
sets, then \J,c; Aa has the same property.
(ii) If each A, is o-very porous, then so is |J,c; Aa-
Proof. (i) Let (Aa)aer be a discrete family with a constant ¢ > 0. There
clearly exist sets B, ,, a € I, n € N, such that

(a) Ao C U~ Ba,n for every a €1,

(b) for every o € I and n € N there exists ¢, ,, > 0 such that p(x, By, n) >
Ca,n Whenever x € B, p,

(c) Ba,n is closed for every a € I, n € N,

(d) dist(Ba,n, Bg,m) > € for every o, € I, a« # 3, n,m € N.
Put

Cnk = U{Ba,k DCak > 1/n}.
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The discreteness of the family (B, k)aer implies that C), j is closed and
p(x,Cp i) > 1/n whenever x € C), . We have

4. c D Ch i

acl n,k=1
and we are done.

(ii) The proof of this assertion is straightforward. m

DEFINITION. Let D be a set of sequences D = (D;)2; of open balls.
Then for S € D]k, k € NU {oo}, n € N, n < k, we define the sets

H,(S,D) = Sy \ | {Tn12: T €D, T, = 5, i <n}

and
Hy(D) =P\ | {T»: T € D}.

THEOREM 1. A set M C P can be covered by a countable union of closed
uniformly porous sets if and only if there exist a sequence (¢, )32, of positive
numbers and a winning strategy S for the second player in the game G(M)
such that

(1) T(BZH) > CnQ(C(B2n—l)a C(BZn))
whenever (B, ..., Bay,) is compatible with S.

Proof. First we suppose that there exist closed uniformly porous sets
(Ap)nen covering M. Let ¢, > 0 be such that p(z,A,) > ¢, for every
xz € A,. As A,’s are closed we see that

(2) p(z, An) > ¢, forevery x € P.

A winning strategy for the second player is the following: In the nth step
he avoids the set A,,. More precisely: the second player’s answer to the nth
move B(xo,—1,72,—1) of the first player is a ball B(zay,72,) such that

B(«T2nar2n) C B(‘Tanl,Tanl) \ Anv Top > Cn@(xQnaxanl)‘

This ball exists because (2) holds. This strategy is clearly winning.

Now suppose that there exist a sequence (¢,,)5 ; of positive numbers and
a winning strategy S = (f,,)52; for the second player in the game G(M)
satisfying (1). Define

I(P) = {z € P : z is an isolated point of P}.

Observe that MNI(P) = (), otherwise the first player has a winning strategy
in G(M).
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There exists a set D of sequences of open balls satisfying (P1), (P2) and
(P3) of Lemma C for our strategy S. We have

Mc (HO(D) U G \J{Haou(D,D): D € D}) \ I(P).

Indeed, if ¢ Ho(D) U U,—, U{H2n(D,D) : D € D}, then there exists a
sequence D € D such that x € D; for every ¢ € N. Thus x ¢ M.

Now we show that each set Ho;(D,D)\ I(P) (j € N, D € D) can be
covered by countably many closed uniformly porous sets. Let B(y, r) = Da;.
Put

@n = (B(y,r(1=27")) N Hy;(D, D)) \ I(P).

Then @, is clearly closed (recall that I(P) is open in P). Let x € Q.
Fix R > 0 such that B(z,R) C Dy; and there exists w € P such that
o(z,w) = R. Put

B = fj+1(D1, ..., Daj, B(z, R)).

We have r(B) > cjyi10(x,c(B)). The property (P3) of Lemma C implies
that there exists a sequence D* € D such that

D; =D; fori<2j, dist(D}; 5 B)<r(B)

(2

and
%7“<D§j+2) <r(B) < QT(D§j+2)-
Put
T = o(z,c(B)) +r(B) + dist(B, D3;5) + 2r(D3;,5).
We have

D3; o C B(x,T)\ Hzj(D,D) C B(z,T) \ Qn,
r(B) < 2R (since w ¢ B), r(D§j+2) < 2r(B) < 4R,
dist(B,D§j+2) <r(B)<2R and o(x,c¢(B)) <R.
This gives T' < 13R. We obtain

Y(z, T, Q) < r(D3;40)
T = i(B)/ey1 +7(B) + r(B) + (D)
> r(B)/2 _ 1/2 s
(g1 +6)r(B)  (/cj41 +6)
Now z is not an isolated point of P. Therefore R and T' can be arbitrarily
small. Thus we have proved that p(z, @) > %/ﬁ for every z € Q,,. Each Q,
is closed, thus Hy;(D, D) \ I(P) can be covered by countably many closed
uniformly porous sets.
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Fix j € N. The property (P2) implies that there exist sets S,,, m € N,
such that

(1) Um=1 Sm = DI25,

(ii) the family (S2;)scs,, is discrete for every m € N.

m

Thus we have

(U{Hz2;(D, D) : D € DY\ I(P) = J{Hz2(S,D) : S € DI2j} \ [(P)
= J U8, D)\ I(P) : 5 € 5,0},

The sets Hy;(S, D)\ I(P), S € Sy, form a discrete family. Lemma D shows
that their union can be covered by countably many closed uniformly porous
sets.

The set Hy(D) is clearly closed. If we replace Q,, with Hy(D)\ I(P) and
Dy; with P in the proof above we conclude that Hy(D) \ I(P) is a closed
uniformly porous set. This completes the proof. m

THEOREM 2. A set M C P is o-very porous if and only if there exist
a sequence (¢,)22 of positive numbers and a winning strateqy S for the
second player in the game G(M) such that

(3) r(Ban) > cnr(Ban—1) whenever (By,..., Bay,) is compatible with S.

Proof. Consider a o-very porous set M. We have M = | J;—_; M,,, where
M, is very porous for every n € N. For n,m,q € N we define

Mym.q = {z € M, : v(z, R, M,)/R > 1/m for every R € (0,1/q)}.

As M, is very porous we have

o
M, = U Mymq-

m,q=1

We order the set N x N x N into a sequence ((ng, mg, qx))5e,. Now we are
able to define a winning strategy for the second player. We define

¢n =min{l/(3my) : k < n}.

Clearly ¢, < 1/2 for every n € N. Let B(z2,—1,72,—1) be the nth move of
the first player. Let £ € N be the largest natural number such that

My, m;.q; NV B(#2n—1,72n-1) =0 for j <k and k < n.

Suppose that %rgn_l < 1/qg. If B(xan—1, %7“2”_1) N M,y g = 0, then
we put zz, = T2,-1 and ra, = 357r2, 1. Otherwise there exist a point

If %rgn,l > 1/qx, then we define z3, = wz9,-1 and 19, = %rgn,l.
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T € B(xgn_l, %7“2”_1) N My, my..q a0d a ball B(z,p) such that

1 1 1
B(z,p) C B<:c, 27“2”1) \ My, my.qe and p> o 3T2n-1-

Put x5, = z and r9,, = min {%rgn_l,p}. We have

Top > ——Top—1 = CkTon—1 = Cnl2n—1-
ka

This strategy satisfies the condition (3). We claim that it is a winning strat-
egy. Suppose that a sequence (B(zy,r,))se; of open balls is compatible
with our strategy and

() Bl@n,rn) N M # 0.
n=1

This implies that there exists a smallest kg € N such that B(z,,r,) N
Mnkmmko,qko # () for every n € N. Since ra, < %Tgn_l there exists m € N
such that %Tgm_l < 1/qry, ko < mand My, .q, N B(T2m—1,72m—1) = 0 for
every j < kg. Both possibilities: B(mzm_l, %sz—l) N Mnkmmko,qko empty
or non-empty, imply B(22m,72m) N Mny my,.qn, = (). This contradiction
proves our claim.

Now suppose that there exist a sequence (¢, )22 ; of positive numbers and
a winning strategy S = (f,)52; for the second player in the game G(M)
such that (3) holds.

Define

N(P)={x € P:vp(z,{z}) <O0}.
Suppose z € N(P) N M. Choose 71 > 0 such that
V(xv 1, {l’})/’l“l <
and let B(z,r1) be the first move of the first player in the game G(M). Let
B(ZL‘Q, 7‘2) = fl(B(.CC, 7“1)).
We have ry > ¢y71 and therefore x € B(x,72). Suppose that (B, ..., Bay)
is compatible with § and = € Bs,,. Choose r2,+1 > 0 such that
7(1"’ To2n+1, {x})/TZn—f—l < Cn+1
and B(z,r9,41) C Bay,. Let B(x,r9,41) be the (n + 1)th move of the first
player. Let
B(xany2,m2n42) = far1(B1, ..., Ban, B(T2n41,T2n41))-

We have 79,412 > ¢pt172n+1. This implies © € B(x2,42,T2n+2). Thus x €
N>, B, N M and (B;)$2, is compatible with S. This contradiction implies

N(P)NM = 0.
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There exists a set D of sequences of open balls having the properties
(P1)—(P3) of Lemma C for our strategy S. Similarly to the proof of Theo-
rem 1 we have

Mc (HO(D) U G \J{H:.(D,D): D € D}) \ N(P).

Since the discreteness argument from the proof of Theorem 1 and Lem-
ma D work as well, it is sufficient to prove that the sets Ha;(D, D)\ N(P)
(j > 1, D € D) and Hy(D) \ N(P) are very porous. Let x € Hy;(D, D)\
N(P). We have vp(z,{z}) =n, n € (0,1]. There exists Ry > 0 such that
(4) v(z,R,{z})/R > 3n for every R € (0, Ro).

Let R € (0, Ry) and B(x, R) C Ds;. Define

B = fj+1(D1, e ,DQj,B(QZ‘, %T}R))
We have r(B) > ¢;j4135nR and ¢(B) € B(z, 35nR). The property (P3) gives
us a sequence D* € D such that

D =D, forl<i<2j %T(D§j+2) <r(B) <2r(D3; )
and

dist(D3; 4, B) < r(B).
We have r(B) < R, since otherwise

B(z, i5R) C B(c(B),5R) C B C B(x, 351R)

and therefore
V(@ R AzY) _ R 1
R - AR 2

contrary to (4). For every y € D3, , we have

o(z,y) < o(z,¢(B)) + r(B) + dist(B, D3;,,) + 2r(D3; )

1 1 1 1
< @R—F §R+§R+4' §R<R.

We conclude that

We obtain
y(2, R, Ha;(D, D)\ N(P)) _ 7(D3jn) _ 37(B)
R - R - R
1 1
2C+133nR 1
N R VAU

We proved that Hsj(D, D) \ N(P) is very porous. It is easy to check that
this method also works for Hy(D) \ N(P). =
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DEFINITION. Let M C P. Then we say that M is globally very porous if
there exists ¢ > 0 such that for each ball B(z,r) there exists a ball B(y, ')
such that B(y,r’) C B(xz,r), B(y,r’) N M =0 and r’ > cr. We say that M
is o-globally very porous set if it is a countable union of globally very porous
sets.

LEMMA E. Let A C P, where P is a normed linear space. Then A is
o-very porous if and only if it is o-globally very porous.

Proof. Each o-globally very porous set is clearly o-very porous.

If a set A is o-very porous, then there exist very porous sets A,,, n € N,
such that A =J>7 | A,. Put

App={z € A, :vp(z, A,) > 1/k}.

We have A = Uf:k:l A, and vp(z, A, k) > 1/k for every z € A,, ;. There-
fore it is sufficient to prove that each set A satisfying vp(x, A) > ¢ > 0 for
every x € A is o-globally very porous set.

Consider a continuous linear functional ¢ on P and a point zg € P such
that [|¢]| =1, ||zo|| = 1 and ¢(z) = 1. Define

Cpa=9"(IP/a.(p+1)/a), PELZ q€EN,
B,={z e A:~(z,r,A)/r > cforre (0,1/q]}, qeN.

Clearly U,~, By = A and U~ ByNCpy = By.

We will show that B, N C,, (p € Z, g € N) is globally very porous.
Consider a ball B(x,r). Then we have the following possibilities:

1) Suppose r > 2/q. If p(z) < p/q, then we put y = x — (r/2)xo and
r' =r/4.1f p(x) > p/q, then we put y = x+ (3r/4)zo and ' = r/8. In these
cases we have B(y,r’) C B(z,r) and B(y,r")NC, 4 = 0.

2) Suppose r < 2/q. If B(z,r/2)NBy;NC, 4 = 0, then we put y = z and
r’ = r/2. If there exists z € B(x,r/2) N B, N C) 4, then there exists a ball
B(zy, cr/2) such that B(zo,cr/2) C B(z,r/2) and B(zp,cr/2)N B, = 0. We
put y = zp and r’ = cr/2.

We have ' > min{1/4,1/8,1/2,¢/2}r. This fact proves our lemma. m

COROLLARY. A subset M of a normed linear space P is o-globally very
porous if and only if there exist a sequence (c,,)22, of positive numbers and
a winning strategy S for the second player in the game G(M) such that

r(Ba2n) > cnr(Bap—1)  whenever (By, ..., Ba,) is compatible with S.

Now we derive from Theorem 1 a sufficient condition for o-porosity using
the following modification of the game G(M). Let M C P. Two players play
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the game G(M) with the set M in the same way as in the game G(M) and
the first player wins if

(i) ¢(Ban—1) € M for every n € N,

(i) M N ﬂzozl B, #0,

else the second player wins.

THEOREM 3. Let M C P, (¢,,)22; be a sequence of positive numbers and

S = (fn)2, be a winning strategy for the second player in the game é(M)
such that

7(B2n) > cno(c(Ban—1),c(Ba2n))
whenever (B, ..., Bay,) is compatible with S.

Then M is o-porous.

Proof. This proof was suggested by the referee.

Put P* = P\ (M \ M). It is easy to see that P* is dense in P and the set
M is closed in P*. We will use the following notation. The symbol B*(z,p)
stands for the open ball in P* with center z € P* and radius p > 0. We will
show that the second player has a winning strategy S* in the game G(M)
in the space P* such that

r(B3n) > cno(c(B3, 1), ¢(Bs,))
whenever (BT, ..., B3,) is compatible with S*.

We define inductively mappings f; describing the strategy S*.

Let B} be an open ball in P*. If ¢(B}) ¢ M, then there exists an open
ball B3 such that ¢(B3) = ¢(By) and B5 N M = (), since M is closed
in P*. We define f;(B}) = B3. If ¢(B7) € M, then we consider the ball
B1 = B(c¢(Bf),r(Bf)) in P. Define

Bg = f1 (Bl)
We have r(B3) > c10(c(By),c¢(Bz)). The density of P* in P implies that
there exists an open ball C' such that
CC By, r(C)eP* and r(C)> cio(c(BY),c(C)).
We put f(B}) = B*(¢(C),r(C)). Suppose that the mappings f7,..., f are
defined. Let (Bj,..., B3, ) be a sequence of open balls in P* such that
By, C By fork<2n and Bj, = f;(By,...,B3,_;) fork<n.

We distinguish the two cases ¢(B3, ;) ¢ M and ¢(B3,,,) € M again and
define the mapping f;,, in a similar way to f{ above. Let (B})2, be a
sequence of open balls compatible with our strategy S*. If there exists ng € N

such that ¢(B3, ;) ¢ M, then the second player wins. If ¢(B3, ;) € M
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for every n € N, then there exists a sequence (B,,)52; of open balls in P
compatible with S such that

B*(e(Ban-1),7(Bn-1)) = B3, 1, B(c(B3,),r(B3,)) C Ban.

Therefore we have

[ee] [ee] [ee]

(1B;c()B. and (| B.NM=0.

n=1 n=1 n=1
Thus the second player wins also in this case. This and Theorem 1 imply
that the set M can be covered by countably many closed uniformly porous
subsets of P*. These sets are clearly porous in P. Thus the theorem is
proved. =m

Remark. The condition of Theorem 3 is not a necessary condition. To
show this, consider a closed o-porous set M C R such that the set

(5) {x e M :plx,M) =0}

is dense in M. Such a set can be constructed in this way. If [ = [a,b] C Risa
closed bounded interval, then we define the set {I;} kez\{o} of open intervals
as follows:
If k£ > 0, then I}, = (g, zk—1), where
a+b b-—a
n = _ Np.
x 5 + nt2 n € Ny
If k <0, then It = (Yjx|—1,¥|x|), Where
_a+tb b—a
Yn = B nto T2
The symbol Iy, .., means Jy, , where J = I, 1
Now we are able to define the set M: Put

n € Ny.

n—1°

I=[-11, G=JUIk..h, 1 hniseven} and M =TI\G.
n=1

It is not difficult to prove that M is o-porous and that (5) is dense in M.
_ We shall show that the first player has a winning strategy in the game
G (M) for any sequence (¢,)5 ;. Fix some sequence (¢,,)52 . Let B(0,r1) be
the first move of the first player such that

v(0,R,M)/R < $c¢1  whenever R € (0,71).

Such an 7 exists since 0 € {z € M : p(z, M) = 0}. The other moves of
the first player are chosen to fulfil Bo,11 C Bap, ¢(Bapy1) € {x € M
p(x, M) =0} and

Y(c¢(Bant1), R, M)/R < ic,41 whenever R € (0,7(Ban1))-
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This gives B, N M # () for every n € N. Since M is compact we have
N, B, N M #0.
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