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Abstract. We prove two theorems that characterize tightness in certain products
of fans in terms of families of integer-valued functions. We also define several notions of
forcing that allow us to manipulate the structure of the set of functions from some cardinal
0 to w, and hence, the tightness of these products. These results give new constructions
of first countable <0-cwH spaces that are not <#-cwH.

1. Introduction. The 6-fan Fjy is the quotient space obtained by identi-
fying the non-isolated points of the product 6 x (w+ 1) to a single point occ.
(Here 6 has the discrete topology and w + 1 has the order topology.) Thus,
a neighborhood of co is a set of the form

Vg ={oo} U {({a,m) : m > g(a)}, gew’.

When A < 60, we use sets

Vg x Uy = {(00,00)} U{((B,m), (@, n)) : m > g(B) An > f(a)},
g € we, fe wA,

as a base at (00,00) in the product Fy x F. (Technically, we should also
include points with oo in one coordinate, but a result from [LL] says that it
suffices to consider the subspace {(c0,00)} U (0 X w) X (A X w).)

The tightness t(p, X) of a point p in a topological space X is the supre-
mum of the cardinalities of all A C X such that p € A, but whenever B C A
and |B| < |A|, then p € B. The tightness of X is then ¢(X) = sup{t(p, X) :
p € X}. The tightness of X is the least upper bound of the cardinalities of
the subsets of X needed to define the closure operator.
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Clearly, the tightness of Fy is w, and it is not hard to see that t(Fy x
Fy) = t((00,0), Fy x Fy) (details are in [LL]). This motivates the following
definition.

DEFINITION 1.1. Let A < 6 be infinite cardinals and suppose that A C
(0 x w) x (A Xw).

(1) If A < 6, we say that A is (6, \)-good if

(a) (00,00) € 4; B
(b) VB € A<? ((c0,00) ¢ B); and
(c) VE € N<* ((00,00) € AN ((0 x w) x (E x w))).

(2) If A =0, we say that A is (6,60)-good if (a), (b), and the following are
true:

(c) VE € [0]<% ((c0,00) & AN ((0 x w) x (E x w))) and
(d) VF € [0]<% ((00,00) € AN ((F x w) x (0 x w))).

The existence of a (6, \)-good set A implies that t(Fy x Fy) = 6; more-
over, if either / < § and M < Aor @ < 6 and M < A, then A cannot be
construed as a subset of Fyr x Fy,. In [LL], it is shown that A“ < 6 implies
that there are no (0, A\)-good sets; in particular, GCH implies that there are
no (0, A)-good sets whenever § > X\ > cf(\) > w.

In this paper, we first prove two theorems that characterize the existence
of certain good sets in terms of integer-valued functions (Section 2). We then
give several forcing constructions of (6, \)-good sets (Section 3). Starting
with a regular cardinal 6, the first construction gives a model with a (0, w)-
good set but no (¢, w)-gaps (this model has been obtained independently by
Haim Judah [J]). We then modify this construction to give a (6, w)-good set
when @ is a singular cardinal of uncountable cofinality. The final construction
gives models with (6, \)-good sets when cf(f) > w; and either \ is regular
and A < 8 or \¥ <46.

For the reader’s convenience, we have collected the topological conse-
quences of these results in Section 4 and provided a list of interesting open
questions in Section 5.

2. Characterizing good sets. In this section, we prove two theorems
that characterize the existence of certain good sets in terms of integer-valued
functions. These theorems will use the following relations <* and <* on w?
that generalize the usual notion of <* on w*.

DEFINITION 2.1. Let X\ be an infinite cardinal, and let f,g € w™.

(a) We say f <* g if for all but finitely many a < A, f(a) < g(«).
(b) We say f <* g if there is a k € w such that for all @ < A\, either
fla) < g(a) or fla) < k.
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Notice that <% is a reflexive, transitive relation on w*. We put f =1 g
if there is a k € w such that for all a € A, either f(a) = g(a) or both
g(a), f(a) < k. This determines an equivalence relation on w?, and the order
on these equivalence classes induced by <™ is a partial order. If A = w and
we restrict ourselves to strictly increasing functions, then the two notions
<* and <7 coincide. Also note that f <* g always implies f <™ g.

The following lemma gives a canonical way to construct a (6, \)-good set.
Whenever we refer to a family of functions from some set A into w as being
bounded or unbounded, we mean with respect to the obvious <* order on
w? (unless we state explicitly <*). When A = w, the two notions of being
bounded or unbounded coincide.

LEMMA 2.2. Let A < 0 be infinite cardinals. Assume there is F = {f3 :
B <0} Cwt so that:

(a) F is unbounded;
(b) each G € [F]|<Y is bounded,
(c) for all E € [N\|<*, FIE = {f3|E : 8 < 0} is bounded.

Then there is a (6, X)-good set.

Proof. Put A= {((8,m), (o, n)) : m,n < fg(a)}. We show:

(1) (s0,00) €
(IT) (00,00) & B for all B € [A]<Y;
(IIT) (00, 00) & C whenever C = AN ((6 x w) x (E xw)) and E € [\]<*.

(I) Choose g € w’ and f € w*. We have to show that A intersects V,, xUy.
By (a), we can choose 8 < 6 so that fg €% f. That is, for every k € w,
there is an « < A such that fg(ay) > f(ax) and fg(ax) > k. Choose k so
that k > g(8). Then (8, fa(ar), {a, fa(ar))) € AN (V, x Uy).

(I) Let B € [A]<% let G = {8 < 0 : Im,n < w Ja < X (((8,m),
(a,n)) € B)}. Then G € [0]<Y. By assumption (b), there is an f € w*
that is a <*-bound for G = {fz : B € G}. Thus for all § € G, there is a
ks € w such that for each o < A, either fg(a) < kg or fz(a) < f(a). Define
g:0 — wby g(B) = kg for 8 € G, g(#) = 0 otherwise. We have to show
that BN (V, x Uy) = (. To see this take ((3,m), (o, n)) € B. Then both m
and n are less than or equal to fz(a); thus either n < fz(a) < f(«) and
{a,n) & Up orm < fg() < kg = g(B) and (3,m) & Vy.

(III) Similar; using (c) in place of (b). m

We also need to recall some facts about (6, \)-good sets from [LL]. Given
aset A C (0 xw)x (Axw), and ordinals f < 0 and a < A, we define
Hpo(A) = Hgo = {(m,n) : m,n € wand ((B,m), (a,n)) € A}. We say Hgq
is closed downward (abbreviated cdw) if whenever (m,n) € Hgq, n' < n,
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and m' < m, then (m’,n") € Hg,. The proofs of the following lemmas can
be found in [LL].

LEMMA 2.3. Suppose there is a (6, \)-good set. Then there is a (6, \)-good
set A such that each Hpg, is finite and cdw.

LEMMA 2.4. Suppose A C (6 x w) X (A x w) and that each Hgq is finite
and cdw. Then A accumulates at (00, 00) in Fy X Fy if and only if

Vi A — w3 <OVmewIa < (((B,m), (o, fla))) € A).
In [G], Gruenhage showed that if there is a (0, w)-good set, then 6 > b.

THEOREM 2.5. The following are equivalent:

(a) there is an F C w® of cardinality 6 such that F is <*-unbounded,
but every G € [F]<0 is <*-bounded,;
(b) there is a (0,w)-good set.

Proof. (a)=(b). By Lemma 2.2.

(b)=(a). Suppose that A is a (0, w)-good set. Without loss of generality,
we can assume that each Hgr, = Hpgi(A) is finite and cdw. By Gruenhage’s
result, b < 0; so let {g, : @ < b} C w* be an unbounded family of strictly
increasing functions. For 8 < ¢ and a < b, define a function f3, : w — w
by

Foa(k) = {max'{n 2 3Im (ga(m) ‘2 EA((B,m),(k,n)) € A},
’ 0 if the above set is empty.

Set F = {fs,a : f <0 and a < b}; we check that (I) F is <*-unbounded
and (II) every G € [F]<Y is <*-bounded.

(I) Let f € w®. Using Lemma 2.4 and the fact that A is (0, w)-good,
there is a 8 < 6 such that for each m € w, there is a k,, € w such that
(B, m), (km, f(km))) € A. Define g € w* by g(m) = ky,; then g is finite-to-
one. Because the g,’s are <*-unbounded, there is an a < b such that for
infinitely many m, go(m) > g(m). Then for each such m, f3 o(km) > f(km),
so that f is not a <*-bound for F.

(IT) Let G € [F]<Y. Set G = {3 <0 :3a < b (fs.a €G)}. Set B =
AN (G X w) X (w X w); then (0o,00) is not in the closure of B. Choose
g € w and f € w* so that BN (V, x Us) = 0. We claim that f is a
<*-bound for G. Fix an fz, € G. Now, § € G, so ((8,m),(k,n)) ¢ A
whenever m > g(5) and n > f(k). Stated contrapositively, if ((3,m), (k,n))
is in A, then either m < g(f8) or n < f(k). Take k > g.(g(f)) and any
m such that g,(m) > k; then g,(m) > ga(g(3)). Because g, is strictly
increasing, m > ¢g(8). Thus, if n is such that ((5,m), (k,n)) € A, we must
have n < f(k). Taking the maximum over all such n gives f3 (k) < f(k).
Thus, whenever k > g, (g(5)), we have fz (k) < f(k), whence fgo <* f. m
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We now provide a consistent characterization of the existence of (6, 0)-
good sets in terms of families of integer-valued functions. The set-theoretic
conditions we require in order to obtain this characterization are true in the
models obtained by the Levy or Mitchell collapse of a large cardinal to wo
and when PFA™ holds, so this characterization may be useful in showing
the consistency (relative to a large cardinal) of “there are no (ws,ws)-good
sets”.

Recall cov(w,d) = min{|C| : C C []* AVB € [f|* IC € C (B C C)}. It
is well known that for all n € w, cov(w, w;,) = w,, and that cov(w, §) > 6 for
f a cardinal of uncountable cofinality implies there is an inner model with
large cardinals.

THEOREM 2.6. Assume b < 6 and cov(w,0) < 0. Then the following are
equivalent:

(i) there is a (0,0)-good set;

(ii) there is an unbounded family F = {fs : B < 0} C w? such that every
G € [FI<Y is bounded and for every B € [0]<Y, FIB = {f3|B : 3 < 0} is
bounded.

Proof. (ii)=(i). This follows from Lemma 2.2.

(i)=(ii). Let A be a (0, 6)-good set. We can assume that each Hpg, (de-
fined just before Lemma 2.3) is symmetric, i.e., Hgo = {(n,m) : (m,n) €
H.p}. Let {Bs : 6 < cov(w,f)} enumerate a covering family; for 6 <
cov(w,#), let r5 : w — Bs be a bijection. Let {g, : v < b} C w* be an
unbounded family of strictly increasing functions.

For 3 <0, 6 < cov(w,#), and v < b, define a function fzs, : 0 — w by

Fasy(a) = {max{n :3m (g, (m) > ryHa) A ((B,m), (a,n)) € A)},
K 0 if the above set is empty or « & Bj.

Set F = {fgsy: 8 <8,5 <cov(w,f), and v < b}. We claim

(I) F is unbounded;
(IT) whenever B € [0]<?, then F|B is bounded; and
(I1T) whenever G € [F]<%, then G is bounded.

The proofs of (II) and (III) are similar to those for Theorem 2.5. For
example, to prove (II), fix a B € [0]<?, and set A’ = AN((0 xw) x (B xw)).
Then (00,00) & A’, so there is a g € w? so that A’N(V, xU,) = (). We claim
that g is a bound for F[B.

To see this, fix < 0, § < cov(w,0), and v < b. Take any a € Bs \
rs({0,1,...,9,(g(B))}) and any m with g,(m) > r;'(a); then g,(m) >
g+(g(8)). Because g, is increasing, m > g¢(8). Thus, if ((8,m),(a,n)) €
A’ we must have n < g(a). Taking the maximum over all such n yields
fasy () < g(a), so clearly fgsy <* g. The proof of (III) is similar.
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To show that (I) is true, we need the following:

CLAIM. For every f € w?, there is a 3 < 0 and a sequence {,, : m € w}
so that whenever m € w, either f(a.,) > m and ({8, m), (m, f(am))) € A,
or f(auwm,) <m and ((B,m), (am,m)) € A.

Suppose otherwise. Then there is an f € w? so that for all 3 < @, there
is an mg € w such that for all o < 0,

(*) (<ﬁ’ mﬁ)) <Oé,mg>) €A= f(Oé) > mpa and
(ex) ((B,mp), (o, f(a))) € A= fa) <mp.

Define g € w? by g(8) = max{f(3),ms} + 1. Because (co0,0) € A,
there are o < 8 < 6 with ((8,9(0)), (o, g(e))) € A. Now, Hg, is cdw, so
((B,mp), (a, f(a))) € A; by (xx), f(a) < mg. By symmetry, f(3) < mq.
Suppose that mg < m, (the other case is dual). Then ({3, mg), (o, mg)) €
A. By (%), f(a) > mg, a contradiction. This proves the claim.

To finish the proof of (I), fix f € w?, and take 3 < § and {a,, : m € w}
as in the claim. Find a § < cov(w, ) so that {a,, : m € w} C Bs. Define
h € w* by h(m) = r5'(ay); then h is finite-to-one. Find a v < b so
that for infinitely many m, h(m) < g,(m). Then for such an m, either
flom) 2 m and fgsy(om) = flou), or f(am) < m and fgsy (o) = m, so
that fgs £t f.om

3. Forcing good sets. It is a well known fact, due independently to
Hausdorff [H] and Rothberger [R], that the existence of a (0,w)-gap in
(w*, <*) is equivalent to the existence of a well-ordered unbounded sequence
of order type 6 in (w*, <*). This means that the existence of a (0,w)-gap
implies the existence of a (0, w)-good set. It is certainly consistent that the
converse is true (consider, e.g., a model of CH), so it is natural to ask if the
converse is true in ZFC. In fact, when 6 > ws and cf(6) > wy, there is a
model in which there is a (8, w)-good set, but only (w1, w1 )- and (wy,w)-gaps.

Before we define the partial orders that give these models, we state some
useful lemmas about product forcing. If 7 C w* and g € w*, we say that
g >* Fif g >* f for all f € F. We say that a real f in a universe larger
than V is unbounded over V if f £* g for all g € w* NV.

LEMMA 3.1. Let P and Q be partial orders. Suppose f is a P-name for
a real and g is a Q-name for a real. If I-p “f is unbounded over V7, then
“_PXQ ““(f S* g)”'

Proof. Fix n € w and (p,q) € P x Q. Because |Fp “f is unbounded over
V?”, there is an [ > n such that Ym € w (=(p IFp “f(1) < m”)).

Choose a ¢’ < ¢ and an m € w so that ¢’ IFg “g(l) = m”. Then we can
find a p’ < p and a k > m such that p’ IFp “f(l) = k”. Thus, (p,¢) IFexq
“f)>g)”.
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LEMMA 3.2. Suppose that hy and ho are P-names for reals, g is a Q-name
for areal, and (p,q) IFpxq “h1 <* g <* h”. Thenp IFp “Ij € NV (hy <*
j <* hg)”.

Proof. Without loss of generality, we assume that for some k' € w,
(9, q) IFexg “Vn >k (ha(n) <* §(n) <* ha(n))".

For each n € w, define j(n) by taking a ¢’ < ¢ and an m € w so that
¢ Fg “g(n) =m”, and setting j(n) = m.

We claim that p IFp “hy <* g <* hs”. Otherwise, for each k € w, there
is an n > k and a p’ < p such that p’ Ikp “=(hi(n) < j(n) < ha(n))”.
Fix such a p’ and n for the k' given above, and find a ¢’ < ¢ such that
¢ kg “g(n) = j(n)”. Then

(0.4 IFexg “(ha(n) < g(n) < ha(n)) |
A =(hi(n) < j(n) < ha(n)) A (9(n) = j(n))”,
a contradiction. m

For a set A, C4 is the partial order Fn(A x w,w) = {p : p is a finite
partial function from A X w into w}. V4 is the generic extension of V by
Ca. We will need the fact, due to Kunen [Ku|, that forcing with C4 over a
model of CH does not add an ws-sequence in (w*, <*).

LEMMA 3.3. Assume CH and set 0 = wo. In Vy, let P = Ha<9 P, be a ccc
finite support product of Ny -sized partial orders such that Ha<ﬁ P, € V3. Set

Q=Cy *IP’, and let H be Q-generic over V.. Then there are no well-ordered
wa-sequences in V[H].

Proof. By way of contradiction, let {f, : @ < wy} be a collection of
@-names for a well-ordered ws-sequence. Without loss of generality, each
fo= Unmewl(m,n)} X Apn, where Ay, is a maximal countable antichain
and each ¢ € A,,, has the form ¢ = (¢, (Pay,---,Pa,)), Where ¢ € Cy and
Da; € I.P’ai. That is, because the supports of conditions in P are finite, we
can assume that the Cy part of a condition is strong enough to decide the
support of the P part.

Define suppt(q) = {aq,...,ar} and for each o € wo,

Ao =suppt(fa) = [ J suppt(q).
m,necw
qu'VYL'VL

By thinning and re-indexing, we can assume that the A,’s are a delta
system with root A and that a < o/ < w9 implies

max A < min(4, \ 4) < max(4, \ 4) < min(A), \ A).
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Set # = max(A) + 1, and force with Cg x[],_4 P,. Notice that CH is still
true, so if we force with Cg 4y, we obtain a model V' with no wo-chains. We
can also assume that each f, is a ng A\ Pe-name.

Set B = {{ € wy \ B : for some even «, £ € A, \ A}, and set O =
wz \ (E'U B). Finally, let Pp = [[c g Pe and Po = [[¢co Pe.

Working in V', fix a condition (p,q) € Pg x Po such that

(pv Q) “_PEXPO Vo <ws (Oé even implies fa <* fa-f—l <* fa+2)”‘

By Lemma 3.2, for each even o < w9 we can find a p, < pand a j, € w*NV’
such that

Pa IFp “fa < ja < fa+2”'
Now, because supports are finite and each |P,| < wy, we can find an A €
[w2]“? so that whenever «, ¢ € A, then p, and p,s are compatible. But then
a < o € A implies that j, <* jo, contradicting the fact that there are no
wo-sequences in V'. m

Hechler forcing is the partial order D = {(s, f) : s € w<¥, f € w¥, and
s C f}, ordered so that (s, f) < (t,g) ifand only if s D t and Vn € w (f(n) >
g(n)). Clearly, D is o-centered and adds a real that eventually dominates all
ground model reals. The following result has been obtained independently

by Judah [J].

THEOREM 3.4. Assume V F CH and set § = wo. Then there is a partial
order Q such that whenever H is Q-generic over V, then the following are
true in V[H]:

(1) There is a family F = {fo : o < 0} C w® such that:

(a) for all B < 0, {fo : a < B} is bounded,
(b) F is unbounded.

(2) There are no well-ordered sequences of length wo in (w*, <*).

Proof. We define Q as a two-step iteration. The first step of the iteration
is simply Cy. We define the second step by working in Vj. Let Ps be DV,
i.e., Hechler forcing in the sense of the model obtained by adding the first
B-many Cohen reals. In Vj, each Dg is o-centered, so the finite support
product P = Hﬂ<9 Pg is ccc. Hence, Q = Cy x P is ccc.

Let H be Q-generic; in V[H], define F = {fg : § < 6}, where f3 is the
Bth Cohen real. Let gg be the Hechler real added by Pg over Vp; because
{fa 1 < B} C Vs, we have f, <* g for each ae < (3. This establishes (a).

Let g be a Q-name for a real. Note that for all 8 < 0, we have

Qx [(Cg* H Pa> X C[ng)i| * H P,.

a<p a>p



Forcing tightness in products of fans 219

By this observation and the fact that Q is ccc, there is a § < 6 such that ¢
isa Cg* Ha<5 P,-name. Because fz is unbounded over V', Lemma 3.1 and

the fact that <* is upwards absolute imply that IFg “ fg £* ¢”. Hence, no
real in V[H] bounds F, so (b) is established.

Note that the partial order we have defined satisfies the hypotheses of
Lemma 3.3, so (2) is also true. m

We can also show, via a modification of the “isomorphism of names”
argument originally due to Kunen [Ku], that the forcing construction given
above yields a model with no ws-sequences when 6 is any cardinal (see [Br]
for details). When 6 is regular, this gives a model with a (6, w)-good set, but
only (w1,w;)- and (wy,w)-gaps.

The above proof does not quite suffice to produce a (6, w)-good set when
0 is a singular cardinal of uncountable cofinality, because we need to bound
all small subfamilies of F. Fortunately, we can use the ccc to accomplish
this.

THEOREM 3.5. Suppose V. E GCH and that wy < cf(0) < 0. Then there
s a ccc partial order Q such that whenever H is Q-generic over V', there is
a family F = {fo : a < 0} Cw® in V[H] such that:

(1) F is unbounded;
(2) for all G € [F]<Y, G is bounded.

Proof. As before, Q will be a two-step iteration, with first step Cy. Let
fs be the pth Cohen real, and set F = {fg : 3 < 6}. The second step of
the iteration is defined in Vj as HAe[9]<9 P4, where P4 = DV4, i.e., Hechler
forcing in the sense of the model obtained by adding the Cohen reals with
indices in A. We therefore have

Q = (Cg * H P A-
Aelo]<?
Clearly, Q is ccc. As before, F remains unbounded in V[H].

To see that every small family is bounded, take B € [0]<?NV[H]. Because
Q is ccc, there is an A € []< NV such that B C A. Then the Hechler real
added by P4 bounds {f3: 5 € B}. m

Again it can be shown that the model does not contain well-ordered
sequences of length wy in (w®, <*).

We next describe notions of forcing for adding (6, A)-good sets for some
cardinals that satisfy w; < A < 0. The method will be similar to that used
above—but proving that our iteration is ccc will now be non-trivial.

THEOREM 3.6. Let A < 6 cardinals with cf(0) > wy. Assume either A
1s reqular or A¥ < 0. There is a ccc partial order P that adds a family
F={fe:£<0} Cw satisfying:
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(a) F is <T-unbounded,;

(b) for all B C 0 with |B| <0, {fe: £ € B} is <*-bounded;

(c) for all A C X\ with |A] < X\, FTA = {felA: £ <0} is <*-bounded.
Proof. Let V; be the ground model. As before, P € Vj will be a two-step

iteration. To define the first step, we start with a function H : § — [A]“ that
satisfies either

(1) VA€ [N (€ <0: H(E) = A} =0)
or (in case A is regular and \¥ < 0 fails)

(2)VE<OVC <N (CeH(E)=(C+1eH(E)) and

(3) V¢ <A (cf(¢) =w = [{{ < 6 :sup(H(£)) = C} = 0).

We define Py = {c € Counr : V€ < O VC < X ((§,¢) € dom(c) = ¢ €
H(£))}, ordered by reverse containment (notice that our notation here is
slightly different from that preceding Lemma 3.3: C4 denotes Fn(A4,w)).
Obviously, Py is forcing isomorphic to Cp; we think of he (the {th Cohen
real added by Py) as having domain H (¢). Extend he¢ to a function fe € w?
by setting fe({) = he(¢) for all ¢ € H(§) and fe(¢) =0 for all ¢ & H(E).

Let V; be the extension of V by Py. In V;, we define for each A C X\ with
|Al < XA and A € Vp and for each B C 0 with |B| < 6 and B € Vj partial
orders Q4 and Rp as follows: Q4 = {(s,F) : s € Ca A F € [0]<“} ordered
so that (s, F) < (s/,F') if and only if s D &', FF D F’ and

v € F ¢ € dom(s) \ dom(s") (fe(€) < s(C)).
Similarly, Rp = {(t,G) : t € C\ A G € [B]<¥}, ordered in the same way as
Qa: (t,G) < (t',G") ifand only if t D¢/, G O G’ and

V¢ € G' V¢ € dom(t) \ dom(t) (fe(C) < t(()).

In Vi, let Py = [[,Qa X HB.RB be the finite support product of the
Qa’sand Rp’s. In Vj, let P = PoxP;. Also in Vj, let (A, : @ < \’) enumerate
[A]<* and (Bg : 3 < ') enumerate [0]<°.

CraiMm. P is ccc in V7.

To prove the claim, it suffices to show that for every A € [A]<“ and
B € [0']<“, the partial order Pox ([[,c 4 Qa. X [[5cp Rp,) is ccc in Vp. For
each v € wy, fix a condition

pY = (", (s, F) s a € A), ((t3,G}) : B € B)).

We do not need to work with names because conditions are finite partial
functions, so we can assume the Py part of a condition is strong enough to
decide the second part. For ¢ € Py, set d(c) ={{ <0 :3¢ € H() ((£¢) €

dom(c))}.
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By applying a delta-system argument, we can assume that there are c,
Sq; Fu, tg, and G such that for all v < wi, all « € A, and all 3 € B,

P’ =(cUc” ((saUs), Fo UF]) o€ A),({tpUt),GgUG)) : B € B))

and for every v < § < wj, @ € A, and 8 € B, each of d(c?) N d(c®),
d(c)Nd(c?), dom(s))Ndom(s?), F7NF?, dom(t}) N dom(t}), and GyN G5
is the empty set (this also uses the countability of the sets H(£)).

We now define for all v < w,

Py)y=d()u | F1u | G}

acA peB
Q(v) = U dom(s)) U U dom(t), and
acA BeB
P=d(e)u | J Fau | Gs.
acA peB

It is now easy to find v < § < wy such that

(i) 0 = P() N P = P P(3) = P() N P(0);

(i) Q(7) N{¢ < A: 3 ed(c®) ud(c) ((§,¢) € dom(c))} =0
(iii) Q(O) N{¢ < A: 3 ed(c")Ud(c) ((&,¢) € dom(c))} = 0.

We claim that p” and p? are compatible. To see this, note that by (i)-(iii),
we can find a ¢ D ¢ U ¢® such that

(%) if £ € P(y) UP and ¢ € H(&) N Q(0), then (£,() € dom(c) and
(8,0 =0

(xx) if £ € P(0) UP and ¢ € H(§) N Q(7), then (¢,() € dom(c) and
c(&.¢) =0.

Consider the condition
p=(C{(sa UsLUS, Fy UFJUF?) :ac A,
((ts Ut} UL}, GsUGLUGY) : B € B));
we show that p < p? (p < p° is similar).

Clearly, all inclusion relations are met. Notice that by () and (xx) we
have for all a € A, all ¢ € dom(s), and all ¢ € F, U FY,

0="2(§¢) <55(0), or CZH(®),
and for B € B, ( € dom(t}), and £ € G U Gg’

0="2(£,¢) <t3(¢), or (eH(®),
so that p < p7. This establishes the claim.
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Let V5 be the extension of V; by Pj; notice that (b) and (c¢) of the
theorem are true by genericity. To complete the proof of the theorem, we
need to show:

CLAIM. F is unbounded in V5.

By way of contradiction, suppose that there is a P-name f for an element
of w* such that IFp “V¢ < @ (fe <T f)7. (We will see later that P factors
nicely, so if this statement is only forced by some non-trivial condition p,
we can replace Vg with an initial extension obtained from a generic that
contains p, and then argue as below.)

Assume first cf(\) > w; and \¥ < 6. Using condition (1) of the function
H, construct, by recursion on v < wy, conditions p¥ = (c7, ((s2,F]) : a €
A7), ((t3,G}) : B € BY)), where

¢ I 453, FY) € Qa, for a € A7 and (t},G}) € Rp, for § € B,

ordinals o < X\ and 7 < #, and integers k7 < w such that if
A= | Ae and B = |J B,

a€AY pseBY
then

(i) if cf(y) = w, then a” = sup{a’® : § < v};
(ii) if 7 is a successor ordinal, then V6 < v (a” > a® and a” ¢ A(6));
(i) V6 < 7 (87 & {57} U B(5) L d(c?));

(iv) H(BY) 2 {a’: § < ~}; and

(v) 7 IFe V¢ < A (For(0) < K7 or fn(Q) < F(Q))

To avoid having to work with names, we are again assuming that the
Py part of a condition is strong enough to decide the IP; part. Also notice
that by conditions (i) and (ii) of the recursion, Sy = {a” : v < wy } is club
in o =sup{a” : v < wi}. Thus S C Sy is stationary in o' if and only if
S ={y <wi:a? € S} is stationary in w;.

We now define regressive functions a,b,c: w; — [wi]<¥ and k : w1 — w
by:

a(y) = {6 <v: (@AY A # 0

e<d
by) = {6 <v: (B OB\ | B £0};
e<d
e(7) = {6 <7 (@) nd@)\ |Jde) #0}; and
e<d

k(v) = k7.
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By Fodor’s lemma, we can find Aq, Ay, Ac € [w1]<¥, a ko € w, and a sta-
tionary S; C wy such that for v € Sy, a(vy) = Aq, b(y) = Ay, c(y) = A and
k(v) = ko. B
Set A~: U,ea, A(v) and B = (U, c, B(v) U U, ca, d(¢7). Then for
v # v € S1, we have
() (A7 N A)\ Use, A7 = 0
(b) (BYNBY)\Usea, B° = 0; and
(©) (d(e") Nd(e )\ B = 0.
We now factor Py as P§ x P}, where
Pl ={cePy:VC<AVE<H ((€,¢) €Edom(c) = € BV (e A}
and
Pl = {c e Py:V( < AVE <O ((€,C) €dom(c) = €& BACE A}

In turn, if we set A = Jsca, A’ B = Usea, B,

P{=]] Qa x ][ Rp,, and Pi=]]Qa, x [] Rs,.

acA BEB agA BEB
then P can be factored as
P = (P) « P)) » (P§ » P}).

Let G be P° = P§ « PY-generic over Vp, and let VO = V5[G?). In V?, set
P! = P} « P1.

We claim that G° can be chosen so that S = {y € Sy : p"[P? € G"} is
a stationary subset of w; in VY. Otherwise, we can find a ]P’O—pame C for a
club subset of w; such that IFpo “Voy < wy (v € C = p7|P° & G°)”. Because

PO is cce, we can find a club Cp € Vp such that IFpo “Cy C C”. Take a
v € Cy N Sy; then

VP IFpo “p"P° € G° and v € C7,
a contradiction. N N
Let SO = {a7 : v € §°}. For v € S°, define
e(a”) =max{( <a”:(87,() € dom(c")}.

(When we are talking about ¢” (or other parts of conditions), we really mean
¢ |Py—this is ok because we have chosen ¢” so that ¢7[PJ € G°.) Notice
that e is regressive on S, so there is a stationary T° C SY and a {p < &' so
that Vy € T° (e(y) = (o). Set T® = {y < w; : ¥ € TY}.

Now choose dg < w;y so that aio ¢ A and o’ > (y. Recall that % ¢
H(B3") whenever v > dy and v € T°. Also notice that without loss of gen-
erality 87 ¢ B for v € TO. Let G be the canonical name for a P!-generic
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filter over V°. We claim that
(%) Fp1 “Vk € w Iy e T° (p¥ € GUA far (o) = k).
To see this, suppose that p! € P! and k € w. Say

Pt =(c! ((sa, Fo) s € AT), ({3, G) : B € BY)).

By conditions (a)—(c), we can find a v € T° such that the following
intersections are all empty: d(ct) N (d(c?)U{B"}), AN AY, and B N B.

Set pg = (" U{{(B7,a™), k)}, ((s3, FQ) : o € A7), (], G} B € BY));
then p'Upy] is a condition extending both p* and pJ that forces fg~(a®) = k.
This establishes ().

Let G be P'-generic over V° and set V! = VO[G'] = Va. Let k; =
FIGY(a%). By (%), there is a k € w and a y € T° so that k > ko, k; and
far[GY)(a%) = k. This contradicts the fact that each fg.[G](¢) is forced
to be less than either ko or f [G1](¢). This establishes the claim and the
theorem in most cases.

In case A is regular and A < 6 fails, we use conditions (2) and (3) of the
function H to carry out a similar construction, replacing (ii) and (iv) by

(ii) V& < v (a” > max{a?, sup(A(5))}); and
(iv)! sup(H(B")) = o (and thus cf(a?) = w).

The rest of the argument is very similar to the first case, and we leave it to
the reader to figure out the details.

In case cf(\) = w, we write A = |J,, A, where A, < A\,41 < A and the A,
are regular. We again do a similar construction, this time producing ordinals
a) < Ap; (i), (ii) and (iv) are generalized to

(1)" if cf(y) = w, then o) = sup{a? : § < v} for all n;

(ii)” if v is a successor ordinal, then Vn V6§ < v (o > o and, if A(§)N\,
is bounded in \,,, then o) > sup(A(9))); and

(V)" HB) D {al :ncwAd <y}

The proof continues as before. Notice that there must be n € w so that
ANn{a) :y < w;}is bounded in {a) : v < w;}. We complete the argument
with all a” replaced by o). =

4. Topological consequences. As shown in [LL], the existence of a
(0, X)-good set is equivalent to the existence of a first countable <f-cwH
space X with a closed discrete set D of cardinality 6 such that D is not
separated and

A=min{|E|: E C D, D\ E is separated, and
VF e [E]<IEl (D \ E) UF is separated)}.
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By these results, Theorem 3.5 gives a new example of a first countable
space in which cwH fails for the first time at a singular cardinal. Notice that
this space is easier to construct than the examples in [FS] and [K], and can
be made cwH by removing a countable closed discrete set.

Suppose that A < 0 are uncountable cardinals that satisfy the hypotheses
of Theorem 3.6. The (0, A)-good set constructed by Theorem 3.6 gives a new
consistent example of a first countable, <f-cwH space X that is not <#-cwH.
The set of non-isolated points of X is the union of two disjoint closed discrete
sets D and E, where |D| =6, |E| = X\, both D and E are separated, but D
and F are not contained in disjoint open sets. Thus, X can be made cwH
by removing the small closed discrete set E.

When A = 6 satisfy the hypotheses of Theorem 3.6 and are singular, the
space X obtained resembles the first countable <#-cwH not <#-cwH space
constructed in [F'S], though the models in which the constructions take place
may be quite different. In both spaces, the set of non-isolated points is the
union of two disjoint closed discrete sets of cardinality 6, each of which is
separated, but that are not contained in a pair of disjoint open sets.

When 6 is singular and greater than A, we obtain a first countable space
in which cwH fails for the first time at 6, yet the space can be made cwH
by removing a closed discrete set of cardinality A.

5. Questions. We have shown for many cardinals A < 6 that “there
is a (6, A)-good set” is consistent. On the other hand, under GCH, there
are no (0, A)-good sets when wy < cf(\) < A < 6, so for these cardinals, the
existence of a (0, A)-good set is independent of ZFC. There are no (¢, #)-good
sets when 6 is singular of countable cofinality (see [LL]), so we ask:

(1) Is it consistent to have a (6, \)-good set when cf(f) = w and wy <
cf(\) <A <67

(2) Suppose that w = cf(\) < A. Is there, in ZFC, a cardinal 6 such that
A < 6 <\ and there is a (0, \)-good set?

Of course, the most important question, originally asked by Dow and
Todorcevié, is:

(3) Does ZFC imply the existence of an (w2, ws)-good set?

Todorcevi¢ [T] showed that [(J(we) implies that there is a (ws,ws)-good
set. So at least a weakly compact cardinal is required to produce a model
with no (ws,ws)-good sets. Fleissner used EY, (i.e., “there is a non-reflecting
stationary subset of wo consisting of ordinals of countable cofinality”) to
construct a first countable, <wz-cwH space that is not <ws-cwH, so E),
can also be used to produce an (wq,ws)-good set.

Recall that Beaudoin (and independently, Magidor) showed that PFA
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is consistent with E¢ , while PFA™ implies that stationary sets reflect. We
conclude with:

(4) Does PFA™ imply that there are no (wz,ws)-good sets?
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