
FUNDAMENTA
MATHEMATICAE

151 (1996)

Almost-Bieberbach groups with prime order holonomy

by

Karel D e k i m p e* and Wim M a l f a i t (Kortrijk)

Abstract. The main issue of this paper is an attempt to find a decomposition theorem
for infra-nilmanifolds in the same spirit as a result of A. Vasquez for flat Riemannian
manifolds. That is: we look for infra-nilmanifolds with prime order holonomy which can
be obtained as a fiber space with a non-trivial nilmanifold as fiber and an infra-nilmanifold
as its base.

In this perspective, we prove the following algebraic result: if E is an almost-Bieber-
bach group with prime order holonomy, then there is a normal subgroup Π of E contained
in the Fitting subgroup of E such that E/Π is an almost-Bieberbach group either hav-
ing a Fitting subgroup with center isomorphic to the infinite cyclic group, or having an
underlying crystallographic group with torsion and a center coinciding with that of its
Fitting subgroup.

1. Introduction. Let us start with some notational remarks used
throughout this paper. We also recall the (algebraic and geometric) fun-
damentals of the theory of almost-Bieberbach groups and infra-nilmanifolds
and review the decomposition theorem of A. Vasquez for flat Riemannian
manifolds which we want to generalize.

1.1. Notational remarks. For a group G, Z(G) denotes the center of G.
For a subset X in G, CGX is the centralizer of X in G. The isolator (or
root set) of a subgroup H of G is defined by

G
√
H = {g ∈ G : gk ∈ H for some k ≥ 1}.

Recall that the lower central series of G is defined inductively by γ1(G) = G
and γn+1(G) = [γn(G), G] (n ∈ N0, the set of positive integers). It is well
known that, for all k ≥ 1, G/ G

√
γk(G) is torsion-free ([9, p. 473]). G is said

to be c-step nilpotent (or nilpotent of class c) if and only if γc(G) 6= {1} and
γc+1(G) = {1}. It then follows that γc(G) ⊆ Z(G). If, moreover, Z(G) is
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torsion-free, then the inner automorphism group Inn(G) ∼= G/Z(G) of G is
also torsion-free ([9, p. 470]).

1.2. Almost-crystallographic groups: an overview . If L is a connected and
simply connected, nilpotent Lie group and C a maximal compact subgroup
of Aut(L), then an almost-crystallographic group is defined as a discrete
and uniform subgroup E of the semi-direct product LoC ⊂ LoAut(L) =
Aff(L). The translation subgroup N = E ∩ L is a lattice of L and it is
the unique normal subgroup of E which is maximal nilpotent. The quotient
F = E/N , called the holonomy group, is a finite group acting faithfully on
L. If E is torsion-free, then E is an almost-Bieberbach group and the cor-
responding compact orbit space M = E\L is an infra-nilmanifold . Almost-
Bieberbach groups are exactly the fundamental groups of infra-nilmanifolds.
Clearly, this set-up is a straightforward generalization of the classical theory
of Bieberbach groups and flat Riemannian manifolds (i.e. L = Rn).

As an abstract group, a group E is almost-crystallographic if and only if
E contains a finitely generated, torsion-free, nilpotent normal subgroup N
of finite index, which is maximal nilpotent in E ([7]). A short exact sequence
of groups 1 → N → E → F → 1, with E finitely generated, N torsion-free
nilpotent and F finite, such that N is maximal nilpotent in E, is called
essential (see [6]). It follows then that N is the Fitting subgroup Fitt(E) of
the almost-crystallographic group E ([10]). Its Hirsch length h(N) is referred
to as the dimension of E. In this case, the Lie group L, as introduced above,
is the Mal’tsev completion of N . It is also well known that each finitely
generated, torsion-free, virtually nilpotent group is an almost-Bieberbach
group.

The abstract kernel F → Out(N) induced by an essential extension
1 → N → E → F → 1 is faithful ([4]), or equivalently CE(N) = Z(N),
and hence, Z(E) coincides with Z(N)F , the subgroup of all elements of
Z(N) fixed under the action of F on Z(N). Another basic fact concerning
essential extensions is the following: if we factor out the characteristic sub-
group N

√
γ2(N), then the resulting extension (of quotients) again is essential

([4]). We write Cr(E) for the quotient E/ N
√
γ2(N) and call it the underlying

crystallographic group of E.

1.3. Flat toral extensions. In [12], A. Vasquez introduces the notion of
flat toral extensions. Recall that a flat toral extension of a k-dimensional flat
Riemannian manifold M = E\Rk is any Riemannian manifold isometric to
E\(Rk × T ), where T is a flat torus on which E acts via isometries. He
proves that, under a condition stated in terms of the holonomy group of the
manifold, each flat Riemannian manifold arises as a flat toral extension, i.e.
as a fiber bundle over another flat Riemannian manifold with a flat torus as
fiber:
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Theorem 1.1 [12, Theorem 2.3]. Associated with each finite group F
there is a positive integer n(F ) such that : if M is a flat Riemannian man-
ifold with holonomy group F , then M is a flat toral extension of some flat
Riemannian manifold of dimension ≤ n(F ).

Vasquez had no information about this function n(F ), except when F
is of prime order, then n(F ) can be taken to be 1. At several places in the
literature, attempts to estimate n(F ) are presented (see [11], [13], . . . ).

Here, we investigate to what extent the particular result for prime order
holonomy can be generalized towards infra-nilmanifolds.

2. Almost-Bieberbach groups with prime order holonomy. Be-
fore we can formulate our main theorem, we need some group theoretic
results.

Lemma 2.1. Let F be a finite group and Zk an F -module. If (Zk)F is
a proper subgroup of Zk, then there is a non-trivial F -submodule M of Zk
such that (Zk)F ∩M = {1} and Zk/M is torsion-free.

P r o o f. Assume that the F -module structure of Zk is given by ϕ : F →
Aut(Zk). Consider Zk as an F -submodule of Qk, where the module structure
is given by F

ϕ→ Aut(Zk) ↪→ Aut(Qk). Consider the associated semi-direct
product Qk o F . This group fits into a short exact sequence

(1) 1→ (Qk)F → Qk o F → (Qk o F )/(Qk)F → 1

and (Qk o F )/(Qk)F ∼= (Qk/(Qk)F ) o F ∼= Ql o F , for some l ∈ N0. Note
that the restricted short exact sequence 1→ (Qk)F → Qk → Ql → 1 splits.
So, if 〈f〉 ∈ H2(Ql oF, (Qk)F ) denotes the cohomology class corresponding
to the extension (1), then res : H2(Ql o F, (Qk)F ) → H2(Ql, (Qk)F ) sends
〈f〉 7→ 〈0〉. But since (Qk)F is divisible and Ql is of finite index in Ql o F ,
res is injective (use [1, p. 118]) or 〈f〉 = 〈0〉. Hence, there exists a splitting
section (i.e. a homomorphism) s : Ql o F → Qk o F of (1). Write M̃ for
s(Ql), which is an F -submodule of Qk (i.e. M̃ is normal in Qk o F ). Then

M =
Zk
√
M̃ ∩ Zk = M̃ ∩ Zk

is a non-trivial F -submodule of Zk such that (Zk)F ∩M is trivial and Zk/M
is torsion-free.

The following well known lemma is the start of an induction process
leading to our main theorem.

Lemma 2.2. Let 1 → N ∼= Zk → E ∼= Zk → Zp → 1 be a short exact
sequence of groups where k ∈ N0 and p is prime. Then there is a subgroup
Π of E contained in N such that E/Π ∼= Z.
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This elementary result can now be generalized towards the nilpotent
case.

Proposition 2.3. Let 1→ N → E → Zp → 1 be a torsion-free, finitely
generated , nilpotent extension of a group N by a finite cyclic group of prime
order p. Then there is a normal subgroup Π of E contained in N such that
E/Π is a torsion-free group with center isomorphic to Z.

P r o o f. We proceed by induction on the Hirsch length h(E) of E. If
h(E) = 1, then E ∼= Z and the proposition is trivially true. Assume h(E) > 1
and Z(E) ∼= Z(N) ∼= Zk, where k > 1 (note that Z(N) is a subgroup of
Z(E) of index ≤ p). Divide out Z(N) to obtain the following extension of
quotients:

(2) 1→ N/Z(N)→ E/Z(N)→ Zp → 1.

We distinguish two possibilities:

• Z(N) = Z(E): Since E/Z(E) is torsion-free and because the Hirsch
length of E/Z(E) is smaller than h(E), by induction on (2), there is a
normal subgroup Π/Z(E) of E/Z(E) (or Π normal in E) such that Π ⊆ N ,
(E/Z(E))/(Π/Z(E)) ∼= E/Π is torsion-free and Z(E/Π) ∼= Z.
• Z(N) 6= Z(E): Since p is prime, 1 → Z(N) → Z(E) → Zp → 1 is

exact. Hence, there is a subgroup Π of Z(E) contained in Z(N) such that
Z(E)/Π ∼= Z (Lemma 2.2). Observe that Π cannot be trivial. Then

1→ Z(E)/Π → E/Π → E/Z(E)→ 1

is exact and hence, because E/Z(E) is torsion-free, E/Π is a finitely gener-
ated, torsion-free, nilpotent group with smaller Hirsch length than E. Now,
the desired result follows immediately by induction on 1→ N/Π → E/Π →
Zp → 1.

Let us now return to our main point of interest: the almost-Bieberbach
groups. We recall that, in the context of Bieberbach groups, A. Vasquez
proved

Proposition 2.4 [12, Theorem 3.6, Remark 2.5]. If E is a Bieberbach
group with prime order holonomy , then there is a normal subgroup Π of E
contained in Fitt(E) such that E/Π ∼= Z.

As mentioned before, it is our purpose to generalize this result towards
almost-Bieberbach groups with prime order holonomy.

For a Bieberbach group E with translation subgroup N and holonomy
group F 6= 1, Z(E) = NF is always a proper subgroup of N since the
F -module structure on N is injective. Unfortunately, in general, if E is an
almost-Bieberbach group, the injectivity of the induced abstract kernel does
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not imply that Z(E) is a proper subgroup of Z(Fitt(E)), as the following
elementary example shows:

Example 2.5. The group E presented as

E : 〈a, b, c, α : [b, a] = c2, [c, a] = 1, [c, b] = 1,

αa = a−1α, αb = b−1α, αc = cα, α2 = c〉
is an almost-Bieberbach group fitting into an essential extension 1→ N →
E → Z2 → 1 where

N : 〈a, b, c : [b, a] = c2, [c, a] = 1, [c, b] = 1〉.
Obviously, Z(E) = Z(N), the subgroup generated by c.

As the reader will notice, this causes some difficulties to formulate a
result similar to Proposition 2.4 for almost-Bieberbach groups. Anyhow, we
can still prove the following generalization:

Theorem 2.6. Let E be an almost-Bieberbach group with prime order
holonomy. Then there is a normal subgroup Π (which might be trivial) of E
contained in Fitt(E) such that E/Π is again an almost-Bieberbach group,
but now with the additional property that

• Z(Fitt(E/Π)) ∼= Z, or
• Cr(E/Π) has torsion and Z(Fitt(E/Π)) = Z(E/Π).

P r o o f. The almost-Bieberbach group E fits into an essential extension

1→ N = Fitt(E)→ E
j→ F ∼= Zp → 1 (p prime).

We proceed by induction on the dimension of E (= the Hirsch number h(N)
of N). If h(N) = 1, then N ∼= Z and the theorem holds trivially. Assume
h(N) > 1, or even stronger h(Z(N)) > 1 (otherwise we can take Π = {1}).

If the underlying crystallographic group Cr(E) = E/ N
√
γ2(N) of E is

torsion-free (or Cr(E) is a Bieberbach group), then Proposition 2.4 proves
the existence of such a normal subgroup Π. On the other hand, if Cr(E)
has torsion, then we assume that Z(E)(= Z(N)F ) is a proper subgroup of
Z(N) in order to deal with a non-trivial situation.

Then there is a non-trivial F -submodule M of Z(N) (or M is normal in
E) such that Z(E) ∩M = {1} and Z(N)/M is torsion-free (Lemma 2.1).
We factor out by M and obtain a short exact sequence

(3) 1→ N/M → E/M → F → 1.

Since N/Z(N) is torsion-free and 1 → Z(N)/M → N/M → N/Z(N) → 1
is exact, it follows that N/M has no torsion. Now, we claim that E/M is
also torsion-free (and hence an almost-Bieberbach group of lower dimension
than E).
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Suppose that E/M is not torsion-free and let e 6= 1 be an element of
E such that ek ∈ M , for some k > 1. Since N/M is torsion-free, e is not
an element of N . Then its image x = j(e) can be seen as a generator of
F ∼= Zp. Fix a section s : F → E (j ◦ s = 1) such that s(x) = e. Then ek

is of course fixed under the (induced) action of F on Z(N). It follows that
ek (which already belongs to M) is also an element of the center of E and
hence ek = 1. Then it follows immediately that e should be equal to 1 since
E is torsion-free, which contradicts our assumption.

Since p is prime, there are only two possibilities for the Fitting subgroup
of the almost-Bieberbach group E/M . If Fitt(E/M) = N/M , then the de-
sired result follows immediately by induction on (3). In case Fitt(E/M) =
E/M , E/M is a finitely generated, torsion-free, nilpotent group. We use
Proposition 2.3 (applied to extension (3)) to finish the proof.

This theorem indicates a class of almost-Bieberbach groups E with prime
order holonomy having a normal subgroup Π contained in N = Fitt(E) such
that E/Π is an almost-Bieberbach group of lower dimension; namely those
E where the Hirsch length of the center of N is greater than 1 and

• the underlying crystallographic group of E is torsion-free (Exam-
ple 3.1), or
• the center of E is a proper subgroup of the center of N (Examples 3.2,

3.3).

3. Some examples. We illustrate our theorem for some 4-dimensional
almost-Bieberbach groups with 2-step nilpotent Fitting subgroup. A good
algebraic source of examples of almost-crystallographic groups is found in [3]
(all isomorphism types in dimension 3) and in [2] (dimension ≤ 4).

Example 3.1. We use almost-Bieberbach groups of type 4 in [2]. Con-
sider the group E presented as:

E : 〈a, b, c, d, α : [b, a] = 1, [c, a] = dk, [c, b] = 1,

[d, a] = 1, [d, b] = 1, [d, c] = 1,

αa = a−1α, αb = bα, αc = c−1α,

αd = dα, α2 = b〉, k ∈ Z0.

E fits into an essential extension 1→ N → E → F ∼= Z2 → 1 where

N : 〈a, b, c, d : [b, a] = 1, [c, a] = dk, [c, b] = 1,

[d, a] = 1, [d, b] = 1, [d, c] = 1〉.
Remark that Z(E) = Z(N), the subgroup generated by b and d.
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It is clear that N
√
γ2(N) is the subgroup generated by d and that the

underlying crystallographic group of E is

Cr(E) : 〈a, b, c, α : [b, a] = 1, [c, a] = 1, [c, b] = 1,

αa = a−1α, αb = bα, αc = c−1α, α2 = b〉,
a 3-dimensional Bieberbach group. As stated in Proposition 2.4, there is a
normal subgroup Π of Cr(E) contained in the translation subgroup of Cr(E)
such that Cr(E)/Π ∼= Z; namely take Π to be the subgroup generated by
a and c.

Example 3.2. We work with the almost-Bieberbach groups E of type 2
in [2]:

E : 〈a, b, c, d, α : [b, a] = d2k, [c, a] = 1, [c, b] = 1,

[d, a] = 1, [d, b] = 1, [d, c] = 1,

αa = a−1α, αb = b−1α, αc = c−1α,

αd = dα, α2 = d〉, k ∈ Z0.

The group E fits into an essential extension 1 → N → E → F ∼= Z2 → 1
where

N : 〈a, b, c, d : [b, a] = d2k, [c, a] = 1, [c, b] = 1,

[d, a] = 1, [d, b] = 1, [d, c] = 1〉.
Remark that N

√
γ2(N) is the subgroup generated by d and that

Cr(E) : 〈a, b, c, α : [b, a] = 1, [c, a] = 1, [c, b] = 1,

αa = a−1α, αb = b−1α, αc = c−1α, α2 = 1〉,
a 3-dimensional crystallographic group with torsion.

Clearly, Z(E) is the subgroup generated by d while Z(N) is generated
by c and d. Note that the subgroup generated by c is a suitable F -module
M . If we factor out, we obtain

E/M : 〈a, b, d, α : [b, a] = d2k, [d, a] = 1, [d, b] = 1,

αa = a−1α, αb = b−1α, αd = dα, α2 = d〉,
a torsion-free 3-dimensional almost-Bieberbach group of type 2 in [3]. Its
Fitting subgroup is N/M , the underlying crystallographic group of E/Π
has torsion and Z(E/M) = Z(N/M) ∼= Z.

Example 3.3. Now, take the following almost-Bieberbach groups (mem-
bers of type 6 in [2]):

E : 〈a, b, c, d, α : [b, a] = 1, [c, a] = dk, [c, b] = 1, [d, a] = 1,

[d, b] = 1, [d, c] = 1, αa = aα, αb = b−1α,

αc = cα, αd = dα, α2 = d〉, k ∈ Z0.
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The group E fits into an essential extension 1 → N → E → F ∼= Z2 → 1
where

N : 〈a, b, c, d : [b, a] = 1, [c, a] = dk, [c, b] = 1,

[d, a] = 1, [d, b] = 1, [d, c] = 1〉.
Clearly, N

√
γ2(N) is the subgroup generated by d and hence, the underlying

crystallographic group of E has torsion.
Note that Z(E) is the subgroup generated by d, Z(N) is generated by b

and d and the submodule generated by b is a suitable F -module M . If we
factor out, we obtain

E/M : 〈a, c, α : [c, a] = α2k, [α, a] = 1, [α, c] = 1〉,
a torsion-free, 2-step nilpotent group with center isomorphic to Z.

4. Infra-nilmanifolds as fiber spaces with a nilmanifold as fiber.
A short exact sequence 1 → Π → N → N/Π → 1 of finitely generated
torsion-free nilpotent groups induces a short exact sequence of the corre-
sponding Mal’tsev completions

1→ L(Π)→ L(N)→ L(N)/L(Π) = L(N/Π)→ 1.

After choosing a smooth section s : L(N/Π) → L(N), we may identify
L(N) with L(Π)× L(N/Π) (as smooth manifolds, not as groups!). Indeed,
any element l ∈ L(N) can be written uniquely as a product l = x s(y)
with x ∈ L(N) and y ∈ L(N/Π), so that we can identify l ∈ L(N) with
(x, y) ∈ L(Π)× L(N/Π).

Now, let us return to the situation of the previous section and consider
a short exact sequence

1→ Π → E → E → 1

of almost-Bieberbach groups with Π ⊆ N = Fitt(E). As N/Π is a subgroup
of finite index in N = Fitt(E), we have L(N) = L(N/Π).

The affine action of E on L(N) = L(Π)× L(N) has the following prop-
erties:

1. ∀e ∈ E, ∀(x, y) ∈ L(Π) × L(N) : e(x, y) = (fe(x, y), he(y)), where fe
is a smooth map from L(Π)×L(N) to L(Π) and he is a diffeomorphism of
L(N).

2. ∀e ∈ Π, ∀(x, y) ∈ L(Π) × L(N) : e(x, y) = (ex, y), where ex is just
left translation in L(Π).

3. ∀e ∈ E : he ∈ Aff(L(N)).
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From these observations it follows that there is a commutative diagram

L(N) = L(Π)× L(N) L(N)

Π\L(Π)× L(N)

E\L(N) = E\(Π\L(Π)× L(N)) E\L(N)

q1 //

p2

SSSSSSSSSSSSS))
p1

²²

p4

²²

p3

uukkkkkkkkkkkkk

q
//

where the pi (i = 1, 2, 3 or 4) are covering projections, q1 is projection
onto the second component and q is the map making the diagram commute
(see [5] and [7]). In fact, q is a fibering projection, so we have

Conclusion 4.1. Every infra-nilmanifold of prime order holonomy has
a fibration structure whose fiber is a nilmanifold and base is an infra-nil-
manifold with fundamental group E such that Z(Fitt(E)) ∼= Z or such that
Cr(E) has torsion and Z(Fitt(E)) = Z(E).

Indeed, the above observations and Theorem 2.6 show that an infra-
nilmanifold E\L(N), with prime order holonomy, fibers over an infra-nil-
manifold E\L(N) with fiber the nilmanifold Π\L(Π). Remark that in some
cases the fiber might be trivial.

In order to illustrate the possible situations, we reconsider the examples
of the previous section. First of all, we remark that all groups E considered in
these examples are fundamental groups of 4-dimensional infra-nilmanifolds,
each obtained as a quotient of the Lie group L = H × R, where H denotes
the 3-dimensional Heisenberg Lie group.

1. In Example 3.1, we factored out (in two steps) by the group generated
by a, c and d. This shows that the infra-nilmanifold with fundamental group
E can be considered as a fiber space with fiber a 3-dimensional nilmanifold
(covered by H) and base space the circle. The fact that we used two steps
to obtain this factorization illustrates that the fiber (nilmanifold) itself can
be seen as a fiber space with fiber a circle and base T 2, the two-dimensional
torus.

2. In Example 3.2, we split the infra-nilmanifold as a fiber space with
fiber a circle and base space a 3-dimensional infra-nilmanifold with holonomy
Z2.

3. Finally, in Example 3.3, we again obtain a circle as fiber but now the
base space is a 3-dimensional nilmanifold (covered by H).
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