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A quasinilpotent operator with reflexive commutant
Iy

M. ZAJAC (Bratislava)

Abstract. An example of a nonzero quasinilpotent operator with reflexive commutant
is presented.

Let H be a complex separable Hilbert space and let B(H) denote the
algebra of all continuous linear operators on H. If ' € B(H) then {T} =
{A € B(H): AT = T A} is called the commutant of T. By a subspace we
always mean a closed linear subspace. If A C B(H} then Alg .4 denotes the
smallest wealdy closed subalgebra of B(H) containing the identity I and A,
and Lat A denotes the et of all subspaces invariant for each A € 4. If L is a
set of subgpaces of H, then Alg L = {T" e B(H) : £ € Lat{T}}. T is said to
be hyperreflezive if {1} = AlgLat{T}’, i.e. if the algebra {I'}’ is reflexive.

The purpose of this paper is to present the answer to the following prob-
lem [1, p. 124]:

Does there exist a nonzero hyperreflexive operator in a (necessarily infi-
nite-dimensional) Hilbert space with spectrum o(T) = {0}?

The solution is obtained by a medification of an idea of Wogen [4]. In
remark (iii) of [3, p. 165] D. A. Herrero stated without proof that there
is a quasinilpotent operator-weighted shift satisfying {T} = AlgT. Using
results of Hadwin and Nordgren from [2] this could solve in the affirmative
the above mentioned problem. However, this remark was not accurate and
further modifications were necded to obtain the desired result,

Before stating the main result we need two lemmas. Let R be a complex
separable Hilbert space and Ry = {x € R : |z|| = 1} be its unit sphere.
As usual we denote by N the set of all positive integers and for a complex
number A, Re X denotes its real part. Also, as usual, for 2,9 € R, (z,y) and
|lz|| denote the scalar product and the norm, respectively.

The following lemama asserts that arbitrary elements e, f of the unit
sphere of R can be joined by an arc in Ry of length at most .
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LeMMa 1. Let e, f € Ry and let p € [~7/2,7/2] satisfy Re{exp(ip)(e, £)}
=0. If fort €[0,1],
t
z(%) = cos %—t exp(ity)e + sin % exp(i(t — L)) f
then
(i) |lz®)|| =1 for all t € [0, 1],

(i) 2(0) =, 2(1) = f,
(iil) |z(t1) ~ z(t2)]l < [ty ~ talm for all 1,2 € [0,1].

Proof. The assertion (ii) is obvious, (i) and (ili) can be proved by stan-
dard computations:

lz@)* = ((t), 2(t))

1 1 t
= cos? % + gin? 11; +2Re { cos %ﬁ sin % exp(ip)(e, f)} =1,

and the assertion (i) is proved. To prove (iii) we compute
l(t1) — 2(t2)]?
= (1 —cos(p+n/2)(fr — t2)) + (1 = cos (v — 7/2) (81 — t2))
(il —_ tz)’n‘
2
< Lot m/2%t —1a)? | (o~ /22t~ £2)> 2ty — )% e|m
< + +
2 2 2
= (" + 74+ Jpim)(ts — t2)* < 7 (b1 — t2)°.

When deriving the first inequality, the relations [sint] < [¢{| and 1 — cost <
t*/2 have been used. This finishes the proof of the lemma.

+ 2iexp(ip)(e, f) sin (£ ~ a ) sin

LemMmaA 2. There exists o sequence {gn}5%, of elements of Ry that is
dense in Ry ond that satisfies the condition

(1) forallneN,  |gn = g1l £ 1/n.

Proof Let {hx}32, € Ry be any dense sequence. We shall construct
by induction a sequence {g,}52.; that satisfies (1) and such that hy = gn,
is its subsequence. {g,}3%, is then obviously dense in Ry,

We set g1 = h; and we suppose that gy, gs,...,0n, = hy satisfying
|95 —gs+1i < 1/j for j < ny are constructed. We also suppose that by, . . ., bk
is a subsequence of g1,...,9,,. Now we use Lemms 1 for ¢ = hy and
f = hg41. Since 37 1/n diverges there exists p € N with p > 2 such that

152 1 1222
- <1< .
W;nk-lﬁ vrjgnnk-w
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‘We define 4 =0,
i1
1< 1
t-=-§ - fori=1,...,p~
i o P ik ’ P~ 1,

tp= 1 (0 =ty <l < ... <ty =1). If weset gp,41 = (1), gnyra =
m(tZ)a cevy Gugdp—1 = m(t-[r—l): Gnytp = -'E{'l';p) = hk,+1 then Lemma 1 and
the induction assumption imply that the sequence g1, ..., gn,, gnotts .-+,
Onp+p = hipr satisfies the condition |lg; — g1 £ 1/ for all § < ny + p.
This finishes the proof.

Now we formulate the definitions that will be used to present our main
result. Let R be a complex separable Hilbert space with dim R > 2. Let
{gn}22, be a dense subset of its unit sphere Ry satisfying {1). Following
3], (4] we denote by P, & B(R} the orthogonal projection onto the one-
dimensional subspace spanned by g, and set

an(I»«Pﬂ)+%Pm n=12...

Let H be the orthogonal sum of infinitely many copies of R:
(2) H=RG&ER®...
and define

- 1 _
(8) Ty=Ri=I Ty=DRR* T,= I;)—g?il%,.,,ﬂlzni for n > 2.

Note that for n > 2,
1
= Rot1.
logn -log(n —1)-... log2 "

Let T ¢ B(H) he the weighted shift with the weights T),, Le. the operator
with matrix T = (Ty; ), ;>0 (with respect to the decomposition (2)), where

T?’I.T’J’L"“I. e T(J

"‘,-,4...1_,-‘ B Tj; for 4= (), 1, ey

otherwise Ty; = 0.

The following theorem answers in the affirmative the problem whether
there exists a nonzero quasinilpotent operator with reflexive commutant.

THEOREM. The above defined operator-weighted shift T' is bounded and
satisfies the conditions

(1) o(T) = {0},
(i) {T} = AlgT,
(iif) {TY 45 a reflewive algebra, i.e. T is a nonzero quasinilpotent operator
with reflexive commutant.
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Proof. The reflexivity of any weighted shift with injective weights of
dimension at least two was proved in [2, Corollary 3.5]; consequently, (if)
implies (iii).

To prove (i) let us mention first that T" = (i)

15 )i!jz(j satisfles

T = Tiin1Tignz - Toa Ty fori=0,1,...

y
and
T}(E) =0 ifj—iz#n.
We have to compute |77 = sup;s ||T;(T,)H|| Let n > 3. Then
10g2-10g3-.1..-10g(n—1)R“’ i=0
(4) Ti(:",)” = = Ry R, i=1,

log2-log3-...-logn
! R.R7Y, i>2

logi-log(i+1)-... log(n+i—1)
We have ||R,|| =1 for all n € N. Let us estimate || Rp4:R; || for i > 1 and
fixed n. If z € R with ||z} = 1 then
- 1 .
BB e = | (I = Ppyi} + mf’ﬂ-w (I~ P)+iP]a
1
= (I e Pﬂ+1;)(_[ e P.,,)m + n——_—|-‘t:Pn+i(I - PZ)SE

(I = Pyi)Pic ﬁml’wﬂm-
Clearly,
n+i+nli
Since (I — Pati)gnt: = 0 using (1) we obtain
I ~ Prss) P
= [|(T = Pogi) (s ga)oill = (e, 93)| - |(T = Prsi){g = gnsi)|
< llgi = gasll

| Rasi B ]l < 14 + i (I Poya)Piz|| < 2+44{T ~ Props) P

< Nlgi = gigall + giea — izl -+ - o+ |Gneiet ~ gni|, < RJ%
Consequently, || Rni By || € 2+ n. Therefore (4) implies
, 1
1 <
log2:log3-...-logn
and so T' is quasinilpotent.

(24 n)
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(ii) will be proved similarly to [3, Lemma 2.3]. Let 4 = (Ai;)is>0 be the
matrix of A € {T'} in the decomposition (2). Then -

~ Ay Ty —AgpTy
ThAgo ~ AnTy ToApr — ATy Thdge — AT
TiAy ~ AnTy DAy - ATy TiArn — ApThy
ThAgo — ApTy Todyy ~ ATy Thdgg — ATy

—Ap3Ty

0= TA—~ AT =

Since T),'s are invertible the first row indicates Agn, = 0 for all n > 1. It
follows then from the socond row that Ay, = 0 for all n > 2, etec. so that
Ay = 01if j >4, L.e. the matrix A4 is lower triangular.

Frowm the entries (4,7 ~ 1) on the first subdiagonal we obtain

Todoo — A11To = 0 = A1y = ThApeTy " = Agos

Ty Ay — AgeTy = 0 = Agy = T1TpAge(TyT0) ™! = RoAgoR3 1,

Ama = (Tn-lTn—Z . -TO)AOO(anlTn-Z ‘.- -To)*l
= RnA()DR;;l.
Consequently,

4]l z [[Ane| = Sl;lg\anAoomli/lanva

If Aoy is not a multiple of the identity then there exists my € Rq such
that 9y = Agoze i3 linearly independent of zo. By taking a subsequence
gn(s) — @0 we deduce that there exists § > 0 such that || Rniyyoll > & for all
i2>1and

. . ) 1
?]_H:& HRn(u’)mOH = &l_l_fgla HR'n('i)Qn(i) EI = 11320 ;;Gj =0
and so
et
HAH 2 sup “ n(m.)JO“ = oo,
i ”Rn(v)wU“

This contradiction proves that dn, = Ao for all n > 0 (and some complex
number Ag).
Again ag in [3] we find that, for fixed i > 1 and all n 2 0,
Antin = (Tnie1Tprivz -+ T} Aio(Tn1 Tz - T0) ™
= (Thsic1 ooz - T0)Si0(Tn-1Tn2 ... To) %,

where ;g = (Ty-1Ti-g .. .T{J)‘I‘Aﬁ). Thus
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{Tpsim1 Tz - - - T0)Si0]|
Apin|l =
i 30 [Tn-iTamz.. Tos]
I(Tawic1Tngiz2 o Tn)(Tne1Tnmz - - T0) Sioz||

= sup

T340 ”Tn—lTnME o Tow
> 1 - SUp |E(anlTr -2 -TO)STL(WH
!|(Tn+imiTn+i—2 s Tn)— ” 230 HanlTn—-z ce T()m”
1
T log(n+i—1)logln+i—2)...logn
1 “(T ~1T7f,,_2 I Ib)gg().’BH
b sup

HRnR;}-i” wl HTnannwE - Ty | l
Now (1) implies (by the same token as || Rp4+:R; || < 2+ n) that
2+in+if+it1

-1
| RaB <
We obtain the inequality
1
Antinll 2 . .
Anionll 2 log(n +i— Dlog(n +i—2)...logn
% 1 sup H (Tn—-lanB R T(J)Si()mH
242t it 1y |To1Thez... Tozl]

Again if there exists o € Ry such that zg and yo = Swxoe are linearly
independent and if we choose a subsequence n(k) such that limg—, o Inik) =
Ty then

1

An i Z - ;
[ Angeyigmn | 2 log(n(k) + 1 — 1) log(n(k) +i —2)...logn(k)
y n(k) M Bagm ol
@2+ dn(k)+@+i+1 [[Rugywol
Since
. n(k) 1 ) 1
I = Aty o]~ | =
Roa N Gy Y S B e s S L ("R”(’“)"” | n(k)) 0.

T
lir N
novoo log(n -+ 1~ 1) log(n 75— 2. logn

and there exists § > 0 such that || Ryl 2 68 for all & = 1, we obtain a
contradiction:

1Al > sup ([ Angie) -ingiey | = o0

This means that there exists a complex number A; such that S,y = A J and
80 Antin = AiTnsi1Tapion ... Th
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Observe that the only nonzero entries of the matrix of the operator
T are Tr(L:)M,;,,,, = Tngi-1Tnpi-2... T for » = 0,1,2,... and so formally
A=Y ATk

The rest of the proof is exactly the same as that of Lemma 2.3 in [3]. The
operator A can be written as a formal power series Y AyT*. The series need
not converge but its Cosdro means converge to A strongly. This finishes the
proof of the assertion (ii) and of the Theorem as well.

Remark. In vemark (iii) of {3, p. 165] it was claimed that an operator-
weighted shift 7" on the space (2) with weights Ty = Ry, Ty = RpR7T,
and Ty, = (L/{nlogn)) Ry By' for n > 2, is quasinilpotent with {7} =
Alg T'. However, we were not able to prove the last equality for this operator.
The proof sketched in [3] fails, We would also like to mention that without
assuming (1) our operator T' with weights (3) need not be bounded.
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