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A non-Banach m-convex algebra all of whose closed
commutative subalgebras are Banach algebras

by

W. ZELAZKOQO (Warszawa)

Abstract. We construct two examples of complete multiplicatively convex algebras
with the property that all their maximal commutative subalgebras and consequently all
commutative closed subalgebras are Banach algebras. One of them is non-metrizable and
the other is metrizable and non-Banach. This solves Problems 12-16 and 22-24 of [7].

All algebras and vector spaces in this paper are either real or complex.
A topological algebra A is a (Hausdorff) topological vector space provided
with an agsociative jointly continuous multiplication. It is called locally con-
ver if the underlying topological vector space is locally convex, and multi-
plicatively conves (briefly: m-convex) if its topology is given by means of
a family (| - |a)aca of submultiplicative seminorms, i.e. jzyls < |2|alyle for
all z,y in 4 and all @ in a (see [3]). An F-algebra is a completely metriz-
able topological algebra and a Bg-algebra is a locally convex F-algebra (for
further information about these algebras the reader is referred to [6]).

In [7] we asked whether an m-convex Bp-algebra (resp. a Bp-algebra,
an F-algebra, a complete locally convex algebra or a complete topological
algebra) with the property that all of its maximal commutative subalgebras
are Banach algebras must itself be a Banach algebra (Problems 12-16). In
this paper we give a negative answer to all these questions.

First we construct a non-metrizable complete m-convex algebra all of
whose maximal commutative subalgebras are Banach algebras. This solves
the cases of a complete locally convex algebra and of a complete topologi-
cal algebra. Further we indicate how this construction can be modified to
obtain a non-Banach m-convex Bg-algebra with the same property. This
settles also the case of a Bg-algebra and of an F-algebra. Formally speak-
ing, it suffices to give only the latter example since it solves all the men-
tioned problems. We wanted, however, to indicate the possibility of having a
non-metrizable algebra all of whose commutative subalgebras are metrizable
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because it solves Problem 24 of [7]. It also solves Problems 22 and 23 which
ask whether a complete locally convex algebra or a complete topological
algebra is necessarily a Bp-algebra if all of its maximal commutative subal-
gebras are algebras of type By (we use the fact that all Banach algebras are
By-algebras).

Our result can be compared with the negative answer to Problem 17 of

[7], given in [8]. We construct there a non-m-convex By-algebra all of whose

maximal commutative subalgebras are m-convex.

Our construction is as follows. Denote by Ay the Ij-space spanned by
vectors e, ;, 4,7 € N, ¢ > 7, i.e. the space of all formal series z = ij i g
such that ||z|f = 2 i 1] < oo. Denote by Ao, the lincar space of all finite
linear combinations of vectors e;, ¢ = 1,2,..., provided with the maximal
locally convex topology 7L<, given by means of all seminorms on Ag,. It is
known ([1], Proposition 6.6.7, [4], example on p. 56; see also [2] and [5]) that
Aw is a complete locally convex space. Let B be the family of all sequences
r = (rg){2, with r; > 1. Each 7 in R defines on 4., the norm

(1} ||, = Z €73,

where ¢ = ). £e; is an element in A.,. The family of all norms of the form
(1) gives on A, the topology 7S, i.e. each seminorm on A is continuous
with respect to some norm of the form (1}. To see this, consider an arbitrary
seminorm |- | on Ag,. For every & in A, £ = 3, &ie4, we have

2= | D] < Dl6illed < 3 g max{1 e} = [aly,

where 7 € R is given by r; = max{1, |e;|}.

We now put A = Ay + A Write an arbitrary element z in A as z =
o+ Teo With zp € Ag and 7., € Ay, With this notation the direct sum
topology on A is given by means of the family of norms
(2) Izl = max{||zol, |2c|r}, 7€ R,
where |- || is the /;-norm on Aq. It is a complete locally convex space, being
a direct sum of complete spaces.

We now make 4 into an m-convex algebra. For wg,ys € Ag we put
zoto = 0, so that Ay becomes a comrmutative Banach algebra with trivial
(zero) multiplication. More generally, we put xzg = xoz = 0 for all z in A.
Finally, we put eje; = —eje; = e;; for ¢ > j and e¢? = 0 for all i, We
obtain in this way an associative multiplication on A (the product of any
three elements is zero, also all squares are zero). Moreover, 42 is a dense
subalgebra of Ay and A is the center of A.

We shall show that all norms (2) are submultiplicative so that 4 is an
m-convex algebra. In fact, for &,y € A we have zy = (£ + Too ) (4o -+ Yoo) =
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Tooloo: L€t Zoo = 3 £1€; and Yoo = 3, ie;. We have
(3) Toolloo = 3 (&M — Miks)ei

iy
so that
|zl = @oobool| = 3 €5 — &l <3 l&lIns]
43

i>7
<Y Jglralnglrs < Nyl
Iy

Thus A is a complete m-convex algebra and it is non-Banach since Ay is
non-metrizable. The latter follows from the fact that all linear function-
als on A, are continuous, while every infinite-dimensional F-space has a
discontinuous functional.

We now describe all maximal commutative subalgebras of A. Each such
algebra must contain the center Ap. Moreover, it can contain only one {(non-
zero) element of As (up to a scalar multiple), since the formula (3) implies
that TeoYeo = YooBoo if and only if Zeeleo = 0 and this can only happen if
Too = Ao for some scalar A. Thus each maximal commutative gubalgebra
of A is a direct sum of Ay and a one-dimensional algebra spanned by a
non-zero element in Aq. Consequently, it is a Banach algebra (note that it
has a trivial (zero) multiplication}.

The result obtained above can be formulated as follows:

THEOREM. There erists a non-metrizable (and consequently non-Banach)
complete m-convex algebra all of whose closed commutative subalgebras are
Banach algebras.

‘We now indicate how the above construction can be modified so that A
becomes an m-convex Bg-algebra. To this end we replace the previous Ase
by a By-space, also denoted by Ao, consisting of all series zo = Zf:_l tie;
such that

o
ool = Z|§¢[ki <oo fork=12...

fem]
In this way we obtain a non-Banach space of type By (the reader will easily
verify that no neighbourhood of the origin of the form {wo & ek < €} I8
bounded). The product of two elements in Ay, will again be given by the
formula (3), but this time the surmmation is infinite. It can be easily checked
that such a product is in Ag. Further reasoning is the same as above, we
only replace R by N. Thus we obtain '

PROPOSITION. There erists a non-Banach m-convez Bg-algebra all of
whose mazimal commuative subalgebras are Banach algebras.
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