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1. Introduction. Let k£ be a number field of degree d and let I" be a
finitely generated subgroup of (k*)% = G2, (k). The unit equation for I is
the equation

(11) ai1xy + asxe =1, (1‘1,172) el

with coefficients a1, a2 € k™.

In this paper we shall exploit an idea introduced in the paper [P] by the
third author, to obtain what may be called a cluster principle for solutions
of (1.1).

Roughly speaking, it asserts that solutions of (1.1) up to height H can
be subdivided into a bounded number of subsets, the bound depending only
on the rank of I', such that after rescaling each subset by an element of I
the rescaled subset has height proportional to log H. These subsets therefore
may be regarded as forming “clusters” of solutions of (1.1).

The principle of formation of clusters can be extended to analyze the
clusters themselves, which now split into a bounded number of clusters of
size loglog H, and so on. After very few steps, the size of the clusters so
obtained becomes very small while their number remains controlled in terms
of the rank of I" alone.

In order to apply this principle to all solutions of (1.1) we need bounds
for the heights of solutions of a unit equation. Baker’s theory of linear forms
in logarithms provides such a bound, in the form of iterated exponentials of
arguments depending on the degree and discriminant of the field k& and the
heights of generators and rank of I'. The presence of iterated exponentials
causes little harm here, because repeated application of the cluster principle
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brings in iterated logarithms. Thus after few steps we need only deal with
solutions of unit equations of rather small height.

An interesting feature of the cluster principle is that it becomes more
efficient if the group I" has always “large” generators. The upshot is that in
the end we deal only with solutions with height bounded only in terms of
the rank of I" and possibly the degree of the field k, thus showing that the
number of solutions of (1.1) is bounded in terms of the rank of I" and the
degree d of the number field k. We shall prove by this method

THEOREM. Let k be a number field of degree d and let I' be a finitely
generated subgroup of rank s of G2, (k). Then the generalized unit equation

a1z +azxre =1,  (v1,22) € I,

. 2 .
admits at most d%c§  solutions, for some absolute constant c;.

86

Remark. A calculation shows that ¢; = €®® is admissible here.

Although this result falls short of the remarkable bound 25651 recently
obtained by F. Beukers and H.-P. Schlickewei [BS], our method is entirely
different and has the potential to be extendable to other situations, such as
the study of rational points on curves in an abelian variety.

The principle behind the method has its roots in the remark that if
we have a congruence (1 + pa)™ = 1 (mod p”) with p > 2 a prime then
p"~17orde(@) |y (if p = 2, the result holds with r — 2 in place of ~ — 1). This
was used by C. Stgrmer in 1898 (see Ribenboim [R], part C, §9) to solve
effectively special unit equations, such as

AMS . Mg — BN{* .. NIn=1or2

where A, B, M;, e;, N;, f; are positive integers, and in 1960 J. W. S. Cassels
[C1] used related methods to solve effectively the above equation with any
constant C' in place of Stgrmer’s 1 or 2.

In dealing with a general unit equation we encounter more general con-

gruences
S

H(l +pa;)* =1 (mod p")

i=1
and the point is that it is still possible to extract some information from this.
The basic idea in [P] is that if 7 is large enough this congruence implies that
there are two distinct indices ¢ and j such that ord,(u;a;) = ordy,(uja;). This
is nontrivial information, lying at the basis of the clustering phenomenon.

The organization of this paper is as follows. In Section 2 we introduce

basic definitions and the notion of the mass of a subset of a finitely generated
abelian group G. Section 3 deals with the cluster principle at a single place.
The next two sections define general regulators and study their properties.
Section 6 states and proves the global version of the cluster principle. The
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next section deals with some consequences of Baker’s theory, and the final
section contains the proof of our theorem as a consequence of the cluster
principle and induction on the rank of I'.

In order not to obscure the main ideas involved here, we have not tried in
this paper to obtain sharpest possible results, and significant improvements
can be obtained in our formulation of the cluster principle as well as in the
way of applying it.

Acknowledgements. During the period this research was done the sec-
ond author was partially supported by NSA Grant MDA 904-94-H-2004.

2. Some basic definitions. We denote by M the set of all places of k
and by | |, the associated normalized absolute values satisfying the product
formula. The normalization we shall use is the following. If v extends the

place vg € Mg, then || ||, denotes the usual p-adic or real absolute value.
In general, || ||, is normalized by means of
(2.1) log |||, = log ||z|ls, for z € Q.

If v is finite, lying over the rational prime p, the associated additive valuation
ord,( ) is normalized by means of ord,(p) = 1 and we have

(2.2) log |||, = —(log p) ord, ().

There is another normalization | |, defined by
dy
log Ja], = 2 log ],

where d,, is the local degree [k, : Q,]. For each finite v we also write d, =
ey fv where e, is the ramification index and f, is the residue class degree.
With this normalization we have the product formula

Z log ’x|v =0
vE My,
for x € kX. If k' is a finite extension of k we also have the extension formula
Z log |z|, = log |z|,
wEM,,r, w|v

for z € k.
The absolute logarithmic height of x € k£ is given by

ha)= 3 logtlaly
’UEMk
where logt t = max(logt,0). The absolute height H(x) is given by
H(z) = ™).
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If G is a finitely generated abelian group, the rank rk(G) of G is the rank
of the free abelian group G/tors. If E is a subset of G, the rank rk(E) of E
is the rank of the subgroup (F) generated by all elements of E.

In what follows, it is convenient to use a modified notion of rank of a
set.

DEFINITION 1. Let T' be an indeterminate which commutes with G' and
let E C G. The augmented set E is the set E = {Te: e € E}.

It is immediate that rk(E) = rk(E) or rk(E) + 1.
Let s = rk(G) and let (g1, ..., gs) be generators of G up to torsion. Every
element of G can be written uniquely as

23) g=c[o
o=1

with € € tors(G) and n,(g) € Z.

DEFINITION 2. Let E C G be a nonempty subset of G and let s = rk(G).
If s > 1 the mass of E with respect to G is

m(E,G) = sup|det(n,(€;)) o=1
j=1

7"'7S|
yeeeyS

where the supremum is over all s-tuples (eq,...,es) of elements of E. The
mass so defined is independent of a choice of generators of G.
The absolute mass of E is

m(E) =m(E, (E))
provided rk(E) > 1, and is undefined otherwise.

It is clear that the mass is independent of a choice of generators of G,
because changing generators changes n = {n1(g),...,ns(g)} into B -n with
det(B) = +1.

The following facts are worth recording.

LEMMA 1. The mass m(E,G) is 0 if and only if rk(E) < rk(G). More
generally, if G' has finite index in G and if (E) C G', we have
(2.4) m(E,G) = [G/tors : G’ /tors|m(E, G).

If E' C E, then
m(E") <m(E).

We also have

m(E) < (tk(E) + 1)m(E).

Proof. The first two statements are clear.
The third statement is proved as follows. We may assume that G is
torsion free. Let G’ = (E'), G = (E) be of rank s, s. We take another s — s’
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independent elements eq,...,es_y of E and set E* = {E' e1,...,es_g},
G* = (E*). By construction, G* has the same rank s as G. Generators for G*
are obtained by taking a set of generators of G’ together with e, ..., es 4.

From this construction and the definition of mass we see, using this set of
generators for G*, that m(E’) = m(E',G'") = m(E*,G*). Finally,

m(E*,G*) =m(E,G)/[G/tors : G* /tors] < m(E,G) = m(E),

proving what we want.
For the last statement, we argue as follows. We may suppose that G =
(E) is torsion free. Hence let G have rank s > 1. We have two cases. Suppose

first that rk(E) = rk(E)+1 = s+1. Then (F) has finite index in G = (T, G),
therefore by (2.4) we have

1 1 1
m(B,G) = sup |det | 71(€1) m(e2) n1(ess1)
noler) ns(es) . malestn)

By Laplace’s rule, this determinant does not exceed (s + 1)m(FE), proving
our assertion in this case.

If instead rk(E) = rk(E) = s we see that elements of (E) are written
uniquely as T™(9) g with g € (E), for some homomorphism n : (E) — Z. The
map 779 g — g gives an isomorphism between (E) and (F), so that in this

case we have m(E) = m(FE). This completes the proof of the lemma.

3. The Local Cluster Principle. Notation is as in the preceding sec-
tion. The following result shows that for each place v the points log ||z;||.,
with x a solution of the unit equation, tend to cluster in small intervals.

LocAaL CLUSTER PRINCIPLE (finite places). Let v be a finite place of k
lying over the rational prime p. Let j = 1 or 2 and let X be a finite set
of solutions of the unit equation aix1 + asxe = 1 with x € I', such that
ordy(a;x;) has fized sign for every x € X. Suppose rk(X) > 1. Then there

s a decomposition
S
x=Jx

i=—1
with the following two properties.
(i) Clustering property: If X; # 0 then for x,x" € X; we have
log [l /21| < log((s + Lym(X));
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(ii) Rank property: Let
X! = U X,
h>i
Suppose that i > 0 and that X! # (. Then

rk(X]) > tk(X, ;).

Proof. It suffices to deal with the case j = 1. For notational simplicity,
we write a, b, z,y for a1, as, x1, 2 (so as to avoid double indices) and we
also write

M = log(m(X))/log p.

Consider first the case in which ord,(az) > 0 for every x € X'. We define
X; inductively for ¢ > —1 as follows.

(3.1) X g={xeX:0<ordy(ax) <1/(p—1)}.
Once X_1,...,X; have been defined, we pick, if possible, an element
Xg € X — U X,
h<i

such that ord,(azx() is a minimum and define
(3.2) Xit1 = {x € X : ord,(azg) < ord,(azx) < ord,(axg) + M};

otherwise X}, = 0 for h > <.

The proof of (i) is a consequence of definitions (3.1) and (3.2), which
imply that the range of ord,(az) for z € X; is contained in an interval of
length M. In fact, let x,x" € X;. Then we have, recalling (2.2) and Lemma 1,

llog || /||| = [log [[(az")/(az)[ls| = (log p) - [ord, (az’) — ord, (az)]
< (logp)M < log((s +1)m(X))
proving (i).

Suppose that X/ # (). The inequality rk(X]) > rk(z’?{ﬂ) for i > 0 is
obvious, and our claim is that this inequality is strict:

(3.3) rk(X)) > rk(X/, ).

Note that since rk(X]) < rk(X) < s+ 1 this implies that rk(X/) < s+ 1 — i
and therefore ¢ < s (note that if J) # () then rk()) > 1). This implies that
the filtration {X/} stops at i = s + 1 with the empty set, whence

Thus we need only prove (3.3).
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The following argument embodies the new idea in [P]. Suppose rk(&y, ;)
= rk(z’?{ ) =rand i > 0. Let T be an indeterminate which commutes with
I'. Then there are r elements x; € X;,;, h = 1,...,r, such that Tx,
h =1,...,r, are multiplicatively independent.

Let xg € &; be an element of X; for which ord,(az() is a minimum.
Then the r 4+ 1 elements T'xy, h = 0,...,r, are multiplicatively dependent
because rk(X!) = r by hypothesis. Therefore we have a relation

T
(3.4) [T (@xn)“ € tors(I')
h=0
for certain integers wy, with ug # 0.

Such a relation is equivalent to solving in integers uy, not all 0, the linear

system of equations given by

Z ny (Txh)uh = 0,
h=0

(3.5) > na(Txp)up, = 0,
h=0

where the coefficients n,(7'x;) are determined as in (2.3) by a choice of

generators of the group (X).
By construction, the two matrices

n1(Txo) n1(Tx1) n1(Tx2) ... ni(Tx,)
A — no(Txg) no(Tx1) no(Txz) ... no(Tx,)
0 ............................................
ne-(Txg) n.(Tx1) n.(Txz) ... n.(Tx;)
and
n1(Tx1) ni(Txz2) ... ni(Tx,)
g | e e
ne(Tx1) n.(Tx2) n-(Tx;)

have the same rank r. We may solve (3.5) using Cramer’s rule obtaining a
solution uj, in which each uy, equals (—l)h times the determinant of the r x r
minor of Ay obtained by deleting the (h + 1)th column. Note that we have
ug = det(Ay) # 0 because A; has maximal rank r.

It follows that

[uo| = |det(A1)| < m(X/,) < m(X).
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This implies
(3.6) 0 < ordy,(ug) < M.
By (3.4) and the equation ax + by = 1 we get, specializing T to b,

(3.7) H(l —azxp)"" € tors(k, ).
h=0
The logarithm function

o0

1
log(1+z) = Z (—1)mflgacm
m=1

is well defined in the maximal ideal
m, = {x: [|z||, < 1}
of the ring of integers of k,, and provides a homomorphism
log:1+m, — k
of the subgroup 1+ m, C k) into the additive group k. The kernel of
this homomorphism consists of the roots of unity in 1 4+ m,. We take the

logarithm of (3.7), thus killing the torsion because v is a finite place. We
obtain

00
=1

(3.8) Zuh Z %(axh)m =0,
h=0 m

where now axy, is understood as an element of &, .
Since the points x;,, h = 0,...,r, satisfy

1
dy > —
ord, (axp) P

we get (1):
For h =0,...,r the term axy is the unique term of lowest order in the
series Y = (axp)™.

Since the elements in the sum (3.8) add up to 0, we see that there are
two distinct terms with the same lowest order. Hence there are two distinct
indices hg < hy, with up, # 0 and up, # 0, such that up,azp, and up, axp,
have the same lowest order, that is,

(3.9) ord, (up,azp,) = ord, (up, azxp, ) = mhin ord, (upazp);

(*) A more refined argument shows that the condition ordy,(azp,) # (p'(p — 1)) ™! for
1=0,1,... suffices for the validity of the arguments which follow.
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moreover, since ug # 0, (3.6) implies

(3.10) m}jn ord, (upaxy) < ord,(upaxg) < ord,(azg) + M.

On the other hand, x;, € Xi/+1 because hi > hg, hence h; > 1. It follows
that
ord,(axg) + M < ord,(up,axn,) by (3.2)
< ord, (upaxp) by (3.9)
<ord,(azg) + M by (3.10).
This is a contradiction, proving our claim.

If instead ord,(az) < 0 for every x € X we argue as follows. Consider
the transformation of the unit equation ax + by = 1 into

1.1+<_b>y_1_
a X a X

This transformation (x,y) — (1/z,y/z), (a,b) — (1/a,—b/a) maps I" into
an isomorphic group I, preserves ranks and mass, changes ord,(az) into
—ord, (az) and leaves |log ||z’ /z||,| invariant. Then we conclude by the same
argument.

LocAaL CLUSTER PRINCIPLE (infinite places). Let v be an infinite place
of k. Let j =1 or 2 and let X be a finite set of solutions of the unit equation
a121 + axe = 1 with x € I' such that log ||ajz ||, has fized sign for every
x € X. Suppose tk(X) > 1. Then there is a decomposition

x=|]x

with the following two properties. Let T = |tors(I")].
(i) Clustering property: If X; # 0 then for x,x’ € X; we have
|log || /z;]lo| < log(3s(s + 1)Tm(X));

(ii) Rank property: Let
X = A
h>i

Suppose that i > 0 and X! # 0. Then
rk(X]) > rk(X/,,).

Proof. It suffices to deal with the case j = 1. For notational simplicity,
we write a, b, z,y for aj, as, x1, r2 (so as to avoid double indices) and we
also write

M =3s(s + 1)Tm(X).
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We deal first with the case in which log |jaz||, < 0 for x € X'. We define
X; inductively for ¢ > —1 as follows.

(3.11) X ={xecx: :M"'<|ax|, <1}
Once X_1,...,X; have been defined, we pick, if possible, an element
X € X — U X,
h<i

such that ||axol, is a maximum and define
(312) Xy = {x e X M Vazgly < ozl < llozoll}
otherwise X}, = () for h > i.
The proof of (i) is as in the finite case, and as in the finite case it remains
only to prove the inequality rk(X, ) > rk(?(lﬁrl) for i > 0 and X/ # 0.
Again, suppose rk(XHl) — 1k(X/) = r. Let xo € &; be an element of X;
for which ||azo||, is @ maximum. Then the 7+ 1 elements Txy, h = 0, .
are multiplicatively dependent because rk(X!) = r by hypothesis. As in the
finite case, we get a relation

T

[[(Txn)"" € tors(I")

h=0
for certain integers uy, with ug # 0 and
(3.13) max |up| < m(X) < (3s7) "' M.

As before, this implies

r

(3.14) [1a - azn)™ =1.

h=0
We take the logarithm of (3.14) and find

(3.15) Zuh Z (azxp)™ € ? - Z.

m=

For simplicity we write | | 1nstead of || ||,. We have
(3.16) lazo| < 1/M and |azy| < |axo|/M < 1/M?  for h > 1.

Then we estimate

-1 - |azp|
axh ‘ Z ‘Uh’ Z *‘aﬂfh’ (357') Mhzo]_—|axh|

1
= (38T)_1M<M 1t MQT— 1)
2M 27

M—1< T

Up,

< (3s7)71
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In view of (3.15) we conclude

(3.17) Zuh Z (azxp)™ = 0.

m=

On the other hand, we have, using (3.12), (3.16), up # 0 and M > 6,

1 azx ax
ZU,hZ (axp)™ ’> ]ax0]<1—2 11‘51;0‘) (3s7) 1MZ | O‘
1 a(s+1)M
> |a§C0| (]. - m - (357') 1]\4_1>
> Jazo|(1 - 15 — 3) > 0.

This contradicts (3.17), and completes the proof of our claim.
The proof for the case in which ||laz||, > 1 is the same as in the finite
case.

Our next goal is to obtain a global version of the cluster principle, as
well as its generalization to sets of solutions where we may have ||az|, > 1.

4. Regulators. Let I" be a finitely generated group I' C G, (k) of rank
s, and let v,, 0 = 1,...,s, be a set of generators of I" up to torsion. We use
vector notation, so v = (Y1, ..., ).

DEFINITION 3. Let S be a subset of cardinality s of My, x {1,...,n}. The
S-requlator Rg(I") of I' is by definition

Rs(I") = |det(log [|Vey | )( ..... s |-

The set S is said to be nondegenerate with respect to I if Rg(I") # 0.
The S-regulator does not depend on the choice of generators of I
LEMMA 2. A nondegenerate set S for I' always exists.

Proof. If we had Rg(I") = 0 for every S we would have

(4.1) rank(log [[7o;[v) o=1.....5 <s.

(v,7)EME x{1,..., n}
Then there would be a relation of linear dependence among the rows of this
matrix:

(4.2) > aglog|yojlle = 0

for (v,7) € My x {1,...,n}, with not all a, = 0. Moreover, we see that we
may assume that this relation has coefficients in Z rather than in R. In fact,
let h be the class number of k. Let 71,...,7: be a basis of the units of &
modulo torsion and, for each finite place w, let p,, be the associated prime
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ideal and m,, be a generator of the principal ideal p” = (7). We can write,
with obvious vector notation,

t
h __ mio Nyo
Vo =eo [ Lo ] =i
=1

w finite

with &, a torsion element and n,,, = 0 for almost all w. Thus (4.2) becomes

s t
43 Y (Y miloglnile+ Y g log s Jas = 0.

o=1 =1 w finite

We have log ||7;]|, = 0 for every i and every finite v, and also log |||, = 0
if v is finite and v # w, while log |||, # 0. Hence, for all finite v, (4.3) is
equivalent to

S
(4.4) > nyea, =0.
o=1

Now we can use (4.4) to simplify and rewrite (4.3) as

t s
(4.5) > tog [l (Y- misas ) =0
=1 o=1

for every infinite place v.
The matrix (log||n:|lv), ¢ =1,...,t, v| oo, has rank ¢ by Dirichlet’s Unit
Theorem, therefore (4.5) is equivalent to

(4'6) i m;,a, = 0
o=1

for i = 1,...,t. Since (4.4) and (4.6) form a system with rational integral
coefficients equivalent to (4.3), we see that if (4.2) has a nontrivial solution
in R it also has a nontrivial solution in Z.

Let ay, € Z, 0 = 1,...,s, be a nontrivial solution of (4.2). Then we see

that
S
H 11 -
o=1

for every v € My. On the other hand, by a result which goes back to Kro-
necker, we know that any element o € k* with ||a|[, = 1 for every v is a
root of unity. It follows that

s
=T ol = 13
o=1

S
H ~ee € tors(I),

o=1

contradicting the fact that I" has rank s and completing the proof.
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DEFINITION 4. The support supp(I") of I' consists of all places v of k
such that log ||v;|, # 0 for some j € {1,...,n} and some v € I'.

It is clear that supp(I") is a finite set because I is finitely generated.

LEMMA 3. Let H C I" be a subgroup of I'. We have supp(H) C supp(I)
and equality holds if rk(H) = rk(I"). Moreover, if rk(H) = rk(I") then

Rs(H) = [I'/tors : H/tors|Rs(I').

Proof. The inclusion supp(H) C supp(I") is clear.

The rank of H is at most the rank of I' ([MKS], Th. 4.5, Cor. 4.5.2
and Th. 4.1, p. 146). If H and I" have the same rank then H has finite
index in I' ([MKS], Th. 4.1, p. 146). Let v € supp(I") and let v € I" and
j be such that log ||v,]|, # 0. The powers 4™ of + fall into finitely many
cosets of H in I, therefore there are two distinct powers in a same coset
and, taking their quotient, there is a power v = 4™ € H, with m # 0.
Now log|[|7}]l, = mlog|lv;ll, # 0 and v € supp(H), as asserted. The final
statement of the lemma is also clear.

Let O} be the group of units of k and define

I =I'N (O™
Then there is a free subgroup Iy of I" such that
F:FOOFO and Fgﬂ((’),f)”:{l}

To see this, let r = rk(I» ). By the structure theorem for finitely generated
abelian groups (see e.g. [MKS], Cor. 4.5.2, p. 146), there are generators ~,,

oc=1,...,s, of I' up to torsion and integers d; such that 'yfl, o,y are
generators of 1o, up to torsion, with d; dividing d; ;. On the other hand,
if v¢ is a unit then ~ itself is a unit, hence we must have d; = ... = d, = 1.

Also tors(I") C I's,. Thus we may take
I ={(vi,...,vr)-tors(I")  and T = (Yri1s---yYs)-

Although this decomposition is not canonical, the regulator behaves nicely
with respect to it. We have

LEMMA 4. Let I' = I'no Iy be as before and let S C My x {1,...,n} be
nondegenerate with respect to I'. Let So, and Sy be the subsets of S consisting
of (v,7) with v|oo and v{oo respectively, and let us say that S is special if
their cardinality equals the ranks of I', and Iy. Then

(i) there is a nondegenerate and special set S for I
(ii) for special S we have Rg(I') = Rs. (I'sxs)Rs,(I0).

Proof. If S and Sy are nondegenerate for Iy, and Iy then S = S U
So is nondegenerate for I'. A nondegenerate S, for Iy, may consist only
of (v,7) with v|oo hence it is automatically special with respect to I'w.
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Therefore, to complete the proof of (i) we need only show that there is a
nondegenerate special set Sy = {(v,j)} for Iy, in other words, such that
vtoo for (v,7) € Sp.

Suppose this is not the case. Let {v,}, 0 = 1,...,sp, be generators for
Io; then the matrix

(log [[7o;llv) o=1,....50
() e{vfoo}x{1,..n}
would have rank strictly less than sg. As in the proof of Lemma 2, this
would give us a nontrivial element v € I such that |||, = 1 for (v,j) €
{vtoo} x {1,...,n}. Hence v € (O;)", contradicting the definition of I%.
This proves statement (i).

For the second statement we proceed as follows. Let I'oo = (7y1,...,7r) X
tors and 1) = (Yp41,-..,7s). Since v,; is a unit for 0 = 1,...,r and j =
1,...,n we have log |||, = 0 for every (v, j) with finitevand o =1,...,r;
it follows that the matrix (log||Vojlv)w,j)es has a block structure as

(log [[75llv) o=1,....r 0
* (log [|70jllv) o=r+1,....5
(Uaj)GSO

Since we assume that S is special, the two blocks containing the diagonal
are square blocks and the result follows upon taking determinants.

We conclude this section with an important definition.

DEFINITION 5. Let T C My, x {1,...,n} and let X # () be a finite subset
of I'. Then we define

X) = log ||l
vr(X) = max max |log |lz; .|

5. Finding good generators for I'. The following result gives us good
generators for I

LEMMA 5. Let T' be a subset of My, x {1,...,n}, of cardinality t, con-
taining a nondegenerate subset for I'. Then we can find generators v, of I’
such that, with S denoting s-subsets of T,

S

S
t* U];[l e og o o] < max Rs(D) < o" pac | | max Hog e ol

)’

Proof. Let v4,, 0 =1,...,s, be a set of generators of I" up to torsion
and let 7 be the box in R defined by
< 1}.

S
T:{ e R*: max’ log ||veilloys
y max ; g 1oy
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By the Cube Slicing Theorem of Vaaler ([V], Th. 1, p. 543) the volume
of 7 is bounded below by

(5.1)  Vol(T) > 2°{det((10g [|7ojllv)o=1.....s - (10g [[7ojllv) o=1,....5 )}~/

(v,5)ET (v,7)ET

with / denoting the transpose of the matrix A = (log||Vej])-
By the Cauchy—Binet formula, we have

t
det(A’ - A) = E det(lognygj”v)%:lw,s < < >maxR§(F).
(v.j)es 8/ 5ct
SCT

If we combine this inequality with the preceding lower bound (5.1) for the
volume we get

~1/2
t
: > 25 -
(5.2) vol(r) > 2°(1) g Ra(r)
Let A1,..., As be the successive minima of 7 with respect to the standard

lattice Z*®. By a theorem of Mahler (see for instance [C2], Ch. V, Lemma 8,
p. 135), there is a basis y1,...,ys of Z*° such that (?)

<o)

S
5.3 max ‘ lo Ay
(5.3) (o jyer ; gH’Y@JH Yoo

This basis yields new generators «. defined by

S

! Yy _

70_1—‘[7@0@7 U_la"'737
o=1

such that .
(5.4) 10g 1755 ll0 = Yoo 108 705 10
o=1
for every v € My and j € {1,...,n}. In terms of these generators, we can
rewrite (5.3) as
(5.5) Jnax log |7, llu] < oAy foro=1,...,s.

By Minkowski’s Second Theorem in the Geometry of Numbers we have
A ... Ay Vol(T) < 2°
and hence by (5.2) we get
£\ 172
A1 (2X2) ... (8As) < 8! <s> max Rs(I') < t° glg%(RS(F).

This and (5.3) prove the lower bound in Lemma 5.

(%) One can take max(1,0/2)\s in place of oAy, but such improvements are irrelevant
here.
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Since regulators do not depend on the choice of generators we may use
the generators «' satisfying (5.5) to define the regulator Rg(I"). Now Rs(I")
can be estimated from above using Laplace’s expansion.

A set of generators satisfying the conclusion of Lemma 5 will be referred
to as a set of good generators relative to T
We need lower bounds for regulators. This is provided by

LEMMA 6. Let G = GI' (k) and let I' be a finitely generated subgroup of
G of rank s. Let I' = ',y be the decomposition considered in Lemma 4
and let S = Ss U Sy be a special nondegenerate subset of My x {1,...,n}
relative to this decomposition. Then

Rs(I') > (9nd®)~*.
More generally, for every subgroup H of I' of positive rank r there is a subset
2 C S which is nondegenerate and special for H, such that

Ry (H) > (9nd®)™".

Moreover, if Iy # {1} let P be the largest prime such that there is vy in the
support of I' with vy | P. Then there is a special nondegenerate S for I' with
vo € Sp, and we have the improved lower bound

Rs(I') > (9nd®)*(log P).
Further, suppose that for some integer m > 1 we have
I'cGp={egm:g€G, €ctors(G)},

or in other words, suppose that elements of I' are mth powers up to torsion.
Then the lower bounds for Rs(I") and Rx(H) can be improved by a factor
m?® and m" respectively.

Proof. By Lemma 4 we have
Rs(I') = Rs,, (I'c) Rs, (I0)

so it suffices to prove the result separately in the two cases I' = Iy, S = Sy
and I' = Iy, S = S ; the statement about subgroups follows from the fact
that if .S is nondegenerate and special for I" and H is a subgroup of I" then
there is a subset X’ C S which is nondegenerate and special for H.
To obtain a lower bound for the case I' = [, S = Sy we note that for
a € k* and finite v we have
log lall, € ~—(ogp,) - 7

where p, is the rational prime such that v|p, and e, is the ramification

index. Hence
log p,,
6.6 Rs() = det(1og el o e( 11 g>-z.

v,j)€S (v.j)es
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Since every v in (v, j) € S is a finite place, we get
Ry > ((log2)/d)~".

Moreover, we can choose S such that there is an element (vg,?) € S with
vo | P, in which case there is a factor (log P)/e,, > (log P)/d in the right-
hand side of (5.6). A fortiori, this proves the required lower bounds if I" = Iy,
S - SO-

Now consider the case I' = [y, S = Ss. In this case we need only
consider the set T' = {v|oo} x {1,...,n} since log||Vyj|l, = 0 if (v,j) &€ T.

By Lemma 5, noting that |T'| < nd, we get a set S C T of cardinality s
and generators 7, up to torsion, such that

67 ()~ [T mas, o o] < (D).
o=1""

By a result of Dobrowolski [D], we have h(v,;) > 1/(9d%) because 7, is not
a root of unity. Since log ||| # 0 may occur only for v|oo we deduce that

max |lo sillo] = (9d*) 71
ma [log [ | > (9
foroc=1,...,s.
This inequality and (5.7) give
Rs(I") > (9nd®)~%.
This completes the proof of the stated lower bounds for Rg(I").
The last statement of Lemma 6 is easy to prove. Let ~, be generators of
I" up to torsion. If I' C G,,, we can write v, = €,mJ". Let I' = (n1,...,ms)X
tors(I"). Then we have [I"” : I'] = m® and there is a subgroup H O H of
I'" such that H has index [H' : H] = m" in H. By Lemma 3 we have
Rs(I') = m*Rg(I") and Rx(H) = m"Rx(H'), and the result follows by
applying the preceding lower bounds to I and H'.
We use the results we have proved on regulators to compare the mass

and height of a set X C I'. We begin by giving an upper bound for the mass
in terms of the height.

LEMMA 7. Let X C I" and let T C My, x {1,...,n} contain a nondegen-
erate subset X for X. Let H = (X) and suppose r = rk(X) > 1. Then

m(X) < Re(H) ™' (rvr(X))".

In particular, if I' C G, and T contains a nondegenerate special set for I’

m(X) < (9”d5r VT(X)> N

m
Proof. Let H = (X) and let ¥ be a nondegenerate set for H. Let
r =rk(X) and let x; = (;1,...,%in) € X, i=1,...,7, be r elements of X.
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Then
(5.8)  |det(log [|zllv)i=1,..r | = R (H) - [det(no (x:))

1=1,...,r
(v,j)eX o=1,...,r

It follows that the maximum of this quantity over all choices of x; € X,
1=1,...,r,is

(5.9) Rx(H) - m(X).
On the other hand, by the Laplace expansion we have
(5.10) [det(log [[z5]lv) i=1,...r | < (rmax max_[log |[z;]lu])" < (rre(X))".

(v,J)EX XEX (v,j)eX
If we combine (5.8), (5.9) and (5.10) we deduce (*)
(5.11) m(X) < Rx(H) ™' (rvp (X)),

which is the first statement of the lemma.

For the second statement we fix a nondegenerate and special set S C T
for I' and restrict our attention to X nondegenerate and special for H.
Lemma 6 provides a lower bound for Ry (H), and we are done.

The following result will be used to provide control of the height.

LEMMA 8. Let T C My x {1,...,n} contain a subset S* such that R =
Rg«(I") is a mazimum. Let t be the cardinality of supp(I") and let X C I
be nonempty. Then

h(X) < (nst)*Tup(X).

Proof. Let T = supp(I") x {1,...,n}. By definition of support, for
~ € I' we have log|/v;|l, = 0 unless (v,j) € T. Now Lemma 5 gives us
generators v, of I' up to torsion such that

5.12 £~ 10g [|7a5l0] < R.
(5.12) (nt) lrl_[lalflﬂgig,)|0g||73\||_

For x € X consider the linear system of equations

S

(5.13) > (108 [ llw) 70 (x) = log |12,

o=1

for (v,j) € S*, with unknowns n,(x). By Cramer’s rule we obtain

(5.14) Rlng(x)| = £ det(log [|z; ||+, log H’ngHv)(g#v) .
v,j)ES™

(3) We may replace rvp(X) by /rvp(X) if we use Lord Kelvin’s inequality (also more
widely known as Hadamard’s inequality).
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By the lower bound in (5.12) and the Laplace expansion of the determinant
in (5.14) we deduce

nt) " %|ng (x max |lo .
(nt)~"| <>’{Qf:[1an<v,j> g lesllo| |

< 5°( max |lo x~U{ max |lo ~v}
< *( max_fog 1) { [T e flog 11|
oFo
and a fortiori we deduce
(5.15) Ino(x)| max [log|[vo;lls| < (nst)® max |log||z;llu|-
all (v,5) v,5)€S*

We have, using (5.13) and (5.15),

dy

eo=1 3 L wmaxlog ;] < 3¢ max flog ;1|
d j all (v,5)

vesupp(I")

S
< 1t ma x)| - |lo ; < )5t a lo Aol
< 3t g, 3 oo - og gl < (nat)** ma, g a1

This proves the lemma.

6. The Global Cluster Principle. We begin with an extension of the
Local Cluster Principle to several places. We need the following definition
of signature of a solution x = (z1,x2) of a1y + agxs = 1.

DEFINITION 6. Let T be a finite subset of M x {1,2}. The signature
er(x) of x = (x1,z2) relative to T is the vector

er(x) = {signlog [la;z;l, : (v,7) € T},
where by convention sign (0 = 1.

Let us denote by w = (v,j) elements of T and let i denote a vector
i= (iy :w € T) with integer entries ,, satisfying —1 < 4,,. We define

il =) max(0, ).
weT

We have a partial ordering on the set of such vectors, namely i < i’ if and
only if 4,, <4, for every w € T.

GLOBAL CLUSTER PRINCIPLE. Let I' C G2 (k) be a finitely generated
group of rank s > 1 and let X be a finite set of solutions (x1,x2) € I
of the generalized unit equation ayxy + asxo = 1. Let T = {(v,5)} be a
finite subset of My x {1,2}. Suppose also that the signature of elements of
X relative to T is constant, i.e. ep(x) = ep for all x € X, for some vector
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er = {ey 1w € T} with e, = —1,1. Then there is a partition

x=Jx

indexed by vectors i = {i,},er, i, > —1, with the following properties.
(i) Clustering property: If X; # () then for x € X; we have
vr(x71A;) < log(6s*rm(X)).

(ii) Rank property: Let

X = Xa.
h>i

Suppose that X; # 0. Then
rk(]) < rk(X) — |-

Proof (by induction on the cardinality of T'). We apply the Local Clus-
ter Principle as follows.

If T is empty, there is nothing to prove.

Suppose the statement is true for 7" and let us prove it for T* = T U
{(v,7)}. We abbreviate w = (v, j).

We define &{ _; = A and apply the Local Cluster Principle at w = (v, j)
to the set Xi/,—l' This gives a partition

S

!

X = X
h=-1

and sets
Xi’,i/ == U Xivh
h>i!
such that (i) holds and rk(??i’,i,) > rk(??i’,iurl) provided /171’@, # 0.
To verify (ii), it suffices to note that, by the induction hypothesis, we
have

rk(X/ ;) < k(X)) — max(0, i) < rk(X) — [|i]| — max(0,4")
= rk(X) — [{i,i"}].
This proves the result.
For applications, we need an upper bound for the number of sets Xj.

LEMMA 9. The number of sets X; does not exceed 251271,

Proof. Let us write t = |T|. If A; is not empty then by (ii) we must
have ||i]] < rk(X). Since i has ¢ components, the number of solutions of this
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inequality is exactly

zs: C) (rk(?(t) —l—lt - l) < ork(X)+2t—1 < 2rk(F)+2t—1’

=0

proving the stated bound because rk(I") < s+ 1.

One way of applying the Global Cluster Principle is as follows. We abbre-
viate G = G2, (k) and define G,, as in Lemma 6, namely G, is the subgroup
of elements of G which are mth powers up to torsion. We also define

L(t) =1 +log™ ().

LEMMA 10. Let I' C G, be a finitely generated group of rank s > 1
and let X be a finite set of solutions (x1,x2) € I' of the generalized unit
equation a1x1 + asxs = 1. Let T = {(v,j)} be a finite subset of M x
{1,2} containing a nondegenerate special subset for I' and define K = s(1+
log ™ (432d°s®m™1)). Then there is a partition

x =]

of X into at most 2°T3IT| subsets X;, with the following property. For every
subset X; # () and any choice of x; € X; we have

vr(x; P ;) < KL(vp(X)).
In particular, if m > 432d°s® we can take K = s.

Proof. We first split X into not more than 2!71 sets of constant signature
and apply the Global Cluster Principle to each subset so obtained, say ).

We estimate the mass of ) using the second statement of Lemma 7. If
r = rk()) we find

VT(X.—lXi) < log(6527m(y)

1

Since 7 < |tors(kX)|? < (2d?)?, we

18d°r\" 18d°
log <6327< Sd7r > <rlog (652(2d2)28dT)
m

< slogt(432d°s*m ™) = K — s,




382 E. Bombieri, J. Mueller and M. Poe

and we conclude that
vr(x; P ) < K — s+ slogt (vp(X)) < KL(vp(X)).
Finally, K = s if m > 432d°s3.
Let us abbreviate
L,(t)y=LoLo...oL(t).
n times
The iteration of Lemma 10 leads to the following result.

COROLLARY. Assume the same hypotheses as in Lemma 10 and let n > 1
be a positive integer. Then there are a partition

X:U&

and points x; € X; such that
(i) we have max; vp(x; ' &;) < 2K L(K)L, (vr(X));
(ii) the number of sets X; does not exceed 2"(+3ITD,
Proof (by induction on n). Let us denote by X™ a typical set Xi_lXi

obtained at stage n. We will show that there is a sequence 1 = k1 < Ko <
... < 2 such that

vp(X") < kn KL(K)Ly, (v (X)).

The Corollary clearly follows from this statement.
If n =1, this comes from the Cluster Principle. Now suppose the state-
ment is true for n, so that

vp(X") < Ky KL(K) Ly, (vr(X)),
and apply the Cluster Principle to each set X'". Then we obtain
vr(X"H < KL(vp(X™))

with not more than 2513!71 sets X"+ arising from each set X™. In particular,
the total number of sets X"t! is at most 2D (437D,
From the last two displayed inequalities and L(uv) < L(u)L(v) we infer

vr(X") € K L(ky KL(K) Loy (vr(X))) < K L(kn KL(K)) Lyt1 (vr (X)),

yielding
v (X" < k1 KL(K) Ly (v (X))
with
L(kntL (1))
L(t)

Rn4+1 = mtax
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We have L(k,tL(t)) = log(ky,) + L(t) + log L(t) for t > 1, therefore setting
u = L(t) we find

log k,, +logu
Kpt1 = 1 + max ————.
u>1 u
The maximum occurs for u = e/k,,, whence r,41 =1+ e 'k, and
1—e™ e
= < <2
l1—e1l " e—1

by induction on n. This completes the proof of the Corollary.

Kn

7. Moderate growth bounds. For ¢t > 1 we define E(t) = exp(t — 1)
and
E,(t)=FEoFEo...0E(t).
_—

n times

The inverse function of E(t) is the function L(t) = 1 4 log™(¢) introduced
in the preceding section, and the inverse function of E,,(t) is

L,(t)y=LoLo...oL(t).
N —
n times
Let f(z) > 1 be a function of a positive argument z > 1. We say that f
has moderate growth of order n if there is a positive integer n such that

f(z) < E,(z 4 1). The property of being of moderate growth is stable by
sum, product and composition.

In this section, we consider normalized equations ax + (1 —a)y = 1 and
obtain, as a consequence of Baker’s theory of linear forms in logarithms,
bounds for various quantities associated with them. All such bounds will be
described by functions of moderate growth in their arguments.

We say that ax+by = 1is equivalent to a’z+b'y = 1if (a’, ") = (ay1,by2)
for some v € I'.

DEFINITION 6. The equation az + (1 — a)y = 1 is said to be reduced if
h(a) is a minimum among all equivalent normalized equations.

We note the following property of a reduced equation.

LEMMA 11. Let x = (z,y) # (1,1) be a solution of a normalized unit
equation ax + (1 —a)y = 1. Then

h(a) < 3h(x) + log4.

Proof. Since ax + (1 —a)y = 1 we have

1—y
a = .
r—y
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Taking heights, we find
h(a) < h(1 —y) + h(z —y) < h(z) + 2h(y) + 2log 2.

LEMMA 12. Let I' be a finitely generated subgroup of G2, (k) of rank s,
let t be the cardinality of the support of I', and let R be the largest regqulator
associated with I'. Also let P be the largest prime such that there is v €
supp(") with v| P if supp(I") contains at least one finite place, and P = 1
otherwise. Then there is a set of generators v, of I' up to torsion whose
height h(~s) is bounded by a function of moderate growth in d, s and R,
namely

h(vs) < E3(3max(d, s, R)).

Moreover, t < 2dP and log P < (2ds)*R, and t and P are also bounded by
E5(3max(d, s, R)).

Proof. Let T = supp(I') x {1, 2} and let 7, be good generators relative
to T'. Since log ||Vyjllv = 0 if (v,7) ¢ T, Lemma 5 shows that

S
7.1 21) = 10g |0 [lo| < R.
(7.1) (2t) Ea;gl(%{a)loglwlll_
We have

d
1 v 1
h(vs) = 3 T e llog [[7;l»] < ataﬁngjg,) [og (1Yol

therefore by (7.1) we obtain

S

(7.2) I17(v) <R

o=1
A bound for the individual quantities h(7y,) is obtained from (7.2) and
Dobrowolski’s [D] lower bound h(v,) > 1/(9d?), giving

(7.3) h(vs) < (9d°t%)*R.

The bound ¢ < dP is obvious, and the bound log P < (18d°)° R follows from
Lemma 6. In view of (7.3), this gives

(7.4) h(vs) < (9d°)° Rexp(2s(18d°)*R),

which indeed can be expressed as a function of moderate growth in the
argument 3max(d, s, R). We leave it to the reader to determine that

(9d°)* Rexp(2s(18d°)*R) < F3(3max(d, s, R)).
This completes the proof.

LEMMA 13. There is a positive integer ny > 3 with the following prop-
erty. Let the notation and hypotheses of Lemma 12 hold. Then the height
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of solutions of the unit equation ax + (1 —a)y = 1 in ' is majorized by a
function of moderate growth in d, s, R and h(a), namely

h((am, (1 - a>y)) < Enl (3 ma‘x(d7 s, R, h(a)))
Remark. A calculation shows that we can take n; = 6.

Proof of Lemma 13. Bounds for solutions of the unit equations
have been obtained by several authors using Baker’s theory of linear forms
in logarithms. For our purposes, we refer to Gyéry [G] and Evertse, Gy0ry,
Stewart and Tijdeman [EGST]. Lemma 7 of [EGST] states a bound for the
height of solutions of the equation in question which is of moderate growth
in d, P, the cardinality ¢ of supp(I"), and two unspecified constants c;4 and
c15 depending only on the degree d and the discriminant Dy of the field &
(in their notation, A < 2exp(h(a)) and s =t +u with u < d the rank of the
group of units of k). However, inspection of [G] shows that these constants
are also majorized by functions of moderate growth in d and Dy (use for
example Siegel’s bounds [S, Satz 1] to bound the product of the class number
and regulator of the field k).

Since by Lemma 12 both ¢ and P are majorized by functions of moderate
growth in d, s and R, it remains to prove that D can also be majorized by
a function of moderate growth in d, s and R. If the equation az + (1 —a)y =
1 has only the trivial solution (1,1), Lemma 13 is trivial. If instead this
equation admits a nontrivial solution then a = (1 — y)/(z — y), therefore

a € Q(tors(k™),y1, .- ,7s)

with v,, 0 = 1,...,s, a set of generators of I" up to torsion. The group
tors(k*) is cyclic of order at most 2d? (and better bounds are easily pro-
vided), hence it is controlled solely in terms of d.

Replacing k& by Q(tors(k™),~1,...,7s) it is easy to see that Dy admits
a bound which is a function of moderate growth in the heights of the gen-
erators v, of I" and in the degree d of the field; a neat explicit bound is in
[BW], Lemma 2.

Finally, Lemma 12 shows that we can find a set of generators of I" such
that h(7,) is majorized by a function of moderate growth in 3 max(d, s, R).
The required result follows.

8. Application of the Cluster Principle. In this section we prove
the theorem stated in the introduction.

LEMMA 14. Let ax + (1 —a)y = 1 be a reduced equation to be solved with
x = (x,y) € I'. Let R = maxg Rg(I") be the largest requlator associated with
I'. Then either this equation has at most c5 solutions for a certain absolute
constant co or h(a) is majorized by a function of moderate growth in d, s
and R.
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Remark. The proof shows that h(a) < E4(3 max(d, s, R)).

Proof of Lemma 14. If h(a) < max(d, s, R) there is nothing to
prove. Hence let us assume that h(a) > max(d, s, R).

Let T C My x {1,2} be given by T'= S U S* where S is nondegenerate
and special for I" and S* is such that R = Rg-. Clearly |T| < 2s. Also
let K = s(1 + log(432d°s3)) and let X be the set of solutions of the unit
equation in question.

We apply the Corollary to Lemma 10 to this situation obtaining a par-
tition X = |J &; of X into not more than 27* disjoint subsets X; such that
for x; € X; we have

(8.1) vr(x; P ;) < 2K L(K) Ly, (vr(X)).
Since S* C T, Lemma 8 shows that
(8.2) h(x; P ;) < (2st) Tup(x; 1 &)

where t is the cardinality of the support of I".
On the other hand, for any x € I" we have

vr(x) < dh(x) < d(h(a) + h(ax)),
and therefore using Lemma 13 and h(a) > max(d, s, R) we get

(8.3) vr(X) < d(h(a) + En, (3h(a))) < En,11(3h(a)).
By (8.1), (8.2) and (8.3) taking n = n; + 2 we deduce
(8.4) h(x; 1 X) < (28t) 12K L(K) Ly 42(Eny +1(3h(a)))

= (2st)*T 2K L(K)L(3h(a));

the number of sets A; is at most 27(71+2)s,

Now suppose that there is a set X; containing at least two elements, say
x; = (x;,y;) and x; = (af,y)). Set @’ = az;, x' = (2',y") = x}/x;. Then
(8.4) yields
(8.5) h(x") < (2st)*T'2K L(K)L(3h(a)).
Since x’ is a nontrivial solution of the normalized equation a’x'+(1—a’)y’ =
1, we may apply Lemma 11 and deduce from (8.5) that
(8.6) h(a') < 3h(x") +log4 < 3(2st)*T 2K L(K)L(3h(a)) + log 4.
Finally, h(a) < h(a’) because ax + (1 — a)y = 1 is a reduced equation. In
view of (8.6), this gives
(8.7) h(a) < 3(2st)* T 2K L(K)L(3h(a)) + log 4.
By Lemma 12, ¢ < E3(3max(d, s, R)) and (8.7) now implies that h(a) admits

a bound of moderate growth in d, s and R, which is the conclusion of
Lemma 14.
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It remains to consider the case in which every X consists of only one
element. Since the number of sets X; is at most 27(" 25 Lemma 14 follows.

Proof of Theorem. For the rest of this section, we assume that h(a)
satisfies the moderate growth bound provided by the second alternative of
Lemma 14. Then Lemma 13 provides a bound

(8.8) h(X) < E,,(3max(d, s, R))

for the set of solutions of the reduced and normalized equation ax+(1—a)y =
1 with x € I, for a certain absolute integer constant ns, in fact with no < 10.

We apply again the Corollary to Lemma 10 to this situation taking
T = SUS* as in the proof of Lemma 14 and n = ns + 1, and obtain a
partition X = (J&; of X into not more than 27("2+1s disjoint subsets X;
such that for x; € X; we have

(8.9) vr(x; ) < 2K L(K) Ly (v (X)),

As noted in the proof of Lemma 14 we have vy (x) < dh(x), and therefore
from (8.8) and (8.9) we easily infer that

(8.10) vr(x; P ;) < 2K L(K)L(4max(d, s, R)).
We claim that if I' C G,,, and m > 1800d”s* we have
(8.11) rk(x; 1) < rk(X).

To see this, let us consider a subset x; '&;. Suppose that rk(x;'&;) =
rk(X) = s. Then H = (x; ' A;) would have finite index in I" and therefore

(8.12) Rs-(H) > Rs-(I') = R.

Now we apply Lemma 7 to the set x; ' X;. In view of (8.10) and (8.12) we
infer

(8.13) m(x; 1 x;)Y* < R™Y*s2K L(K) L(4max(d, s, R)).

If we take m > 1800d°s* then, as noted in Lemma 10, we have K = s and
(8.13) simplifies, after some generous majorizations, to

(8.14)  m(x;tA)/e
< R™Y*25?L(s)L(4max(d, s, R))
= R™Y25%(1 + log s)(1 + log 4 + max(log d, log s,1og R))
< 5ds?(1 + log s)2R™Y/* max(1,log R).

Now recall that by the last part of Lemma 6 and m > 1800d°s* we have

m
> 4
g > 100(ds)*,

Rl/s Z
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while R='/#log R is decreasing in R for R'/* > e. Then (8.14) gives a fortiori
the bound

(8.15) m(x;1A;)Y* < 5ds*(1 + logs)?R™Y*log R
< 5ds?(1 + log 5)2(100(ds)*) ~'4slog(+v/100ds)
< 571d73s71(1 + log s)? log(4ds)
<571 ngicz_l(l +1log 2)?log(4z) < 1

as a simple numerical maximization shows.

On the other hand, the mass of a set of positive rank is always a positive
integer, which contradicts (8.15). This proves our claim (8.11).

Let N,,(s) be the maximum number of solutions of a generalized unit
equation for a group I' C G,,,. We have shown that if m > 1800d”s* we have

Np(s) < 2724 Ds N (5 — 1)

and N, (s) < 27m2+Ds* N (0) follows by induction on s. Also, it is trivial
that N,,(0) < 2 (intersect the circle |z| = 1 with the circle |1 —az| = [1—al),
therefore for m > 1800d”s* we have

(8.16) Ny (s) < 272t 1)s™+1

For a general I' we may replace I" by I}, = ' G, and note that I,
has index m® in I'. By expressing I" as a union of m? cosets of I,, we obtain
m?® generalized unit equations to be solved in I3,,. By (8.16), we conclude
that

Ni(s) <m°Np(s) < (18OOal934)527("2“)52+1 < dgscf2
and with it the proof of the Theorem.
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