ACTA ARITHMETICA
LXXX.4 (1997)

Gauss sums for O~ (2n, q)
by

DAE SAN Kim (Seoul)

For my father, Chang Hong Kim

1. Introduction. Let A be a nontrivial additive character of the finite
field Fy, and let x be a multiplicative character of F,. Unless otherwise
stated, in this paper we assume that ¢ is a power of an odd prime. Then we
consider the exponential sum

(1.1) > Altrw),

weSO~ (2n,q)

where SO~ (2n, q) is a special orthogonal group over F, (cf. (2.8)) and trw
is the trace of w. Also, we consider

(1.2) Z x(det w)A(tr w),

weO~(2n,q)

where O~ (2n, ¢) is an orthogonal group over F, (cf. (2.2), (2.5), (2.6)) and
det w is the determinant of w.

The purpose of this paper is to find explicit expressions for the sums
(1.1) and (1.2). It turns out that both of them are polynomials in ¢ with
coefficients involving powers of ordinary Kloosterman sums and the average
(over multiplicative characters of all orders) of squares of Gauss sums.

In [5], Hodges expressed certain exponential sums in terms of what we
call the “generalized Kloosterman sum over nonsingular symmetric matri-
ces” Kgym, (A, B) (for m even in the main theorem of [5]) and the “signed
generalized Kloosterman sum over nonsingular symmetric matrices”

1991 Mathematics Subject Classification: Primary 11T23, 11T24; Secondary 20G40,
20H30.

Key words and phrases: Gauss sum, multiplicative character, additive character, ortho-
gonal group, Kloosterman sum, Bruhat decomposition, maximal parabolic subgroup.

This paper was supported by Non Directed Research Fund, Korea Research Founda-
tion, 1996.

[343]



344 D. S. Kim

Lgym,+(A, B) (for m odd in the main theorem of [5]), where A, B are t x ¢
symmetric matrices over Fy (cf. (7.1) and [9], (7.1)). Some of their general
properties were investigated in [5], and, for A or B zero, they were evaluated
in [4] (see also [5], Theorem 10). However, they have never been explicitly
computed for both A and B nonzero.

From a corollary to the main theorem in [5] and using an explicit expres-
sion of a sum similar to (1.2) but over O(2n + 1,q), we were able to find,
in [9], an expression for Lsym,gnﬂ(‘ﬁ%C_l,C’), where C' is a nonsingular
symmetric matrix of size 2n + 1 over F, and 0 # a € F,,.

In this paper, from the corollary mentioned above and Theorem 6.1, we
will be able to find an explicit expression for Ksymygn(‘ﬁliC -1 C’), where C
is now a nonsingular symmetric matrix of size 2n with C' ~ J~ (cf. (2.17)
and (4.2) with r = 2n) and 0 # a € F, as before. Ksym,gn(%20*1,0) for
C ~ JT (cf. (4.1) with r = 2n) was determined in [11].

Similar sums for other classical groups over a finite field have been con-
sidered and the results for these sums will appear elsewhere ([9]-[11]).

Finally, we would like to state the main results of this paper. For some
symbols, one is referred to the next section.

THEOREM A. The sum ), cqo-(an,q Atrw) in (1.1) equals
. 1 =
1. n*—n—1 . 7 A 2
s 12O ?)

[(n—1)/2] i [n—1 r
r(r+3 - 2j—1
SE e ] T

q j=1
[(n—2r+1)/2] | |
x> KN L)TTE AN g 1) (g0 - 1)
=1
I SRS Rt
B r(r3)+1 - 2j-1 _
(+1) > q [2T+1] 11 1)
r=0 q j=1
[(n—2r)/2) | |
x> dENLDTETAY (g - 1) (¢ - 1)},
=1

where the first and second unspecified sums are respectively over all integers
J1s-ygi—1 satisfying 2l —3 < j1 <n—2r—2,2l-5<jo<j;—2,...,1 <
Ji—1 < jJi—2 — 2 and over the same set of integers satisfying 2l — 3 < j; <
n—27“—3,2l—5 < j2 < jl —2,...,1 < jl—l < jl_2 — 2. Here K()\71,1)
is the usual Kloosterman sum (cf. (2.11)), and G(¢, \) and G(n,\) are the
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usual Gauss sums (cf. (2.9)), where ¢ is a multiplicative character of F, of
order ¢ — 1 and n is the quadratic character of F,.

THEOREM B. The sum }_,,co- (an,q) X(det w)A(tr w) in (1.2) is the same

as the expression in (1.3), except that —ﬁ Zj;i G(¢7,\)? appearing in the
first sum and q + 1 appearing in the second sum are respectively replaced by

A(x, A) and x(—1)A(x, ), where
A, A) = —qil ]Zl G A+ x(=1)(g +1).

THEOREM C. Let 0 # a € F,. Then, for any nonsingular symmetric
matriz C over F, of size 2n with C ~ J~ (cf. (2.17) and (4.2)), the Kloos-
terman sum over nonsingular symmetric matrices (cf. (7.1)) is independent

of C, and

2
a _
Ksym,2n<40 170> = qn Z )\a(trw)v
weO0~ (2n,q)
so that it equals q™ times the expression in Theorem B with x trivial,

A=A

The above Theorems A, B, and C are respectively stated as Theorem
5.2, Theorem 6.1, and Theorem 7.1.

2. Preliminaries. In this section, we fix some notations that will be
used in the sequel, describe some basic groups, recall some classical sums
and mention the g-binomial theorem. One may refer to [1], [2] and [12] for
some elementary facts of the following.

Let F, denote the finite field with ¢ elements, ¢ = p? (p > 2 an odd
prime, d a positive integer).

Let A be an additive character of F,. Then A = A, for a unique a € F,
where, for a € F,

(2.1) Aa(@¥) = exp {2;7(0,04 + (a@)? + ...+ (aa)pdl)}.

It is nontrivial if a # 0.

tr A and det A denote respectively the trace of A and the determinant
of A for a square matrix A, and !B denotes the transpose of B for any
matrix B.

GL(n, q) is the group of all nonsingular n X n matrices with entries in
F,. Then

(2.2) O~ (2n,q) = {w € GL(2n,q) | 'wJ w = J},
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where
0 1,1 0 O
JT =11, 0 0 0
0 0 1 0
0 0 0 —-¢

Here and throughout this paper, € will denote a fixed element in F —FqXQ.
We write w € O™ (2n, q) as

A B e
(2.3) w=|C D f],
g h 1
where A, B, C, D are of size (n —1) x (n—1), e, f of size (n—1) x2, g, h

of size 2 x (n — 1), and i of size 2 x 2.
For a € F S, 0, will denote the 2 x 2 matrix over F,

1 0
24 n-b 0],
Then (2.2) is also given by
O™ (2n,q)
A B e PAC +'CA +'96.g = 0,
(25) =< |C D f|€GL(2n,q) | ‘BD+'DB+"'hé.h =0,
g h 'tAD +'CB +tg6.h = 1,_1,
fef +'fe+%d.i = 6.,
PAf +'Ce +'g6.i =0,
‘Bf +'De +'hé.i =0
A B e A'B+ B'A+ed.-1'e =0,
(26) =< |C D f|eGL(2n,q) | C'D+ D'C+ f5.1'f =0,
g h i A'D + BIC + eb.atf = 1,1,

g'h+ hlg+i6.—1% = 6.1,
Ah 4+ Blg+ed.-1% =0,
C'h+ Dlg+ f6.-1%i=0
P(2n,q) is the maximal parabolic subgroup of O~ (2n, ¢q) defined by
(27)  P(2n,q)
A 0 0]l B —ts. ]| A€GLn-149),
= 0 ‘A7t 0 0  1p_1 0 4.1 = 6.,
0 0 0 h Lo 'B+ B +'hé.h =0
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A 0 0 1,1 B —th(sg Ae GL(n - 1,(]),

={lo a4t ol 0 1., o0 ic0™(2,q),
0 0 i 0 h 15 ‘B4 B +'hé.h =0
(cf. (4.9)). Finally,
(2.8) SO™(2n,q) = {w € O™ (2n,q) | detw = 1},

which is a subgroup of index 2 in O~ (2n, q).
For a multiplicative character x of F, and an additive character A of F,
the Gauss sum G(x, \) is defined as

(29) G = 3 x@)Aa).
a€Fy

In particular, if x = 7 is the quadratic character of F, and A = A, is
nontrivial, then, as is well known [12, Theorems 5.15 and 5.30],

(210) G, A) =D Ae?)

a€l,
_ {U(a)(—l)dl\/@, p=1 (mod 4),
n(a)(=1)*1(vV/-1)4/q, p=3 (mod 4).

For a nontrivial additive character A of Fy, a,b € Fy, K(X;a,b) is the
Kloosterman sum defined by

(2.11) K(Xa,b) = > Maa+ba™").
er]F;<

For integers n, r with 0 < r < n, we define the g-binomial coefficients as

r—1
o n—j _ r=j _
(212 7| = - v -,
a  j=0
The order of the group GL(n, q) is denoted by
n—1 n—1
(2.13) g ="~ @)= [[@7 — 1.
j=0 j=0
Then we have
dn _ . r(n—r) |:n:|
2.14 — =q )
( ) gnfrg'r' r q

for integers n, r with 0 < r <n.
For z an indeterminate, n a nonnegative integer,

(2.15) (#:0) = (1 = 2)(1 = 2q) ... (1 — 2q" ).
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Then the ¢g-binomial theorem says

. n T r T __ .
(2.16) >|1] i@ = @
r=0 q
[y] denotes the greatest integer < y, for a real number y.
Finally, for n x n matrices A, B over F,, we will say that A is equivalent

to B and write

(2.17) A~ B ifand only if B ="'wAw for some w € GL(n, q).

3. Bruhat decomposition. In this section, we will discuss the Bruhat
decomposition of O~ (2n, q) with respect to the maximal parabolic subgroup
P(2n,q) of O~ (2n,q) (cf. (2.7)). This decomposition (in fact, its slight vari-
ants (3.15) and (3.16)) will play a key role in deriving the main theorems in
Sections 5 and 6, and an elementary proof of it will be provided.

As a simple application, we will demonstrate that this decomposition
yields the well-known formula for the order of the group O~ (2n,q) when
combined with the g-binomial theorem.

THEOREM 3.1. (a) There is a one-to-one correspondence
P(2n,q¢\O™(2n,q) — P'(n+1,9)\4
given by

A B e C f
Peng) |C D f HP/(nH,q){ ]
g h i g

where

P'(n+1,q) = { [Z d] € GL(n+1,q)

S

a € GL(n—1,q),
b=0, ‘dé.d = 6.

a € GL(n—1,q),
b=0,dec O (2,q)

a b
:{[c d]GGL(n—i-l,q)
A— C D f]||C,D,f, g,h,i are respectively
“llg h oilln=1)xm=-1), (n—-1)xn—-1), (n—1) x 2,

2x (n—1), 2x(n—1), 2x2 matrices over F, subject to the
conditions (3.1) below, and the matriz is of full rankn+1 J’

C!'D + D'C + fo.-1tf =0,
(3.1) gth+htg+i(5€71ti = 5571,

Cth + Dig + fo.-1% =0,
and, for 6.,0.-1, one refers to (2.4).
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(b) For given [5 f ]:] € A, there exists a unique r (0 < r < n —1),
p € P'(n+1,q), p€ P(2n,q) such that

1, 0 0 0 0
p’[c 1}3 f]p— 0 00 1,1 O
g 000 0 1y
(c) We have
n—1
0™ (2n,q) = H Po,. P,
r=0
where P = P(2n,q) and
0 0 1, 0 0
0 1,1 O 0 0
(3.2) o=11, 0 0 0 0]ec0(2nq).
0 0 0 1,1 O

0 0 0 0 1o

Proof. It is easy to see that the map in (a) is well defined and injective.
For the surjectivity, it is enough to see that, for any given [C LZ ! ] e A,
g 7

A B e
C D f| €O (2n,q) forsome A, B,e.
g h 1

Choose x € GL(n — 1,q) such that z[C D f] is a row echelon matrix.
Let » (0 < r < n — 1) be the number of pivots in xC. Then, for some
y e GL(n - 17(]),

1, 0
,|C D f _ D f
g hooi
where
s 0 Y 0 0
Py = [0 1 } €eP(n+1l,q), pm=1|0 ' 0| ¢cP(2nq)
2 0 0 1

Write
/_ | D Diy | A
= okl =[]
where D/, is of size r x r, D}, of size (n —1 —7r) x (n — 1 —r), and f{ of
size 7 X 2, etc.
It can be checked directly that if [i ]}3 J:] € A then ﬁ/[j f {]ﬁ
€ A for any p’ € P'(n+ 1,q) and p € P(2n,q). Thus the first identity
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( 1) must be satisfied by (3.3). So we get ‘D}; + Diy + f1d.—1'f] = 0,

5, =0,f=0
Put
DY, —Di, —fi
1n71
b2 = tDiz 0 0
0 1,1 0
0 d.-1'f] 0 1o
Then py € P(2n,q), and (3.3) right multiplied by ps is
1, 0 0 0 0
(3.4) 0 00 Dj, 0
g/ h// Z’/

Since (3.4) is of full rank, D), must be invertible. Hence (3.4) left multiplied
by p} is

1, 0 0 0 0
(3.5) 0 0 0 o1 O],
g/ h// 7:/
where
L. 0 0
ph=10 D' 0] €P(n+1,q).
0 0 1
Put

9 =lg gal, 1" =[hY hl,
where ¢} and hf are of 2 x r. Now, the second and third identities of (3.1)
must be satisfied by (3.5). So we get hY =0, gh = 0, /63" = 6.
Let
0 0

n 1—r 0

—i' 'Ry !
Then ps € P'(n+1,q) and (3.5) left multlphed by ph is

1, 0
(3.6) 0 O 0 1n_1_r 0
0 0 0 0 1o

So far we have shown that p’[j l; ]:]p equals (3.6) for p’ = phpip) €
P'(n+1,q), p=pip2 € P(2n,q) and for a unique integer r (0 < r <n—1).

This shows (b).
Write
;. tA=t 0 1,1 O
p_[ 0 Z:||: h 12}
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Choose any (n—1) x (n — 1) matrix B satisfying !B + B+ 'hé.h = 0 . Then
" to.p! is a matrix in O~ (2n,q) whose last n + 1 rows constitute the

matrix [C b f]

g h il Where p” is given by

A 0 0] [1,-1r B —'hé
p// =10 tA—l 0 0 1n71 0
0 0 ? 0 h 19

This completes the proof for (a).
In view of (a), the Bruhat decomposition in (c) is equivalent to

n-1 [1, 0 0 0 0
(3.7) A=J[P [0 00 1,1, 0[P
=0 000 0 1

where P’ = P'(n+1,q), P = P(2n,q). (b) says that A is a union of double
cosets as in (3.7). The disjointness in (3.7) is easy to see. m

Put
(3.8)  Q=Q(2n,q)
A 0 0][1lwr B —the.] | A€GL(n—1,4),
={lo a7t o 0 1,4, O i €S0~ (2,q),
0 0 0 h Lo 'B+ B +'hé.h =0

Then Q(2n, q) is a subgroup of index 2 in P(2n,q) (cf. (2.7), (4.10)), and

(3.9) ~(2n,q) H Po,Q.

Write, for each r (0 <r <n—1),
(3.10) A=A (q) ={pe€ P(2n,q) | oypo, " € P(2n,q)},
(3.11) B, = B.(q) = {p € Q(2n,q) | o,po, ' € P(2n,q)}.
Then B, is a subgroup of A, of index 2 and
(3.12) 1B-\Q| = [A:\P].

Expressing O~ (2n, q) as a disjoint union of right cosets of P = P(2n,q),
the Bruhat decomposition in (c) of Theorem 3.1 and the decomposition in
(3.9) can be rewritten as follows.

COROLLARY 3.2.

(3.13) 0~ (2n,q) ]_[ Po,.(A\P),
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(3.14) 0~ (2n,9) = [ Por(B\Q),

where P = P(2n,q), and Q, A,, B, are respectively as in (3.8), (3.10), (3.11).

The decomposition in (3.14) can further be modified to give the following
decompositions.

COROLLARY 3.3.

(3.15) so-@ng)=( [[ @o(B\Q)
0<r<n-—1
(T (e (BAQ).
0<r<n-—1
T odd
(3.16) o= I Qu(B\Q)
0<r<n—1
(I Qe (BQ)
0<r<n—1
u( I @oB\Q)
0<r<n—1
T odd
(I (e (B)Q),
0<r<n—1
T odd
where
1,1 0 0 0
1o 1, 0 0
(3.17) =1 o0 0 1 0
0 0 0 -1
Write p € P(2n,q) as
A 0 0 1,-1 B —'hé.
(3.18) p=10 4" 0 0 1,0 0 |,
0 0 1 0 h 1o
with
A A ta—1 En Eno Bi1 B2
A= AT = B =
[Am 1422]7 Eay Ea |’ Ba1 Baa |’

and h = [hy hg|. Here A1y, A1z, Aa1, and Agg are respectively of sizes r X r,
rx(n—1-r),(n—1—r)xr,and (n—1—7) x (n—1—r), similarly for
tA=1 B, and h; is of size 2 x 7.
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Then o,.po, ' € P if and only if A11B11+ A12B21 =0, A12 =0, Fa; = 0,
thy = 0, Allth15€ + A12th25€ = 0 if and only if Ao =0, By =0, hy =0.
Recalling the order of O~ (2,¢) in (4.12), we have

(3.19) |Ar(q)] = 2(q + 1)grgn—1-pq " D2 2qrEn=3r=) /2,
where g, is as in (2.13). Also,
(3.20) |P(2n,9)| = 2(q + 1)gn_1q" D72,

From (2.14), (3.19) and (3.20), we get

(321) Ada\Peng| =" | g,

Combining (3.20) and (3.21), we also have
- or | —1
(3:22) |P(20, )P A.()| " = 2(q + 1)q H 7~ 1)g [ ] |
j=1 q

The decomposition in (3.13) yields

n—1

(3.23) 07 (2n,9)| = ) |P(2n, q)*| A (9)|

r=0

Now, from (3.22) and (3.23) and applying the binomial theorem (2.16) with
x = —q?, we have the following theorem. We note here that this result was
already shown in [3].

THEOREM 3.4.
(3.24) 07 (2n,9)| = 24" (" + 1) [] (¥ — D).
Proof.
e T — n—1
07 (2n,q)| =2(¢+ 1)g" ™ | ] (¢’ = 1) [ ] g2
q
=2(q+1)¢" " [[ (@ = D(~¢* s

=20" (" + 1) [[ (¥ ~1). m

4. Some propositions. For r even, every nonsingular symmetric matrix
of size r over F, is equivalent either to
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0 1
01 1 0
+ r/2
1) = [h/z 0 ]
0 1
10
or to
(4.2)
) ) [0 1 T
0 Iy 00 1 0 0
T = 1,0 o 0 0|~ 0 1
0 0 1 0 Lo
. 0 0 0 —¢] 0 1 0
L 0 —e¢

On the other hand, for r odd every nonsingular symmetric matrix of size r
over [, is equivalent either to

01 -
10 0
0 Lir—1)2 0
(4.3) J=114-1)2 0 0f ~ 01
0 0 1
0 10
L 1]
or to
01 -
10 0
0 Lr—12 O
(4.4) eJ=¢ 1(r—1)/2 0 0f ~¢
0 10
L 1]

The following proposition can be proved analogously to the correspond-
ing Proposition 4.1 in [9], so we only sketch the proof.

PROPOSITION 4.1. Let A be a nontrivial additive character of F,, and let
B be a nonsingular symmetric matriz of size v with entries in F,. Then

‘ | q if v is even,
(4.5) > Altré.'nBh) = {_qr if 1 is odd.
heF;*?

where IF;XQ denotes the set of all r x 2 matrices over Fy, and 0. is as in
(2.4).
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Proof. Since the corresponding sums in (4.5) are the same for equivalent
matrices B and B’, it suffices to consider the cases when B is respectively
equal to the matrix on the right hand side of (4.1)—(4.4).

If B~ (4.1) or B ~ (4.2), then we get exactly the square of the corre-
sponding expressions in Proposition 4.1 of [9)].

On the other hand, if B ~ (4.3) or B ~ (4.4), then we get

n(—e)G(n,A)2q " = (1) TTV2G (0, N2 = —¢"

(cf. (2.10)). So in these cases also, up to sign, we get the square of the
corresponding expressions in Proposition 4.1 of [9]. =

The following can be proved in exactly the same manner as Proposition
4.2 of [9].

PROPOSITION 4.2. Let A be a nontrivial additive character of F,. For
a positive integer r, let §2,. be the set of all v X r nonsingular symmetric
matrices over Fy. Then

(46)  b-(N)= > > Atré.'hBh)

Be2: pepr*?

r/2
q’“(’“*(”)/‘ll_[(qu’1 —1) for r even,
_ Jj=1
(r+1)/2
_q(r2+4r—1)/4 H (q2j71 _ 1) for r odd,
j=1

where 0. is as in (2.4).

The next two propositions are well known and will be used in showing
Proposition 4.5.

PROPOSITION 4.3 [12, Theorem 5.30]. Let A be a nontrivial additive char-
acter of F, (here g = p? with p any prime including p = 2), and let 1 be a
multiplicative character of Fy of order d = (n,q —1). Then

d—1
(4.7) DA™ =GN,
acl, =1

where G(¢7,\) is the Gauss sum as in (2.9).

PROPOSITION 4.4 (Davenport-Hasse). Let A be an additive character of

Fy, and v a multiplicative character of Fy, not both of them trivial. Suppose
that N = Xotry . r, and ' =1 o Ng_, jp,. Then

(4.8) G, X) = (1)1 G(¥, N)".
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For the next proposition, we note the following. We have
(4.9) O™ (2,q) = {w € GL(2,q) | 'wé.w = 5.}.

Now, SO™(2,q) = {w € O~ (2,q) | detw = 1} is a subgroup of index 2 in
07(2,9), and

(4.10) 0= (2,q) = SO™(2,q) 16, SO~ (2, q).
Note here that 6, = [(1) _01] (cf. (2.4)). Moreover,

(4.11) SO~ (2,q) = { [Z bﬂ

In particular, this says that
(4.12) SO7(2,9)l =q+1, [07(2,q)=2(¢+1).

a,bely, a2—b25:1}.

PROPOSITION 4.5. Let A be a nontrivial additive character of Fy. Then

1S
(4.13) > AMtrw) = —=1 ZG(W,)\) ,
weSO0™(2,q) Jj=1
(4.14) Z A(trdw) =q+1,
weSO™(2,q)

where 1 is a multiplicative character of ¥y of order ¢ — 1.

Proof. (4.14) is clear, since, from (4.11), we see that A(tr d;w) = A(0) =
1 for each w € SO™(2,q). Let K = F,(/¢) be the quadratic extension field
of F,, and let o be the Frobenius automorphism of K given by ca = af.
Then, from (4.11), we see that the left hand side of (4.13) equals

Z Ao trK/]Fq (Oé)

acK, NK/]Fq (04)11

- Z Ao trym, <"aa> (Hilbert’s Theorem 90)

a€F S\ K%
1
_f]_ Z )\OtI‘K/]F (aq )
q acKX
1
(4.15) = j{ 3 Notrgge, (@t — 1}.
q acK

Let ¢ be a multiplicative character of F; of order ¢ — 1. Then ¢ o Nk p,

is a multiplicative character of K of order ¢ — 1, and (¢ o NK/]Fq)J =l o
Nk r, for each positive integer j. Thanks to (4.7), the sum in (4.15) can be
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expressed as

Z )\ (e] tTK/qu (Oéq_l) =

aceK

—2

Q

(]

Gy o Ngjp,, Ao trgr,)

<.
Il
Q=
|
)

= G, N ((48).

j=1

By substituting the last expression into (4.15), we get the desired result. m

Remark. For j = ¢ — 1, 97 is trivial and hence G (¢, \) = —1. For
j=1,...,¢— 2,947 is nontrivial and G(¢)7, \) is /g in absolute value (cf.
[12], Theorem 5.11). Thus, from (4.13), we have

Z )\(trw)lgq—l.

weSO™(2,9)

(4.13) also shows that Z?;i G(¢7,\)? does not depend on the choice of
a multiplicative character 1) of F, of order ¢ — 1.

5. SO™ (2n,q) case. In this section, we will consider the sum in (1.1),

Z A(trw),

weSO~™(2n,q)
for any nontrivial additive character A of F, and find an explicit expression
for this by using the decomposition in (3.15).
The sum in (1.1) can be written, using (3.15), as

(1) > IBAQIDY . Altrwen)+ Y [BAQI Y Altr owe,),

0<r<n-—1 wWEQR 0<r<n-—1 wWEQR
reven rodd

where B, = B,(q),Q = Q(2n,q) are respectively as in (3.11), (3.8), and
0, 0, are respectively as in (3.17), (3.2). Here one should note that, for each

q€Q,
Z Atrwo,q) = Z A(tr quwo,) = Z A(trwo,.),

wWEQR wEeR weR
and 0~ 'qo € Q. Write w € Q as
A 0 0 1,1 B —'hé.
w= |0 'A71 0 0 1n_1 0 ,
0 0 i 0 h 1o
with

e [An A12] 141 [En E12] B_ [Bn B2

. h=I[h hal,
A21 A22 E21 E22 BZl B22:| [ ! 2]



358 D. S. Kim

*Bi1 + Bi1 4+ "hid.hh =0, 'Bay + Bia + 'hidche = 0,
'Boy 4 Bay + 'hob.hy = 0.

Note that the conditions in (5.2) are equivalent to ‘B + B + 'hé.h = 0. Here
Aq1, A1, Aoy, Agg are respectively of sizes rxr, rx (n—1—r), (n—1—r)xr,
(n—1—7)x (n—1-r7), similarly for ‘A=, B, and h; is of size 2 x r.

(5.2)

Now,
M *x x
wo, = | * N x
* * 7
with
A A | | B 0 Ei1 Eip| |0 0
53 M = 3 N - )
(5:3) |:A21 Ao | | Ba1 11 Eo Eoo| |0 1h-1-¢
and
M *
owo, = | x N x
* * 51i

with M, N as in (5.3). So the sum in (5.1) is
(64) D> M) > [BAQ|

1€SO~(2,q) 0<r<n-—1
reven

X Z )\(tI‘ AllBll + tr Alngl + tr A22 + tr Egg)

+ 0> Atrdid) > [B\Q)

1€SO~(2,q) Ogrfdré—l
ro

X Z /\(tr AllBll + tr AIQBQI + tr Agg + tr Egg),

where the innermost sums are respectively over A, B, h subject to the
conditions in (5.2).
Consider, for any r (0 <7 <n — 1), the sum

(55) Z )\(tr A11B11 +tr A1sBo1 + tr Agy + tr EQQ).
A,B,h

For each fixed A, h, the subsum over B in (5.5) is

(56) Z)\(trAllBll —I—tI'Alngl),

where the sum is over all By1, Bay, Bao satisfying !Byy + By + thid.h; = 0,
tBoo+ Bog +thyd.ha = 0. Since the summand is independent of Bas, it equals
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(57) q(”*;*r) Z)\(tI'AllBll)Z)\(tI'Alngl).

B B2
The sum over Bs; in (5.7) is nonzero if and only if A;2 = 0, in which case it
is ¢"(=1=7)_ On the other hand, the sum over Bj; in (5.7) is nonzero if and
only if Ay; is symmetric, in which case it equals q(;>)\( — %tr 5€h1A11th1).
To see this, let

h h cor hiy
All = (O(,L])’ Bll = (/61])7 hl = h;i h;z e h;r

Then the condition !By + Bi1 + th1d.h1 = 0 is equivalent to

Bii = 2(h3;e — hi;) for 1 <i <,
Bij + Bji = hajhaje — hishy;  for 1 <i<j <.

Using these relations, it is not hard to see that

tr A1 By = —% tr (55h1A11th1 + Z (ozji — aij)ﬂij.
1<i<j<r
Hence the sum over By; in (5.7) is nonzero if and only if aj; = ay; for
1<i<j<rie., Ajjis symmetric. Moreover, it is q(;))\(—% tr 55h1A11th1)
in that case.
We have shown so far that the sum in (5.6) is nonzero if and only if

A 0 . . L . .
A= [ Ay Azz] with A;; nonsingular symmetric, in which case it equals

1—r

q(”*2 )—i—(;)-ﬁ-r(n—l—r))\( — %tr&ehlAnthl) = q(”gl))\( - %tI‘ (SghlAllthl).

_[A11 O By B2 _ 7'ALY = .
For such an A = [A21 A22]’ [Em E22] = [ 0 tA2_21], and hence the sum in

(5.5) can be written as
q(ngl) Z Z A(_%tréshlAllthl) Z)\(trAQQ —l—tI‘A2_21)
A211h2 A111h1 A22
= ¢(n=D(n+2)/2+r(n—r=3) Z A(=3tr0-hy A1 'hy) Z A(tr Agy + tr Ay))
Ar1,ha Aszo
_ q(n—l)(n+2)/2+7‘(n—r—3)br()\)KGL(n_l_T’q)()\; 1,1),

where b,.(A) is as in (4.6), and in [10], for a,b € Fy, Kqr(t,q)(A; @, b) is defined
as

(5.8) Kart,g) (N a,b) = Z Matrw +btrw™h).
weGL(t,q)
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Putting everything together, the sum in (5.1) can be written as

(5.9) ¢@DEERLST Awd) Y [BAQI Y

1€SO~(2,q9) 0<r<n-—1
X br(NEcLm-1—rgA L1+ Y Altréyi)
1€SO~(2,q9)
X IBAQU T b () Kar o1y (L 1)
0<r<n—1
rodd

From (3.12), (3.21), (4.6), (4.13), and (4.14), we see that the above ex-
pression (5.9) equals

(510) q(n—l)(n+2)/2

1 ! . . _
% {(_ : ZG(¢J’ A)2> Z an—r /4 |:TL 1:|
=13 0<r<n—1 P

X H(qzjil - 1)KGL(nflfr,q) <)‘a 17 1)

J
o (q + 1) Z q(4nrfr272r71)/4

0<r<n—1
rodd

r

n—1 (r+1)/2 '
x |: :| H (q2j_1 - 1>KGL(n717T,q)(A; 17 1)}
q

j=1
An explicit expression for (5.8) was obtained in [10].

THEOREM 5.1. For integers t > 1 and nonzero elements a,b of Iy, the
Kloosterman sum Kqr,1,q)(X; a,b) is given by

(5.11)  Kengea(ha,b)
[(t+2)/2]
= q(t—2)(t+1)/2 Z qlK()\; a, b)t+2—2l Z(qjl -1)... (qu—1 -1),
1=1

where K (\; a,b) is the usual Kloosterman sum in (2.11) and the inner sum is
over all integers j1, ..., ji—1 satisfying 21—3 < j; <t—1,21—5 < jy < j1—2,
vy 1< 9121 < g9 — 2. Here we adopt the convention that the inner sum
in (5.11) is 1 for 1 =1, and that jo =t + 1 for l = 2.

Combining (5.10) with the explicit expression of Kloosterman sum in
(5.11), and replacing 7 in the first sum and the second sum in (5.10) respec-
tively by 2r and 2r 4 1, we obtain the following theorem.
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THEOREM 5.2. Let A be a nontrivial additive character of Fy. Then the
Gauss sum over SO~ (2n,q),
Z A(tr w),

weSO™ (2n,q)
s given by
T [(n—1)/2] n—1 T
n®—n—1 o r(r+3) - 2j—1
g {( q_lszb]A) Z g [ ] [[@ -1
Jj=1 qj=1
[(n—2r+1)/2] 4 4
Xy dENLDTTETTEN g 1) (¢ - 1)
1=1
[(n—2)/2] ( : n—1 r+1
r(r+3)+1 - 2j-1 _
~(g+1) Z q [2T+1] [1 1)
qj=1
[(n—2r)/2]
x> g KNLD)TTETEY (g 1) 3111)}.

=1

Here K(X;1,1) is the usual Kloosterman sum as in (2.11), and G(¢?, \) and
G(n,\) are the usual Gauss sums in (2.9) with v a multiplicative character
of Fq of order ¢ — 1 and with n the quadratic character of F,. In addition,

the first unspecified sum is over all integers ji,...,j5—1 satisfying 21 — 3 <
G1<n—2r—220-5<jo<j1—2, ..., 1< ji_1 < ji_o — 2 and the
second one is over all integers ji, ..., ji—1 satisfying 21 —3 < j; <n—2r—3,
20-5<jo<ji—2,...,1<ji1 <ji2—2

6. O™ (2n,q) case. Let x be a multiplicative character of IF,, and let X
be a nontrivial additive character of ;. Then we will consider the Gauss
sum in (1.2),

Z x(det w)A(trw),
weO~ (2n,q)

and find an explicit expression for it.
From the decompositions in (3.15) and (3.16), the above sum is

ZwESO_ (2n.) A(trw) plus

(6.1) W= S BAQEY Atrowoy)

0<r<n-—1 weR
+ Y BAQIY A war)},
0<r<n-—1 weR

rodd
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where the expression in curly brackets is the same as that in (5.9), except
that 3 _;cq0- (2,9 Altri) and }-;cq0-(2,4) Altrdié) are interchanged. So the
sum in (1.2) equals

(6.2) "I A( N
LS BRI I () Kar g (N 1,1)

0<r<n—1
T éven

+ X(_l) Z ’BT\Q’qr(niri?))br(A)KGL(nflf'r,q) <)‘a 17 1)};

0<r<n—1
rodd

where

(6.3) AN = ) M) +x(-1) > Atrdr)
1€SO~(2,q9) 1€SO~(2,q9)

_ _qll jaw,w +X(=1)(g+1)

with ¢ a multiplicative character of F, of order ¢ — 1 (cf. (4.13), (4.14)).

From (3.21) (cf. (3.12)), (4.6), (5.11), and replacing r in the first sum and
the second sum in (6.2) respectively by 2r and 2r + 1, we get the following
theorem.

THEOREM 6.1. Let x be a multiplicative character of Fy, and let X be a
nontrivial additive character of F,. Then the Gauss sum over O~ (2n,q),

Z x(det w)A(tr w),

weO~ (2n,q)

s given by

[(n—1)/2] r
n?—n— r(r n—1 j—
(64) ¢ 1A(X>)\){ > Y [ o } [ -1
r=0

qj=1
[(n—2r41)/2] | |
XY dENLDTTETTY (g~ 1) (¢ - 1)
=1
[(n—2)/2] n_171 "
o o r(r+3)+1 - 25—-1
X(=1) ZO q [2T+1LHI((J 1)
r= Jj=

[(n—2r)/2]
x> qlK(A;l,l)”‘Q“le(qh—1)--.((1”‘1—1)}-

=1
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Here A(x,A) is as in (6.3), K(X;1,1) is the usual Kloosterman sum as in
(2.11), and G(n, ) is the usual Gauss sum with n the quadratic charac-
ter of F,. Moreover, the first unspecified sum in (6.4) is over all integers
J1s---yg1—1 satisfying 2l —3 < j1 <n—2r —2, 2l =5 < jo < j1 —2,...,
1 < g1 < ji—2—2, and the second one is over all integers ji,...,Jji—1 Satis-
Jying20—-3<j1 <n—-2r—3,2l-5<j2<j1—-2,..., 1 <j1 < ji2—2

7. Application to Hodges’ Kloosterman sum. In [5], the generalized
Kloosterman sum over nonsingular symmetric matrices is defined, for ¢ x ¢
symmetric matrices A, B over F,, as

(7.1) Kem (A, B) = Mi(tr(Aw + Bw™)),

where w runs over the set (2, of all nonsingular symmetric matrices over I,
of size t.

In contrast to his other papers [6]-[8], Hodges neglected to mention an
important special case of the main theorem in [5]. Namely, if m = ¢ and U
is a nonsingular matrix in the main theorem, then s; = s = 0.

Now, takem =t = 2n, A = B = J~ in (4.2) withr = 2n, U = §1,, with
0 # a € Fy, in the main theorem of [5]. Then, in view of the above-mentioned
observation, we have the identity

a2

(7.2) > Aaltrw) = ¢ " Keymon (4(J)1, J),
weO~(2n,q)

2

where Kgym 20 (% (J7)7%, J7) is as in (7.1). We state this fact as the fol-

lowing theorem.

THEOREM 7.1. For 0 # a € Fy, we have the identity

a2

(7.3) > Aaltrw) = ¢ " Keym2n (4(J)1, J)

weO~(2n,q)
a2
= qinKsmen (Cla C> )
4
where A, is as in (2.1) and C is any nonsingular symmetric matriz over IF,
of size 2n with C' ~ J~.

Remark. The second identity in (7.3) is clear from the definition in
(7.1).

Combining Theorems 6.1 and 7.1, we get the following result.

THEOREM 7.2. Let 0 # a € Fy, and let C' be any nonsingular symmetric
matriz over Iy of size 2n with C' ~ J~. Then the following generalized
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Kloosterman sum over nonsingular symmetric matrices is the same for every
such C, and

2
(74)  Kuymoan <ZC—1, C)
[(n—1)/2]

n2_— r(r n—1 . i—
., lA(Aa){ 3 q<+3>[ . } " 1)
r=0 Qj:1
[(n—2r+1)/2] . ‘
x> dEQGLY)TTEEITEY (g — 1) (g0 - 1)
1=1
[(n—2)/2] n_11 "t
_ r(r+3)+1 - 2j—1
>, d [2r+1] H(q 1
q5=1
[(n—27)/2]
« Z q (Aa,lln 2r— 212 JU_ 1) .. qul_l)}7
1=1
where
A = J 1
(M) q_IZG W Aa)? 4+ g+

with ¢ a multiplicative character of Fy of order ¢—1, K (A\4;1,1) is the usual
Kloosterman sum as in (2.11) (cf. (2.1)), and n is the quadratic character
of Fy. In addition, the first unspecified sum in (7.4) is over all integers
J1s---ygi—1 satisfying 2l —3 < j1 < n—2r—2, 2l —5 < jo < j1 — 2,

, 1 < ji—1 < ji—a — 2, and the second one is over all integers ji,...,Ji—1
satisfying 21—3 < j1 <n—2r—3,21-5 <750 < j1—2,...,1 < g1 < ji_o—2.
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