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1. Introduction. Let p be an odd prime, and letK be the pth cyclotomic
field. In 1847, E. E. Kummer proved the following famous theorem which
plays a crucial role in the proof of the second case of Fermat’s Last Theorem
for regular primes:

Kummer’s lemma. Assume that p is a regular prime, namely , p does
not divide the class number of K. Then every unit in K which is congruent
to 1 modulo p is a pth power of another unit in K.

L. C. Washington generalized this theorem to all primes p as follows
([7]):

Theorem A. Let M = max{vp(Lp(1, ωip)) : 2 ≤ i ≤ p− 3, even}, where
vp is the normalized p-adic valuation (vp(p) = 1), ωp is the Teichmüller
character and Lp(s, ωip) is the Kubota–Leopoldt p-adic L-function. Then
every unit in K which is congruent to 1 modulo pM+1 is a pth power of
another unit in K.

He also proved the following similar theorem for prime power cyclotomic
fields ([9]):

Theorem B. Let n ≥ 1, and let L be the pnth cyclotomic field. Put

Mn = pn−1(p− 1) max{vp(τ(χ)Lp(1, χ)) : 1 6= χ ∈ Gal(L/Q)∧, even}.
Then every unit in L which is congruent to 1 modulo pnpMn−1

n is a pth power
of another unit in L, where pn is the unique prime of L above p and τ(χ)
is the Gauss sum for χ: τ(χ) =

∑fχ
a=1 χ(a)ζafχ (fχ is the conductor of χ).

Let F be a number field and p a prime. If we assume that Leopoldt’s
conjecture is valid for F and p, then there exists an integral ideal M of F
whose prime factors are primes above p such that every unit in F which is
congruent to 1 modulo M is a pth power of another unit in F . In the present
paper, we shall describe this ideal M in terms of the p-adic zeta functions

[37]
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and the p-adic L-functions when F is the nth layer of a Zp-extension of a
totally real number field. Especially, applying our result to the pnth real
cyclotomic field, we can improve Theorem B for sufficiently large n.

Our method is completely different from Washington’s. In the proof of
Theorems A and B, he used the cyclotomic units and Leopoldt’s formula
for Lp(1, χ) in which the cyclotomic units appear. But when we deal with
totally real number fields, we do not know such special units as those con-
nected to the value of the p-adic L-functions of totally real number fields.
So we shall embed the unit group in the semi-local unit group and investi-
gate its factor group applying Iwasawa’s theory, especially Iwasawa’s Main
Conjecture proved by A. Wiles.

We shall prepare some preliminary results in Section 2, and we shall
state and prove our main theorem in Section 3.

2. Exponents of some Λ-modules. Let p be a prime and O the integer
ring of a finite extension field over Qp. Denote by Λ the ring of formal power
series O[[T ]]. In this section, we shall estimate the exponent of some finite
Λ-modules.

For x ∈ Q we denote by dxe the smallest integer such that dxe ≥ x.
Let vp denote the normalized p-adic valuation of Qp; namely, vp(p) = 1.
For any finite Zp-module M , we write exp(M) for the exponent of M . Put
ωn = (1 + T )p

n − 1 ∈ Λ for n ≥ 0.

Lemma 1. Let n ≥ 0, and let f ∈ Λ be a power series which is prime to
ωn. Then

exp(Λ/(f, ωn)Λ) ≤ pn+dmax{vp(f(ζ−1)):ζp
n

=1}e.

P r o o f. Let Õ = O[{ζ ∈ Qp : ζp
n

= 1}], and let Λ̃ = Õ[[T ]]. From
ωn(T ) =

∏
ζpn=1(T − (ζ − 1)), we have the following exact sequence:

(1) 0→ Λ̃/ωnΛ̃
ϕ→
⊕

ζpn=1

Λ̃/(T − (ζ − 1))Λ̃→ C → 0,

where ϕ is induced by the natural projection and C is a finite Λ̃-module.
Since

Im(ϕ) ⊇
⊕

ζpn=1

(
T − (ζ − 1),

ωn(T )
T − (ζ − 1)

)
Λ̃/(T − (ζ − 1))Λ̃,

and

Λ̃
/(

T − (ζ − 1),
ωn(T )

T − (ζ − 1)

)
Λ̃ ' Õ/ω′n(ζ − 1)Õ ' Õ/pnÕ,

we have

(2) exp(C) ≤ pn.
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From (1) and the assumption of the lemma, we get the exact sequence

(3) 0→ Cf → Λ̃/(f, ωn)Λ̃→
⊕

ζpn=1

Λ̃/(f, T − (ζ − 1))Λ̃→ C/fC → 0,

where Cf = {x ∈ C : fx = 0}. We note that

Λ̃/(f, T − (ζ − 1))Λ̃ ' Õ/f(ζ − 1)Õ.
Hence we see that

exp
( ⊕

ζpn=1

Λ̃/(f, T − (ζ − 1))Λ̃
)
≤ pdmax{vp(f(ζ−1)):ζp

n
=1}e.

It follows from (2), (3) and this inequality that

exp(Λ̃/(f, ωn)Λ̃) ≤ pn+dmax{vp(f(ζ−1)):ζp
n

=1}e.

Since Λ̃/(f, ωn)Λ̃ ' (Λ/(f, ωn)Λ) ⊗O Õ ' (Λ/(f, ωn)Λ)⊕ rankO Õ as Zp-
modules, we obtain the lemma.

Lemma 2. Let M be any finitely generated torsion Λ-module without non-
trivial finite Λ-submodule, and let f ∈ Λ be a generator of the characteristic
ideal of the Λ-module M . Then

exp(M/gM) ≤ exp(Λ/(f, g)Λ)

for any g ∈ Λ which is prime to f .

P r o o f. From the assumption of the lemma, we have fM = 0. Hence we
obtain (f, g)(M/gM) = (fM + gM)/gM = 0, which implies Lemma 2.

Combining Lemmas 1 and 2, we obtain the following:

Proposition 1. Let M and f ∈ Λ be as in Lemma 2, and let n ≥ 0.
Assume that f is prime to ωn. Then

exp(M/ωnM) ≤ pn+dmax{vp(f(ζ−1)):ζp
n

=1}e.

P r o o f. This follows immediately from Lemmas 1 and 2.

3. Kummer’s lemma for totally real number fields. Let p be an
odd prime, and let K be a totally real abelian extension of a totally real
number field k. We assume that p - [K : k]. For any number field F , we de-
note by F∞/F the cyclotomic Zp-extension, and let Fn be its nth layer. Put
Γ = Gal(k∞/k), Γn = Gal(kn/k) and ∆ = Gal(K/k). Since p - [K : k], the
natural restriction induces the isomorphism Gal(K∞/K) ' Γ . So we iden-
tify these Galois groups. For any finite group G, we let Ĝ = Hom(G,Q×p ).
In this section, we shall generalize Kummer’s lemma for each Kn as follows:
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Main Theorem. Let n ≥ 0. Assume that Leopoldt’s conjecture is valid
for Kn and p. Put

M = dmax{vp(w%), vp(Lp(1, ψ)) + d−1
ψ , vp(Lp(1, χψ′)) :

1 6= χ ∈ ∆̂, ψ, ψ′ ∈ Γ̂n, ψ 6= 1}e
+ n+ 1,

where Lp(s, ∗) is the p-adic L-function of k, % is the residue of the p-adic
zeta function ζp(s, k) at s = 1, w is the number of p-power-th roots of unity
contained in K(ζp), dψ = ϕ(mψ) is the value of the Euler function at the
order mψ of ψ ∈ Γ̂n. Then every unit ε in Kn such that

ε ≡ 1 mod pM
∏

p|p
p[ep/(p−1)]+1

is a pth power of another unit in Kn, where [ ] is the greatest integer function,
p is a prime of Kn and p =

∏
p|p pep .

R e m a r k. P. Colmez proved in [2] that

% =
2d−1hkRp(k)√

d(k)

∏

p|p
(1−N(p)−1),

where d = [k : Q], hk is the class number of k, Rp(k) is the p-adic regulator
of k, d(k) is the discriminant of k and p is a prime of k.

To prove the Main Theorem, we need some propositions. For any number
field F , we denote by L(F ) and M(F ) the maximal unramified pro-p abelian
extension field over F and the maximal pro-p abelian extension field over F
which is unramified outside p, respectively. For a prime p of F , let UFp be
the group of local units of Fp which are congruent to 1 modulo p, and let
UF =

∏
p|p UFp . Denote by EF the group of units of F which are congruent

to 1 modulo all primes dividing p. We shall embed EF in UF diagonally, and
we shall regard EF as a subgroup of UF . We denote by EF the closure of
EF in UF . Then class field theory shows that Gal(M(F )/L(F )) ' UF /EF .

Proposition 2. Let p be a prime and let F be a totally real number
field. Assume that Leopoldt’s conjecture is valid for F and p. Put pe =
exp(Gal(M(F )/F∞L(F ))), where F∞/F is the cyclotomic Zp-extension.
Then every unit in F which is congruent to 1 modulo pe+1∏

p|p p[ep/(p−1)]+1

is a pth power of another unit in F , where [ ] is the greatest integer function,
p is a prime of F and p =

∏
p|p pep .

P r o o f. It follows from the validity of Leopoldt’s conjecture for F and p
that rankZp Gal(M(F )/L(F )) = 1. Then, from the split exact sequence
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0→ Gal(M(F )/F∞L(F ))→ Gal(M(F )/L(F ))

→ Gal(F∞L(F )/L(F ))→ 0,

we have

Gal(M(F )/F∞L(F )) = TorZp(Gal(M(F )/L(F ))) ' TorZp(UF /EF ).

So we find that exp(TorZp(UF /EF )) = pe. Let ε = up
e+1 ∈ Up

e+1

F ∩ EF
(u ∈ UF ) be any element. Then u mod EF ∈ TorZp(UF /EF ), hence we
have ε = up

e+1 ∈ EpF ∩ EF . The validity of Leopoldt’s conjecture for F
and p implies that ε ∈ EpF ∩ EF = EpF . On the other hand, if up ∈ UFp

satisfies up ≡ 1 mod pe+1p[ep/(p−1)]+1, then up ∈ Up
e+1

Fp
, for p | p. Thus we

have completed the proof of Proposition 2.

By virtue of Proposition 2, we know that what we have to do is estimat-
ing exp(Gal(M(Kn)/K∞L(Kn))) for every n ≥ 0. We shall do this below
applying Iwasawa’s theory.

Let Λ = Zp[∆][[T ]]. We fix a topological generator γ ∈ Γ and we identify
Zp[∆][[Γ ]] with Λ by the isomorphism Zp[∆][[Γ ]] ' Λ, γ ↔ (1 + T ). Let
γ̃ ∈ Gal(K∞(ζp)/K(ζp)) be the image of γ ∈ Γ by the natural isomorphism
Γ ' Gal(K∞(ζp)/K(ζp)). We let κ ∈ Z×p be the number such that ζ γ̃ = ζκ

for any p-power-th root of unity ζ. For any Zp[∆]-module M and χ ∈ ∆̂,
we denote by Mχ the χ-part of M . We identify Zp[∆]χ with Zp[χ(∆)] via
χ. We need the following theorem which is a variation of Iwasawa’s Main
Conjecture proved by A. Wiles (cf. [10], [1]):

Theorem. The notation being as above, for each χ ∈ ∆̂, there exists
Gχ ∈ Λχ = Zp[χ(∆)][[T ]] such that

(4) Gχ(κs − 1) =
{
Lp(s, χ) if χ 6= 1,
(κs − κ)ζp(s, k) if χ = 1,

for s ∈ Zp, and

charΛχ(Gal(M(K∞)/K∞)χ) = Gχ(κ(1 + T )−1 − 1)Λχ,

where Lp(s, χ) and ζp(s, k) are the p-adic L-function and p-adic zeta func-
tion of k, respectively , and charΛχ(Gal(M(K∞)/K∞)χ) denotes the charac-
teristic ideal of the finitely generated torsion Λχ-module Gal(M(K∞)/K∞)χ.

Using the above theorem, we estimate the exponent of Gal(M(Kn)/K∞)
in terms of p-adic L-functions:

Proposition 3. Let notations be as above, and let n ≥ 0 and χ ∈ ∆̂.
Moreover , we assume that Leopoldt’s conjecture is valid for Kn and p. Then
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exp(Gal(M(Kn)/K∞)χ)

≤
{
pn+dmax{vp(Lp(1,χψ)):ψ∈Γ̂n}e if χ 6= 1,
pn+dmax{vp(w%),vp(Lp(1,ψ))+d−1

ψ
:16=ψ∈Γ̂n}e if χ = 1,

where %, w and dψ are the same as in the statement of the Main Theorem.

P r o o f. It is known that

Gal(M(Kn)/K∞)χ = Gal(M(K∞)/K∞)χ/ωn Gal(M(K∞)/K∞)χ,

and that Gal(M(K∞)/K∞)χ has no non-trivial finite Λχ-submodule (cf. [4],
[3]). Since Gal(M(Kn)/K∞)χ is finite by the validity of Leopoldt’s conjec-
ture for Kn and p, a generator of the charΛχ(Gal(M(K∞)/K∞)χ) is prime
to ωn. Hence we have

(5) exp(Gal(M(Kn)/K∞)χ) ≤ pn+dmax{vp(Gχ(ζκ−1)):ζp
n

=1}e

by Proposition 1 and the above theorem. It is also known that

(6) Lp(s, χψ) = Gχ(ψ(γ)−1κs − 1)

for 1 6= χ ∈ ∆̂ and ψ ∈ Γ̂n, and

Lp(s, ψ) = G1(ψ(γ)−1κs − 1)/(ψ(γ)−1κs − κ)

for ψ ∈ Γ̂n (see for example [6, (2.4), p. 7]). Since

vp(G1(κ− 1)) = vp

(
% lim
s→1

κs − κ
s− 1

)

= vp(%κ logp(κ)) = vp(%(κ− 1)) = vp(w%),

vp(ψ(γ)−1κ− κ) = d−1
ψ (ψ 6= 1),

and
{ψ(γ) : ψ ∈ Γ̂n} = {ζ ∈ Qp : ζp

n

= 1},
(5) concludes the proof of the proposition.

P r o o f o f t h e M a i n T h e o r e m. Since
exp(Gal(M(Kn)/K∞L(Kn))) ≤ exp(Gal(M(Kn)/K∞))

= max{exp(Gal(M(Kn)/K∞)χ) : χ ∈ ∆̂},
the Main Theorem follows from Propositions 2 and 3.

Let p be an odd prime, k = Q and K = Q(ζp+ ζ−1
p ). Now we shall apply

the Main Theorem to p and K/k. Denote by pn the unique prime of Q(ζpn)
above p. We note that a unit in Q(ζpn) which is congruent to 1 modulo p is
real, and that a unit in Q(ζpn+ζ−1

pn ) which is congruent to 1 modulo pnp2j+1
n

is congruent to 1 modulo pnp2j+2
n for any integer j ≥ 0. Since G1(T ) is a

unit power series in this case, we obtain the following corollary of the Main
Theorem:
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Corollary. Let n ≥ 1. Put

Nn = pn−1(p− 1)dmax{vp(Lp(1, χ)) : 1 6= χ ∈ Gal(Q(ζpn + ζ−1
pn )/Q)∧}e

+ pn−1.

Then every unit in Q(ζpn) which is congruent to 1 modulo pnpNnn is a pth
power of another unit in Q(ζpn).

In Theorem B of the introduction, we note that

(7) vp(τ(χ)) =





i

p− 1
if χ = ω−ip , 0 ≤ i ≤ p− 2,

1
2vp(fχ) if fχ = pc, c ≥ 2

(cf. [8, Prop. 6.13], [5]). By (4), (6) and the similar argument in [8, p. 127],
we can see that vp(Lp(1, χψ)) = λχ/ϕ(mψ) with the constant λχ depend-
ing on χ if mψ is sufficiently large, where 1 6= χ ∈ Gal(Q(ζp + ζ−1

p )/Q)∧,
ψ ∈ ⋃

n≥0 Gal(Qn/Q)∧ and mψ is the order of ψ. Hence we find that
max{vp(Lp(1, χ)) : 1 6= χ ∈ Gal(Q(ζpn + ζ−1

pn )/Q)∧} is stabilized for suf-
ficiently large n. This yields that Nn = pn−1(c(p − 1) + 1) with a cer-
tain constant c provided n is large enough. On the other hand, we have
Mn − 1 ≥ (n/2)pn−1(p − 1) − 1 for all n ≥ 2 by (7), where Mn is as in
Theorem B. Hence the Corollary is certainly stronger than Theorem B for
sufficiently large n. Furthermore, for n = 1 the Corollary is equivalent to
Theorem A in the introduction since every unit in Q(ζp) which is congruent
to 1 modulo pj is congruent to 1 modulo pjp2

1 for any integer j ≥ 1.
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