ACTA ARITHMETICA
LXXXI1 (1997)

Drinfeld modules of rank 1 and algebraic curves
with many rational points. II

by

HARALD NIEDERREITER (Wien) and CHAOPING XING (Hefei)

1. Introduction. We continue the presentation of new constructions
of algebraic curves over a finite field F, with many F,-rational points by
a method based on Drinfeld modules of rank 1 which was initiated in our
earlier papers [28], [29]. By an algebraic curve over [, we always mean a
projective, smooth, absolutely irreducible algebraic curve defined over FF,.
Let N(C) denote the number of F,-rational points of C. For given g > 0
and g we put

Ny(g) =max N(C),

where the maximum is extended over all algebraic curves C' of fixed genus
g over Fg.

An algebraic curve C over F, of genus g is called optimal if N(C) =
Ny(g). Optimal curves, and more generally algebraic curves C' over F, of
genus g with many F,-rational points, i.e., with N(C') close to N,4(g), have
received a lot of attention in the literature. We refer e.g. to the work of
Thara [6] and Serre [15]-[18] in the 1980s and to the more recent papers
of Garcia and Stichtenoth [1], [3], Niederreiter and Xing [8]-[10], Perret
[11], Schoof [14], van der Geer and van der Vlugt [23], [24], Xing [26], and
Xing and Niederreiter [28], [29]. The construction of algebraic curves over
F, with many [F,-rational points is an interesting problem per se, but it is
also important for applications in the theory of algebraic-geometry codes
(see [21], [22]) and in the recent constructions of low-discrepancy sequences
introduced by the authors [7], [8], [27].

It will be convenient to use the correspondence between an algebraic
curve C over F, and its function field K, which is a global function field
with full constant field Fy, i.e., with F, algebraically closed in K. An F,-
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rational point of C' corresponds to a rational place (i.e., a place of degree
1) of K, and vice versa, and the genus of C' is the same as the genus of K.
If K is an arbitrary global function field which has F, as its full constant
field (if we want to stress this property, it will be expressed by the notation
K/F,), then N(K) = N(K/F,) denotes the number of rational places of
K and g(K) the genus of K. By analogy with the case of algebraic curves,
we call K optimal if N(K) = N,(g(K)). Throughout this paper we will use
the language of algebraic curves over finite fields and that of global function
fields interchangeably.

The constructions of algebraic curves over F, with many [F,-rational
points presented in our earlier papers [28], [29] were restricted to the case
where ¢ is a prime. The present paper is devoted to general prime powers
q, with a stress on the case where ¢ is composite which requires new ideas.
In Section 2 we review the necessary background on Hilbert class fields
and Drinfeld modules, in particular the theory of narrow ray class fields
obtained from sgn-normalized Drinfeld modules of rank 1. Three different
constructions of algebraic curves over F, with many F,-rational points, or
equivalently of global function fields with many rational places, are described
in Sections 3 and 4. In Section 5 we present various specific examples of
algebraic curves over Fy with many F4-rational points as well as a table of
the intervals in which Ny(g) lies for many values of g.

2. Background on Hilbert class fields and Drinfeld modules. We
recall some pertinent facts about Hilbert class fields. A convenient refer-
ence for this topic is Rosen [12]. Let F/F, be a global function field with
N(F/F,) > 1. We distinguish a rational place co of F' and let A be the
oo-integral ring of F, i.e., A consists of the elements of F' that are regular
outside co. Then the Hilbert class field Ha of F with respect to A is the
maximal unramified abelian extension of F' (in a fixed separable closure of
F') in which oo splits completely. The extension H 4 /F is finite and its Galois
group is isomorphic to the fractional ideal class group Pic(A) of A, which
in the case under consideration (oo rational) is isomorphic to the group of
divisor classes of F' of degree 0. In particular, we have [Hs : F| = h(F),
the divisor class number of F'. The value of h(F') can be obtained from the
L-polynomial

Lp(t)=(1-1)(1-qt)Zr(t)
of F', where Zp(t) is the zeta-function of F', by the formula h(F) = Lg(1).

For r > 2 the constant field extension F, = F,- - F' is viewed as a global
function field with full constant field Fy-. In the case r = 2 we have

(1) h(F2)/M(F) = Lp(=1).
This follows from [21, Theorem V.1.15].
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For the basic facts on Drinfeld modules we refer to the survey article
of Hayes [5]. Let the global function field F'//IF,, the rational place oo of F,
and the oco-integral ring A of F' be as above. We fix a sgn-function and let
¢ be a sgn-normalized Drinfeld A-module of rank 1 defined over H4. The
additive group of the algebraic closure H 4 of H4 forms an A-module under
the action of ¢. For any nonzero ideal M in A we consider the M-torsion
module

AM)={ue Hy: ¢pp(u)=0}.
Then A(M) is a cyclic A-module which is isomorphic to A/M and has
|(A/M)*| generators, where (A/M)* is the group of units of the ring A/M.
Let Z(A) be the fractional ideal group of A and let Zp;(A) be the sub-

group of all fractional ideals in Z(A) which are prime to M. We define the
quotient group

where Rjs(A) is the subgroup of Zy;(A) consisting of all principal ideals bA
with sgn(b) = 1 and b = 1 mod M. We will often identify places and prime
ideals in the obvious manner. Furthermore, for an arbitrary place P of a
global function field we write vp for the corresponding normalized discrete
valuation.

The field H4(A(M)) generated by the elements of A(M) over Hj, is
called the narrow ray class field modulo M. This field is independent of the
specific choice of the sgn-normalized Drinfeld A-module ¢ of rank 1. The
following facts from [5] are needed.

PROPOSITION 1. Let E = Hx(A(M)) be the narrow ray class field mod-
ulo M. Then:

(i) The extension E/F is unramified away from oo and the prime ideals
in A dividing M.

(ii) The extension E/F is abelian and there is an isomorphism o :
Picpr(A) — Gal(E/F), determined by or¢p = I x ¢ for any ideal I in A
prime to M, and \°T = ¢1(\) for any generator X of the cyclic A-module
A(M). Moreover, for any ideal I in A that is prime to M, the corresponding
Artin automorphism of E/F is exactly o;.

(iii) The multiplicative group (A/M)* is isomorphic to Gal(E/Ha) by
means of b+ opa, where b € A satisfies sgn(b) = 1 and is prime to M.

We now consider the special case where M is a power of a prime ideal.
The results in part (i) of the following proposition can be found in [5], and
the genus formula in part (ii) was shown in [29].

PROPOSITION 2. Let E = HA(A(P™)) be the narrow ray class field mod-
ulo P™, where P is a prime ideal in A and n > 1. Then:
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(i) If X is a generator of the cyclic A-module A(P™), then E = H4()\)
and the minimal polynomial of X over H, is

f(2) := ¢pn(2)/Ppr-1(2).

Moreover, f(z) is Eisenstein at any place Q of Ha lying over P. Thus, @ is
totally ramified in E/H4 and vg(\) =1 for the place R of E lying over Q.
(i1) If deg(P) = d, then for the genus g(E) of E we have

29(FE) —2

= h(F)g"" =Y <<2g<F> —2) (¢~ 1) +dn(g? — 1) —d+ <q—1><q—2‘>>

qg—1

Let F'/F, again be a global function field, let oo be a rational place of
F and A the oco-integral ring of F'. For r > 2 we consider the constant field
extension F,. = F,r - F.. Then oo can be viewed as a rational place of F./Fr
with co-integral ring A, of F.. Let P # oo be a place of F' of degree d with
ged(d, r) = 1. Then similarly, P is a place of F,. /Fgr of the same degree d. We
now consider the group Picpn(A,) for a given n > 1. Note that (A,./P")*
can be viewed as a subgroup of Picpn(A,) in the following way: for every
a € A, there is a b € F,. satisfying sgn(b) = 1 and b = a mod P™; then we
have the embedding (A,/P")* > @~ bA € Picpn(A,).

Next we observe that Picpn(A) can also be viewed as a subgroup of
Picpn(A;). One way to see this is to use the language of algebraic curves.
Let C be an algebraic curve over F, with function field F. If we view C as
a curve over Fy, then a divisor D on C/F, is a divisor of F' if and only if D
is F,-rational, i.e.,

DY =D for all ¥ € Gal(F,/F,).
Hence Picpn(A) can be described as the group of all Fy-rational divisors
on C’/Fq prime to P and oo, from which we factor out the subgroup of
all divisors (c¢)o with ¢ € F, sgn(c) = 1, and ¢ = 1 mod P", where (c¢)o is
the divisor corresponding to the principal ideal cA. We have an analogous
description for Picpn (4, ), and this leads to a natural embedding of Picpn (A)
into Picpn(A;).

Let I be the subgroup of (A, /P™)* formed by the residue classes mod
P" of the elements of ., so that in particular |/| = ¢" — 1. According to
Hayes [4], [5], I is both the decomposition group and the inertia group of
o0 in the extension Ha, (A(P™))/F;.

LEMMA 1. We have
(A./P")" N (I - Picpn(A)) = I - (A/P™)",

where all groups are considered as subgroups of Picpn(A,.).



Algebraic curves with many rational points 85

Proof. It is trivial that I - (A/P™)* C (A,./P™)* N (I - Picpn(A)).
Conversely, consider an element of (A, /P")*N (I -Picpn(A)). This element
is a residue class mod Rpn(A,) determined by an Fgr-rational divisor D
prime to P and oo. Since D represents an element of (A,/P™)*, we can
write D = (a)o with a € F., sgn(a) = 1, and a # 0 mod P, where (a)g is the
divisor corresponding to the principal ideal aA,.. Now D also represents an
element of I, - Picpn(A), hence mod R pn(A,) we can write D = (b)o + D1,
where b € F., sgn(b) = 1, b = amod P" for some a € F}., and D; is an
[F,-rational divisor prime to P and oco. Thus, mod Rpn(A,) we have

(a)o = (b)o + D1,
and so
(ab™")o — D1 = (c)o
for some ¢ € F, with sgn(c) =1 and ¢ = 1 mod P™. This means that D, =
(ab=tc™1)p. Since D; and oo are F-rational, it follows that ab~'c™! € F,

hence D; represents an element of (A/P™)*. In view of D = (b)g + D1, we
conclude that D represents an element of I, - (A/P™)*. m

3. The first construction. We show how to use narrow ray class fields
to construct global function fields over F,» with many rational places from
global function fields over F, with many rational places. The notations from
the previous sections will remain operative. In particular, we recall that
F, =T, - F, viewed as a global function field with full constant field F-,
denotes a constant field extension of the global function field F'//F,, and that
h(F) and h(F,) denote the divisor class numbers of F' and F., respectively.

THEOREM 1. Let F/F, be a global function field of genus g(F') with
N(F) > 2. Then for all integers n > 1 and r > 2 there exists a global
function field K,, . /Fqr such that:

i) The number of rational places of K, ./F . is given by
/g

N(Ko) = g (L " DD (E) ~ 1)

(ii) The genus of K, »/Fqr satisfies

h(F)
hF,)

Proof. (i) Let P and oo be two different rational places of F//IF,. For
given r > 2 consider the constant field extension F, = Fy- - F', and let A and
A, be the oco-integral rings of F' and F,., respectively. For fixed n > 1 let

E = Ha, (A(P"))

(r—=1)(n—1) _ 1
(29(Kny) =2) = q" D (2g(F) +n—2) - L -1
q— =
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be the narrow ray class field modulo P" determined by a sgn-normalized
Drinfeld A,-module ¢ of rank 1. Let K = K, , be the subfield of the exten-
sion E/F, fixed by the subgroup I - Picpn(A) of Picpn(A,) = Gal(E/F}).
Since |Io, N Picpn(A)| = g — 1, we have

e EER] hEY) 1))
@) K Fr] = oo - Picpn (A)] ~ A(F) ! ‘
By the construction of K, the place oo of Fj. splits completely in the ex-
tension K/F,. A rational place of F,/F - different from P and oo splits
completely in K/F, if and only if its Artin automorphism is contained in
Picpn(A), and this holds if and only if the restriction of this rational place
to F'/F, is rational. In this way we get
0 K+ BN 1) = B ooy vy - 1)
(F)

rational places of K/F,-. In order to determine N(K), it remains to study
the decomposition of P in the extension K/F;.

Let @ be a place of K lying over P and R a place of F lying over Q.
Then the inertia group G(R|Q) of R over Q is

G(R|Q) = Gal(E/K) N G(R|P),

where G(R|P) is the inertia group of R over P, which is equal to (A4, /P")*

(recall that the extension Hy4, /F, is unramified). By Lemma 1 we conclude

that G(R|Q) = I - (A/P™)*, and so for the ramification indices we get
e(RIP) _ (¢ =™ (e

W AP R T P /

where we also used the fact that |I., N (A/P™)*| =q¢— 1.

Let T be the inertia field of @ in the extension K/F,. We have already
noted that oo splits completely in K/F,., and so by Proposition 1(i) the
only ramified place in K/F,. can be P. Consequently, T'/F, is an unramified
abelian extension in which oo splits completely, and so it follows from the
definition of the Hilbert class field that 7' C H 4 . We also observe that

] _[K:F]  h(F)
©) T QP T R
in view of (2) and (4). Let J = Ha, NK, then F,. CT C J. On the one hand,
the extension J/T is unramified, and on the other hand, any place of T lying
over P is totally ramified in J/T. Thus, we must have J = Hy NK =T. It
follows that Gal(E/T) is the subgroup of Picpn (A,) generated by (A, /P™)*
and I, - Picpn(A). By applying Lemma 1, we get

Gal(Ha, /T) = Gal(E/T)/(A,/P")*
~ (Ino - Picpn (A))/(In - (A/P™)*) = Picpn (A)/(A/P™)*.
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Let ¢t € A be a uniformizer at P. Then
(tho=P+ D,

where P ¢ supp(D) and D is a positive Fg-rational divisor prime to oo.
For the corresponding fractional ideals (denoted by the same symbols) we
have P = D! modulo principal ideals, and so for the corresponding Galois
automorphisms in Gal(H 4, /F,) = Pic(A,) we get 7p = 7p-1. Since D is F-
rational and prime to P and oo, it follows from the formula for Gal(H 4, /T)
above that 7p = 7p-1 € Gal(Ha,/T), and so the theory of Hilbert class
fields shows that P splits completely in 7'/ F,.. By taking into account (5),
we see that P splits into h(F,)/h(F') rational places of K. Together with
(3) this yields the formula for N(K) = N (K, ) in the theorem.

(ii) Let L be the inertia field of R in /K. Then Gal(E/L) = G(R|Q) =
I - (A/P™)* by part (i) of the proof, and |Gal(E/L)| = (¢" — 1)¢" .
Furthermore,

Gal(E/L) C G(R|P) = Gal(E/H ),

hence H4, C L. Thus, the place S of L lying under R is totally ramified in
E/L. Then by [21, Proposition III.5.12] the different exponent d(R|S) of R
over S is given by

d(R|S) = > (A=),

yeGal(E/L)\{1}

where A is a generator of A(P™). In accordance with Proposition 1(iii), for
v € Gal(E/L) we have v = 044, for some g € A, with sgn(g) = 1 and
g= Z?:_Ol a;t', where all a; € Fyr and t € A, is a uniformizer at P. Using
the special form of Gal(E/L), the n-tuple (ayp, ..., a,—1) of coefficients can
be written in the form 3(1,by,...,b,—1) with 3 € F, and by, ..., b,—1 € Fy.
By Proposition 1(ii) and [5, Lemma 4.4] we have

n—1
vr(A = N) = (A = 64(V) = va((1 = BA = Y Bbidu ().

As in [29, Lemma 5] we see that
vrR(¢p(N) =q¢" for0<i<n-—1.
Thus, if § # 1, then vgr(A — A7) =1, and if =1 and g # 1, then
v(h = X7) = g7,

where j is the least positive integer with b; # 0. This yields
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n—1

(6) d(R|S) = (q" = 2)¢" "+ > (¢ —1)g" g7

. q(r—l)n _ qr—l

_ —1
=" -2)¢"" +(qg—1)q P

Since Gal(E/L) contains I, the place oo splits completely in L/F;.
By the definition of L, the place @ is unramified in L/K, and this holds
for any place of K lying over P. Thus, L/K is an unramified extension.
Furthermore, we have

. B [E : Fy] B
[L:K]= m = h(F).
Hence the Hurwitz genus formula yields
(7) 29(L) =2 = h(F)(29(K) - 2).

For the extension E/L the Hurwitz genus formula shows that
(8) 29(E) —2=(¢" — 1)¢" " (29(L) — 2) + deg(Diff (E/L)).

Only places of E lying over P or oo can contribute to deg(Diff(E/L)).
In part (i) of the proof we have shown that there are exactly h(F,.)/h(F')
rational places of K lying over P. If we also use the facts that the extension
L/K of degree h(F’) is unramified and that the places of L lying over P are
totally ramified in E//L, then we can conclude that the sum of the degrees
of the places of F lying over P is equal to h(F;.). Recall that I, is both the
decomposition group and the inertia group of co in E/F,.. Therefore we get

deg(Diff(E/L)) = d(R|S)h(F}) + (¢" — Q)h(Fr)q'r(n—l)‘

If we now combine this formula with Proposition 2(ii) (of course with ¢
replaced by ¢"), (6), (7), and (8), and if we note that g(F,) = g(F), then
we arrive at the desired formula for g(K) = g(K,,,). m

COROLLARY 1. Let F/F, be a global function field of genus g(F') with
N(F) > 2. Then for every integer r > 2 there exists a global function field
K, /F 4 with

h(F;)
9(Kr) =
h(F)

Proof. Apply Theorem 1 withn=1. m

(g(F)—1)+1 and N(K,) =

In the theory of algebraic curves over F, of genus 2 (see Serre [15], [16],
[18]), the prime power ¢ = p¢, p prime, e > 1, is called nonspecial if either
(i) e is even and ¢ # 4,9; or (ii) e is odd, p does not divide [2¢'/2], and ¢ is
not of the form k? + 1,k% + k + 1, or k? + k + 2 for some integer k.
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COROLLARY 2. If the prime power q is nonspecial, then there exists a
global function field K/F ;2 with

gK)=(q—m+1)2+1 and N(K)=(q+2m+1)(g—m+1)2
where m = |2¢/?].

Proof. Since ¢ is nonspecial, there is a function field F'/F, with g(F') = 2
and N(F) = g+ 2m + 1 (see Serre [15], [16]). By Serre [18] we can have
g(F) =2and N(F) = ¢+2m+1 only if the eigenvalues of the Frobenius are
a and @ (each with multiplicity 2) with a+ @& = —m and a@ = ¢. Therefore

Lp(t) = (1 —at)?(1 —at)? = (qt* + mt + 1)°.

By Corollary 1 and (1) we get a function field K/F 2 with the desired values
of g(K) and N(K). m

COROLLARY 3. Let q be a nonsquare and let the characteristic p of F,
satisfy p =1 mod 4. Then there exists a global function field K/F 2 with

g(K)=¢*+2¢+2 and N(K)=(q+1)>3

Proof. It is well known that under our conditions on ¢ there exists
an elliptic curve E over F, with N(E) = ¢ + 1 (see e.g. Schoof [13] and
Waterhouse [25]). Then E is a supersingular elliptic curve with a cyclic
group of F,-rational points (see [13, Lemma 4.8]). Furthermore, the order
of the Frobenius acting on the group of 2-division points of E is at most 2.
Thus according to Serre [18], E can be glued to itself if the j-invariant of
E is not equal to 1728. By [20, p. 144, Example 4.5] an elliptic curve with
the j-invariant 1728 is not supersingular if p = 1 mod 4. Hence under our
assumptions, E can be glued to itself. If C' is the algebraic curve over F,
with Jacobian isogenous to £ x E, then for its function field F//IF, we have
g(F) =2, N(F) = q+1, and h(F) = (g+1)%. This yields Lr(t) = (¢t*+1)?,
and so the desired result follows from Corollary 1 and (1). =

EXAMPLE 1. Let F be the rational function field Fo(x). Then with n =4

and 7 = 2 in Theorem 1 we get a function field K/F4 with g(K) = 5 and
N(K) = 17.

EXAMPLE 2. Let F' = Fa(x,y) be the function field defined by

2 —
R N
Then g(F) = 1, N(F) = 4, and Lp(t) = 2t> + t + 1. Thus, by using (1)
and Theorem 1 with n = 3 and r = 2, we get a function field K/F4 with
g(K) =9 and N(K) = 26. The function field K is optimal.
EXAMPLE 3. Let F' = Fa(x,y) be the function field defined by

vty =2+
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Then g(F) = 1, N(F) = 5, and Lg(t) = 2t*> + 2t + 1. Thus, by using (1)
and Theorem 1 with n = 3,4,5 and r = 2, we get three function fields
K, /Fy,n = 3,4,5, with

g(K3) =5, N(K3)=1T;
g(K4) =13, N(K4) = 33;
g(Ks) =33, N(Ks) = 65.

The function field K4 is optimal.

EXAMPLE 4. Let F' = Fo(x,y) be the function field defined by
vty = »+r+1
Then g(F) = 2 and N(F') = 4. Since F has exactly three places of degree 2,
we obtain

Lp(t) = 4t* + 263 + 3t> + t + 1.
Thus, by using (1) and Theorem 1 with n =1 and r = 2, we get a function
field K/F, with g(K) = 6 and N(K) = 20. The function field K is optimal.

EXAMPLE 5. Let F' be the rational function field Fy(z), where ¢ is an
arbitrary prime power. Then with n = 3 and r = 2 in Theorem 1 we get
a function field K/F,» with g(K) = ¢(¢ — 1)/2 and N(K) = ¢® + 1. The
field K is the well-known Hermitian function field (see [2, Section V]), it is
optimal and meets the Weil bound.

4. The second and third constructions. In the first construction
the only ramification occurred at rational places of the base field F'. In this
section we present constructions in which places of F' of higher degree can
be ramified.

THEOREM 2. Let F/F, be a global function field of genus g(F') with
N(F) > 1 and let v > 2 be an integer. Suppose that F has at least one place
of degree d > 1 with ged(d,r) = 1. Then for every integer n > 1 there exists
a global function field K, /Fgr such that:

i) The number of rational places of K, /F. is given by
q

_ (@=D@" =DAFE) ar—1)n-1)
NED = =)@~ Da(P) N(F).
(ii) The genus of K, /Fyr satisfies
h(F)

— dr _
h(FT) (QQ(Kn) _ 2) — (q 1)((] 1) qd(r—l)(n—l) (2Q(F) +dn — 2)

(¢4 =1)(¢" — 1)
_dlg = D(g" - D¢V -1
(¢4 = 1)(g" = 1)(g¥ =1 —1) '
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Proof. (i) Let co be a rational place of F//F,, and for given r > 2 let A
and A, be the oco-integral rings of F' and F, = [y - F, respectively. Let @
be a place of F'/F, of degree d. Then @ is still a place of degree d of F./Fyr
since ged(d,r) = 1. For given n > 1 let

E = Ha, (AQ"))

be the narrow ray class field modulo Q" determined by a sgn-normalized
Drinfeld A,-module ¢ of rank 1. Let K, be the subfield of the extension
E/F, fixed by the subgroup H = I - Picgn (A) of Picgn(A,) = Gal(E/F}).
Since |Io N Picgn(A)| = ¢ — 1, we have

1) = L g 1)),
and so
o Picgn(An)] (¢ = D@ = DAE) ar-1)m_1)
O o B = = D - oa ) |

By arguments in the proof of Theorem 1 it is clear that
N(K,) =K, : F.|N(F),

and this yields the desired formula for N(K,,).

(ii) Let R be a place of E lying over (Q and let L be the inertia field
of R in E/K,,. As in the proof of Theorem 1(ii) we see that Gal(E/L) =
I - (A/Q™)* and that the place S of L lying under R is totally ramified in
E/L. Furthermore, the different exponent d(R|S) of R over S is given by

d(R|S) = > vr(A =),
YEGal(B/L)\{1}

where A is a generator of A(Q™). We continue to proceed as in the proof of
Theorem 1(ii), but now g = Z:’L;ol a;t, where t € A, is a uniformizer at Q
and the «; belong to a fixed complete residue system of A, modulo ) which
includes the elements of F,~ for convenience. Therefore

= X7) = v (6100 — 3 6 (00 ().

Furthermore,

vr(pp(N) =q¥t for1<i<n-—1,
and vg(pp(N)) = 1 for b € A, with vg(b) = 0. Thus, if ag # 1, then
vr(A—=AY) =1, and if g = 1 and g # 1, then

VR()\ - )\FY) = dajv
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where j is the least positive integer with a; # 0. Using the special form of
Gal(E/L), we obtain

(10)  d(R[S)

d __ 1 T _1 n—1 . .
_ ((q )(q ) o 1> qd(n—l) + Z(qd _ 1)qd(n—1—J)qer
j=1

qg—1

(W=D =1 (@ =D =g
q—1 20— — 1 q '

By the Hurwitz genus formula and g(F,.) = g(F) we get
29(Kyn) — 2 = [Ky : F;](29(F) — 2) 4 deg(Diff (K, / F7)).
Since only the place @ can be ramified in the extension K, /F,., we have
d[Kn : F|d(P|Q)
e(PlQ) ’
where d(P|Q), respectively e(P|Q), is the different exponent, respectively

ramification index, of P over Q) and P is the place of K, lying under S.
Now

deg(Diﬁ(Kn/Fr)) =

[(A-/Q")"| (q— 1)(qdr -1 d(r—1)(n—1)
e(PlQ) = = g,
= e
and so together with (9) this yields

dh(F,)d(P|Q)

Thus we obtain

(1) et —2)

(=D =) a1y -
= - -1 (29(F) —2) +d(P|Q)d.

It remains to calculate d(P|Q). By the tower formula for different exponents
we have d(R|P) = d(R|S) and

d(R|Q) = [E : Lld(P|Q) + d(R|P),

and also d(R|Q) = d(R|U), where U is the place of H 4, lying under R. This
yields

(o~ DR) — d(R]S)
UPIQ) =S~ g

Now d(R|U) was calculated in the proof of [29, Proposition 2|, and accord-
ingly we get

A(RIU) = (ng™ —n —1)g" "=
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If we combine this with (10), then we arrive at an expression for d(P|Q),
and by substituting this into (11) we obtain the desired identity. m

EXAMPLE 6. Let the function field F'//Fo be as in Example 3. Then F
has a place of degree 5. Thus, by using (1) and Theorem 2 with r = 2,d = 5,
and n = 1, we get a function field K/F4 with g(K) = 26 and N(K) = 55.
The function field K is optimal.

EXAMPLE 7. Let F' be the rational function field F,(z), where ¢ is an
arbitrary prime power. Then with r =2,d = 3, and n = 1 in Theorem 2 we
get a function field K/F 2 with g(K) = ¢(¢—1)/2 and N(K) = ¢*+ 1. This
is again the Hermitian function field (compare with Example 5).

THEOREM 3. Let ¢ = p” with a prime p and r > 1, and for a given integer
m > 1 let F/IF, be a global function field of genus g(F) with N(F) > m+1.
Suppose that F' has at least one place of degree d > 1 with rd > m. Assume
also that Ny(1+p(g(F) —1)) < (m+1)p in case g(F) > 1. Then for every
integer L with 1 <1 < rd —m there exists a global function field K;/F, such
that:

(i) The number of rational places of K;/F, satisfies N(K;) > (m+1)p’
and p' | N(K;). Furthermore, N(K;) = (m + 1)p' if N(F) = m + 1.
(ii) The genus of K;/F, is given by

9(K;) = p(g(F) +d—1) +1—d.

Proof. (i) Let oo, P,..., Py, be m+ 1 distinct rational places of F' and
let A be the oco-integral ring of F'. Let @) be a place of F' of degree d. Consider
the IF)-vector space

V= PiCQz (A)/ PiCQ2 (A)p
Then dimp, (V') is equal to the p-rank of Picg2(A), which is at least the
p-rank of (4/Q?)*. Let t € A be a uniformizer at Q and let ay, ..., a.q be

a basis of the residue field of @) over F,. We identify the residue field of @
with Fja. Then

(A/Q%)" = (Fgalt]/(t%))".
The group (F,a[t]/(?))* has a direct decomposition
rd

Fia ® (®<1 + mt)),
i=1
hence the p-rank of (A/Q?)* is rd since each cyclic subgroup (1 + «;t) has
order p. If we view Pi,..., P, as elements of the vector space V in an
obvious sense, then they generate a subspace of V' of dimension at most m.
For a given [ with 1 <1 < rd —m, let W, be a subspace of V of dimension
dimp, (V) — [ containing all P;. Let G; be the subgroup of Picg2(A) that
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contains Picgz2(A)? and satisfies G/ Picgz (A)P = W;. Then G; contains all
P; and [Picgz(A) : Gi] = p'. Let

E = Ha(A(Q%))

be the narrow ray class field modulo @Q? determined by a sgn-normalized
Drinfeld A-module ¢ of rank 1. Let K be the subfield of the extension E/F
fixed by G;. Then K;/F is an extension of degree p! and oo, Py, ..., P, split
completely in K;/F, hence N(K;) > (m + 1)p'. The remaining assertions
in part (i) of the theorem follow from the fact that @ is the only possible
ramified place in K;/F.

(ii) We first show that @ is totally ramified in K;/F. Otherwise, one
could find a subfield J of K;/F such that J/F is an unramified extension of
degree p. This is impossible if g(F) = 0. If g(F') > 1, then the genus of J is
1+ p(g(F) — 1) and the number of rational places of J is at least (m + 1)p.
This yields the contradiction (m + 1)p < N(J) < N,(g(J)) < (m + 1)p.

Now let R be the place of K lying over @ and S a place of E lying over
R. Then the inertia group G(S|R) of S over R has the order

(A/Q*) _ 4 di

N ) 1 —1)p"
and it is a subgroup of G(S|Q) = Gal(E/H4) = (A/Q?*)*. Hence G(S|R)
has a direct decomposition F;, @ H, where H is a subgroup of ®:i1 (14 ayt)

of order p"?~!. Let T be the place lying under S in the inertia field of S in
E/K;. Then the different exponent d(S|T) of S over T is given by

d(S|T) = > ws(A= )

YEG(SIR\{1}

= > wsO=)+ D> ws(A =),

YEG(SIR\H yeH\{1}

where \ is a generator of A(Q?). As in the proof of Theorem 2, we have
vs(p:(N) = q¢ and vs(dp(N)) = 1 for b € A with vg(b) = 0. Hence vg(A —
A7) = 1if y € G(SIR)\H and vs(A — \?) = ¢ if v € H\{1}. Thus we
obtain

d(S|T) = (¢" = 2)p" " + ¢ ("' — 1).

Places of E lying over oo are tamely ramified. Thus, the Hurwitz genus
formula yields

29(E) — 2 = h(F)(¢" — 1)p""""(29(K1) — 2) + dh(F)d(S|T)

Ja' = 1D(g—2)

h(F
+ h(F)q )
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If we now use the formula for d(S|T") above and Proposition 2(ii), then we
arrive at the formula for g(Kj). m

Remark 1. If I = 1 and we drop the condition on N4(1+ p(g(F') — 1))
in Theorem 3, then in Theorem 3(ii) we either have the stated formula for
g(K7) or g(K1) = p(g(F)—1)+1. This holds since then [K; : F] = p, so that
either @ is totally ramified in K;/F or the extension K;/F is unramified.

Remark 2. Theorem 3 improves values in the table of bounds for Ny(g)
in [29] or equalizes values in [24] for ¢ = 2. In the following Table 1 we list
the values of g(K) and N(K) obtained from Theorem 3, the value of the
genus g(F) of the base field F' in Theorem 3, and the values of [, m, and d
in Theorem 3. In all cases we take, of course, p = 2 and r = 1 in Theorem 3.

Table 1

g(K) |24 27 38 41 48 60 63 70 74 78 85 87 89 91
N(K) |20 22 28 30 34 40 42 44 48 48 52 56 56 54
g(F)| 6 8 12 13 15 6 21 23 25 9 10 3 11 31
l 1111 1 2 1 1 1 2 2 3 2 1
m 9 10 13 14 16 9 20 21 23 11 12 6 13 26
d 13 12 15 16 19 13 22 25 25 15 16 10 16 30

EXAMPLE 8. Let F' = Fy(x,y) be the function field defined by
y2 +y= z3.
Then ¢g(F) = 1 and N(F) = Ny(1) = 9. Furthermore, F'/F4 has a place
of degree 5, for instance by [29, Lemma 8]. Thus, we can apply Theorem 3
with m = 8, d = 5, and | = 2, and this yields a function field K/F, with
g(K) =16 and N(K) = 36.

EXAMPLE 9. Since Ng(1) = 14, there exists a function field F//Fg with
g(F) =1 and N(F) = 14. By [29, Lemma 8], F//Fs has a place of degree
5. Thus, we can apply Theorem 3 with m = 13, d = 5, and [ = 2, and this
yields a function field K/Fg with g(K) = 16 and N(K) = 56.

5. Curves over F, with many rational points. In this section, by
applying the three theorems in Sections 3 and 4, we give a table of intervals
[a,b] in which Ny(g) lies for 1 < g < 51 and some selected larger values.
This table extends and improves the corresponding table in [24]. But first we
present some examples which cannot be derived from our previous theorems.
In these examples, it will be convenient to identify an irreducible polynomial
over F, with the place of Fy(z) of which it is a zero.

ExAMPLE 10. Let F' be the rational function field Fy(z). Let the place
oo of F' be the pole of x and let A = Fy4[z| be the co-integral ring of F'.
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Put E = Ha(A(Q)), where @ is the place 23 +x + 1 of F. Let K be the
subfield of the extension E/F fixed by the subgroup (Fao[z]/(z® + x + 1))*
of Gal(E/F) = (A/Q)*. Then [K : F] = 9, and the places x and = + 1
split completely in K/F. The place oo splits into three rational places in
K/F, each with ramification index 3. Thus we get N(K) = 21. The place
Q is totally and tamely ramified in K/F. Hence the Hurwitz genus formula
yields 2g(K) —2=-9-2+3-(3—1)+3-(9—1), that is, g(K) = 7.

EXAMPLE 11. Let the function field F//Fy be as in Example 2. Let R be
one of the two places of F of degree 4 lying over the place z*+234+22+x+1 of
Fy(z). Then there are two places Q2 and Q% of F5/F, of degree 2 lying over
R, where Fy, = F4 - F. Distinguish a rational place oo of I’ and let A and A,
be the oo-integral rings of F' and Fy, respectively. Put E = H 4, (A(Q2Q%)).
We have

|Picr(A)| =15-h(F) and |Gal(E/F,)|=15%-h(Fy) = 450 - h(F),
where we used (1) and Lp(—1) = 2 in the last identity. Let G be the
subgroup of Gal(E/F,) of order 45-h(F') which contains Picg(A), and let K
be the subfield of the extension E/F, fixed by G. Note that [K : F»] = 10.
Clearly, all rational places of F'/Fy split completely in the extension K/Fy,
and so for the function field K/F, we have N(K) > 40. The only ramified
places in the extension K/F; are Q2 and @), each with ramification index
5. Hence the Hurwitz genus formula yields g(K) = 17. Since N4(17) < 40,
the function field K is optimal and N (K') = 40.

EXAMPLE 12. Let F' = Fy(z,y) be the function field defined by

2 _ z(z+1)
R Al P
Then g(F) =2, N(F) = 6, and

Lp(t) = 4t* +6t3 + 56> + 3t + 1.

The place 22 + x + 1 of Fo(x) is inert in F//Fy(z), hence it yields a place R
of F of degree 4. Furthermore, there are two places Q2 and QY of Fy/F, of
degree 2 lying over R, where F» = [F4 - F'. Distinguish a rational place oo of
F and let A and As be the oco-integral rings of F' and F5, respectively. Put
E = Ha,(A(Q2Q5)). We have
|Picr(A)| = 15-h(F) and |Gal(E/F,)| = 15%- h(Fy) = 15* - h(F),

where we used (1) in the last identity. Let G be the subgroup of Gal(E/F5)
of order 45 - h(F') which contains Picg(A), and let K be the subfield of the
extension E/F; fixed by G. Note that [K : Fy] = 5. All rational places of
F/Fq split completely in the extension K/Fs, and so for the function field
K /F4 we have N(K) > 30. Since F'/F3 has no places of degree 2, all rational
places of Fy/FF4 are lying over rational places of F'/Fq, and so N(K) = 30.
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The only ramified places in the extension K/F; are Q2 and Q%, and they
are totally and tamely ramified. Hence the Hurwitz genus formula yields
g(K) = 14.

EXAMPLE 13. Let F' = Fa(x,y) be the function field defined by
Vry=2*(c+ D@+ +1).
Then g(F) =2, N(F) =5, and
Lp(t) =4t + 463 + 44> + 2t + 1.

Let R be one of the two places of F of degree 4 lying over the place z* +z+1
of Fo(x). Then there are two places Q2 and Q% of F»/F, of degree 2 lying over
R, where Iy, = F4 - F. Distinguish a rational place co of I’ and let A and As
be the oo-integral rings of F' and Fy, respectively. Put E = Ha,(A(Q2Q%))
and note that E is the composite field of Ha,(A(Q2)) and H4,(A(Q5)). We
have |Picg(A)| = 15 - h(F) and |Gal(E/Fy)| = 152 - h(Fy) = 675 - h(F),
where we used (1) and Lrp(—1) = 3 in the last identity. Furthermore, the
place oo has ramification index 3 in the extension E/F», and so its inertia
group in E/F, has order 3 and can be identified with F}. Now let K be the
subfield of the extension E/F5 fixed by F} - Picg(A), then [K : Fy] = 15.
All rational places of F//Fy split completely in the extension K/F5, and so
for the function field K /F, we have N(K) > 75. The only ramified places in
the extension K/Fy are Q2 and @5, and as in the proof of Theorem 1(i) it
is seen that each has ramification index 5. Hence the Hurwitz genus formula
yields g(K) = 40. From N4(40) < 77 it follows that N(K) = 75.

We need to explain the symbols appearing in Table 2 below. In all three
theorems and in the examples of our paper, the field K is a subfield of a
narrow ray class extension E/F with a base field F' of lower genus.

e g = g(K) — the genus of K/F,.

In the column labeled N4(g), the first number is the lower bound for
N(K), and thus for Ny(g), and the second is the upper bound for N4(g)
obtained by Weil’s explicit formulas and the trigonometric polynomials of
Oesterlé (see [15], [18]). A program for calculating upper bounds for N,(g)
was kindly supplied to us by Jean-Pierre Serre. If only one number is given
under Ny(g), then this is the exact value.

e g(F') — the genus of the base field F.

e M — the ideal yielding the narrow ray class field. In the column labeled
M, the ideal P always corresponds to a rational place of F' and the ideals
Qq and @/, correspond to places of F' of degree d.

e G — the Galois group of K/F.
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e n — the number of rational places of F' that split completely in K/F.

e Ref — the theorem, example, or reference from which the resulting
field K is obtained. Where necessary, a reference to the base field F' is also
given, and the various base fields are listed after the table.

Table 2
g | Na(g) | g(F) | M ||G]|n Ref
1 9 [25]
2| 10 [17]
3| 14 [17]
4| 15 [17]
511718 | 0 Pt | 82 Ex. 1 (see also Ex. 3)
6| 20 2 P 5 | 4 Ex. 4
712122 0 Qs | 9|2 Ex. 10
8 | 21-24 | 2 P 713 Th. 1, F.2
9| 26 1 P | 8|3 Ex. 2
10 | 27-28 | 2 P? 6 | 4 Th. 1, F.4
11 | 25-30 [10]
12] 2831 | 3 Q% | 2 |14| Th.3,l=1,m=13,d="7,1r=2
13| 33 1 P* | 8 |4 Ex. 3
1413035 | 2 |QQ5| 5 |6 Ex. 12
153337 | 0 Qs |11 3 Th. 2
16 | 36-38 | 1 Q% | 4|9 Ex. 8
17| 40 1 Q05|10 4 Ex. 11
18| 3442 | 5 Q2 | 2 |17| Th.3,1=1, m=16, d=9, r=2
19 | 36-43 | 1 Qf | 4| 9| Th.3,1=2, m=8,d=6, r=2
20 | 36-45 | 2 Qf | 4|9 | Th.3,1=2, m=8,d=5, r=2
21 | 41-47 | 2 P* | 8|5 Th. 1, F.1
2214048 | 6 | Q% | 2 |20|Th.3,l=1, m=19, d=11, r=2
23 | 40-50 | 2 Q% | 4 |10| Th.3,1=2, m=9,d=6, r=2
2414252 | 7 | Q% | 2 |21 |Th.3,1=1, m=20,d=11, r=2
25| 51-53 | 2 P3P 12| 4 Th. 1, F.4
26| 55 1 Qs |11]5 Ex. 6
27 | 49-56 [24]
284458 | 9 | Q% | 2 |22|Th.3,l=1, m=21,d=11, r=2
29 | 49-60 | 3 Pt | 8|6 Th. 1, F.5
30| 5261 | 3 Q% | 4 |13| Th.3,1=2 m=12,d=7, r=2
31| 60-63 | 2 Qs | 15| 4 Th. 2, F.3
32015265 | 10 | Q¥ | 2 |26|Th.3,i=1, m=25 d=13, r=2
33| 65-66 | 1 P> |16 | 4 Ex. 3
34 | 57-68 [24]
35 | 54-69 | 10 | Q% 27 | Th.3,1=1, m=26, d=16, r =2
36 | 64-71 | 1 Q2 8 | Th.3,1=3, m=7,d=5,r=2
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Table 2 (cont.)

g | Nalg) |g(F)| M ||G||n Ref

37 | 66-72 2 Qs |[11]6 Th. 2, F.1
38 | 56-74 | 12 | Q%5 | 2 | 28| Th.3,1=1, m=27, d=15, r =2
39 | 5675 | 13 | Q% | 2 |28 | Th.3,i=1, m=27, d=14, r =2
40 | 7577 | 2 | Q2Q5 | 15| 5 Ex. 13

41 | 65-78 2 P3| 20| 3 Th. 1, F.3

42 | 66-80 | 13 | Q% | 2 33| Th.3,i=1, m=32 d=17, r=2
43 | 72-81 1 Q¢ | 89| Th.3,1=3 m=8 d=6, r=2

44 | 68-83 5 Q3 | 4 |17 Th.3,1=2, m=16, d=9, r =2
45 | 80-84 0 Q% | 16| 5| Th.3,il=4, m=4, d=4, r=2

46 | 66-86 | 13 | Q% | 2 [33|Th.3,1=1, m=32 d=21, r=2
47 | 68-87 5 Q3 | 4 | 17| Th.3,1=2 m=16, d=10, r=2

48 | 77-89 3 Qs |11 |7 Th. 2, F.5
49 | 81-90 2 P> | 16| 5 Th. 1, F.1
50 | 91-92 [19]

51 80-93 2 Qg 8 |10 Th.3,l=3, m=9,d=6,r=2
53 | 80-96 17 Q%O 2 |40 | Th.3,l=1, m=39, d=20, r=2

54 | 80-98 6 Q% | 4 |20|Th.3,1=2 m=19, d=11, r=2
61 | 99-108 | 2 P* | 24| 4 Th. 1, F.4
73 [ 112-125 | 3 Q2 | 8 |14| Th.3,1=3, m=13, d=8, r=2
133 | 204-209 [19]

2 x(m—i_l) F2 2 2 2

= .2 +y=z(z*+z+1

vHy=3ioo v ty=z(x*+x+1)%

2 =T F.4: 2 =22z +D(x2+2+1
yty=a o oo y'+y (z+1)(z* +x+1),

L(A(Q)) with L = Fa(z) and Q = 23 + z + 1 (see [9, Example 3A]).
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