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An attraction result and an index theorem
for continuous flows on R” x [0, c0)

by Kraupiusz Woucik (Krakéw)

Abstract. We study the behavior of a continuous flow near a boundary. We prove
that if ¢ is a flow on E = R"T! for which E = R™ x {0} is an invariant set and S C dE
is an isolated invariant set, with non-zero homological Conley index, then there exists an
z in E \ OF such that either a(x) or w(z) is in S. We also prove an index theorem for a
flow on R™ x [0, 00).

1. Introduction. The aim of this paper is to present generalizations
of two theorems proved by Capietto and Garay (Ths. 1 and 2 of [Ca-Gal).
These theorems apply only to flows generated by vector fields, whereas our
approach works for any continuous flow. It is based on the time-duality of
the Conley index proved by Mrozek and Srzednicki in [Mr-Srz]. Assume
ET =R" x [0,00), dF = R" x {0} and ¢ is a flow on E™ such that OF is
invariant. We are interested in the behavior of ¢ in a small vicinity of OF.
In many applications, subsets of dF which are w-limit sets of points lying in
ET\OF play an important role. The motivation for the considered problem
comes from permanence theory. For more details, we refer the reader to [Ho],
[Hol], [Ho-Si] and [Ca-Ga]. We also prove that if ¢ is a flow on E = R"*? for
which OF is invariant and S C OF is an isolated invariant set with respect
to the flow ¢ on E, with non-zero homological Conley index, then there
exists z in E \ OF such that either a(z) or w(x) is in the set S.

2. Isolating blocks and the Conley index. We first give a brief
account of the Conley index. Let X be a locally compact, metric space and
T denote R or one of its subgroups of the form Zty for some ty > 0. By a
dynamical system on X we mean a continuous function

0: X XT3 (z,t) »ate X
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such that 20 = = and z(s + t) = (zs)t. The backward dynamical system is
defined as the map

X xT>(x,t) = x(—t) € X.

We call ¢ a flow if T' = R, otherwise ¢ is called a discrete dynamical system.
If ¢ is a flow, then the restriction of ¢ to X X Zt is a discrete dynamical
system. If f: X — X is a homeomorphism then its iterates define a discrete
dynamical system
X XZ5> (z,n) — f*(x) € X.

A set SC X is called invariant if ST = S. If N C X, then the set S(N) =
{z € N : 2T C N} is the maximal invariant set contained in N. The set
N is called an isolating neighborhood if S(N) C int N. An invariant set S
is said to be usolated if there exists an isolating neighborhood N such that
S =S(N). If ¢ is a flow and S C X is compact, then by Th. 1 of [Mr2], S
is an isolated invariant set with respect to ¢ iff S is an isolated invariant set
with respect to ¢; = ¢(x*,t) for all t > 0.

The definition of the Conley index is based on the notion of the index
pair (or isolating block for a flow). The pair P = (P;, P») of closed subsets
of a neighborhood N isolating S is called an indez pair if the following three
conditions are satisfied:

(1) x € P;, z[0,t] C N = «[0,t] C P, for i =1, 2;
(2)if z € P;, t > 0, and xt is not in NV then there exists ¢; < ¢ such that
z[0,t1] C N and xtq € Py;

This definition was introduced in the continuous case by Conley in [Co]
and in the discrete case by Mrozek in [Mrl]. Assume H* is the Alexander—
Spanier cohomology functor with real coefficients. We recall that in the
continuous case H*(P;, P;) depends only on the isolated invariant set S
and it is by definition the cohomological Conley index of S. In the discrete
case it was proved in [Mrl] that L(H*(Py, P2),I(p, p,)) depends only on
S, where L is the Leray functor and I(p, p,) is the index map (introduced
in [Mrl]). By Mrozek’s results (see [Mr2]) if ¢ is flow on X, f = ¢; for
some t > 0 and S is an isolated invariant set with respect to ¢, then the
distinguished isomorphism in the Conley index of S with respect to f is the
identity and the cohomological Conley index of an isolated invariant set of
a flow ¢ coincides with the corresponding index with respect to the discrete
dynamical system ; for any ¢ > 0.

Now we describe the notion of an isolating block (for a flow). Recall that
aset X C X is called a d-section provided X(—4,d) is an open set in X and
the map

Y x(=4,0) 3 (x,t) — at € X(—0,9)
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is a homeomorphism. Let B be a compact subset of X. B is called an
isolating block if there exists a § > 0 and two d-sections ¥+ and X~ such
that

(i) (X x (=6,0)) Nel(X~ x (=6,8)) =0,
(i) BN (ZF(=6,9)) = (BN XH)[0,0),
Bn(X (=0 )) (BN X7)(=4,0],
(iii) Ve € 9B\ (XTUX ") Ju<0<v:zp€ X, ov € X, x[u,v] C OB.

We put Bt = BNX*t, B-=BnNX ,a" ={z € B":z[0,00) C B}
and a~ = {x € B~ : x(—00,0] C B}.

In particular, if B is an isolating block, and B~ is the “exit” set, then
(B, B7) is an index pair.

THEOREM 1. If S is an isolated invariant set, then each isolating neigh-
borhood of S contains a block, which is a neighborhood of S. If By and Bs
are two blocks which isolate S then the homotopy types of the pointed spaces
(B1/By,[By]) and (B2/B; ,[B5]) coincide.

For the proof see [Ch], [Co].

The homotopy type uniquely determined by Theorem 1 is denoted by
h(S) and is called the homotopy Conley index of S. If H denotes an arbitrary
homology or cohomology functor, then H(h(S))=H (B, B~). This is proved
in [Ryb. p. 57]. By h*(S) we denote the Conley index of S with respect to
the backward flow. Obviously, H(h*(S)) = H(B, B™).

COROLLARY 2. If S is an isolated invariant set in a Euclidean space (or
a half-space), then
H(h(S)) = H*(h(5)),
where H, H* denote the Cech and singular cohomology functors respectively

(with real coefficients).

Proof. Szymczak [Sz] showed that if f is a discrete dynamical system in
a Euclidean space then there exists an index pair (P, P) for S such that P;
is an ENR. Since for ENR pairs the Cech, singular and Alexander-Spanier
cohomologies are isomorphic, our assertion follows from Mrozek’s results
(see [Mr2, Cor., p. 311]).

We need the notion of the index of rest points of a flow introduced by
Srzednicki [Srz]. Let X be an ENR and ¢ be a flow on X. Assume that U
is an open subset of X such that there are no rest points of ¢ on OU.

DEFINITION. The index of rest points (U, ¢) of ¢ in U is given by
I(U,¢) = lim ind(p, U),
e—0+

where ind denotes the fixed point index.
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We refer the reader to [Srz] for the main properties of the index of rest
points.

DEFINITION. Assume that S is an isolated invariant set. The index of
rest points in S is defined as I(S,¢) = I(N, ¢), where N is any isolating
neighborhood for S.

The excision property implies that I(.S, ¢) is well-defined.

Remark 3. In [Srz| Srzednicki proved that if for an isolated invariant
set S there exists a block B such that B and B~ are ENR’s then I(S, ¢) =
x(h(S)), where x(h(S5)) is the Euler characteristic of h(S) with respect to
the singular homology. We do not know whether there exists a block (B, B™)
consisting of ENR’s, but by Th. 3 of [Mr3] and Cor. 3 of [Mr4] we have the
following:

COROLLARY 4. If S is an isolated invariant set for the flow ¢ on the
ENR space X, then 1(S, ¢) = x(h(S)).

Remark5. In case of a flow on a Euclidean space Szymczak’s result im-
plies that we may use the Cech or singular cohomology to compute ind(S, ¢).

We recall that a nonempty compact invariant set S is called positively
asymptotically stable (PAS) if

(i) for each open neighborhood U of S there is an open neighborhood
V C U of S such that V[0,00) C U,

(ii) there is an open neighborhood W of S such that w(z) C S for any
zeW.

The maximal set W which fulfils the condition (ii) is open and invariant.
It is called the region of attraction of S.If we change the sign + to — and w(x)
to a(x) in (i) and (ii), we obtain the definition of a negatively asymptotically
stable set NAS. Note that asymptotically stable sets are isolated.

3. Main result. Let ¢ : R*"!'xR —R"*! be a continuous flow such that
the set R"x {0} is invariant. For brevity, we write E = R"*1 9E = R"x{0}.

THEOREM 6. Assume that S C OF is an isolated invariant set for @ such
that H(hogr(S)) # 0 (H denotes the singular homology functor). Then there
exists an x € E'\ OF such that either a(x) C S or w(z) C S.

Proof. Let Bg be any block for S with respect to the flow ¢. Then
Bsg = Bp NOE is a block for S with respect to ¢|gg (note that S is auto-
matically an isolated invariant set for ¢|sg). Suppose, contrary to our claim,
that a;;E = CLJEr and a;, = ap. Consider the following diagram, in which all
vertical maps are induced by inclusions and the rows are the Churchill exact



An attraction result and an index theorem 207

sequences for S with respect to ¢ and ¢|sg, respectively:
 EBeBE) - BYS) — Hah) —

! ! !
— HYBop,Bip) — HIUS) — HYafz) —

It is a commutative diagram (this is easy to check by the construction of the
Churchill exact sequence; see Lemma 4.3, Prop. 4.6 and Th. 4.7 of [Ch]).
The Five Lemma shows that H(h}(S)) = H(h}(S)). In the same manner
we can see that H(hg(S) = H(hpg(S)). From Corollary 2 we have

(1) dim H;(hg(S)) = dim H;(har(S)).
Now, from the time-duality of the Conley index (see [Mr-Srz]), we obtain
() Husri(his(S)) = H(0p(S)) = H (h5(S)) = Ha-s(hor(S)).
Combining (1) with (2) we conclude that for all i € Z,

dim H;(hog(S)) = dim H;_1(har(S)),

hence dim H;(hsg(S)) = 0 for all ¢ and this contradicts our assumption.

4.Index theorem. This section was inspired by recent work of Capietto
and Garay. Let E = R""! BT = R" x [0,00), E~ = R" x (—00,0] and
OF = R"™ x {0}. Assume that ¢ : ET x R — E7 is a continuous flow on
ET (note that JF is automatically invariant). Following [Ca-Ga] we use
the notion of a saturated set. A compact isolated invariant set S C JF is
called an invariant set of type A (or saturated) for the flow ¢ if there is a
neighborhood N of S in E* such that d(zts,dF) < d(wt1,0F) whenever
x € N\ OE, t1,ts € R and x[t1,t2] C N. Similarly, a set S is of type R if it
is of type A with respect to the backward flow.

Remark 7. A setof type A or R is an isolated invariant set with respect
to the flow ¢ on Et.

DEFINITION. The stable set W+ (S) of an isolated invariant set S is
defined to be
{r e E:w(x)#0, wx)C S}
and the unstable set W~ (S) is defined similarly in terms of a(z).
Note that we assume no special structure of S, W (S) or W~ (S), but

when FE is a smooth manifold and .S is hyperbolic, well-known results show
that W+ (S) and W~ (S) have a (local) manifold structure.

DEFINITION. Let S C OF be an isolated invariant set with respect to the
flow p on Et. S is called a set of type Ay iff W~ (S) C OE. The notion of
the set of type R; is defined by reversal of time.
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PROPOSITION 8. (1) The set S of type A (resp. R) is also of type Ay
(resp. Ry).
(2) If S C OE is of type Ay then H(hg+(S)) = H(hagr(S)).

Proof. (1) Suppose that there exists an 2o € W~ (S)\ dE. Since a(zg)
is contained in S there is a sequence t,, — —oo such that d(zot,,E) — 0.
Let B be an isolating block for S in ET. We may assume that xzot,, € B for
all n. Suppose that xo(—oo,tx] C B for some k. The set S is of type A, so
for all n > k we have

d(xotn, 8E) > d(xotk,aE) =e>0,

a contradiction. So, we can choose a sequence t;, — —oo such that xot;, € 0B
and this contradicts a(zg) C S.

(2) As in the proof of Theorem 6, a,,, = a,p gives our statement by the
Five Lemma.

Remark 9. If ¢ is a continuous flow on a locally compact, metric space
X and S C X is an isolated invariant set then by the same method as in
the proof of Prop. 8 we can show that H (hx(S)) = H (hw-(s)(5)).

Remark 10. Consider the equation
T = z, y =Yy
on the FEuclidean plane. Let ¢ be the flow generated by this equation. The
saddle point (0,0) is of type A; with respect to ¢ restricted to the upper
half-space E*. It is easy to compute that H°(h},,({(0,0)})) = R and

H(h%, ({(0,0)})) = 0 for all i € Z. Hence, for a set S of type A; it is not
necessarily true that H(h%. (9)) & H(h}5(S)).

PROPOSITION 11. Assume S C OF is of type Ay and H(hog(S)) # 0.
Then there exists an x € ET \ OF such that w(z) C S.

Proof. We define a map v : E x R — E such that v restricted to
ET xR equals ¢ and if x € E~ then ¢ (z,t) = s(¢(s(x),t)), where s : E >
(T1,y- s Tny Tpy1) — (T1, -« oy Tny —Tpt1) € E. Obviously 9 is a flow on E.
Let Bg be any isolating block for S with respect to ¢. Since W~ (S) C JF,
we have a; = a;5. As in the proof of Theorem 6, this shows that ang is not
a strong deformation retract of the set aj;. Hence there exists an x € Bg\OFE
such that w(z) C S.

Remark 12. (1) An analogue of this result for a set of type R; is also
valid (if we change w(z) to a(x)).

(2) Proposition 11 was first proved by Hofbauer (see [Ho]) in the setting
of a flow induced by a C! vector field. In [Ca-Ga] it was proved for dynamical
systems induced by a C° vector field and for a set of type A. Capietto and
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Garay conjectured that it is also valid for any continuous flow, but their
approach does not work in the general case.

COROLLARY 13. Assume S C OF is of type A1. Then

(1) if S is an NAS set with respect to |pg, then there is an z € EY\JE
such that w(z) C S,

(2) if S is a PAS set in OF, then S is a PAS set with respect to the flow
© on ET.

Proof. (1) It is easy to check that H(hsg(S)) # 0.

(2) Let B be any block for S in ET. By Th. 2.1 of [Srz], S is a PAS iff
ag. = 0. We know that a,, = ayy =0, because S is a PAS set in 0F.

We use the following;:
LEMMA 14. (1) If S C OF is an isolated invariant set, then
X(hor(9)) = (=1)"x(h5p(S))-
(2) If S is of type A1, then
(a) x(hor(5)) = x(hg+(5)),
(b) x(h+(S5)) = 0.

Proof. (1) It is a consequence of the time-duality of the Conley index.
(2) We first prove (a). Since ay, = ay,, H(hor(S)) = H(hg+(S)) and

E+t»
by Corollary 2 we get x(hor(S)) = x(hg+(S)). To prove (b) we consider a
flow ¢ : E x R — FE defined as in the proof of Proposition 11. Assume Bg
is a block for S with respect to ¥». We have the following Mayer—Vietoris

exact sequence (see [Do)):
..— HY(Bg,Bf) — HY(Bg+,Bf,) ® HY(Bg-, B}, )

— HY(Baog,Biy) — ...
where Bx = BgpNX. Note that this exact sequence exists because the triads
(Bg, Bg+, Bg-), (B, BE+,BE_) are Cech excisive. Then we have

X(hg+(S9)) + x(hE-(5)) = x(har(9)) + x(hE(9)).
Since x(h}-(5)) = x(h5+(S)), by the time duality of the Conley index we
have
2x(h5-(5)) = (=1)"x(har(S)) + (=1)" ' x(hp(S)) = 0.

(The last equality follows from the fact that ay, = aj implies that x(hg(S5))
= x(hor(5)).)

COROLLARY 15. (1) If S is of type A1, then 1(S, plor) = 1(S, ¢).

(2) If S is of type Ry, then I(S, ) = 0.
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Assume ¢ : ET x R — E™ is a continuous flow. Let R(¢) denote the set
of rest points in E+. We also assume that

Rio) < (U (JQLJ.) o(U )

where K;, Lj;, Mj are pairwise disjoint, K; C OF are sets of type Aj,
L; C OF are sets of type Ry, and M}, C E* \ OF are isolated invariant sets.

THEOREM 16. Assume that ¢ is a dissipative flow (i.e. there exists a
compact subset K of ET such that x[0,00)NK # 0 for every x € ET). Then

M=

I(Ki,0) + Y 1My, ) =1
k=1

=1

@
Il

and
g

D UMy, 0) = > 1Ly, ¢lo)-

k=1 j=1

Proof. Since ¢ is dissipative, by Th. 2.4 of [Srz] there exists a PAS set
S such that ET is its region of attraction. If B is an isolating block for S
then by Cor. 4.5 of [Srz] we have

I(int B,¢) = x(B) = x(E") =1
and
I(int BNOE, plor) = x(OF) = 1.
The additivity property of the rest point index implies that

p
=1 1=

g
I(Lj,0) + > 1(My, )
1 k=1

and
P g

1= U(Ki,plon) + Y (L, ¢lon).
i—1 j=1

From Cor. 15, I(K;, plog) = I(K;, ¢) and I(L;, ¢) = 0.

Remark 17. (1) In the case a flow induced by a C° vector field and sets
of types A and R, the above theorem was proved by Capietto and Garay,
but their proof fails in the general case (see Remark 3 of [Ca-Gal).

(2) If it is true that for any isolated invariant set on a topological manifold
(with or without boundary) there exists a block which is an ENR, then the
similar conclusion can be drawn for a flow on a manifold with invariant
boundary.



[Ca-Ga]

[S2]

An attraction result and an index theorem 211

References

A. Capietto and B. M. Garay, Saturated invariant sets and boundary behav-
ior of differential systems, J. Math. Anal. Appl. 176 (1993), 166-181.

R. C. Churchill, Isolated invariant sets in compact metric spaces, J. Differ-
ential Equations 12 (1972), 330-352.

C. C. Conley, Isolated invariant sets and the Morse index, CBMS Regional
Conf. Ser. in Math. 38, Amer. Math. Soc., Providence, R.I., 1978.

A. Dold, Lectures on Algebraic Topology, Springer, Berlin, 1972.

J. Hofbauer, Saturated equilibria, permanence, and stability for ecological sys-
tems, in: Mathematical Ecology, Proc. Trieste 1986, L. J. Gross, T. G. Hallam
and S. A. Levin (eds.), World Scientific, 625-642.

—, An index theorem for dissipative semiflows, Rocky Mountain J. Math. 20
(1990), 1017-1031.

J. Hofbauer and K. Sigmund, The Theory of Fvolution and Dynamical Sys-
tems, Cambridge Univ. Press, Cambridge, 1988.

M. Mrozek, Leray functor and cohomological Conley index for discrete dy-
namical systems, Trans. Amer. Math. Soc. 318 (1990), 149-178.

—, The Conley index on compact ANR’s is of finite type, Results Math. 18
(1990), 306-313.

—, Open index pairs, the fized point index and rationality of zeta function,
Ergodic Theory Dynam. Systems 10 (1990), 555-564.

—, Index pairs and the fixed point index for semidynamical systems with dis-
crete time, Fund. Math. 133 (1989), 177-194.

M. Mrozek and R. Srzednicki, On time-duality of the Conley index, Results
Math. 24 (1993), 161-167.

K. P. Rybakowski, The Homotopy Index and Partial Differential Equations,
Springer, Berlin, 1987.

R. Srzednicki, On rest points of dynamical systems, Fund. Math. 126 (1985),
69-81.

A. Szymeczak, The Conley index and symbolic dynamics, Topology 35 (1996),
287-299.

Institute of Mathematics
Jagiellonian University
Reymonta 4

30-059 Krakéw, Poland
E-mail: wojcik@im.uj.edu.pl

Regu par la Rédaction le 30.1.1995
Révisé le 6.5.1995



