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Upper and lower solutions satisfying the inverse inequality

by IRENA RACHUNKOVA (Olomouc)

Abstract. We consider multipoint and two-point BVPs for second order ordinary
differential equations with a Carathéodory right hand side. We prove the existence of
solutions provided there exist upper and lower solutions of the BVP and the upper solution
is less than the lower one.

1. Introduction. In this paper we consider the four-point boundary
value problem

(1) ':U,/ = f(t7 x? 1‘/)7
(2) z(a) =x(c), x(d) =xz(b),
where a,b,c,d € R, a < ¢ <d <b, J=[a,b and f:J xR? — R is
a function satisfying the Carathéodory conditions. We prove an existence
result for (1), (2) under the assumption that there exist upper and lower
solutions of (1), (2) which fulfil the inverse inequality, i.e. the upper solution
is less than the lower one (Theorem 1).

Since the four-point conditions (2) can be considered as an approxima-
tion of the Neumann conditions

(3) 2'(a) =0, 2'(b) =0,

our result is valid for problem (1), (3) as well. Moreover, one of the sign
conditions for f may be omitted (Theorem 5). The same approach can be
used for the periodic conditions

() o) = o(b),  @'(a) = /(b)
(Theorem 5).
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Let us recall that 1,00 € AC'(J) (i.e. with absolutely continuous first
derivatives on J) are lower and upper solutions of (1), (k) if for a.e. t € J,
(5) of (t) > f(t,o1,01), 03(t) < f(t,02,0%),
and for k = 2,

for k = 3,

for k = 4,
o1(b) = o1(a), 01(b) < oi(a),
o2(b) = 02(a), 05(b) = oy(a).
Under the classical assumption that
(6) o1(t) < ogo(t) forallteJ

the existence of solutions of various second order boundary value problems
has been proved by many authors. We can refer for example to [1], [3], [5]-{7],
[17]. For the periodic problem with a Carathéodory right hand side f and a
generalized Nagumo condition see [4] or [12].

Here, we investigate the case where oy, 09 satisfy the opposite ordering
condition

(7) oo(t) < oy(t) forallte J

Conditions (5) and (7) are satisfied for example if

(8) limsup f(¢,2,0)/xz < 0,
|z]—o0

uniformly for a.e. t € J. We can see that (8) yields the existence of constants
r1 > 0 and ro < 0 such that f(¢,71,0) <0, f(¢,r2,0) > 0 for a.e. t € J. So,
we put o1 (t) = r1, 02(t) = ro and get lower and upper solutions for problem
(1), (k), k € {2,3,4}. On the other hand, condition (8) expresses the fact
that for large |x| the nonlinearity f(¢,z,0)/x lies on the side of the spectrum
of the linear differential operator L : 2 — 2’ acting on the space of functions
belonging to AC'(J) and satisfying (k), k € {2,3,4}. This means that the
nonlinearity f(¢,2,0)/z could interact with higher eigenvalues of L. This
situation was considered e.g. in [2], [9]-[11], [16], [18], mainly for periodic or
Dirichlet boundary conditions and for special differential equations like the
Liénard or Rayleigh equations.

Our approach is quite different and we present other types of conditions
which guarantee the existence of solutions of (1), (k), k € {2, 3,4}, provided
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(7) is valid. We do not impose growth restrictions on f with respect to x or
2’ but we need some sign conditions for f.

2. Main results

THEOREM 1. Let o1 be a lower solution and oo an upper solution of (1),
(2), 0,04 € Loo(J) and let (7) be satisfied. Suppose that there exist real
numbers Ry, Ra, R3, Ry such that Ry # Rs3, Ry # Ry, Ry < ol(t) < Ra,
Rs < 0i(t) < Ry for each t € J, i =1,2, and for a.e. t € J,

9) f(t,z,0%) >0l forall x € [c1,02(t)],

(10) ft,x,0)) <o  forall z € [o1(t),ca],

and for all x € [c1, o],

(11) flt,z,Ry) <0, f(t,z,Re) >0 fora.e. teEJ,
(12) flt,x,R3) >0, f(t,z,Ry) <0 fora.e. teldd],

where ¢; = (b—a)Li+min{os(t) : t € J}, ca = (b—a)Lo+max{o(t) : t € J},
Ly = min{R;y, R3} and Ly = max{Ry, Ry}. Then problem (1), (2) has at
least one solution u with

(13) oo(ty) < ulty) < oy(ty) for some t, € J.

COROLLARY 2. Let f be nonincreasing in the second variable x. Then, in
Theorem 1, conditions (9), (10) can be omitted and (11), (12) can be replaced
by
(14) f(tuclaRl)Soa f(t,Cg,Rg) ZO fOT’ a.e. tEJ,

(15) f(ta 627R3) 2 07 f(t7cl7R4) S 0 f07’ a.e. t € [d7 b]

EXEMPLE 3. The function f(t,z,y) = x—a>+cos 2mt+ay(y® —1) satisfies
the conditions of Theorem 1 for sufficiently large . If we choose J = [0, 1],
we can put o7 = 1.35, 09 = —1.35, Ry = —0.4, R, = 04, R3 = —1.1,
Ry =1.1 and |a| > 60.

EXEMPLE 4. The function f(¢,z,y) = —x + sint + asiny satisfies the
conditions of Corollary 2 for sufficiently large . If we choose J = [a,b], we
canputoy; = 1,00 = —1, Ry = —7/2, Ry = /2, R3 = =37 /2, Ry = —31/2,
la] > 37(b—a)/2 + 1.

THEOREM 5. Let o1 be a lower solution and oo an upper solution of
(1), (k), k € {3,4}, with 0,04 € Loo(J), and let (7) be satisfied. Suppose
that there exist real numbers Ry, Ry such that Ry < o(t) < Ry for each
teJ,i=1,2, conditions (9), (10) are satisfied for a.e. t € J and condition
(11) is satisfied for all x € [c1, c2], where ¢ = (b—a)Ry +min{oa(t) : t € J}
and ca = (b—a)Ry + max{oi(t) : t € J}. Then problem (1), (k), k € {3,4},
has at least one solution satisfying (13).
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COROLLARY 6. Let f be nonincreasing in the second variable x. Then,

in Theorem 5, conditions (9), (10) can be omitted and (11) can be replaced
by (14).

ExaMPLE 7. If we choose f, J, 01, 02, Ry, Ry as in Example 3, then the
conditions of Theorem 5 are satisfied for |a| > 1.

ExamMpLE 8. If we choose f, J, 01, 02, Ry, Rs as in Example 4, then the
conditions of Corollary 6 are satisfied for |a| > 7(b—a)/2 + 1.

Remark. Let f be bounded (sublinear or linear with appropriately
small coefficients) in  and y. Further, suppose that there exist upper and
lower solutions of problem (1), (k), k € {2,3,4}, with ¢, 0 € Lo(J), and
for a.e. t € J,

(16) f(t,x,08) > oy for all x < oo(t),
ft,z,01) <oy forall x > oy(t).

Then condition (7) is sufficient for the solvability of (1), (k), k € {2,3,4}.
See Lemma 11 for f bounded and [15] for sublinear and linear cases.

3. Proofs. We will consider a one-parameter system of equations
(17) =Nt a2 X)), Ae0,1],
where f*:J x R? x [0,1] — R satisfies the Carathéodory conditions, i.e.

e f(-,x,y,)) : J — R is measurable for all (z,y,\) € R? x [0, 1],
o f(t,-,+,+) : R? x [0,1] — R is continuous for a.e. t € J,
o sup{[f (-2, ¥, A)| : [z] + |y| <o, A €[0,1]} € L(J) for any o € R;.

Let f* be chosen such that f*(¢,x,y,1) = f(t,z,y) on J x R%. Further, put

b
fonlw) = —— { *(t,2,0,0)dt  for k € {3,4}

b—aa
and
1 1 bs 1 cs
fOQ(x):a[m§§f (T,x,O,O)des—E;gf (1,2,0,0) dr ds
where
. _b+d_c+a
07 7 2

In our proofs we exploit the following lemma:

LEMMA 9. Let k € {2,3,4} and suppose there exists an open bounded set
2 C CY(J) such that: (a) for any X € (0,1), every solution u of problem
(17), (k) satisfies u & 982; (b) for any root xy € R of the equation for(z) = 0,
the condition xo & 012 holds, where xg is considered as a constant function
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on J; (c) the Brouwer degree d[fox, D, 0] is not zero, where D C R is the set
of constants ¢ such that the constant functions_u(t) = ¢ belong to §2. Then
problem (17), (k) has at least one solution in 2.

Proof. For k = 2 see [13] or [14], for k € {3,4} see [3] or [§]. m
First we prove the existence for problem (1), (k), k € {2, 3,4}, provided
f is bounded and upper and lower solutions are constants.

LEMMA 10. Suppose that there exist r1,ro € R and K € (0,00) such that
r1 > ro and for a.e. t € J,

f(t,x,0) >
f(t,z,0) <

0 for all x <1y,
0 forall x>nr

and
b
S\fta:y]dt<K for all z,y € R.
(

Then problem (1), (k), k € {2,3,4}, has at least one solution u with
re < u(ty) <71,
where t,, is a point from J.

Proof. For every m € N, m > 2, and (¢,2,y) € J x R?, set

[tz y) for [y| > 2/m,
m\ly Ly for 1/m<|y|§2/m,
f(t,x,0) for ly| < 1/m,
and consider system (17) where
TN —X
(tyz,y, A) = A, (L, y) + (1 — A)————.
Fr 2,9, 2) = Mt sy) + (1= N

Define
R={zeC'(J): |zl <7 [|2'loc <K +2(b—a)},

where r = max{|ry|, |ra|} + 1+ (b —a)K +2(b — a)?. Now we use Lemma 9
and first prove that for any A € (0,1) no solution of (17), (k), k € {2,3,4},
belongs to 2. Suppose that u is a solution of (17), (k), k € {2,3,4}, for
some A € (0,1). Put v(t) = u(t) —ry — 1/m and suppose

min{v(t) : t € J} = v(to) > 0.
Then there exists an interval [a, 8] C J containing to with v(¢t) > 0 and

[V'(t)| < 1/mfor all t € [a, 5], v'(c) <0, v'(3) > 0. Then for a.e. t € (a, 5)

we get
V() = u"(t) = Mot u,u') + (1= N)

T1

7<)\f(tu0) 0.
71| + Ju|
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On the other hand, SZ v"(t)dt = v'(B) — v'(a)) > 0, a contradiction. Analo-
gously we can get a contradiction if

max{u(t) :t € J} <rg —1/m.
Thus there exists t,, € J such that
ro —1/m <wu(t,) <ri+1/m.

Now, by integrating (1) from ¢ to ¢, where ¢ is a zero of v/, we get |u/(t)| <
K +2(b—a) for all t € J, and integrating the last inequality from ¢, to ¢
we get |u(t)] < max{|ry|,|r2|} +1/m +2(b —a)? + K(b —a) for all t € J.
Thus u & 012.

Now, consider the function fp; from Lemma 9 which has for all three
cases of k = 2,3,4 the same form for(z) = (r1 — x)/(|r1| + |x|). Since the
unique root of the equation fox(x) = 0is g = r1 and the constant function
xo € 012, condition (b) of Lemma 9 is satisfied. Finally, we compute the
Brouwer degree d[fox, (—r,7),0]. It is equal to £1, because for(—r) < 0 and
fox(r) > 0. Therefore problem (17), (k), k € {2,3,4}, has for A =1, m > 2,
at least one solution u,, € 2. Following these considerations for each m € N,
m > 2, we get a sequence (u,)5°_, of solutions of the problems

2 = ft,x,x), (k), ke{23,4}.

This sequence is equi-continuous and bounded in C*(.J) and therefore, by the
Arzela—Ascoli Theorem, we can choose a subsequence converging in C!(.J)
to ug which is a solution of (17), (k), k € {2,3,4}. Moreover, there exists a
sequence (t,, )o°_, of points with the property

ro — 1/m < Up(ty,,) <ri+1/m,
which implies the existence of 7 € J such that ro < up(7) < ry. =

The second step consists in the change of constant upper and lower
solutions to functions depending on t.

LEMMA 11. Let 01,09 be lower and upper solutions of (1), (k), k €
{2,3,4}, with 0,0y € Lo (J). Suppose that conditions (7) and (16) are
fulfilled. Further, suppose there exists K € (0,00) such that

b
S|f(t,:n,y)|dt§K for all z,y € R.

a

Then problem (1), (k), k € {2,3,4}, has at least one solution u satisfying
(13).
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Proof. For n € N and (¢,z,y) € J x R? set
fltzy) +(=1)"/n for |y — oi ()| > 2/n,
fultz,y) = f(t2,9) + (= 1!/n+ kin for 1/n < |y —of(t)| < 2/n,
f(t,z,ol(t) + (=1)"/n for |y — ol(t)| < 1/n,

where

Kin = [f(t,2,05(8) = f(t, 2, 9)In2/n =y — oi(D)]), i=12,

and
fngt,a:,a)l) AH/” =20 ||o for @ > A+ 1/n, )
fu(t,x,y —I—wl,n for A<x <A+ 1/n,
gn(t7$7y) = fn(taxay) for _AS‘TSAa
fult,z,y) —wa for —A—1/n <z < —A,
fult,x, 0h) + A*jﬁ;f”ﬂu Moo forz < —A—1/n,
where

Wi n = [fn(t’x>o-£(t)) - fn(tv$7y)]n($ + (_1)i‘4)’ 1= 17 2)

1
A= (b-a)L+ ~ +max{[lor]eo, [loz]loc },
LoK+22% o /" 4
=K+ —— +2(b - a) max{]jo7 |loc, lloz [l oo }-

We can easily see that w;,, = 0 for |y — o}(t)| < 1/n. Now consider the
problem

(18) 2 =g.(t,x,2"), (k), ke{23,4}.

We can check that for r; = 24 4+ 1/n and r = —2A — 1/n the function g,
satisfies all assumptions of Lemma 10, so problem (18) has a solution u,, for
each n € N. Now, using similar arguments to the proof of Lemma 10, we
can prove that there exist t,, = t,,(u,) € J such that

(19) —1/n+ o2(tn) < un(ty) < o1(tn) +1/n.

Indeed, putting v(t) = u,(t) — o1(t) — 1/n (or v(t) = o2(t) — u,(t) — 1/n)
and supposing min{v(t) : t € J} > 0 (or max{v(t) : t € J} < 0), we get a
contradiction. We can also easily check that

b

S\gn(t,x,y)]dt <L forall z,yeR.

From the latter inequality we get |[u},||cc < L and ||un oo < A, so u, is a
solution of the problem

2 = fu(t,x,2'), (k), ke{23,4}.
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Using the Arzela—Ascoli Theorem for the sequence (u,)5%,; in the space
C!(J), by a limiting process we obtain a solution u of problem (1), (k),
k € {2,3,4}, satisfying (13). m

Proof of Theorem 1. Suppose that Ry < R3 and Ry > R4. Then
for sufficiently large ng € N we have Ry + 2/ng < Ry and R3 — 2/ng > Ry.
Suppose that n € N, n > ng and put r; = max{oi(t) : t € J}, ro =
min{oy(t) : t € J},

flt,ry + Ra(b—a),y) for x > ry + Ra(b— a),

g(t,z,y) =< f(t,z,y) for ro + Ry(b—a) <x <71+ Ro(b—a),
flt,ra+ Ry(b—a),y) for x < ry + Ry(b—a),
g(t,x, R2) for y > Ro,
g(t,z,y) for Ry +2/n <y < Ry,
g(t,z, Ry +2/n) +wy for Ry+1/n <y < Ry+2/n,
g(t,z, Ry) for Ry <y < Ry+1/n,

ho(t,z,y) = q 9(t,z,y) for R3 <y < Ry,
g(t,z, R3) for R3 —1/n <y < R,
g(t,z,Rs —2/n) —ws for R3 —2/n <y < Rs—1/n,
g(t,z,y) for Ry <y < Rs—2/n,
L g(t,z, Ry) for Ry >y,

where
ws = [g(t,x, R3 — 2/n) — g(t,x, R3)|n(y — R3 + 2/n),
wy = [g(t,x, Ry +2/n) — g(t,z, Ry)|n(y — Ry — 2/n).
Then for all z,y € R,

b b
V1o (t 2, )| dt < \h(t) dt = K,

where h(t) = sup{|h,(t,z,y)| : © € [ro + R1(b—a),r1 + Ra(b —a)], y €
[R1, Ro]}. We can see that h,, satisfies the conditions of Lemma 11 and so
the problem

33‘/, = hn(t,ﬂj‘,l'/), (2)

has a solution u,, satisfying (13).

Let us prove a priori estimates for wu),. It follows from (2) that there
exist ag € (a,c) and by € (d,b) with u/,(ag) = u,,(by) = 0. Suppose that
max{u,, (t) : t € [a,bg]} = ul,(7) > Ra + 1/n. Then v # by and there exists
(e, B) C (a,bo) such that ul,(3) = Ra, ul,(r) = Ry + 1/n and Ry < u (t) <
Ro+1/n for all t € (o, 3). Thus Sg ul'(t)dt = —1/n < 0. On the other hand,
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by (11), (12) and the construction of h,,,

15 B
Vun(t)dt =\ g(t, un, Ry)dt > 0,

a contradiction. Similarly, supposing min{u/,(t) : t € [a,bo|} < R1 —1/n, we
get a contradiction. Therefore

(21) Ri—1<R —1/n<u,(t)<Re+1/n<Ry+1

for all ¢ € [a, by].

Now, suppose that max{u/,(¢) : t € [by,b]} = u,,(y) > R4 + 1/n. Then
v € (bo,b] and there exists (o, 5) C (bo,b) such that ul, (o) = Ry, ul,(5) =
Ry +1/n, and Ry < u,(t) < Ry + 1/n for all ¢t € (a, 3). Thus SZ up(t)dt =
1/n > 0. On the other hand, by (11), (12) and the construction of A,

5 5
Vur(t)dt =\ g(t,un, Ry) dt <0,

a contradiction. Similarly, supposing min{u,,(t) : t € [by,b]} < R3—1/n, we
get a contradiction. Thus, by (21),

(22) Ry —1/n<u, (t) <Ry +1/n
for all t € J. Integrating (22) from ¢, to ¢t and using (13), we get

b— h—
(23)  ro+ Rilb—a) = ——= Sun(t) <71+ Ro(b—a) + —

for all t € J.

For each n € N, n > ng, we have a solution u,, satisfying estimates (22)
and (23). Since the sequence (uy)pZ,,, is bounded and equi-continuous in
C!(J), we can use the Arzeld—Ascoli Theorem and get a solution u of the

problem

a = g(t,a:,a;’), (2)7
with 73 + R1(b —a) < u(t) < 7 + Ro(b—a) and R; < u/(t) < Ry for all
t € J. Hence u is a solution of (1), (2) as well. =

Proof of Theorem 5. We can follow the previous proof and make
some simplifications. E.g. instead of h,, we use

g(t7x>R2) fOI"y>R2,
h(t,l',y) = g(t7$7y) fOI' Rl S Yy S R27
g(t7x>R1) fOI'y<R1,

and for a priori estimates of v’ we only need condition (11), because in the
case of problem (1), (3), v’ has zero values at the end points, and if we
consider periodic problem (1), (4), it is sufficient to prove the estimate of u’
only at one of the end points. =
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