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Stabilization of solutions to a
differential-delay equation in a Banach space

by J. J. KoLiHA (Melbourne, Vic.) and IVAN STRASKRABA (Praha)

Abstract. A parameter dependent nonlinear differential-delay equation in a Banach
space is investigated. It is shown that if at the critical value of the parameter the problem
satisfies a condition of linearized stability then the problem exhibits a stability which is
uniform with respect to the whole range of the parameter values. The general theorem is
applied to a diffusion system with applications in biology.

1. Introduction. In this work we investigate a class of parameter de-
pendent differential-delay equations in a Banach space X and apply the
method of fixed points in the spaces of functions in X tending to zero as
t — oo at an appropriate rate that was developed in [3]. In particular, we
address the stability of the stationary solution of such an equation. The
stability is shown to be uniform with respect to a small parameter on some
finite interval.

The stability of solutions to differential-delay equations has been stud-
ied in a number of publications. Let us mention at least a few of them. The
asymptotic stability for Problem (2.1) below with ¢ = 1 has been proved
in [6, 7] under the assumption of the stability of the linearized problem.
The results are applied to a parabolic equation with delay. In [10] stabi-
lization of solutions to the fully nonlinear problem is established by means
of monotonicity of the generator of the corresponding nonlinear semigroup.
A similar approach is also used in [2], where a series of results on asymp-
totic behavior of solutions and their mean values is proved. Finally, in [8, 9]
appropriate functionals and sufficiently strong a priori bounds are used to
show the (uniform) asymptotic stability of solutions under certain natural
assumptions.
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In our approach the existence and stabilization of solution is shown by
a fixed point argument. We obtain the rate of convergence and describe the
global behavior of solution in connection with a singular parameter involved.

Our notation is consistent with that introduced in [3]; in particular, we
adopt the usual notation LP(M; X) for the LP-spaces of functions from a set
M c RY into a Banach space X, WP (M; X) for the Sobolev spaces of kth
order, C*(M; X) for the spaces of functions with continuous derivatives up
to order k, L(X,Y") for the space of the continuous linear operators from X
into Y with L(X) = L(X, X), Ls(X) being L(X) equipped with the strong
operator topology, and so on.

2. Formulation of the problem. Let us consider the following param-
eter dependent problem:

eu.(t) + Auc(t) — Buc(t — 7) = Fuc(t) + Gue(t — 1), t >0,
(2.1)
us(s) =x(s), se(—m1,0], e €0,g0] (1t >0, g9 > 0),

where A : X D D(A) — X is linear, F € L(X), F,G : X — X are possibly
nonlinear operators. The fixed number 7 > 0 is a given delay, ¢ € [0,g¢] a
parameter, and x(-) : (—7,0] — X a given initial datum. We are interested in
the stabilization of u.(t) as t — oo. This will be achieved by an appropriate
splitting of the problem in a stable linear part and a nonlinear perturbation
which is locally small. We shall work in the space

(2.2) L (0,00;X)
={u € L*>(0,00; X) : |lul|y := esssupw(t)|u(t)| < oo},
>0

for some function w € L2 (0,00) such that w(t) > 1 a.e. in (0,00) and

lim; o w(t) = co. It is a standard result that the space L°(0,00; X) is a
Banach space under the norm || - ||-

We make the following assumptions:

(i) —A is the generator of a Cy-semigroup in L(X);

(i) F: X — X,F(0) =0;

(2.3) (iii) the semigroup T'(¢) generated by —A satisfies
|T(t)| < o(t), t > 0, with some g € L*>(0,00);

(iv) F€ L(X) and G : X — X, G(0) = 0.

To invert the linear part of (2.1) in the space LS (0,00; X) with an appro-
priate weight w, define the following auxiliary problems.
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o Fundamental solution:
eUl(t)+ AU.(t) — EU.(t —7) =0, t > 0,
Us(s)=0 forse(—71,0), U(0)=1, ee€(0,¢e0]

e Homogeneous problem:

(2.4)

evl(t) + Av(t) = { ((1));(15 ) 1; i(TO’aT),

UE(O) =Y, €€ (0 50]7

(2.5)

where g : (—7,0) — X and y € X are given.
e Inhomogeneous problem:

ezl (t) + Az (t) — Ez.(t —7) = h(t), t>0,
(2.6)
2:(s) =0, se(—1,0], €€ (0,e0],
where h : (0,00) — X. Note that U, is an operator valued function.

Since —A generates a Cy-semigroup in X, it is clear that for any € €
(0, 0] there exists a unique generalized solution U. € C([0,00); Ls(X)) of
(2.4), that is, U, satisfies (2.4) and the integral equation

t

(2.7) U(t) =T(t/e) + e \T((t — 5)/e) EU(s — 7)ds, t>0.
0

Also, there exists p. € L{3.([0,00)) such that

(2.8) U.(#)] < 0.(t) fort>0and e € (0,).

It is a standard result (see e.g. [1]) that the solutions v. and z. may be
expressed in terms of U, and (y,g), and of U, and h, respectively. This is
the content of the following two propositions.

2.1. PROPOSITION. Lety € X and g € L*((0,7); X). Then problem (2.5)
has a family of generalized solutions v. € C([0,00); X), € € (0,e0], in the
sense that

t
ty+e 1SUEt—s (s)ds for te (0,7),
0

(29) vt =
y+€1§U5t—8 (s)ds fort>r.

If, in addition, y € D(A), g € Ll((O,T);D(A)) and ED(A) C D(A), then
the equation in (2.4) is satisfied pointwise a.e. in (0, 00).

2.2. PROPOSITION. Let h € L}, ([0,00); X). Then problem (2.6) has a
family of generalized solutions z. € C([0,00); X), € € (0,&¢], in the sense
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that

(2.10) 2e(t) = P\ U.(t — s)h(s)ds, t>0.

O ey

If, in addition, h € L _([0,00); D(A)) and ED(A) C D(A), then the equa-
tion in (2.6) is satisfied pointwise a.e. in (0,00).

Define operators V. and Z. by
Va(y, 9)(t) = ve(t), te€[0,00), y € X, g€ L'((0,7); X),
ve satisfies (2.9),
Ze(h)(t) = 2:(t), t€[0,00), h € Li([0,00); X),
2z satisfies (2.10).

In accordance with the definitions of generalized solutions to Problems (2.5),
(2.6) it is consistent to define a generalized solution to (2.1) as follows:

2.3. DEFINITION. A function u. € L{2.([0,00); X) (e € (0,e0]) is called a
generalized solution to problem (2.1) if uc(s) = x(s) for s € (—7,0] and the
following integral equation is satisfied:

(2.12)  u.(t)
Ue(t)x(0)

+et

O ey

Ut —s)(Ez(s — 7) + Go(s — 7) + Fuc(s)) ds, t€(0,7],

T

U-(t)2(0) + e {UL(t — 8)(Bx(s — 7) + Ga(s — 7)) ds

0
t

et S Ue(t — s)(Fue(s) + Euc(s —7) + Gue(s — 7)) ds, t >,
0

where U, is given by (2.7). Taking into account definitions (2.11), setting
g(t) = Ex(t —7) 4+ Gz(t — 1) for t € (0,7) and g(t) =0 for ¢t > T,

0 for t € (0,7),
(213) (Gu)(t) = { Eu(t—7)+ Gu(t—71) fort>r
with u: RT — X, we can write (2.12) in the form
(2.14) ue(t) = Ve(x(0), 9)(¢) + Z-(Fue(:) + Gu:(-))(t), t>0.

Again, it may be shown in a standard way that the following assertion
holds true.

2.4. PROPOSITION. If z(0) € D(A), Ex(-) + Gz(-) € L*((—7,0); D(A)),
ED(A) C D(A) and (2.13) has a solution u. € W11(0, ,X)le(o T; D(A))
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for some T > 0 and ¢ € (0,g9] then the first equation in (2.1) is satisfied
pointwise a.e. in (0,7T).

3. Fundamental solution. We start with an investigation of the fun-
damental solution U, (t) of (2.4).

3.1. LEMMA. Let assumption (2.3) be satisfied and let
(3.1)  o(t)=Me ", t>0, with some constants M >0, o > |E|.

Assume further that E commutes with (A + A)~' for some X\ with
ReX > —a. Then for any € > 0 there exists a generalized solution U, €
Lo ((—7,00); L(X)) of (2.4), and it satisfies

loc
Elef™\ !
]Ua(t)]§M<1—’ e ) e Bt

oa—ef
(32) o0
e ! | UL (t)| dt < Ma(a—eB) " (a— "7 |E)
0

fO’f’ all t > 07 €€ (0760]7 ﬁ € [OvﬁO(‘S)) ) [07ﬁ0)7

where Bo(e) = sup{B € (0,00) : e’7|E| < a — B}, Bo := Poleo) > 0,
Bo(0+) = 7 log(a/ | E).
Proof. A formal application of the Fourier transform to the function U,

(extended by zero for t < —7) suggests that we consider a solution of (2.4)
in the form

0, t <0,

33)  U) = Y _nrn ft—nr
> T< )E” t>0,e>0,
o e"n! €

where [s] stands for the integral part of s. Let R(\) = (A + A)~!. Then
R(\) € L(X) and, for each p with Rep > —a, R(p) = fu(R())) with a
suitable analytic function f,. By the functional calculus for bounded linear
operators, FR(n) = Efy(R(N) = fu(R(A)E = R(p)E. To show that E
commutes with 7'(s) for each s > 0 we use the Yosida approximation

An =n’R(—a+n) - (a+n)l, n=12,...;

then T'(s)x = lim, . exp(—sA,)z for all x € X and all s > 0 (see [5,
Section 1.3]) and the commutativity follows. It can then be routinely verified
that the function U, given by (3.3) is a generalized solution of (2.4). We are
going to use formula (3.3) to derive the estimates (3.2). Let 5 € [0, Go(¢)).
Setting

(3.4) ve(t) = eP'UL(t), t>0, €€ (0,e0],



276 J. J. Koliha and I. Straskraba

U. is a generalized solution of (2.4) if and only if v. satisfies

(
evl(t) + (A —eBI)v.(t) = " TBu.(t — 1), t>0,
(

(3.5) v:(0) =1,
ve(s) =0, s € (—,0).
A consideration analogous to that for U, above leads to the formula
0, t <0,
(3.6) v-(t) = /7] (t —n7)" t—nrt
> 7,@3@—”@(—) eTE, t+>0,e> 0.
e e"n! 3

We estimate the nth term of the sum in (3.6):

t—nr)" t—
an(t) e ‘%eﬁ(t—n‘r)zﬂ<¥> enﬁ‘rEn

(t — nr)" [55 —a
g

(3.7)

<M

T €XD (t—nT)]e”BT|E|”.
ennl

Taking logarithm of a,,(t) and using the estimate

log(n!) = Zlogk > Slogudu =nlogn — n,
k=2 1

we obtain

E
logan(t)glogM+nlog< 2] >

a—ef
+ log[sgl(z)){snefs}] + nfr — (nlogn —n)
= log M + ’I’L|:ﬁ7’ + log <a|—7E|eﬁ>}
Hence we get
(3.8) ap(t) < Me ™",

where k := — 37 —log(|E|/(a — £3)), which is positive by assumption. Con-
sequently, by (3.6)—(3.8) we have

[t/7] [t/7]
()] < D an(t) <MD e
n=0 n=0

e -1
_ M |E|ePT
<M m = =M(1-
M (-%)

and (3.4) yields the first inequality in (3.2).
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Now we prove the second inequality in (3.2). Setting

(3.9) s=tle, o=r1/e, wv(s)=eU.(t),
we obtain
v'(s) + (A — eBI)v(s) = e’ Fu(s — o), s2>0,
(3.10) v(0) =1,
v(s) =0, s € (—o,0).
A similar reasoning to the above leads to the formula
0, 5 <0,
[s/0]
3.11 = - "
(3.11) o(s) Z 7(8 n7!w) eEB(S_"")e"*BTT(S —no)E", s>0.
n=0
Then we have
J(e)=e' | PU.(t)] dt = | |u(s)|ds
0 0
oo, ey m (s —no)™
< Z S Z — e=Psna) MBT (s — no) E™|ds
m=0 mo n=0 ’
(m+1)o

<M Z Z — S (s — no)te~(@meBls=na) gq

m=0n=0 mo
(m+4+1—n)o

=M Z Z o S ste(@—eb)s gg.

m=0n=0 (frn—n)a-

Since
n

1 nls™
n,_—0s _ __ —,—0s
Sse ds = 5¢ ;(n—l)!él’
we find that

J(E) < - M io: ienﬁT’E‘n

a- Eﬂ m=0mn=0

n

1 nflef(ozfeﬁ)s](m‘ﬁ‘l_”)o'

DY o T s=(m=n)o

= a—efl 22 IE ;(a—sﬁ)l(n—l)!

m=0n=0

% [(m _ n)n—le—(a—eﬁ)(m—n)a _ (m+ 1— n)n—le—(a—eﬁ)(m+1—n)a]
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M — - enBT’E‘nan—l n—Il —(a—efB)(m—n)o
a—¢f3 Z ZZ (a —efB)(n—1)! (m —n)""e

enBT‘E’nO.n—l

m=1n=0 1=0 (a—eB)!(n—1)

(m o n)nflef(afaﬁ)(mfn)a
!

M M oo m em,87—|E|mO.mfl el —(a—eﬁ)(m—m)o’
_a—€ﬁ+a—sﬁmll§: am(m —1)! (m—m)™"e

MM = emAT|Em
a—ef a—aﬂmzl a™m

= Ma(a —ef)~ (o —”T|E]) 7,
and the second inequality in (3.2) follows immediately. m

4. Uniform stability. In this last section we present a uniform stability
theorem for problem (2.1).

4.1. THEOREM. Let the assumptions of Lemma 3.1 hold, together with
the following additional condition:

(v) there exists ro > 0 and a continuous nondecreasing function X\ :
[0,79) — RT with A(0) = 0 such that for any r € (0,7¢) we have
max{|F(u) — F(v)|,|G(u) — G(v)|} < A(r)|lu—wv| foru,v € B,.(0; X).
Then there exists R > 0 such that if

(4.1) 2]l Lo (—r.0) + [2(0)] < R,
then the corresponding generalized solution uc(t) of (2.1) exists and satisfies

(4.2)  Juc(®)] < CB) (|2l Loe (—r0) + [2(0))e ™" fort >0 and e € (0,<0),
with a constant C(3) independent of the function x, and 3 in the same range
as in Lemma 3.1.

Proof. Let 8 € (0,00(¢)), where fy(e) is defined as in Lemma 3.1,
e € (0,20]. Define w(t) = P for t > 0, and let
¢
(4.3) Ho(u)(t) = Ue(t)2(0) + ¢ {UL(t — 5)g(s) ds
0
t

+¢7t S U-(t — s)[Fu(s) + Gu(s)] ds
0
for w € L(0,00;X), t > 0 with x € L>®(0,7), (0) € X given, and g
and G as in (2.13), (2.14). By Definition 2.3 and (2.14) it is sufficient to
prove that if (4.1) is satisfied with R > 0 small enough, then for each
e € (0,ep] the mapping H. has a fixed point in LS°(0,00; X). As in the
proof of Theorem 3.3 of [3] we make use of the Banach contraction principle
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in a sufficiently small ball B,.(0; L (0, 00; X)), where r > 0. Then by (3.2)
for u € B,.(0, L2 (0, 00; X)) we have
¢
M H.(u) (1) < M|U(t)] - [2(0)] + &7 7 TINUL(E — 5)] ds [lg]]
0
t

+ 267\ PEDNUL(t = 5)| ds A1) [l
0
Br\ 1
< M<1 - %> R
a—ef
+ Ma(a —ep) Ha—e|E)THA(R) +| B[] oo (—r00e”
+ 2X(r)Ma(a —eB8)(a — €7 |E|)1r
< const - (R+ A(r)r) <,
the last inequality holding when R and r are sufficiently small.
Similarly we have

¢
' Ho(u)(t) = He(v)(#)] < 267 P |UL( = 5)[ ds A(r)[|u = 0]
0
< const - A7) ||u — v]|w,

and 7 > 0 can be chosen so that const A(r) < 1. So we have proved
that, for sufficiently small numbers R > 0 and r > 0, H. maps the ball
B,.(0; L2 (0, 00; X)) into itself and is a contraction. The Banach contraction
principle implies that, for any ¢ > 0 and z satisfying (4.1), there exists
a unique fixed point u. of H. in B,.(0; L (0,00; X)). This is clearly the
generalized solution of (2.1) satisfying (4.2). m

4.2. EXAMPLE. As an example of application let us consider the following
problem:
du. AN du.
S (x,t) — ; 87j<ajk(a:)a—%(m,t)> — bu.(x,t)

J,k=1

= f(u€($vt)) + g(ue(xat - 7—))7

re€NCRY >0, e€(0,6)] (g0 > 0),
ue(z,t) =0, x€0f, t>0,

(4.4)

us(x,s) = ¢(x,s), xe€2, se (-0 (r>0).

Here 2 is a bounded domain with C%-boundary 9£2; ajx € C*(2), aji = ay;
for j,k = 1,...,m5 Y 2oy ajréibe > colé]? for € € RN with ¢o > 0; b € R;
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f,g:RY = R, f(0) = g(0) =0; p: 2 x (—7,0] - R. Moreover, assume
that

(V") f,f', 9,9 are locally Lipschitz continuous and there exists ro > 0
and a continuous function A = A(r), r € [0,7r9), A(0) = 0 such that for any
r € (0,ro] we have max{|f(u) — f(v)l, |f'(u) = f'(v)],]g(w) — g(v)], ]9 (u) —

g )|} < A(r)|u —v| for u,v € R satisfying max{|u]|, [v|} < r.

Let p> N and X = V[O/'LP(Q). It is a standard result [5] that the opera-

tor —A defined by Av = kazl % (ajk(:n)aa—ﬁc) for v € W2P(02) OI/IO/LP(Q)
generates an exponentially decreasing semigroup on LP(§2). This semigroup
is invariant on X and is also exponentially decreasing (see e.g. [3], Proposi-
tion 6.1), which means that the assumptions (i) and (iii) of (2.3) are satisfied,
and it can easily be shown (see [3], proof of Proposition 6.1) that « in (3.1)
can be chosen as

p—1

(4.5) a = 4com poat

where m = inf{{, [Vo|[?dz/{,v?dz : v € Wh2(02), v # 0}. Assuming
b < o we meet the demands of (3.1). Finally, it is a routine matter to
verify from (v') the assumption (ii) and (iv) of (2.3) and the assumption (v)
of Theorem 4.1, since X < L°°({2). Then Theorem 4.1 has the following
consequence:

COROLLARY 4.3. Under the above assumptions there exists R > 0 such
that if |o(-, ) || Loe (—r0;w e 2)) Fl@ (- 0)[[wiw (2) < R then the corresponding
generalized solution of the problem (4.4) exists with values in I/TO/LP(Q) and
satisfies

e (- ) lwre ) < CB)le( Lo (—rowrr(2)) + ng(-,O)HWl,p(Q))e’ﬁt

fort >0 and ¢ € (0,¢],

with a constant C(B) independent of the function ug and (3 in the same
range as in Lemma 3.1, « being given by (4.5). m

Let us note that the diffusive functional differential equations of the type
(4.4) are important in biological models (cf. [4]).
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