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On the intertwinings of regular dilations
by DUMITRU GASPAR and NICOLAE Suciu (Timigoara)

Wtodzimierz Mlak in memoriam

Abstract. The aim of this paper is to find conditions that assure the existence of the
commutant lifting theorem for commuting pairs of contractions (briefly, bicontractions)
having (*-)regular dilations. It is known that in such generality, a commutant lifting
theorem fails to be true. A positive answer is given for contractive intertwinings which
doubly intertwine one of the components. We also show that it is possible to drop the
doubly intertwining property for one of the components in some special cases, for instance
for semi-subnormal bicontractions. As an application, a result regarding the existence of
a unitary (isometric) dilation for three commuting contractions is obtained.

0. Introduction. It is well known that the theorem of B. Sz.-Nagy and
C. Foiag regarding the lifting of the commutant of a pair of contractions
plays an important role in the applications of dilation theory in operator
interpolation problems, optimization and control, in geology and geophysics.
This is excellently illustrated in the book [5] of C. Foiag and A. E. Frazho.

Lately, the dilation theory method was extended to the study of com-
muting multioperators by many authors (W. Mlak, M. Stocinski, M. Kosiek,
M. Ptak, E. Albrecht, V. Miiller, R. E. Curto, F. H. Vasilescu, A. Octavio,
B. Chevreau and others). In 1993, at the B. Sz.-Nagy Anniversary Inter-
national Conference in Szeged, C. Foiag raised the problem of obtaining a
commutant lifting theorem for a pair of bicontractions having regular uni-
tary dilations. In 1994, at the XV-th International Conference on Operator
Theory in Timigoara, V. Miiller proved that in such a generality, the com-
mutant lifting theorem fails.

In the present work it is our aim to find conditions that assure the
existence of such a lifting. In this frame a structure for regular (or *-regular)
dilations is needed.
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1. Preliminaries. For a complex separable Hilbert space H, B(H)
means the C*-algebra of all bounded linear operators on H (with Hilbert
adjoint as involution). The elements of the (closed) unit ball in B(H) are
called contractions on H. An n-tuple of operators will be called a multiop-
erator. If the members of the n-tuple commute, then we have a commuting
multioperator. A commuting multioperator consisting of contractions will
be called a multicontraction (bicontraction if n = 2) on H.

For a multicontraction 7" := (11,...,T,) we define T := (T},...,T;).
We shall also use the multiindex notation

T =TT mo=(mq,...,my) € ZY,

where Z (resp. Z;) is the set of all (resp. positive) integers. A multicontrac-
tion 7' on H will be briefly denoted by [H, T.

An isometric (resp. unitary) dilation of a multicontraction [H,T] is a
multicontraction [IC, U] consisting of isometric (resp. unitary) operators,
such that IC contains H as a closed subspace and

(1) T" =PyU™H  (meZl),

where Py = Py  is the orthogonal projection of K on H.

It is known (see [1]) that each bicontraction has an isometric (and uni-
tary) dilation, and generally speaking, an n-tuple consisting of more than
three commuting contractions has no isometric dilation (see [15]). An iso-
metric, respectively unitary, dilation [/C, U] of [H,T] is called minimal if

2) K=\ UK,

mezLl
or respectively,

(2') K=\ U

meZ"
Let us first note that if [KC, V] is an isometric minimal dilation of the mul-
ticontraction [H, T, then by (2), H is invariant with respect to V* and
V¥H =T} (i=1,...,n). Let us also mention that if [IC, V] is an isometric
minimal dilation of [H,T], and [K, U] is the minimal unitary extension (see
[18]) of [/C, V], then it is the unitary minimal dilation of [H, T7.

On the other hand, it is known that in case of a single contraction, the
minimality condition (2) or (2’) implies that the isometric (resp. unitary)
dilation is uniquely determined up to a unitary equivalence which fixes H.
But for n > 1 this is not true ([1], [18]).

An isometric (resp. unitary) minimal dilation [/C, U] of the multicontrac-
tion [H,T] is called regular (respectively *-regular) if it satisfies

(3) T*"=T"+ = Pp U= U™ |H  (m € Z"),
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or respectively,

(3*) Tm+T*" = Py U™ - U™ H (meZ"),
where my = (m{,...,m}), m_ = (my,...,m;) and m; = max{m;,0},
m; = max{—m,,0}.

Regular dilations were studied in [3], [10], [18] and recently in [4] and
[8]. Their existence is not assured for any multicontraction, not even for
n = 2. However, if such a dilation exists, then by the minimality condition
(2) or (2') it is uniquely determined up to unitary equivalence (see [18]). It
is easy to see from (3) and (3*) that [IC,U] is a regular (resp. *-regular)
unitary dilation of [H,T] iff [IC,U*] is a x-regular (resp. regular) unitary
dilation of [H,T*]. We also note that if [IC, V] is a regular (resp. *-regular)
isometric dilation of [H,T] then the minimal unitary extension [K,U] of
[IC,V] is a regular (resp. x-regular) unitary dilation. On the other hand,
if [IC,U] is a regular unitary dilation, by putting KT := \/meZi U™H,
i = Voesn UMM, Ve = UFIKE and Vi i= GilKT (0 = 1,...,n),
then [T, V] is a regular isometric dilation of [H,T], whereas [K[, V] is
a *-regular isometric dilation of [H,T™*]. Let us also recall that a multicon-
traction [H,T] has a regular isometric dilation iff

Ap = Z (_1)|m|T*m,Tm+ > 0,

|m|<n
where |m| :=mj + ... +m,, (see [18], [4]).
A multicontraction is called a polydisc isometry ([4]) when Ap = 0. It
is easily seen that if T; (i = 1,...,n) are isometries (i.e. T is an n-toral

isometry [2]), then T is a polydisc isometry. Now if I —>""" | T*T; > 0, then

Ap > 0.If 32" T*T; = I, then [H,T) is called a spherical isometry ([2]).

When [H,T*] is a polydisc or a spherical isometry, we say that [H,T] is a

polydisc or a spherical coisometry, respectively. If the multicontraction is

doubly commuting, then obviously Ar = (I — T5Ty) ... (I — TT,,) > 0.
Furthermore, it is easy to verify

PROPOSITION 0. For a multicontraction [H,T) the following statements
are equivalent:

(i) [H,T) is doubly commuting;
(ii) [H,T] has a regular isometric dilation which is doubly commuting;
(iii) [H,T] has a regqular unitary dilation [KC,U] such that [IC,U*] is a
reqular unitary dilation for [H,T*].
In particular, a multicontraction consisting of coisometries has a reqular
isometric (or unitary) dilation iff it is doubly commuting.
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Let us observe that Proposition 0(iii) means more than that 7" has a reg-
ular and a *-regular dilation. For example, for a bicontraction T = (T, T1)
with [|To||? + ||T1]|* < 1, we have Az > 0 and Ap- > 0 but it is possible
that TOTI* 75 Tl*T()

Finally, also recall that an isometric pair [H, V] is called a shift n-tuple
(see [7], [8]) or a multishift (see [4]) if there exists a wandering (closed)
subspace £ in H (ie. V™"E L VPE, m # p, m,p € Z}) such that H =
@meZi VmE. For the sake of simplicity we shall work in the case n = 2.

2. x-Regular isometric dilations. The isometric dilations consisting
of doubly commuting isometries are in some sense connected with regular
dilations. Precisely this is given in

THEOREM 1. For a bicontraction [H,T| with T = (To,T1) the following
assertions are equivalent:

(i) T has a doubly commuting minimal isometric dilation;
(ii) T has a minimal isometric dilation of the form [M & G, W & V],
where W is a bishift on M and V is a bidisc coisometry on G;
(iii) If [Ko, So] is the minimal isometric dilation of Ty, then there exists
a contraction S1 on Ko which doubly commutes with Sy, such that Py S, =
T Py;
(iv) T has a x-regular isometric (unitary) dilation.

Proof. (i)=(ii). Let [K,U] be a minimal isometric dilation of 7" with
Uy, Uy doubly commuting isometries on K. By the Wold decomposition ([17],
[7]) we have K = K, & BLs0DKs1, so that Uy and U; reduce each subspace
and Uy, U; are unitary on I, U is a shift pair on K, and U; is unitary
(resp. a shift) on Kg1—; (resp. Kg), ¢ = 0,1. Put G = K, & K0 B Ks1,
V, = Vie V! with Vi = UK, @ Keo, V7" = UilKs1 (i = 0,1) and
V=WV, V1), W = (VQ,VH), W" = (Vi, V). Because V;! is unitary, W'+
is a bidisc isometry on KC,, & K0, and since V' is unitary, W”* is a bidisc
isometry on Kg1. Then

AV* = AW’* =+ AW”* = 07

so V* is a bidisc isometry on G. Therefore since W := (Up|Ks, U1|Ks) is a
bishift on M =K; and L= M PG, W GV = U, we see that the dilation
[IC,U] of T has the form described in (ii).

(ii)=-(iii). Let [M&G, W&V | be asin (ii). Since W is a bishift on M, the
isometries Wy and W7 doubly commute on M ([16]). Also the isometries V;
and V; doubly commute on G, because V has a *-regular dilation. Therefore
the isometries Uy = Wy @V and Uy = W1 @ Vi doubly commute on M & G.
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Put
Ko= \/ WiH, So=UolKo, 1= Pi,U1lKo.
mEeEZ4

Then [Ky, Sp] is the minimal isometric dilation of T, SpS1 = S150 and
PySy = Ty Py. Since UG|H = Tf = S§|H, we also have Uj|Ky = S5.
Furthermore, for k = SEh, € K with the sequence {h,} C H with
finite support, we obtain

S1S5k = S1S5ho + Y S158 7 hy,

PELt

p>1
= Pc,UhUgho + > _ S5~ Sk,
p>1
= Pc,UsUtho + > S;S8S1h,
p>1
= S5 Siho + S5 Y S1S8hy, = S Sik,
p>1

where we have used the fact that P, UjU1|Ko = S5S51. Consequently, Sy
and S7 doubly commute on XCy.
(iii)=(iv). If Ko, Sp and S, are as in (iii), then S;|H =T, (i =0,1) and
since Sy and S7 doubly commute, we have
Ape =1 -TyTy — ThVTT + ToTh T3 Ty
= Py (I — SpS5 — S157 + S0515;S7)[H
= Py (I — SoS5)(I —S157)H > 0.
Consequently, T" has a *-regular isometric (or unitary) dilation.
(iv)=(i). Suppose Ap« > 0. Denote by M = H?*(T? H) and Z =
(Zo, Z1) the shift pair (that is, Zy and Z; are the operators of multiplication
with the coordinate functions) on M. Using Theorem 3.15 of [4], there are
a Hilbert space Hji, a bicontraction N = (Ny, N1) on H; with Ny and Ny
normal operators and with N* a bidisc isometry, and an isometry A of H in
M @ H; such that AH is invariant for (Z; ® N;)* and (Z; & N;)*A = AT,
1 =0,1. Then it results that

Té)qu = A*(ZO D No)p(Zl &b Nl)qA (p,q c Z+)

Let now [Ky, (My, M1)] be a minimal isometric dilation of N with M,
and M; doubly commuting isometries on ;. Put

K=Me&Ky, U=2Ze&M (i=01).

Then Uy and U; are doubly commuting isometries on K. Denoting by J the
embedding of M @& H; in K, we find that JA is an isometry of H into K.
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For m = (p,q) € Z2 and h € H we obtain
(JA)*U™JAh = (JA)*UJU}(Py, Ah @& Py, Ah)
= (JA)"(Z™ Py, Ah & M™ Py, Ah)
= A" (Pyo 2" PyyAh & P, M™ Py, Ah)
= A" (Z™ Py, Ah & N™ Py, Ah)
= A" (Zo ® No)P(Z1 ® N1)TAh =T"h.
Let us observe that the subspace AH is invariant for U (i = 0, 1), because
for h € 'H we have
UFAh = U] (Py,Ah @ Py, Ah) = Z; Py, Ah & M Py, Ah
= Z; Py, Ah & NPy, Ah = (Z; ® N;)*Ah = AT} h.
Now define
Ki= \/ U™4h, Vi=UjKs (i=0,1)
meZ3
and B = J; A, where J; is the embedding of M & H; in K. Then B is an
isometry of H into K4 and we have
T" =B*V"™B (m€Z?).

Identifying ‘H with BH in K, we deduce that [K1, V] is a minimal isometric
dilation of 7. It remains to prove that VpV;* = V*Vj. First, since Uy and
U, doubly commute on K, it results that K, is invariant for U}, i = 0, 1.
Indeed, for k = ZmeZi U™ Ah,, with the sequence {h,,} C H with finite

support, we obtain
Usk =Y UjUiAhog + Y UsULUY Ahy,

q>0 p>1
q>0

= ) UIU; Ahog + Y US ™ U{ Ay,

q>0 p>1
q=>0

= Y UiAT hog + Y Uy UL Ahyg.
q=0 p>1
q>0

Therefore UjK+ C K4+ and analogously UK, C Ky. Then V* = Uf|K,
(i =0,1), and consequently, VoV;* = Vi*Vj. Hence [y, (Vp, V1)] is a doubly

commuting minimal isometric dilation of 7'

COROLLARY 2. A bicontraction T on H has a regular isometric (uni-
tary) dilation if and only if T has a doubly commuting minimal coisometric
extension.
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Proof. If Ar > 0, then T* has a doubly commuting minimal isometric
dilation [/C, (Wy, W1)]. Hence (W{, W7 is a minimal coisometric extension
of T"and Wy, Wi doubly commute on K. The converse is obvious.

Remark. If K = K!, ® K’ is the Wold decomposition of K relative to
W; (in the previous proof), then W;_; reduces K and K¢, i = 0,1. Thus,

the matrix of W7_, relative to the decomposition K = K¢, & K’ has diagonal
form for ¢ = 0, 1, that is, T is diagonally extendable (see [11]).

Now we can give the following characterization of the double commuta-
tivity of an isometric dilation of [H,T].

PROPOSITION 3. Suppose T = (Ty,T1) is a bicontraction on H and
[IC, (Uo, Uy)] a minimal isometric dilation of T'. Then the isometries Uy and
Uy doubly commute on K iff [IC, U] is a x-regular isometric dilation of [H,T].
In particular, the doubly commuting minimal isometric dilation of T (if it
exists) is unique up to unitary equivalence.

Proof. It is not difficult to see that the condition (3*) is equivalent to
(4) TP = PrULUY IR (pg € 2y i =0,1).

Suppose that the dilation U = (U, Uy) satisfies (4) and let [K, (U, U1)] be
the minimal unitary extension of U. Then for p,q€Z and ¢ = 0,1 we have

TIT?, = PrUy UM = PrUTU M

and we deduce that [/E, (ﬁ 5. UY)] is a regular minimal unitary dilation for
T*. By Theorem 1, T has a doubly commuting minimal isometric dilation
M, (Vo, V1)]. Obviously, V; satisfies (4) (in place of U;) and consequently

(%) PrUUP_|H = Py V7VE |H  (p,q € Zy; i =0,1).

Let us prove that the dilations U = (Uy, Uy) and V' = (Vp, V1) are unitar-
ily equivalent. Let {hn}nezi C H be a sequence with finite support. Since

U and V are dilations of T" and satisfy (x), by defining m := (i, j) € Z% and
n := (p,q) € Z3 we obtain

| 52 vl

> (U, U™ h)

nEZi m,nEZi
— USUPUI by b)) + S (URU 9~ DUPh, b,
0 ov1 0 1 0
7<q Jji>q
= N (U by ) + Y (U TP U iy, )
1<p i>p

Jj<q Jj<q
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+ Z(Ul*(j*q)Ugfz‘hmhm) + Z(Ug(ifp)Uf(j*Q)hm B

1<p i>p
Jj=q jzq
_ Z (V'Op—i‘/lq—jhm hm) + Z(VO*(i—p) qu_jhn, hm)
i<p i2p
J<q Jj<q
+ Z(Vl*(j_q)vopiihn7 hm) + Z(VO*(i_p)Vl*(j_q)hn7 hm)
i<p i>p
i>q jzaq
2
= 3 VTV hy) = H 3 V"hnH .
nunEZi nEZi

Using the minimality conditions of the spaces K and M and the norm
equalities above, we deduce that there exists a unitary operator W from K

to M satisfying
WY Ulhy= Y V'h,
nezs neZ?
for {h, } C H with finite support. Consequently, W|H = I and WU; = V;W,

1= 0,1, and in particular, it results that Uy and U; doubly commute on K.
Since the other assertions were also implicitly proved, the proof is finished.

Now, having in mind the condition (iii) of Theorem 1, we obtain

COROLLARY 4. Let T' = (Ty, T1) be a bicontraction on H and [Ko, So] (re-
spectively [K.o, S«o]) the minimal isometric dilation of Ty (resp. T¢). Then
T has a x-regular (resp. regular) isometric dilation if and only if T} (resp.
Ty) has a contractive extension on Ko (resp. Kio) which doubly commutes
with Sy (resp. Sko)-

It is obvious (by the proof of Proposition 3) that if [IC, V] is a x-regular
(resp. regular) isometric dilation of [H, T and if [K, U] is the minimal unitary
extension of V' then the regular (resp. #-regular) isometric dilation of 7™ is
Ky, (Vio, Vi1)], where

(5) Ke= \/ U"UH, Vi =USK. (i=0,1).

m,nEl4

Furthermore, with the notations of Theorem 1(iii), the *-regular isometric
dilation [IC,V] of T is the regular and s-regular isometric dilation of the
doubly commuting bicontraction S = (Sp,S1) (see Proposition 0), and in
fact, [IC, V1] is the minimal isometric dilation of S;.

3. Intertwinings of regular dilations. Let H and H’ be two Hilbert
spaces and T' = (Tp,Ty) and T = (1},T7]) two bicontractions on H and
H' respectively. A bounded linear operator A : H — H' intertwines T and
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T"if AT, =T!A, i = 0,1. The operator A doubly intertwines T and T" if
AT, = T!A and ATF = T*A, i =0, 1.

V. Miiller has shown in [14] that if A intertwines two bicontractions
which have regular dilations, then in general, A cannot be “lifted” in the
sense of [5], [18] to an operator which intertwines these dilations. In order
to give conditions under which this is possible, we will first prove

THEOREM 5. Let [H,T] and [H',T'] be two bicontractions having -
reqular isometric dilations [IC,U] and [K',U’] respectively. Let A be a con-
traction from H in H' such that AT; = T!A (i = 0,1) and AT; = T§*A.
Then there is a contraction B from K in K' with BU; = U/B (i = 0,1),
BU; = Ul and Py B = APy.

Proof. Let A:H — H' be a contraction which satisfies AT; = T/ A
(1t =0,1) and ATy = T§*A. Let [Ko,So] and [K{, S)] be the minimal iso-
metric dilations of T and T{ respectively. By Theorem 1(iii) there are con-
tractions S; on Ky and S7 on K{, such that S; doubly commutes with Sy
and Py S1 = T4 Py, while S| doubly commutes with S|, and Py S| = T Py .
Since

Ko=Ho P SE(So—To)H, Ky=H o P SFS;—T1H)H
PEL PELy
(see [5], [18]), and A doubly intertwines Ty and 7}, we can define a contrac-
tion Ap : Ko — K by setting
Aok = Ah + > S{P(Sf, — Tg) Ah,,
p>0
for ko = h+ 3,7, S5(So — To)hy, where h, hy, € H. We have Ag|H = A,
and for kg € K as above,
ApgSoko = Ag [Toh + (Sg — To)h + Z Sg+1(5’0 — Tg)hp]
p=0
= AToh+ (S§ — T5)Ah + > SPH(Sh — Ty Ah,,
p=20
=5 [Ah +3 0SS ~ Tg)Ahp} = S} Aoko.
p=>0
Therefore AgSy = S Ag. Also, ApS§ = S Ao and Aj|H' = A*, because for
k=73,5050hy (finite sum) with h, € H, we have

AoSik = AT ho + ZAOSgilhp = T}* Ahg + Z S(l)pflAhp
p21 p>1

= S Aho + S5 Y S AR, = S§ Y S¢ Ahy, = 8§ Aok,

p>1 p=>0
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and for b/ € H/,
(A5h' k) = > (W, ST Aby) =Y (TgPh', Ahy) = > (A TN, hy)

P P P
= > (TyPA*H hy) = (AW, SPh,) = (A*I', k).
P P

Next, we also have AgS; = S} A, because for {h;},>0 C H' with finite
support,

AGSTS S, = > ASSESTh, = SEAST*h, = SEA*T*h},
p p p

P
= Y SETyA™h, = ShSTAjh, = STAGY " SEh,
P p p
and consequently, A§ST" = STAS, whence AgS1 = S1Ap. We conclude that
A intertwines S; and S and doubly intertwines Sy and Sj), and Ay is an
extension for A, while Af is an extension for A*. Hence Py Ay = APy.

Now let [K,U;], [K',Uj] be the minimal isometric dilations of S, S}
respectively, and let Uy, U/} be the *-extensions of Sy (on K) and of S
(on K'), respectively, such that Uy doubly commutes with U; and U} doubly
commutes with Uj. Using the sequences of n-step dilations for S; and S
and the corresponding n-step intertwining liftings of A, we can define a
contraction B : K — K’ by

Bk =lmA,Pc k (keKk),

where {C,,} and {A,} are inductively defined with £; = Ky @ Dg, and
A1 Ko@Ds, — Ky & Dg; of the form

Ap 0
A= :
' <X1DAO Y1>

D¢ being the defect space of the operator C. Here the operator (Xi,Y7) :
D, ®Ds, — Dg; is (X1,Y1) = Iy Py, where Fy is the orthogonal projection
of Da,®Dg, on the subspace {Da,S1k®Dg,k : k € Ko}~ and IH(Da,S1k®
Ds, k) = Dgs; Aok, k € Ko. Then B satisfies BU; = UiB, BUy, = U}\B, BU}
= Uy"B and P, B = AgPx, (see [9] for details). Hence Py B = BPy and
since [IC, (Uy, Uy)] and [K', (U}, U7)] are the x-regular isometric dilations for
T and T" respectively, B is the desired operator. The proof is finished.

COROLLARY 6. Let [H,T| and [H',T’] be two bicontractions which have
x-reqular (or regular) isometric dilations with the minimal unitary exten-
sions [K,U] and [K',U'] respectively. If A is a contraction from H to H’
which satisfies AT, = T!A (i = 0,1) and ATy = T§*A, then there ex-
ists a contraction A from K to K' such that AU; = U'A (i = 0,1) and
Py AlH = A.
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Proof. Suppose that T and 7" have the *-regular isometric dilations
[IC,U] and [K',U’] and let [K, U] and [K’, U’] be the minimal unitary exten-
sions of U and U’ respectively. If A is an intertwining contraction of T" and
T’ and B is an intertwining contraction of U and U’ with Py'B = APy
given by Theorem 5, then there exists (see [12]) a contraction B from K
into K’ which intertwines U and U’, such that B|C = B. It results that
PH/B\H = A, whence PHB*\H’ = A* and B* intertwines U and U*. Ob-
viously, [K, U*] and [K', U’*] are the regular unitary dilations of T* and T"*
respectively.

THEOREM 7. Let [H,T] and [H',T'] be two bicontractions having regular
isometric dilations [IC, U] and [K', U’] respectively, such that T} or T} is an
isometry. If A is a contraction of H into H' such that AT; =T!A (i =0,1)
and AT§ = T{*A, then there exists a contraction B from K to K' with
BUZ = U;B (Z = O, 1), and PH/B = APH

Proof. Suppose that the bicontractions T' = (Ty, T1) and 7" = (T{, 1)
have regular isometric dilations. Then T = (7§, T}) has a x-regular isomet-
ric dilation and therefore if [[Co., So.] is the minimal isometric dilation of
T4, then there is a contraction S, on Ko, which doubly commutes with So.,
such that Py Sy, = T7 Py. Let [Ko, So] be the minimal isometric dilation of
the coisometry So* and let S be the #-extension of Sl* to Ko which doubly
commutes with Sp. But S is a unitary operator on Ko and (Ko, So] given by

\/ SiH,  So = SolKo,
nely

is the minimal isometric dilation of Ty. We have S{,|H = T; and therefore
51|'H T,. Hence Ky is an invariant subspace for 51 and S1 = Sl\ICO is a
contraction on Ky which satisfies SyS; = 5150 and Si|H = T3.

Analogously, if [K{), S{] is the minimal isometric dilation of Tf), then there
is a contraction S} on K, which satisfies S)S] = S15; and S1|H' =T}

Now let A : H — H' be a contraction which intertwines 77 and T}
and doubly intertwines Ty and T}. As in the proof of Theorem 5 there is a
contraction Ag : Ky — K{, which doubly intertwines Sy and S{, such that
Ao|H = A. Then for any sequence {h,} € H with finite support we have

Ao ZSO n = ng“Aosl n = ZS{)"ATlh

ZS "1 Ah,, Zs St Aohn = S1A0 > S P,

therefore AyS; = S’IAO. Let us remark that if T} or T} is an isometry, then
so is ST (respectively S7). In this case it is known (see [5]) that Ay has
a unique contractive intertwining lifting of the minimal isometric dilations
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of S1 and S;. Now as in the proof of Theorem 5 (see [9]) we can obtain
a contraction B : K — K’, where [K,U;] and [K’,U]] are the minimal
isometric dilations of S; and S} respectively, such that Py, B = Ao Px, and
BU, = U{B, BUy = U}B, Uy and U/, being the isometric extensions of Sy
and S{ to K and K’ which commute with U; and U] respectively. Finally, it
is easy to see that [KC, (Up, Uy)] and [K', (U}, Uy)] are the regular isometric
dilations of T and T” respectively. The proof is finished.

Now we can obtain the versions of Theorems 5 and 7 for double inter-
twinings which complete those obtained in [14].

PropOSITION 8. Let [H,T]| and [H',T'] be two bicontractions having
reqular (or x-regular) isometric dilations [KC, V] and [K', V'] respectively. If
A is a contraction from H into H' which doubly intertwines T and T', then
there exists a (unique) x-extension of A from KC to K' which preserves the
norm of A and doubly intertwines V and V'.

Proof. Suppose first that T and 7" have x-regular isometric dilations.
Let [Ko, (So,S1)] and [y, (S§, S1)] be as in the proof the Theorem 5. Con-
sider A : H — M’ a contractive double intertwining of 7" and 7" and
AO : ]CO — ]C6 with A()Sz = S{AO (7, = 0, 1), AOSS == S(/)*Ao, Ao‘H = A,
Aj|H" = A* and [|Ag|| = [[A[|. Then for {hy}, ., C H with finite support,
we have

AoST > SEhy = > S ASthy =Y SPATThy =Y SPET{* Ah,

p p

p p
=Y SPS; Aohy = 87 Ao Y SPhy,
p p

and so ApST = ST Ao.

Now let [IC, V1] and [K’, V{] be the minimal isometric dilations of S; and
S} and let Vp, Vi be the extensions of Sy, S{, to IC, K’ which doubly commute
with Vi, V] respectively. As above, there exists a contraction B : K — K’
with BV; = V/B, BV = V/*B, (i = 0,1), B|[Ky = Ag, B*|K} = AZ,
whence B|H = A, B*|H' = A* and ||BJ| = || 4] = ||A]|. So the conclusion
holds for the *-regular isometric dilations [C, V] and [K’, V'] of T' and T".

Next let [KC, U], [K’,U’] be the minimal unitary extensions of V, V' and
[Ks, Vi, [KL,V]] be the regular isometric dilations of T, T"* respectively
(as in (5)). Then there exists ([12], [7]) a contraction A : K — K’ such that
AU; = U'A (i = 0,1), AIK = B, A*|K’ = B* and ||A|| = ||B||. Because
AH = A and AU = U*A (i = 0,1), we have AK, C K.. But A*|H’ = A*
and A*U = UrA* (i = 0,1) imply A*K, C K.. So we can define the
operator C : K, — K, by C = K\IC* Then C* = A*|K. and C|H = A,
C*|H' = A* and since V,; = U?|K., VI, = U*|K. (i = 0,1), it results that

*1
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CVei = V1,C and OV, = VIC (i = 0,1). Finally, 4] < [IC]| < |4 =
I|B|| = ||A|l and so ||C|| = [|A|. Thus the conclusion holds for the regular
isometric dilations of T* and T"*, and consequently, in the case when T and
T’ have regular isometric dilations.

Under certain conditions we can drop the doubly intertwining property
on a component. The first fact in this context is contained in

PROPOSITION 9. Let [H,T] be a bicontraction with the first component
Ty a coisometry, and [H',T'] be another bicontraction which has a *-reqular
isometric dilation. Let [IC,U] and [K',U’] be the x-regular isometric dilations
of T and T' respectively. If A is a contraction from H to H' with AT, =T}A
(i =0,1), then there exists a contraction B from K to K' such that BU; =
U/B (i =0,1), and Py B = APy,

Proof. Let A: H — H' be a contractive intertwining of 7" and 7.
Preserving the notations of the proof of Theorem 5, we find (by the lifting
theorem) that there exists a contraction Ay from Iy to K, which satisfies
ApSoy = S)Ap and Py Ao = APy. Because Tj is a coisometry, its minimal
isometric dilation Sy is a unitary operator on Ky. Then from Theorem B of
[6] (which can be extended to operators acting on different spaces) it results
that AgS§ = S§"Ap. So Ay doubly intertwines Sy and S{. Furthermore,
Ay intertwines S; and S7, the doubly commuting commutants of Sy and S,
which lift 77 and T} respectively, given by Theorem 1(iii). By Theorem 5,
Ap has a contractive lift, which intertwines the x-regular isometric dilations
of S = (S0,51) (of T) and S" = (S(,S]) (of T'), whence the conclusion
follows.

The dual version of Proposition 9 is in fact an extension of Proposi-
tion 5.2 from [12] (for bicontractions) and of Proposition 10 from [2].

COROLLARY 10. Let [H, T] be a bicontraction which has a reqular isomet-
ric dilation, and [H',T’] be a bicontraction with T{, an isometry. We also
suppose that Ty or Ty is an isometry. If A is a contraction of H into H' which
intertwines T and T', then there exists a contraction B which intertwines
the reqular isometric dilations of T and T' and satisfies Py B = APy.

Proof. If [Kg,Sp] is the minimal isometric dilation of Ty and S7 is a
contraction on Ky with SpS1 = S1.50 and S1|H = T3, then Ag = APy is
a contraction from Ky into H' and satisfies AgSy = TyAo, AoS1 = T7 Ao,
and Ag is a lifting for A. Since Sy and Tj) and respectively ST or T} are
isometries, there is a lifting for Ay which intertwines the regular isometric

dilations for (Sp,S1) and (Ty,T7).

Recall ([13]) that a bounded linear operator S on H is subnormal if
there exists a normal operator N on a Hilbert space K D H such that H is
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invariant for N and S = N|H. If, furthermore, K = \/ -, N*7H, then N is
said to be the minimal normal extension of S. In this case, N is unique (up
to unitary equivalence) and | N|| = ||S]|.

A bicontraction T' = (Tp,T1) will be called semi-subnormal if one of
the contractions is subnormal and the other one has an extension which
commutes (therefore doubly commutes) with the minimal normal extension
of the subnormal one. Such a bicontraction 7" has a regular isometric dilation
because, if T is subnormal and V7 is an extension of 77 commuting with the
minimal normal extension Ny of Tp, then we have Ar = Py Ay, n,)|[H > 0.

It is easy to see that every subnormal bicontraction is semi-subnormal.

Now we have the following completion of Corollary 10.

PrOPOSITION 11. Let T = (Tp,Th) and T = (T},T]) be two semi-
subnormal bicontractions on H and H' respectively, such that Ty and T}
are subnormal and T is an isometry. If A is a contraction from H to H'
which intertwines T and T' and A has an extension which intertwines the
minimal normal extensions of Ty and T}, then A has an extension which
intertwines the reqular isometric dilations of T and T".

Proof. Let T,T'" and A be as in the hypothesis and let [H, N] and
[H',N’], where N = (Ng,Ni) and N’ = (N},N}), be such that Nj
(resp. N}) is the minimal normal extension on H (resp. H') of Ty (resp.
T}) and Ny (resp. NJ) is a contraction on H (resp. H’) which extends Ty
(resp. T7) and doubly commutes with Ny (resp. Ng). From the hypothesis

and the Fuglede-Putnam Theorem, there is an operator A :'H — H' which
doubly intertwines Ny and N{, and A|’H A. Then for ¢ > 0 and h € H we
have

AN\N;'h = % ANJIN1h = Ny U AT h = Ny ATy h
= N[™T]Ah = NJ''N| Ah = N, AN;h.

Using the structure of the space ﬁ, it results that gNl = N{Z Let us
remark that because 7] is an isometry on H’, N{ is also an isometry on
H’, hence the minimal unitary extension [K’, V{] of N} is just the minimal
coisometry extension of Ni. Let [/C, V;] be the minimal coisometry extension
of Ny and let Vj, V{ be the %-extensions of Ny, N which doubly commute
with Vi, Vl respectively. Since A intertwines N1 and Nl, there exists a con-
traction A1 from K into K’ which satisfies A;V; = VlAl and A1|’H A
In fact, A; doubly intertwines V; and V; (see [6]). Moreover, A; doubly

intertwines the normal operators V; and V{j, because for {h, },>0 C H with
finite support we have
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Ao Vithy = Y VI A Vohy = Y V" ANohy,
= > VI"N{Ah, =Y VIViArhy = VALY Vi Ry

Hence Zl doubly intertwines the bicontractions V = (Vp,V;) and V' =
(Vy,V{). Then by Proposition 8, A7 has an *-extension B which inter-
twines the regular isometric dilations M = (Mg, M;) on M of V and
M’ = (M}, M]) on M’ of V' respectively. Setting

K=\ MH, K=\ M"H

2 2
n€Z+ nEZ7L

and U; = M;|K, Ul = M!|K' (i = 0,1), we deduce that [K, (Uy, Uy)] and
[K', (U}, U7)] are the regular isometric dilations of 7" and 7" respectively.
Since BH = AH C ‘H' and B intertwines M; and M! (i = 0,1), it results
that BK C K'. Consequently, B = E]IC is a contraction of K in K’ with
BU; =U/B (i=0,1) and B|/H = A.

Proposition 11 can be applied, in particular, to the case when T is a
subnormal bicontraction, which includes the spherical isometries ([2]) and
the bidisc isometries ([4]).

Now we can give sufficient conditions for three commuting contractions
in order to have unitary dilations.

THEOREM 12. Let Ty, T1, T3 be three pairwise commuting contractions
on H. If the bicontractions (1o, T1) and (1o, Ta) have regular (or x-regular)
isometric dilations, then (To, T, T) has a isometric (unitary) dilation.

Proof. Suppose first that (T, 77) and (T, T%) have x-regular isometric
dilations. Let [Kg, Sp] be the minimal isometric dilation of Tj and S1,S2 be
contractions on /Cy which doubly commute with Sy, such that Py.S; = T; Py,
¢ = 1,2. Then it results that S7.S5 = 5557, and consequently, 5152 = 5251
on K. Let [Ky,(Vo,V1)] be the x-regular isometric dilation of (Sp,St),
therefore with V and V; doubly commuting isometries on ;. By Theorem 5
there exists a contraction V5 : K1 — Ky with P, Vo = S2Px, and VLV, =
ViVe (i = 0,1), VoV = V V. Therefore V; doubly commutes with (V1, V2)
and by Propositions 8 or 11, if [IC, (U1, Us)] is the regular isometric dilation
of (V1, V2), then there is an isometry Uy on K such that Uy|K1 =V and Uy
commutes with Uy and respectively with Us. So for m,n,j € Z, and h € H
we have

PrUUTULh = P, 7P, UMULV™h
= P, WV"VIVi™h = P, 7 Pic, VIV Vb
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= Picy 1S3 P, V" Vi"h = Py Sy S-S5 h
= TPy ST SIh = T T Py Sih = T TR T h.
Therefore [/, (Uy, U1, Uz)] is an isometric dilation of (7o, 17, T%).
Now if (Ty,Ty) and (Tp,T>) have regular isometric dilations, then
(Tg, Ty ) and (T}, T% ) have *-regular isometric dilations, so (75, T3, T5) and
consequently (Tg,T1,T>) have isometric dilations.

COROLLARY 13. Let Ty, Ty and To be three pairwise commuting con-
tractions on H, such that Ty is subnormal and (Ty,Ty) and (Ty,T>) are
semi-subnormal bicontractions. Then (Ty,T1,T) has a unitary dilation.

Proof. The bicontractions (Tp,T1) and (Tp,T%) have regular isometric
dilations and we apply Theorem 12.
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