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Abstract. For a sequence (A;) of mutually orthogonal projections in a Banach space,
we discuss all possible limits of the sums Sy, = Z?:l Aj in a “strong” sense. Those limits
turn out to be some special idempotent operators (unbounded, in general). In the case of
X = Lo(£2, ), an arbitrary unbounded closed and densely defined operator A in X may
be the p-almost sure limit of Sy, (i.e. Spf — Af p-a.e. for all f € D(A)).

Introduction. Monotone families of projections are important objects
in both classical and functional analysis. Let us mention here the huge clas-
sical theory of Fourier series with respect to general or special orthonor-
mal systems of functions, the theory of martingales, the spectral theory of
normal operators in a Hilbert space or, more generally, the theory of spec-
tral or well-bounded operators in a Banach space ([3], [5]). In the case of
non-selfadjoint projections, the assumption that the systems of idempotent
operators considered are uniformly bounded is important and, as a rule,
necessary if we want to reach results similar to the classical well-known
ones for selfadjoint projections in a Hilbert space. The most typical results
of this kind are the integral spectral representations for well-bounded or
power-bounded operators ([1], [11], [12]).

The main goal of this paper is to consider some “unbounded situations”.
We discuss the convergence problems concerning series of mutually orthogo-
nal projections in Banach spaces. We do not assume that the partial sums
of those series are bounded in the operator norm. This implies, in particu-
lar, that every unbounded closed and densely defined operator A in Lo(p)
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is the sum, in the sense of the almost sure convergence, of a certain series of
mutually orthogonal idempotent operators. It should be stressed here that
the possibility of almost sure approximation of A by the multiples of orthog-
onal projections in Lo (u) depends heavily on the properties of the spectral
measure of |A| (cf. [7], [8]).

0. Generalities. Let X be a Banach space. For any fixed pair (F, K)
of linear subspaces of X (not necessarily closed) satisfying the condition
Fn K =(0), we can define an operator A by putting

(1) DA)=F&K and A(f+k)=f for feF, ke K.

Obviously, Az = A2z for x € D(A). Such an A will be called an idempotent
operator. A may not be closed or densely defined. Such a general definition is
motivated by the situations which will be described later and which appear
in natural circumstances.

In the sequel, we shall often write A = (F,K) or A = (Fa,Ka).

A bounded idempotent defined on the whole space X is called a pro-
jection in X. Then, obviously, F' and K are closed subspaces of X and
X = F @ K. Let us remark that an idempotent A = (F, K) is closable iff
FNK = (0). Indeed, let A be the closure of A; then Ar =z, Ay = © for
any ¢ € F, y € K. Thus ¢ = Az = O for any x € F N K. On the other
hand, if F N K = (O), then for any f,, € F, k, € K with f, + k, — 2 and
A(fn + kn) — f, we have f, — f € F and k, — k € K. This means that
(F, K) represents the closure (F, K)~ of (F, K).

Clearly, the idempotent (F, K) is closed iff the subspaces F' and K are
closed.

1. Quasi-strong convergence of orthogonal series of projections
in a Banach space

1.1. Projections A;, i € I, are said to be mutually orthogonal iff A;A; =0
for i # j, which is equivalent to F; C K for ¢ # j. For two projections A
and B, we write A < B iff AB = BA = A. Evidently, if the projections
A1, Ag, ... are mutually orthogonal, then A; +...+ A, < A;+...+ Api1.
Conversely, if S; < Sy < ... are projections, then Sy — S1,S3 — Sa,... are
mutually orthogonal projections. It is easy to check that if Aq, Ao,... are
mutually orthogonal projections and A; = (F}, K;), then

A1+...+An:(Fl@...@Fn,Klﬂ...ﬁKn).
Obviously, A < B ifft F4 C Fp and K4 O Kp (for more details, see e.g. [4]).

1.2. Let A; = (F};, K;) (j = 1,2,...) be mutually orthogonal projections
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in a Banach space X. Put S,, = 22:1 Aj. Let

(2) DS)={reX: s—nlijglo Spr exists}
and let

(3) Sz = s-lim S,z for x € D(S).
Let us put

K= ﬁ K, and
s=1

FY={f%= fi + fo + ... : the series is strongly convergent, fj € F;}.

Then we have S = (FY, K), that is, D(S) = F* & K and S(f° + k) = f° for
fO+ ke F°@ K. Indeed, for z € D(S), there exist a sequence (f1, fa,...),
fj € Fj, and k,, € n?:1 K; (n =1,2,...), uniquely determined by z and
such that

(4) r=fi+fot+...+fntk, forn=12,...

In particular, we have f; = Ajz. Thus « € D(A) iff fi+...+ f, strongly
converges to Az as n — oo and k, — k € K. Consequently, (4) leads us to
the equality

r=(fi+fot...)+k

exactly for x € D(A).

The idempotent S = (F°, K) satisfying (2), (3) (not necessarily bounded
or densely defined) will be called a quasi-strong limit of S,, = Z;L:1 Aj. We
shall also write q.s.-limy, oo S, = S or 8. 72 A; =5 = (F°, K).

Obviously, in the case when the projections A; act in a Hilbert space
and are selfadjoint, then S is an orthogonal projection (onto F* = F0). In
general (i.e. when A; are not necessarily selfadjoint), the operator S can be
unbounded. It may be closed and densely defined but also it may happen
that it is not closed or densely defined. It may also not be closable, even if
X is a Hilbert space.

In the sequel, we shall use the following notation. For vectors z,v, ...
in a Banach space X, the symbol [z,y,...] denotes the closed subspace of
X spanned by z,y,... We shall also write [Fj;i € I] = [J,c; Fi] for a
family (F;);er of subspaces. If X is a Hilbert space, [z,vy,...]" will stand
for the orthogonal projection onto [z,v,...], and, for e € X, we will write

e=[e]" = (ede/el.

1.3. EXAMPLE (S is unbounded, densely defined and closed). Let H be
a separable Hilbert space and let (ey,es,..., f1, f2,...) be an orthonormal
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basis in H. We put

1 1
gk:cosEek—i—sinEfk for k=1,2,...,

N n N o o
k=1 k=1 k=n-+1

(F\n is an orthogonal projection onto F;,). Then E, / F = > re1 gk and
IA(n AN K = Sor €. For the sequence S, = (F,,K,), So = 0, we have
Sn < Sp+1, which means that S, = Z?:l A; with mutually orthogonal
projections
A, =8 —5;_1.

It can easily be checked that FN K = (0), F& K = H and F & K # H.
To show that F & K # H, it is enough to take p =Y -2, i~'f;, € H. Then
the assumption that ¢ = f + k, with f € F, k € K, leads directly to a
contradiction. Thus the idempotent (F, K) is unbounded, densely defined
and closed. It remains to prove that S,, — S = (F, K) quasi-strongly, i.e.

D(S) ={z € H : S,,x converges strongly} = F & K, and
S(f+k)=f forfeF, kekK.
To do this, let us remark that, for x € H, we have the unique representation
(5) xr = Zaiei + Zﬂzfz with Z(\a,\z + ’61‘2) < o0.
i=1 i=1 i=1
We shall first show that, for such an z (of the form (5)), = € D(S) iff

D P1Bif* < 0.
Indeed, for x € H and n =1,2,...,

T = chn)gi + Z’Yi(n)ei + Z (5Z(n)fZ
i=1 i=1 i=n+1
and, for z of the form (5),

cgn) = L fori=1,...,n.
sin(1/1)

Thus

N N~ B
Snx—;ci gl_zsin(l/i)gl

i=1
is convergent iff

1B
(6) - — < 00.
; sin?(1/4)
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On the other hand, z € FOK iff v = ;2 (viei+cigi) with Yoo (|vi]*+
le;|?) < oo. By the uniqueness of coefficients for z of the form (5), we have
B; = ¢;sin(1/i). This means that x € F @ K iff (6) holds.

Remark. For any idempotent (ﬁH, IA(H) in a Hilbert space H with ﬁ,
K orthogonal projections, and for any finite-dimensional orthogonal projec-
tions P; < P, < ... tending to identity and commuting with F' and K, the
projections
(P,FH,(P,K +1— P,)H)
tend quasi-strongly to (ﬁH, IA(H)

1.4. EXAMPLE (S is defined only on an arbitrary closed infinite-dimen-
sional subspace F'). Let (fis,9s;1,8 = 1,2,...) be a basis in H with F' =
[fisii,s =1,2,...]. Put A; = > 02 | (-, fis + gs) fis. Then, obviously, A; are
mutually orthogonal projections. Moreover, Y " | A;fjs = fis for n > j,

and
zn:Aix - (iifﬁ ~z forzeF
as well as - -
f: Aigs = i fis
and - -

2
‘ =n|z||* =00 forx€lgss=1,2,,...].

H ZA

1.5. EXAMPLE (S is densely defined but not closable). Let (e1,es,...)
be an orthonormal basis in a Hilbert space H. Let us fix (f,) by putting

fo=eu,

1 1
fi= <COS 2—1>f0 + <Sln 2—1>€2,

and define F,, = [f,], K, = [fi;i =0,1,..., i # n]. Then F, N K, = (O).
Indeed, suppose that f,, € K,,, where, obviously,
(7) K, =e1,...,en, fnt1,€nt3,€nt4,...] forn=0,1,...
Thus
fn=afn + Z Cs€s.

s#n+1
s#ENn+2
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Consequently,

1
0= (fn,€nt2) = a{fnt1,€nt2) = asin g1y SO a= 0

fn: Z Cs€s,

s#En+1
s#EN+2

and

which is impossible.
Obviously, F,, ® K,, = H, so (F,, K,) is a projection.
We know that S = (FY, K), where

[ee]
(8) FY = { Z «; fi : the series is strongly convergent}
i=0
and K = (>, K,,. Obviously, FO = H. Moreover, K = [k] for
sin(1/2 sin(1/2?
k= e 4 Sn0/2) (1/2%) os ...

(:05(1/2)62 cos(1/2) cos(1/22)
Indeed, by (7), we have k € K,, iff

(€n+1 + é\n+2)k = (é\n+1 + /e\n+2))‘nfn+1

_ 1 o1 . 1
=\ CoS W sin 2—n €nt+1 + | sIn W ent2 |,
and k € K iff

~ o~ o 1 o1
(e1 +eé2)k = (e1+e2) o f1 =No [(cos 5)61 + <sm 5)62}

1.6. EXAMPLE (S is not closed but closable with the closure 1). Let, as
before, (ej,eq,...) be an orthonormal basis in H and let

fo=ei,

fi= <cos %)fo + (Sin %)62,

and F,, = [fn], Kn = [fi;1=0,1,..., i # n]. Then, as in Example 1.5, K,
is of the form (7) and (F,, K,,) denotes a projection for any n = 0,1, ...

It remains to prove that S = (F, (0)), according to (8). Indeed, k € K,
iff

1 1 1
Cntl +Cnao)k =N, cos sin — |ept1 + | Sin ——— |epio|,
(Ent1 + Ens2) [( Vn+1 ﬁ) 1 < Vn+ 1) *2}
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and k € Ky iff

(e1 +ex)k =X [(cos %)el + <Sin %)62},
and z € (), —, K, iff

sm(l/f) , i sin(1/v/2)

cos(l/\/_) cos(l/f)cos(l/f)

n sin(1/v/3) }
cos(l/\/_)cos(l/\/_)cos(l/\/_)

This is equivalent to x = 6.

LE:)\|:€1+

We are going to characterize those densely defined idempotents which
are quasi-strong sums of series of mutually orthogonal projections. To clarify
the situation a little bit, let us first consider the case (F°, (0)) with F9 = X.

1.7. PROPOSITION. The idempotent (F°,(0)) with FO = X is a quasi-
strong sum of a series of mutually orthogonal projections if and only if there
exists a sequence (F;)$2, of closed subspaces such that, by putting F; =
[(Fj;5=1,2,..., j #i], we have
(9) Fnk=(0), FeF =X,

(10) FO={f'=fi+fo+t...:
the series is strongly convergent and f; € F}},

(11) ﬁ F; =

Proof. Let A; = (F}, K;) be a sequence of mutually orthogonal projec-
tions and let (F°,(0)) = q.8.-> o0, A; (with FO = X). Then the sequence
(F;) satisfies (9)—(11). Indeed, by the mutual orthogonality of A;, we have
E, C K;, which implies (11), and FiNE, = (©) by 1.2. Moreover, for a fixed
i and z € X, we have

r = lim (fi(s) + fi(s)) for some fi(s) € F; and f;(s) € F, CK,.
§—00

Thus z = limsﬂoo(f(s) + f(s)) with f(s) € F; and f(s) € K;. But the
projection (F;, K;) is continuous, therefore f() — fZ A;x € F; and,
consequently, fl( 9 fl € Fz, sox = f; + fZ cF & Fz, which means that
X=FaF,.

Clearly, (10) holds by 1.2.

Let (F})52; be a sequence of subspaces satisfying (9)-(11). Then, putting

A; = (F;, F i), we obtain a sequence of mutually orthogonal projections such
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that
q.s.—ZAj = (F°,(0)). =

In the case of the kernel K # (©), the situation is more complicated.
Let us start with the following

1.8. DEFINITION. Let Y be a linear subspace of X (not closed in general).
A sequence (Fy, Fy, . ..) of closed subspaces is said to be basic for Y relative
to a closed subspace Fy iff

(12) Y={y=fi+fot...:
the series is strongly convergent and f; € F;}
and

(13) FEnF™ =), FFoF™ =X fori=1,2,...,

Whereﬁ’i( Fo) =[F;;7=0,1,..., j #1].
A sequence (F, F3,...) basic for Y relative to the zero subspace (©) will
simply be called basic for Y.

Remark. A sequence (F})32, is basic for F* iff conditions (9) and (10)
of Proposition 1.7 are satisfied.

If (x;) is a Schauder basis in X, then the one-dimensional subspaces [x;]
form a basic sequence for X. Conversely, if one-dimensional spaces [z;] form
a basic sequence for X, then (z;) is a Schauder basis in X.

Now, we are in a position to formulate the following characterization of
limit idempotents.

1.9. THEOREM. Let (F°, K) be a densely defined idempotent in X. Then
the following conditions are equivalent:

(i) (F°, K)=g¢.5.-> .2, A; for some mutually orthogonal projections Aj;;

(ii) there exists a sequence (F}) of subspaces of X, basic for F° relative

to K, where K is closed and maximal in the sense that, if (F};) is basic for
O relative to some closed subspace K' O K, then K = K'.

Proof. (i)=(ii). Let A; = (F}, K;). Then, by 1.2, K = (2, K, so K is
closed and F* = {f% = f; + fo + ... : the series is strongly convergent and
fi € F;}. Moreover, for Fy = K, condition (13) is satisfied (comp. the proof
of Proposition 1.7), so (F}) is basic for F° relative to K.

Let K’ DO K and let

FEnEY) =), FeF*) =x
Since F; N Fvi(K/) = (©) and F; & ﬁi(K/) = X and K’ D K, we have
FE) = FE) fori=1,2,...

)
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Consequently,
K, 2 P = pE) 5 g
so K =(), K; 2 K’ and, finally, K = K.
(ii)=-(i). Let us put A; =(F;, ﬁi(K)). Obviously, A; are mutually orthog-
onal. We shall show that

q.s.-z A; = (F° K).
i=1
Indeed, by 1.2,
FO = {f%= fi + fo+...: the series is strongly convergent, f; € F;}.

It remains to show that
o0

N E™ =K.
i=1
To this end, let us put

(K
K = FE"Y.
i=1

Then we have K CK' and, as can easily be checked, the sequence (F, F,...)
is basic for F relative to K’. By (ii), this implies K = K’, which ends the
proof. m

1.10. ExAMPLE. Let H = L2[0,1] and let F, denote the space of all
polynomials (considered on the interval [0, 1]). Evidently, there is no basic
sequence of subspaces for Fy. Thus (Fp, (©)) is the idempotent (closable
with the closure 1) which is not a quasi-strong sum of any series of mutually
orthogonal projections in H.

2. Almost sure convergence of orthogonal series of projections
in Lo-spaces

2.1. In this section we are interested in the following kind of convergence
for operators acting in X = Lo(£2, A, u). Let (A4,) be a sequence of bounded
linear operators in X and let A be linear (bounded or not). We say that
A,, converge to A almost surely (A, — A as.) iff A,f — Af p-almost
everywhere for all f € D(A).

There are several important results concerning this type of convergence.
Let us mention here theorems on martingales, on iterates of conditional
expectations, individual ergodic theorems or the results on orthogonal series
[6], [9].

Let us start with the following theorem, which is an improvement of our
previous results [2], [8].
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2.2. THEOREM. Let X be a closed subspace of a separable Hilbert space
Lo(02, A, ) (over an arbitrary measure space (£2, A, ). Let (By) be a se-
quence of finite-dimensional operators in X with By — B strongly. Then
there exists an increasing sequence n(k) of indices such that B,y — B a.s.

Proof. By the separability of Lo(2, A, 1), there exists a sequence (A;,)
of finite subfields of A such that the conditional expectations P, = E-A»
converge strongly and almost surely in Ly(£2,.4, ) to the identity operator
1 = EA. Obviously, P, are finite-dimensional orthogonal projections in
Lo(82, A, ). Assume first that the operators By act in the whole space
Ly(2, A, ). Then C,, = B,, — P,B — 0 strongly and C,, are finite-dimen-
sional. One can define, by induction, sequences n(k) / oo and t(k) /" oo
satisfying ¢(1) = 1 and

1Cn) Py | <275, N|Cry Prgy |l <27% for k=1,2,...
with P- =1 — P,. Then
Cnkyf = Cne)Pre) f + Crry(Preg1) — Prry) f + Cn(k)PtJ(_k+1)f

1 2

Yo lmil* < oo, Y (mEP < oo
k k

Clearly,

and
> llmE)? < max IC P FIIP < oo.
k

Thus C, )y — 0 a.s. Consequently, B, ) — B as.

Passing to the general case, assume that By act in a closed subspace X
of Ly(£2, A, 1) Let () be an orthonormal basis in X. Then Q, =Y ©_, @
form a sequence of finite-dimensional projections in Lo(f2, A, i1). Passing, if
necessary, to a subsequence, we can assume by the first part of the proof
that @, — 1x strongly and almost surely. Now it is enough to repeat the
previous argument for P, = Q. =

2.3. COROLLARY. Let (Ag) be a sequence of finite-dimensional mutually
orthogonal projections (not necessarily selfadjoint) in the separable Hilbert
space Lo(§2, A, ). Denote by (S,D(S)) a quasi-strong sum of the series
Sore Ak Assume that S is a closed operator (but not necessarily densely

defined). Then there exists n(k) /" oo such that Zgikl) A; — S as.

Proof. The corollary is an easy consequence of the previous theorem.
Indeed, let A; = (F};, K;). Then, by 1.2, D(S) = F'® K and S(f°+k) = f°,
where K = (12, K and

FY = {f%= fi + fo + ... : the series is strongly convergent and fj € F;}.
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Since S is closed, F? is a closed subspace of Lo(§2, A, ). Putting S, =
2;;1 Aj, we find that S, f® — f° strongly for each f° € F° and S,
are finite-dimensional. By Theorem 2.2, there exists n(k) , oo such that
Sy (k) % — f9 p-almost everywhere for all f© € F°. But this implies S,, — S
a.s. m

Remark. Theorem 2.2 and Corollary 2.3 can (and should) be treated
as generalizations of the classical Marcinkiewicz result [10].

2.4. In contrast to the case of quasi-strong convergence, roughly speak-
ing, each unbounded operator A in Lo(u) is an almost sure sum of a series
of mutually orthogonal projections. The construction of a suitable sequence
of projections is based on the following facts:

(1) the generalization of Marcinkiewicz’s theorem easily gives the exis-
tence of a sequence (A;) of finite-dimensional operators such that Zj’;l A =
A as.,

(2) mutually orthogonal projections (B;) such that 7% B; = A a.s.
can be obtained by a suitable perturbation of A;’s with the use of vectors
with small supports and some vectors “asymptotically orthogonal” to the
domain of A.

Passing to precise formulations, we have the following result.

2.5. THEOREM. Let H = Lo(£2, A, 1) be a separable Hilbert space such
that 0 < u(Z,) — 0 for some (Z,) C A. Let A be an unbounded closed
and densely defined operator in H. Then there exists a sequence (Bj) of
mutually orthogonal finite-dimensional projections in X such that the sums
Sp = 2?21 Bj converge almost surely to A.

The following lemma is a key point in the proof of the theorem just for-
mulated. In the sequel, for Z € A, the symbol 17 denotes the multiplication
operator in Ly by the indicator yz of Z.

2.6. LEMMA. Let H = Lo(£2, A, ) for an arbitrary measure space satis-
fying 0 # p(Zy) — 0 for some (Z,) C A. Let D ={f € H : §° X?|le(d)) f||?
< oo} for some spectral measure e(-) satisfying e(A,00) # 0 for all A > 0.
Then, for any sequence (A,) of finite-dimensional operators in H, there
exists a sequence (B,) of mutually orthogonal finite-dimensional projec-
tions in H (not necessarily selfadjoint) satisfying, for some Y1 2 Yo D ...
o, (V) C A, u(Y,) — 0, the condition

i HIQ\Yn (f:Az - En:Bz)sz <oo forall feD.
n=1 i=1 i=1

Proof. Clearly, there exist sets Z(1) O Z(2) 2 ... in A such that
1(Z(s)) — 0 and the projections 1z, are infinite-dimensional. Then some
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selfadjoint projections
L) <L2)<..., L(s)—1,
can be fixed in such a way that the subspaces
(L(s+1) = L(s))HN1zH and (L(s+1)— L(s))H Ne(s,00)H

are infinite-dimensional. Indeed, one can take, for example, an orthonormal
system (&5, (s;s,t = 1,2,...) with & € 15)H, ¢ € e(t,00)H and put
L(A) =1 — [&, (s 8, are divisible by 24]7.

Now, fix an orthonormal system (%, 1% (A);i,j,s, A =1,2,...) satisfy-
ing

¢ e (L(s+1)— L(s))H N1y H,

(14) g
P (A) € (L(A+1) — L(A))H Ne(A,00)H.
Define
(15) I1£12 = | AJle(an)fI|*  for all f € D.
0

Let us begin the inductive construction of By, Bs,... Put Ag = By =0
and assume that the mutually orthogonal projections By, ..., B, for some
n > 0 have already been defined so that

e

(16) Hlmyk(ifu - iBi)fH <27 (Iflle + 20610 R <
1=0 1=0

for f € D,k =1,...,n and for some sets Y7 O ... D Y, in A. Assume

additionally that the projections B; for ¢ = 1,...,n can be written in the
form
7 Bi=Y (ul+ > o) (o Y el a)),
j=1 s:M(n) t‘;l,Q,...
AP >M(n)

where §% > 0, z—:ij > 0, M(n) is some positive integer, the sequences of
positive integers A7 < A5 < ... satisfy the inequalities

t
=
ey

(18) A9 >
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We define an operator B,, 1 satisfying (16) for £ = n + 1 and rewrite
the operators By, ..., B, modifying (17) by taking n + 1 instead of n. Let

n+1 n k(n+1)
ZA ZB = Z <',Uj>21j.
1=0 j=1

There exists M > 1, M > M (n) in the case n > 0, such that, for
2"t = L(M)u;, y"TH = L(M)v;,

we have
k(n+1) k(n+1)
[§ = ot <,
(20) j=0 §=0
1
Z(M)) < .
pZ(M) < —
Obviously, By,..., B, can be written in the form
B=Y (o S ) e B ),
Jj=1 t=1,2,...
AT>M
where
M—1
wi =uil + > Ul e L(M)H,
s=M(n)
ij _ ,id i i3 (A L(M)H
Y Un, + €t 1/} ( t ) S ( ) .
t=1,2,...
M(n)<AY <M
Let us fix
ontli >0, et >0,
A A t A
Avlwrl,] < A;L+1’J <.l /1?+1’3 > W’ /1?+1’3 > M,
t
such that, for
_ k(n+1) 0o
(21) Bui1= Y. <.,xn+1u +3 5§+I’J¢Q+1’J>
j=1 s=M

oo
v (yn+1,j + Z€?+1,jwn+l,j(/l?+l,j))7

t=1
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we have the estimate

k(n+1)
(22) HBn+1__ 3 «7xn+1g>yn+1du o)
j:
Now, one can find a perturbation B,,1 of §n+1 such that By,..., Byt+1

are the required mutually orthogonal projections. Namely, there exist ma-
trices

(aij’)i=1,...,n+1,j’=1 ..... k(i) (bij”)i=1,-..,n,j”=1,...,k<z‘>
i /j=1,...k(n+1) ’ 7 =1,k (n41)

such that, for an arbitrary orthonormal system
(e, fi9i=1,...,n, j=1,..., k(@) U(f"™.5=1,... k(n+1))
orthogonal to
(9 y7i=1,....,n+1, j=1,...,k(%)),

the operators

k(1)
Cr= Y (a +e7)(yM + 1),
j=1
Co= Y a™ + ™)y + ),
j=1
k(n+1) ntl k(@)
Cun= 3 (a2 533 )
j=1 i=1 j'=1
. . n k(l) Y VY
» <yn+1,g N S )
i=1j=1
satisfy the conditions
(23) Cr+1 18 a projection,
(24) CnJrlCi - O,
(25) CiCpy1 =0,

fori =1,...,n. In fact, (23) uniquely determines the entries (a?“’j,;j, § =
1,...,k(n+1)), and, for n > 0, condition (24) (respectively (25)) uniquely
determines the entries (ajfj si=1,....k(n+1), j/=1,...,k(i)) (respec-

tively (05775 j =1,...,k(n +1), j" =1,...,k(0))).
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Let us remark that, for ¢ > 0, ¢ > 0, ¢ € H, ||¢|| = 1, we see, by (15),
that

1
P € e<g,oo> implies ‘<f’ £>‘ < Y7L forany f e D.
€ - .
This makes it possible to find ¢ (large enough) such that

k(n+1) n+1 k(i) u
> (13030 Su )

j=1 i=1 j'=1 ]+q

(26)

(1 )| <2y,

t=1
(by (14), (18)). Finally, we define B,, 1 by putting

k(n+1) 0o
(27) Bpyr= > <-,x"+1ﬂ‘+ S grtbignttd

j=1 s=M

n+1 k(i) l]
£ e )

i=1 j'=1 ]+q

n k(i) ij”
17
. < B +ZE”+ an-&-l,] AU +Z Z 513” (‘DJ'*‘M)
i=1j7=1 Y%+M

k(n+1)

j=1

One can easily observe, for Y;, 11 = Z(M), that (14) implies
Lovya,, @ha =0 forj” =1, k(i), j=1,....k(n+1)

and, in the case n > 0,Y,, O Y, ;. Thus, by (26) and by (20)—(22),

n+1 n+1
1o (4 - 225
=1 i=1
n+1

<27"|f]l. +H19\yn+l(ZA ZB Bas )|

< 27FU(If |l + 20171,

1
Y, < —
To conclude the proof, it remains to show that the operators B,...,

By, 41 can be rewritten in form (17) with n + 1 instead of n. To this end, it
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is enough to fix M(n + 1) such that

M(n+1)> M,
M(n+1) > max(M + k(i);i =1,...,n+ 1),
M(n+1) Zmax(/l;{;q;izl,...,n—kl,
j=1,...,k(n+1), 7" =1,...,k(i)),
and to put

ulyy = LM D)) (i + 3 9e) fori=1...m,
s=M(n)

upt 1 = L(M(n + 1)z

vfj;rl = L(M(n+ 1))(?),? + Z 6?1/1”(/1?)) fori=1,...,n,
AT
vnir? = LM (n+ 1)yt
(compare (27)). m

Proof of Theorem 2.5. For a closed and densely defined A, one
can easily construct a sequence (C,,) of finite-dimensional operators such
that ||C,f — Af]| — 0 for all f € D(A). Let e(-) be the spectral measure
of |A|. Putting B = {;"min(1, A7) e(dA), we can apply Theorem 2.2 to a
sequence C, B, so there exists n(k) / oo such that C,)Bg — ABg for
all ¢ € H. Moreover, f € D(A) iff f = Bg for some g. Thus we have
Sk = ChyB — A as.

Putting Ay = Si — Sk_1, So = 0, we have Zfil A; = A a.s. Now, it is
enough to apply Lemma 2.6. m

Remark. In the theorem just proved, the assumption that H = Lo(£2,
A, p) with 0 < u(Z,) — 0 for some (Z,) C A can be replaced by a weaker
condition. Namely, it is enough to assume that H is a closed subspace of
Lo(82, A, 1) such that there exists (f,) C H with |[f.|| = 1, fn — 0 in
measure fi.
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