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Successive derivatives and finite expansions
involving the H-function of one and more variables

by C. M. JosHI (Udaipur) and N. L. JosHI (Nathadwara)

Abstract. Certain results including the successive derivatives of the H-function of one
and more variables are established. These remove the limitations of Lawrynowicz’s (1969)
formulas and as a result extend the results of Skibinski [13] and various other authors.
As an application some finite expansion formulas are also established, which reduce to
hypergeometric functions of one and more variables that are of common interest.

1. Introduction. Fox’s H-function which is defined by a Mellin—Barnes
type contour integral (for details see [12]) as
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has been extended to the multivariate H-function by Srivastava and Panda
[16] in the form of the Mellin—Barnes type contour integral
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Moreover, w? = —1 and z; (# 0) is a complex variable, z; = exp{¢;(log |z;| +
warg z;)}, where log |z;| represents the natural logarithm of |z;|; it is single-
Valued for |arg z;| < .

By ((by; ﬁ(l) .. (r))), we mean a g-member array

1
<b1;ﬁ§>,..., ), (g B B
etc. Further, the parameters a, b, ¢ and d are complex numbers and the
associated coefficients «, (3, v and ¢ are positive real numbers such that the
poles of the integrand are separated.
The contour L; in the &;-plane runs from —woo to +woo along the

imaginary axis, indented if necessary to ensure that the poles of F(dg-z) -
(5]@&) (j = 1,...,my) lie to the right of the contour and those of I'(1 —

aj+ >, agi)&) (j=1,...,n)and I'(1 — ng‘) + 5§i)£i) (t=1,...,n;) are
to the left of the contour. The positive integers n, p, q, n;, m;, p;, q; are
constrained by the inequalities:

0<n<p, 0<q 1<m;<gqg and 0<n; <p;.

The multiple Mellin—Barnes contour integral (1.2) converges absolutely
under the following conditions:

P i

D A=Y ol zgmz 36 <o,
= =

(i) pi=) ol Z al! Zﬁ(l)—i—Z’Y(l)
j=1

Jj=n+1 j=1

i ’y](i) + ii:é]@ — i (5]@ >0 and

j=ni+1 j=1 j=mi+1



Successive derivatives 17

(iii) |argz| < .

Conditions (i) and (ii) can be relaxed to A\; < 0 and p; > 0 (see Joshi and
Joshi [6]). But then the integral exists in a shrunken region. For example,
when \; = 0, the region of convergence reduces to the interior of the circle
in the &;-plane with radius D; ~, where
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with the parameters satisfying
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and for y1; = 0 the region of convergence shrinks to the open interval (0, D;” D)
on the real axis in the §;-plane, with the same condition on parameters as
above.

2. Removal of limitations in Lawrynowicz’s formulas. The suc-
cessive differentiation formulas cited in Mathai and Saxena [9] (see also
Srivastava et al. [17]) are:
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These formulas are stated to be true when o = 31, 0 = 34, 0 = a7 and
o = ay respectively. These restrictions are not essential and can be removed,
as will be clear from what follows.

Consider for example the L.H.S. of (2.1):
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Lawrynowicz writes the product

(—O’bl/ﬂl —|—O’€)(—O’b1/ﬂ1 —|—O’€— 1)...(—0b1/ﬂ1 —I-O'S—T—i-l)

in the form

<— %) (b1 = Bi&)(br — i€+ Br/o) ... (b1 — Bi§ + (r —1)B1/0)
1

and then interprets it as a product resulting by imposing the restriction
o = [31. But this is not necessary, since obviously it can be put in the form

(=1)"(ob1/B1 — 0&)(0b1 /1 —0o& +1) ... (b1 /1 — 0§ + 1 — 1)
_ r _ iy L(oby/B — o€ +7)
- (_1) (bl/ﬁl - 0-5)7“ - ( 1) F(O'bl/ﬂl — 0_5) .
Similarly in the case of (2.2), (2.3) and (2.4), the restriction can be removed.

Thus after removal of limitations Lawrynowicz’s formulas take the fol-
lowing forms:
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It follows from the foregoing discussion that the result of Srivastava et

al. [17], which is stated without any restriction, is wrong and that formula
(2.5) above gives its correct version.

m,n+1 —0
X Hyp g [az

and

d’r
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dz
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3. The successive derivative formulas. The operator T}, , was de-
fined by Joshi and Prajapat [7] as

d
Ty g = 21 (k‘ + a:%>,

k and ¢ being integer constants. We now define two new operators as

(3.1) T(s,k:cx+d):(czn+d)s{k;+(cg;+d)%}7
(32) Tl(S,]fZC.Z'+d):(C£+d)s{k—|—(cx+d)%}7

where ¢, d, s are real numbers and k£ may be a real or complex number.
From the definition it is clear that

(3.3) T(s,k:cx+d)(cx+d)* = (k+ca)(cx+d)*"*,

r (k; + ca n N>
(3.4) TN(s,k:cx+d)(cr +d)* = (es)V e (cx + d)*+Ns
k+cx
()
cs
and
(3.5) TN,k : cx + d)(cx + d)* = (k + ca)N (cx + d)~.

Now assuming u to be a constant, we have
TV (s,k : cx + d){(cx + d)*H|u(cz + d)°]}

= ﬁ Su§¢(f){TN(s, k:cx+d)(cx+ d)a+a§}d£
L
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( ﬁ Su%ﬁ({)(kz + ca+ co€)N (cx 4+ d)* T8 de for s=0,
L
1
Y SU§¢(5)(03)N
= L
F<k‘—|—ca+ca§ LN
cs a+océ+Ns
X F<k+ca+ca§> (cx +d) d¢ for s#0.
cs

Thus interpreting the R.H.S., we have

(3.6) TN(s,k:cx+d){(cx+d)*Hlu(cx +d)°]}
= (cs)N (cx + d)* TN

1 k+co N, o :
x HT L Lu(ea + d)° o o , s#0,
s <1 T s ,;)
(3.7)  TN(s,k:cx+d){(cx + d)*Hlu(cx + d)°]}
= (cx +d)*
< HR N Juter |y ek etk

s =0.

Proceeding in a similar manner, the two and r-variable analogues of this
result are

(3.8)  T\V(s1,k1 : crwr+di)TTY (52, ko : comatda){(c1z1+d1)* (comatds)™
X Hluy(c1wy + d1)7", uz(caws + d2)7?]}
= (c151) " (cas2)™ (c1z1 + dy) M TV (comy + dp) 2 T2

> HO,n:ml,n1+1;...;mr,nr+1 U (Clxl + dl)a1
Pyt LartlispetLar 1 g (comg + d)o2

<1 — 7]61 tam —N,2>; <1— L_‘_CQOQ —N,Q>;...

€151 S1 C252 52

kl +ciay; o0 o kz + covg 02
yll- .1 -, =
C151 S1 C252 S92

and
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For s; = 0, we can give corresponding formulas similar to (3.6) above.

Again by using (3.3) and interpreting the result, we get the following

formulas:
(3.10)  TN(s,k : at + b){(at + b)*H[z(at + b)°]}
L k+aa _N,g>’
[ s ym,n o as S
= (as)N (at + b)>TN HpH:;_lH z(at + b) ) k+an o ,
< N ,§>
(3.11)  TN(s,k : at +b){(at + b)*H][z (at + b)°*; zo(at + b)72]}
= (as)™ (at + b)>TNs
| (12 N2 2
o FOmHL z1(at 4+ b)7 as s’ s
p+1,g+1:... Zz(at—Fb)Uz 1 k 4+ ax o1 02
oY as s’ s
and
(3.12)  TN(s,k:at +b){(at + b)*H[z(at + b)°;...; 2, (at + b)°"]}
= (as)N (at + b)>TNs
z1(at + b)) <1— bt aa -N 2, .,ﬁ>,
0,nt1:... ) as 51 Sy
X Hp g4 : | _ktaa o o
Zy(at—i—b) r ceey us N 81,..., s,
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4. Particular cases. In (3.5), let us set c=1,d =0, k = 0. Then on
replacing one by one a by —o(b1/61); a by —o(by/Bq); a by —o(1—ai /),
o by —o, a by —o(1 —ap/a,), 0 by —o, we shall respectively get formulas
(2.5) to (2.8). These correspond to Lawrynowicz’s formulas for o = i,
0 = B¢, 0 = o and 0 = o). Again for the same set of values of ¢, d, k, s,
this formula will yield the result of Mathai and Saxena [9] for a = 0, that
of Skibinski [13] for & = 0, 0 = —4¢, and that of Anandani [1] for a = A.

The particular cases of interest of (3.8) when s =0 and s = —1 are the
two results due to Gupta and Jain [4], when ¢ = 1, d = 0, k = 0, and a
result of Oliver and Kalla [10] when s = —1, k=0, a = 0.

Formula (3.9) on the other hand corresponds to two results of Goyal [3],
for s = 0 and s = —1, and that of Rakesh [12] for s = —2, when the other
parameters involved are given the values a = 1, b = 0, K = 0. In the case
k=0, s=—1, we get the result of Raina [11].

5. Applications. A particular case of (3.6) for ¢ =1, d = 0 gives
(5.1)  TN(s,k:x){z*H[uz"]}

_ N _.a+Nsgrrm,n+1 o
=57 Hpi1q41 [um

(1—-(k+a)/s—N,a/s), ]
(= (k+a)/s,a/s) '

By using (3.4), we have
(5.2)  TN(s,k:x){z? TP H[uz"]}

N F(@ +N—M>
_ N 51+52+NSZ< >
ST
=0 M F</€+61>
S
1_@_M7g>7
x H™ g 5 s

p+1,g+1

Thus, if a = 1 + B2, from (5.1) and (5.2), we get

1—1“8‘6’—1\[,%),...
m,n+1 o
(5:3)  Hppy g4 |ux 1 hta o
(e )
N F<k+ﬂl+N—M> (1_@—M,3>,
:Z N S Hm,n+1 o S S
M

r<k‘+ﬁl> prant | (1_@,2>
S s S
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Various such summation results are available in the literature. It is stated
in [16] that all summation formulas that give finite and infinite series expan-
sions of the H-function in terms of the H-function itself can be expressed as
equation (2.11.1) of [15] (see also R. N. Jain [5]), derived by using Gauss’s,
Kummer’s, Saalshutz’s, Dixon’s, Watson’s theorem and a known theorem
(Slater [14], p. 243, III eq. 10). It appears that our formula (5.3) and its
multivariable analogue do not conform to this general form, and therefore

may be considered as a new type of finite series representation for the H-
function.

Similarly, comparing (3.8)—(3.11) for ¢ = 0, d = 0 with their alternative
forms obtained using Leibniz’s theorem, we get the finite expansion formulas:

0,n:mi,ni1+1;...5mpe,n-+1
(5'4) Hp,q:pl+1,q1+1;---;pr+1,qr+1

uy ]’ <1_ m —N,ﬂ>,...; <1_ m ﬁ)j_._

: kl +ap 01 kr + o, O

o eyl -l -, —
UrT,." ’ ) PR REES) 5

r S1 S1 Sr S,

Y T { (ﬁ) (ki + A7) /s + N = M) }

Mi,...,My=0i=1 I((k; +5z‘(i))/3i)

% HO,n:ml,nlJrl;---;mmnrJrl
p,¢:p1+1,q1+1;..5prt+1,g-+1

o1 (1) o1 (r) o
uir]t |- (1—L—M1,—>,..., (1_L_MT7—T>,...
. 52 S1 Sr Sr

: (1) (r)
UpTI" VRN (1—2—,2>;...;..., <1—L,ﬁ>
S1 S1 Sr Sr

provided «; = f) + ﬁéi), i=1,..,r;

0 <1 k+a N g1 O’2> .
1Y% - - sy Ty T 0y
S S1 82
(5.5)  HyM
’ k+ « 01 02
215> s <1— T
S S1 S92

NN
_ § : HO,nzml,nlJrl;mQ,mH
- M p,q:p1+1,q1+1;p2+1,g2+1
M=0
k+ B4 o1 B2 02
2t ...;(1— +m-—N,2),. . (1-2—-Mm=

k
2915? U <1 _hta N, ﬂ),...; s <1 — @, @>
S S1 S2 82
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and
21t (1 — Fta — N; 2,..., ﬁ),... I
0,n+1:... . S S1 Sy
(56) Hp-&-l,q—i-l:... . k+« o1 o,
o 4o 1= ey, — |
Tir S S1 Sp
N
o Z N HO,n+2:...
- M p+2,q+2:...
M=0
g1 k r— -
21ty | (1 — %’Bl +M — N; %7---> %,0),---% (1 - % - M, U?)’
: k r— -
PR D (1 — —"'S*Bl; o 1,0); UEI: (1 — %, %)

Iteration then leads to

A
i1
lel;[ltil ((1 _ katoaa _ N: 214 UT_A)) .
Ot s o PR )
(57) Hp—&—AﬂH‘A:... :
A (1 - hatoa; s o))
ze [[ "
rzl;ll ‘
B A
21 Httifz'l
N A N i=1
_ Z H HO,nJrA:ml,m;---;mr,nr+A
o M, ) T PtAGHADPLG Pt A g+ A :
Mi,....Ms=0i=1 v A
z [Tt
L =1
k (A) Ti (A)
.:((1—%+MA—N; Usl—AA, ey U(S—;)A,O)); e ((1— ’BjA —My; USTAA )),
k (A) . (A) ’
D ((1 — %; ‘;1—;, s %70))? ] ((1 -2, %))
and
_ A i _
il
“ l;llti (1- katoa _ N. 14 oAl ...
Ot A i 5a R Rryul ) ARIREE
(58) le‘,—A,q—&-A:... : kst o "
A o (1 - Rataa s gra)) .
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A .
ZlHtSZI
N A i=1
N H N FOnt2A:
- Z M. p+2A,q+2A:... :
My,...,Ms=0i=1 v A
zr [t
i=1
(1= g, N ea L Tma g 0)) ]
5a A FTeA 1 a4 e s
((1_5§A)_M -0 0 I(riH)A OrA )) .
oA AV s Uy === 50 )t
kA+ﬁ(A>, o Or A B O(r1+1)A o,
e (=== 22, ., 722,0,..,0), (1—-2-,0,...,0, 022 2ea))

provided «a; = Y) +ﬁ§i), ol/st>0(i=1,..., A).
Alternatively these expansion formulas can also be obtained directly by
using the identity TV (s, k : z)(z*1P) = TN (s, k : x)(z® - 2°), i.e.

F<k:+oz+ﬁ +N>
gN potB+Ns S

F(k‘—l—a—l-ﬁ)

S
N F<k+a+N—M> F<§+M>
= sNgathtNs Z <N> 5 . 5

(=) ()

6. Expansion of hypergeometric functions. The results established
in the preceding section enable us to derive expansion formulas for Appell
functions in terms of products of Gauss hypergeometric functions of the
type considered earlier by Burchnall and Chaundy [2] and their multiple
variable analogues. Indeed, if we assume n = p = ¢ = 0 and specialize the
parameters, for example in (5.6), as
(l) kZO,Szl,Ulzl,ngl,

(ll) my = 1, ny = nry, pr = T, Q1 = Si, (C§1),5§1)) = (1 — b],l),
j=1...,m, (@Y,6) = (0,1) and (d7,60) = (1 - ¢;,1), j =
2, .5 ST,

(ii) m2 =1, ng =12, p2 =12, g2 = sz + 1, (652)75](-2)) = (1 -1bj,1),
j=1..r2 (d,6) = (0,1) and (d¥,6%) = (1 - ¢},1),j =

2, cee 989,

M=0

(see also Joshi and Prajapat [7]).
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and replace z1 by —z1, 20 by —29 and ¢ by 1, we get
F(a+N) Lirysr a(b )(b )
F ; 1.7 2 T1 T2
Dla) — tores ( (e ()

(61 + N —M) I'(B2+ M)
a Z ( > I'(B) I'(532)

N — M, (b, );
X 7"1+1F31+1 <g1 _;Cs ) ( 1) Zl)

M, (br,);
X rpt1Fs,41 (gz _;Cs )( :) 22> .

If we put « + N = a and a = a — ¢, we have

L(@) prinsrs (04 N2 (0r)i ()i
(6.1) F(C) F1:51;52 (C (Csl) (652) 1 2>

a—c\I'(Gi+a—c—M) I'(Bs+ M)
Z( > () - T(B)

M=0

+a—c—M,(b,);
Xr1+1FS1+1 (gi (Cs ) ( ) Zl>

+ M, (by,);
X r2+1F82+1 (gz (C )( ) Z2> )
) S2 )9

provided

(i) a — ¢ > 0 is a positive integer, ¢ = 31 + (2,
(11) ’21’ <1, ’22’ <1,

(111)61—1(7’1—31 Re(Zb —Z > 0,

Jj=1

(ro — s2) Re(Zb —Z ) 0,

j=1

025

DO =

which is of a different form than that of eq. (242) of Srivastava and Karls-
son [15].

For particular values r1 =1, s1 =0, ro =1, s =0, by = b, b} =V’ this
takes the form

I'(a)

62) 7

Fl(a7 b7 blv Ci 21, 22)
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B Z(a—c) (B +a—c—M) I'(Bs+ M)

I(6y) I (B)

—Cc — . /.
X2F1<61+a ¢ — M,b; 21>2F1<62+Mb

B1;

and the condition of convergence reduces to

ﬁQa

(i) a — ¢ is a positive integer, ¢ = 51 + [,
(i) |z1] <1, |22] < 1 and
(iii) 1/2 —Re(b—¢) <0 and 1/2 — Re(t/ — ) < 0.

27

")

Proceeding in a similar manner from (5.7) to (5.11), we have respectively:

(63) F( ) (7")( b17 . ,br;C;Zl,...,Zr)

I'(c)
B a—c\I(Bi+a—c) I'(B+m)
Z < > I'(61) I'(B2)

X Fy (B +a—c—mbi,... byez,. ..

X 2F1(ﬁ2 + m, br?ﬁQ; Zr)a

provided a — ¢ is a positive integer and ¢ = 31 + (s;

r r
(6.4) (a)Fé)(a,bl,...,b,«;c;zl,...,zr)

I'(c)
B a—c\L(Bi+a—c) I'(B2+m)
Z ( > I'(By) I'(B2)

} FEO (Bt a— e —mob by

X BT (By +m, by, b B 2y

L) g (o) 0 0
(6 5) 1:[ I'(¢;) nql,’qz <((Cn; . éc(l);’(( (2); 21,2’2>

Cq

azr—l)

7Zr1)

727");

S| <a@—61> (B +ai—ci—mi) LB +mi)
mi

)

m1=0 ma,=0 i=1

(n) —|— a’I’L — CYL — mn), (bpl), Zl>
™), (cqr);

Eni +my), (b;oz)§ Z2>

") (Cq);

X pr+nFg+n (E
(
(B

X patn 112+n <

)
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provided a; — ¢; is a positive integer and ¢; = (i) + Béi), 1=1,...,n;

n

FCLZ‘ S b(l) . b(”)
66) I (1) o, <( n) ¢ (Bpu )i ((r))zl,...,zr>

i—1 F(Cl) e (Cn) (th 3 (CqT )7

_ ali:cl a’i"ﬁ(m—c,)F(ﬂli +a; —c; —my) 'F( (Z)—Fm,)

e i g )

(85" + ma), by, ) >
(B, (cq,);

X pr+nFq'r+n (

NiP15..sPr—1 ( ) + Apn — - mn)7 (bpl) (b;zr 11). 2 Py
n:iq1s..;qr— g eeey R
RS (), <cql>; i a)
provided ¢; = Y) + ﬂéi), 1=1,...,n, and a; — ¢; are positive integers.

The above results can be combined to yield interesting identities but for
reasons of brevity we omit the details.
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