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Successive derivatives and finite expansions

involving the H-function of one and more variables

by C. M. Joshi (Udaipur) and N. L. Joshi (Nathadwara)

Abstract. Certain results including the successive derivatives of theH-function of one
and more variables are established. These remove the limitations of  Lawrynowicz’s (1969)
formulas and as a result extend the results of Skibiński [13] and various other authors.
As an application some finite expansion formulas are also established, which reduce to
hypergeometric functions of one and more variables that are of common interest.

1. Introduction. Fox’s H-function which is defined by a Mellin–Barnes
type contour integral (for details see [12]) as

(1.1) H[z] = Hm,n
p,q

[

z

∣

∣

∣

∣

((ap, αp))
((bq , βq))

]

=
1

2πω

\
L

φ(ξ)zξ dξ,

where

φ(ξ) =

m
∏

j=1

Γ (bj − βjξ)

q
∏

j=m+1

Γ (1 − bj + βjξ)

·

n
∏

j=1

Γ (1 − aj + αjξ)

p
∏

j=n+1

Γ (aj − αjξ)

,

has been extended to the multivariate H-function by Srivastava and Panda
[16] in the form of the Mellin–Barnes type contour integral

(1.2) H[z1, . . . , zr] = H0,n:m1,n1;...;mr,nr
p,q:p1,q1;...;pr,qr

·





z1
...
zr

∣

∣

∣

∣

∣

∣

((ap; α
(1)
p ; ...; α

(r)
p )) : ((c

(1)
p1 , γ

(1)
p1 )); ...; ((c

(r)
pr , γ

(r)
pr ))

((bq ; β
(1)
q ; ...; β

(r)
q )) : ((d

(1)
q1 , δ

(1)
q1 )); ...; ((d

(r)
qr , δ

(r)
qr ))




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=

(

1

2πω

)r \
L1

...
\

Lr

Ψ(ξ1, ..., ξr)

r
∏

i=1

{φi(ξi)z
ξi

i } dξ1...dξr,

where

Ψ(ξ1, . . . , ξr) =

n
∏

j=1

Γ
(

1 − aj +
r
∑

i=1

α
(i)
j ξi

)

p
∏

j=n+1

Γ
(

aj −
r
∑

i=1

α
(i)
j ξi

) q
∏

j=1

Γ
(

1 − bj +
r
∑

i=1

β
(i)
j ξi

)

and for i = 1, . . . , r, we have

φi(ξi) =

mi
∏

j=1

Γ (d
(i)
j − δ

(i)
j ξi)

ni
∏

j=1

Γ (1 − c
(i)
j + γ

(i)
j ξi)

qi
∏

j=mi+1

Γ (1 − d
(i)
j + δ

(i)
j ξi)

pi
∏

j=ni+1

Γ (c
(i)
j − γ

(i)
j ξi)

.

Moreover, ω2 = −1 and zi (6= 0) is a complex variable, zi = exp{ξi(log |zi|+
ω arg zi)}, where log |zi| represents the natural logarithm of |zi|; it is single-
valued for |arg zi| < π.

By ((bq ; β
(1)
q , . . . , β

(r)
q )), we mean a q-member array

(b1; β
(1)
1 , . . . , β

(r)
1 ), . . . , (bq ; β(1)

q , . . . , β(r)
q )

etc. Further, the parameters a, b, c and d are complex numbers and the
associated coefficients α, β, γ and δ are positive real numbers such that the
poles of the integrand are separated.

The contour Li in the ξi-plane runs from −ω∞ to +ω∞ along the

imaginary axis, indented if necessary to ensure that the poles of Γ (d
(i)
j −

δ
(i)
j ξi) (j = 1, . . . ,mi) lie to the right of the contour and those of Γ (1 −

aj +
∑r

i=1 α
(i)
j ξi) (j = 1, . . . , n) and Γ (1 − c

(i)
j + δ

(i)
j ξi) (i = 1, . . . , ni) are

to the left of the contour. The positive integers n, p, q, ni, mi, pi, qi are
constrained by the inequalities:

0 ≤ n ≤ p, 0 ≤ q, 1 ≤ mi ≤ qi and 0 ≤ ni ≤ pi.

The multiple Mellin–Barnes contour integral (1.2) converges absolutely
under the following conditions:

(i) λi =

p
∑

j=1

α
(i)
j −

q
∑

j=1

β
(i)
j +

pi
∑

j=1

γ
(i)
j −

qi
∑

j=1

δ
(i)
j < 0,

(ii) µi =

n
∑

j=1

α
(i)
j −

p
∑

j=n+1

α
(i)
j −

q
∑

j=1

β
(i)
j +

ni
∑

j=1

γ
(i)
j

−

pi
∑

j=ni+1

γ
(i)
j +

mi
∑

j=1

δ
(i)
j −

qi
∑

j=mi+1

δ
(i)
j > 0 and
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(iii) |arg zi| < 1
2µiπ.

Conditions (i) and (ii) can be relaxed to λi ≤ 0 and µi ≥ 0 (see Joshi and
Joshi [6]). But then the integral exists in a shrunken region. For example,
when λi = 0, the region of convergence reduces to the interior of the circle
in the ξi-plane with radius D−1

i , where

Di =

p
∏

j=1

(α
(i)
j )α

(i)
j

pi
∏

j=1

(γ
(i)
j )γ

(i)
j

q
∏

j=1

(β
(i)
j )β

(i)
j

qi
∏

j=1

(δ
(i)
j )δ

(i)
j

,

with the parameters satisfying

qi =
1

2
(p + pi − q − qi) − Re

(

p
∑

j=1

aj −

q
∑

j=1

bj +

pi
∑

j=1

c
(i)
j −

qi
∑

j=1

d
(i)
j

)

< 0,

and for µi = 0 the region of convergence shrinks to the open interval (0,D−1
i )

on the real axis in the ξi-plane, with the same condition on parameters as
above.

2. Removal of limitations in  Lawrynowicz’s formulas. The suc-
cessive differentiation formulas cited in Mathai and Saxena [9] (see also
Srivastava et al. [17]) are:

(2.1)
dr

dxr

{

x−σb1/β1Hm,n
p,q

[

xσ

∣

∣

∣

∣

((ap, αp))
((bq , βq))

]}

=

(

−σ

β1

)r

x−r−σb1/β1Hm,n
p,q

[

xσ

∣

∣

∣

∣

((ap, αp))
(r + b1, β1), (b2, β2), ..., (bq , βq)

]

,

(2.2)
dr

dxr

{

x−σbq/βqHm,n
p,q

[

xσ

∣

∣

∣

∣

((ap, αp))
((bq , βq))

]}

=

(

−σ

βq

)r

x−r−σbq/βqHm,n
p,q

[

xσ

∣

∣

∣

∣

((ap, αp))
(b1, β1), ..., (bq−1, βq−1), (r + bq, βq)

]

,

(2.3)
dr

dxr

{

x−σ(1−a1)/α1Hm,n
p,q

[

x−σ

∣

∣

∣

∣

((ap, αp))
((bq , βq))

]}

=

(

−σ

α1

)r

x−r−σ(1−a1)/α1

× Hm,n
p,q

[

x−σ

∣

∣

∣

∣

(−r + a1, α1), (a2, α2), ..., (ap, αp)
((bq, βq))

]

,

(2.4)
dr

dxr

{

x−σ(1−ap)/αpHm,n
p,q

[

x−σ

∣

∣

∣

∣

((ap, αp))
((bq , βq))

]}
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=

(

−σ

αp

)r

x−r−σ(1−ap)/αp

× Hm,n
p,q

[

x−σ

∣

∣

∣

∣

(a1/α1), ..., (ap−1, αp−1), (−r + ap, αp)
((bq , βq))

]

.

These formulas are stated to be true when σ = β1, σ = βq, σ = α1 and
σ = αp respectively. These restrictions are not essential and can be removed,
as will be clear from what follows.

Consider for example the L.H.S. of (2.1):
(

1

2πω

)\
L

φ(ξ)
dr

dxr
(x−σb1/β1+σξ) dξ

=

(

1

2πω

)\
L

φ(ξ){(−σb1/β1 +σξ)...(−σb1/β1 +σξ−r+1)x−σb1/β1+σξ−r} dξ.

 Lawrynowicz writes the product

(−σb1/β1 + σξ)(−σb1/β1 + σξ − 1) . . . (−σb1/β1 + σξ − r + 1)

in the form
(

−
σ

β1

)r

(b1 − β1ξ)(b1 − β1ξ + β1/σ) . . . (b1 − β1ξ + (r − 1)β1/σ)

and then interprets it as a product resulting by imposing the restriction
σ = β1. But this is not necessary, since obviously it can be put in the form

(−1)r(σb1/β1 − σξ)(σb1/β1 − σξ + 1) . . . (σb1/β1 − σξ + r − 1)

= (−1)r(b1/β1 − σξ)r = (−1)r Γ (σb1/β1 − σξ + r)

Γ (σb1/β1 − σξ)
.

Similarly in the case of (2.2), (2.3) and (2.4), the restriction can be removed.

Thus after removal of limitations  Lawrynowicz’s formulas take the fol-
lowing forms:

(2.5)
dr

dxr

{

x−σb1/β1Hm,n
p,q

[

xσ

∣

∣

∣

∣

((ap, αp))
((bq , βq))

]}

= (−1)rx−r−σb1/β1Hm+1,n
p+1,q+1

[

xσ

∣

∣

∣

∣

((ap, αp)), (σb1/β1, σ)
(r + σb1/β1, σ), ((bq , βq))

]

,

(2.6)
dr

dxr

{

x−σbq/βqHm,n
p,q

[

xσ

∣

∣

∣

∣

((ap, αp))
((bq , βq))

]}

= (−1)rx−r−σbq/βq Hm,n+1
p+1,q+1

[

xσ

∣

∣

∣

∣

(σbq/βq , σ), ((ap, αp))
((bq , βq)), (r + σbq/βq , σ)

]

,

(2.7)
dr

dxr

{

x−σ(1−a1)/α1Hm,n
p,q

[

x−σ

∣

∣

∣

∣

((ap, αp))
((bq , βq))

]}
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= (−1)rx−r−σ(1−a1)/α1

× Hm,n+1
p+1,q+1

[

x−σ

∣

∣

∣

∣

(1 − r − σ(1 − a1)/α1, σ), ((ap, αp))
((bq , βq)), (1 − σ(1 − a1)/α1, σ)

]

,

and

(2.8)
dr

dxr

{

x−σ(1−ap)/αpHm,n
p,q

[

x−σ

∣

∣

∣

∣

((ap, αp))
((bq , βq))

]}

= (−1)rx−r−σ(1−ap)/αpHm+1,n
p+1,q+1

[

xσ

∣

∣

∣

∣

((ap, αp)), (1 − r − σ(1 − ap)/αp, σ)
(1 − σ(1 − ap)/αp, σ), ((bq , βq))

]

.

It follows from the foregoing discussion that the result of Srivastava et

al. [17], which is stated without any restriction, is wrong and that formula
(2.5) above gives its correct version.

3. The successive derivative formulas. The operator Tk,q was de-
fined by Joshi and Prajapat [7] as

Tk,q = xq

(

k + x
d

dx

)

,

k and q being integer constants. We now define two new operators as

T (s, k : cx + d) = (cx + d)s

{

k + (cx + d)
d

dx

}

,(3.1)

T1(s, k : cx + d) = (cx + d)s

{

k + (cx + d)
∂

∂x

}

,(3.2)

where c, d, s are real numbers and k may be a real or complex number.
From the definition it is clear that

T (s, k : cx + d)(cx + d)α = (k + cα)(cx + d)α+s,(3.3)

T N (s, k : cx + d)(cx + d)α = (cs)N

Γ

(

k + cα

cs
+ N

)

Γ

(

k + cx

cs

) (cx + d)α+Ns(3.4)

and

(3.5) T N (0, k : cx + d)(cx + d)α = (k + cα)N (cx + d)α.

Now assuming u to be a constant, we have

T N (s, k : cx + d){(cx + d)αH[u(cx + d)σ]}

=
1

2πω

\
L

uξφ(ξ){T N (s, k : cx + d)(cx + d)α+σξ} dξ
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=



















































1

2πω

\
L

uξφ(ξ)(k + cα + cσξ)N (cx + d)α+σξ dξ for s = 0,

1

2πω

\
L

uξφ(ξ)(cs)N

×

Γ

(

k + cα + cσξ

cs
+ N

)

Γ

(

k + cα + cσξ

cs

) (cx + d)α+σξ+Ns dξ for s 6= 0.

Thus interpreting the R.H.S., we have

(3.6) T N (s, k : cx + d){(cx + d)αH[u(cx + d)σ ]}

= (cs)N (cx + d)α+Ns

× Hm,n+1
p+1,q+1









u(cx + d)σ

∣

∣

∣

∣

∣

∣

∣

∣

(

1 −
k + cα

cs
− N,

σ

s

)

; ...

...;

(

1 −
k + cα

cs
,
σ

s

)









, s 6= 0,

(3.7) T N (s, k : cx + d){(cx + d)αH[u(cx + d)σ ]}

= (cx + d)α

× Hm,n+N
p+N,q+N

[

u(cx + d)σ

∣

∣

∣

∣

(−k − cα, cσ), ..., (−k − cα, cσ), ...
..., (1 − k − cα, cσ), ..., (1 − k − cα, cσ)

]

,

s = 0.

Proceeding in a similar manner, the two and r-variable analogues of this
result are

(3.8) T N
1 (s1, k1 : c1x1+d1)T N

1 (s2, k2 : c2x2+d2){(c1x1+d1)α1(c2x2+d2)α2

× H[u1(c1x1 + d1)σ1 , u2(c2x2 + d2)σ2 ]}

= (c1s1)N (c2s2)N (c1x1 + d1)α1+Ns1(c2x2 + d2)α2+Ns2

× H0,n:m1,n1+1;...;mr,nr+1
p,q:p1+1,q1+1;...;pr+1,qr+1







u1(c1x1 + d1)σ1

u2(c2x2 + d2)σ2

∣

∣

∣

∣

∣

∣

∣

∣

... :

(

1 −
k1 + c1α1

c1s1
− N,

σ1

s1

)

;

(

1 −
k2 + c2α2

c2s2
− N,

σ2

s2

)

; ...

... : ...;

(

1 −
k1 + c1α1

c1s1
,
σ1

s1

)

; ...;

(

1 −
k2 + c2α2

c2s2
,
σ2

s2

)









and
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(3.9) T N
1 (s1, k1 : c1x1 + d1)...TN

1 (sr, kr : crxr + dr)

r
∏

j=1

{(cjxj + dj)αj

×H[u1(c1x1 + d1)σ1 , ..., ur(crxr + dr)σr ]}

=

r
∏

i=1

(cisi)
N (cixi + di)

αi+Nsi

× H0,n:m1,n1+1;...;mr,nr+1
p,q:p1+1,q1+1;...;pr+1,qr+1







u1(c1x1 + d1)σ1

...
ur(crxr + dr)σr

∣

∣

∣

∣

∣

∣

∣

∣

... :

(

1 −
k1 + c1α1

c1s1
− N,

σ1

s1

)

, ...; ...;

(

1 −
kr + crαr

crsr
− N,

σr

sr

)

; ...

... : ...;

(

1 −
k1 + c1α1

c1s1
,
σ1

s1

)

; ...;

(

1 −
kr + crαr

crsr
,
σr

sr

)

; ...









.

For si = 0, we can give corresponding formulas similar to (3.6) above.

Again by using (3.3) and interpreting the result, we get the following
formulas:

(3.10) T N(s, k : at + b){(at + b)αH[z(at + b)σ]}

= (as)N (at + b)α+NsHm,n+1
p+1,q+1









z(at + b)σ

∣

∣

∣

∣

∣

∣

∣

∣

(

1 −
k + aα

as
− N,

σ

s

)

, ...

...,

(

1 −
k + aα

as
,
σ

s

)









,

(3.11) T N(s, k : at + b){(at + b)αH[z1(at + b)σ1 ; z2(at + b)σ2 ]}

= (as)N (at + b)α+Ns

× H0,n+1:...
p+1,q+1:...









z1(at + b)σ1

z2(at + b)σ2

∣

∣

∣

∣

∣

∣

∣

∣

(

1 −
k + aα

as
− N,

σ1

s
,
σ2

s

)

, ...

...,

(

1 −
k + aα

as
,
σ1

s
,
σ2

s

)









and

(3.12) T N(s, k : at + b){(at + b)αH[z1(at + b)σ1 ; ...; zr(at + b)σr ]}

= (as)N (at + b)α+Ns

× H0,n+1:...
p+1,q+1:...









z1(at + b)σ1

...
zr(at + b)σr

∣

∣

∣

∣

∣

∣

∣

∣

(

1 −
k + aα

as
− N ;

σ1

s1
, ...,

σr

sr

)

, ...

...,

(

1 −
k + aα

as
;
σ1

s1
, ...,

σr

sr

)

: ...









.
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4. Particular cases. In (3.5), let us set c = 1, d = 0, k = 0. Then on
replacing one by one α by −σ(b1/β1); α by −σ(bq/βq); α by −σ(1−a1/α1),
σ by −σ, α by −σ(1 − ap/αp), σ by −σ, we shall respectively get formulas
(2.5) to (2.8). These correspond to  Lawrynowicz’s formulas for σ = β1,
σ = βq , σ = α1 and σ = αp. Again for the same set of values of c, d, k, s,
this formula will yield the result of Mathai and Saxena [9] for α = 0, that
of Skibiński [13] for α = 0, σ = −δ, and that of Anandani [1] for α = λ.

The particular cases of interest of (3.8) when s = 0 and s = −1 are the
two results due to Gupta and Jain [4], when c = 1, d = 0, k = 0, and a
result of Oliver and Kalla [10] when s = −1, k = 0, α = 0.

Formula (3.9) on the other hand corresponds to two results of Goyal [3],
for s = 0 and s = −1, and that of Rakesh [12] for s = −2, when the other
parameters involved are given the values a = 1, b = 0, k = 0. In the case
k = 0, s = −1, we get the result of Raina [11].

5. Applications. A particular case of (3.6) for c = 1, d = 0 gives

(5.1) T N (s, k : x){xαH[uxσ]}

= sNxα+NsHm,n+1
p+1,q+1

[

uxσ

∣

∣

∣

∣

(1 − (k + α)/s − N,σ/s), ...
..., (1 − (k + α)/s, σ/s)

]

.

By using (3.4), we have

(5.2) T N (s, k : x){xβ1+β2H[uxσ]}

= sNxβ1+β2+Ns
N
∑

M=0

(

N

M

)Γ

(

k + β1

s
+ N − M

)

Γ

(

k + β1

s

)

× Hm,n+1
p+1,q+1









uxσ

∣

∣

∣

∣

∣

∣

∣

∣

(

1 −
β2

s
− M,

σ

s

)

, ...

...,

(

1 −
β2

s
,
σ

s

)









.

Thus, if α = β1 + β2, from (5.1) and (5.2), we get

(5.3) Hm,n+1
p+1,q+1









uxσ

∣

∣

∣

∣

∣

∣

∣

∣

(

1 −
k + α

s
− N,

σ

s

)

, ...

...,

(

1 −
k + α

s
,
σ

s

)









=

N
∑

M=0

(

N

M

)Γ

(

k+β1

s
+N −M

)

Γ

(

k+β1

s

) Hm,n+1
p+1,q+1









uxσ

∣

∣

∣

∣

∣

∣

∣

∣

(

1−
β2

s
−M,

σ

s

)

, ...

...,

(

1−
β2

s
,
σ

s

)









.
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Various such summation results are available in the literature. It is stated
in [16] that all summation formulas that give finite and infinite series expan-
sions of the H-function in terms of the H-function itself can be expressed as
equation (2.11.1) of [15] (see also R. N. Jain [5]), derived by using Gauss’s,
Kummer’s, Saalshutz’s, Dixon’s, Watson’s theorem and a known theorem
(Slater [14], p. 243, III eq. 10). It appears that our formula (5.3) and its
multivariable analogue do not conform to this general form, and therefore
may be considered as a new type of finite series representation for the H-
function.

Similarly, comparing (3.8)–(3.11) for c = 0, d = 0 with their alternative
forms obtained using Leibniz’s theorem, we get the finite expansion formulas:

(5.4) H0,n:m1,n1+1;...;mr,nr+1
p,q:p1+1,q1+1;...;pr+1,qr+1

·









u1x
σ1
1

...
urx

σr
r

∣

∣

∣

∣

∣

∣

∣

∣

... :

(

1 −
k1 + α1

s1
− N,

σ1

s1

)

, ...;

(

1 −
kr + αr

sr
,
σr

sr

)

, ...

... : ...,

(

1 −
k1 + α1

s1
,
σ1

s1

)

; ...; ...,

(

1 −
kr + αr

sr
,
σr

sr

)









=

N
∑

M1,...,Mr=0

r
∏

i=1

{(

N

Mi

)

Γ ((ki + β
(i)
i )/si + N − Mi)

Γ ((ki + β
(i)
i )/si)

}

× H0,n:m1,n1+1;...;mr,nr+1
p,q:p1+1,q1+1;...;pr+1,qr+1

·









u1x
σ1
1

...
urx

σr
r

∣

∣

∣

∣

∣

∣

∣

∣

... :

(

1 −
β

(1)
2

s2
− M1,

σ1

s1

)

, ...,

(

1 −
β

(r)
2

sr
− Mr,

σr

sr

)

, ...

... : ...,

(

1 −
β

(1)
2

s1
,
σ1

s1

)

; ...; ...,

(

1 −
β

(r)
2

sr
,
σr

sr

)









provided αi = β
(i)
1 + β

(i)
2 , i = 1, ..., r;

(5.5) H0,n+1:...
p+1,q+1:...









z1t
σ1
1

z2t
σ2
2

∣

∣

∣

∣

∣

∣

∣

∣

(

1 −
k + α

s
− N ;

σ1

s1
,
σ2

s2

)

, ... : ...; ...

...,

(

1 −
k + α

s
;
σ1

s1
,
σ2

s2

)

: ...; ...









=
N
∑

M=0

(

N

M

)

H0,n:m1,n1+1;m2,n2+1
p,q:p1+1,q1+1;p2+1,q2+1

·









z1t
σ1
1

z2t
σ2
2

∣

∣

∣

∣

∣

∣

∣

∣

... :

(

1 −
k + β1

s
+ m − N,

σ1

s1

)

, ...,

(

1 −
β2

s
− M,

σ2

s

)

, ...

... : ...,

(

1 −
k + α

s
− N,

σ1

s1

)

, ...; ...,

(

1 −
β2

s2
,
σ2

s2

)








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and

(5.6) H0,n+1:...
p+1,q+1:...









z1t
σ1
1

...
zrt

σr
r

∣

∣

∣

∣

∣

∣

∣

∣

(

1 −
k + α

s
− N ;

σ1

s1
, ...,

σr

sr

)

, ... : ...; ...

...,

(

1 −
k + α

s
;
σ1

s1
, ...,

σr

sr

)

: ...; ...









=

N
∑

M=0

(

N

M

)

H0,n+2:...
p+2,q+2:...

·







z1t
σ1
1

...
zrt

σr
r

∣

∣

∣

∣

∣

∣

... :
(

1 − k+β1

s
+ M − N ; σ1

s
, ..., σr−1

s
, 0
)

, ...;
(

1 − β2

s
− M, σr

s

)

, ...

... : ...,
(

1 − k+β1

s
; σ1

s
, ..., σr−1

s
, 0
)

; ...; ...;
(

1 − β2

s
, σr

s

)



.

Iteration then leads to

(5.7) H0,n+A:...
p+A,q+A:...



















z1

A
∏

i=1

tσi1

i

...

zr

A
∏

i=1

tσir

i

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

((

1 − kA+αA

sA
− N ; σ1A

sA
, ..., σrA

sA

))

, ... : ...

...,
((

1 − kA+αA

sA
; σ1A

sA
, ..., σrA

sA

))

: ...



















=

N
∑

M1,...,MA=0

A
∏

i=1

(

N

Mi

)

H0,n+A:m1,n1;...;mr,nr+A
p+A,q+A:p1,q1;...;pr+A,qr+A















z1

A
∏

i=1

tσi1

i

...

zr

A
∏

i=1

tσir

i

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

... :
((

1−
kA+β

(A)
1

sA
+MA−N ; σ1A

sA
, ...,

σ(r−1)A

sA
, 0
))

; ...;
((

1−
β

(A)
2

sA
−MA; σrA

sA

))

, ....

.... : ...,
((

1 −
kA+β

(A)
1

sA
; σ1A

sA
, ...,

σ(r−1)A

sA
, 0
))

; ...; ...;
((

1 −
β

(A)
2

sA
, σrA

sA

))

















and

(5.8) H0,n+A:...
p+A,q+A:...















z1

A
∏

i=1

tσi1

i

...

zr

A
∏

i=1

tσir

i

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

((

1 − kA+αA

sA
− N ; σ1A

sA
, ..., σrA

sA

))

, ... : ...

...,
((

1 − kA+αA

sA
; σ1A

sA
, ..., σrA

sA

))

: ...














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=

N
∑

M1,...,MA=0

A
∏

i=1

(

N

Mi

)

H0,n+2A:...
p+2A,q+2A:...















z1

A
∏

i=1

tσi1

i

...

zr

A
∏

i=1

tσir

i

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

... :
((

1−
kA+β

(A)
1

sA
+MA−N ; σ1A

sA
, ...,

σr1A

sA
, 0, ..., 0

))

,
((

1−
β

(A)
2

sA
−MA; 0, ..., 0,

σ(r1+1)A

sA
, ..., σrA

sA

))

, ... : ...

...,
((

1−
kA+β

(A)
1

sA
; σ1A

sA
, ...,

σr1A

sA
, 0, ..., 0

))

,
((

1−
β

(A)
2

sA
, 0, ..., 0,

σ(r1+1)A

sA
, ..., σrA

sA

))















provided αi = β
(i)
1 + β

(i)
2 , σi/si > 0 (i = 1, . . . , A).

Alternatively these expansion formulas can also be obtained directly by
using the identity T N (s, k : x)(xα+β) = T N(s, k : x)(xα · xβ), i.e.

sNxα+β+Ns

Γ

(

k + α + β

s
+ N

)

Γ

(

k + α + β

s

)

= sNxα+β+Ns
N
∑

M=0

(

N

M

)Γ

(

k + α

s
+ N − M

)

Γ

(

k + α

s

) ·

Γ

(

β

s
+ M

)

Γ

(

β

s

)

(see also Joshi and Prajapat [7]).

6. Expansion of hypergeometric functions. The results established
in the preceding section enable us to derive expansion formulas for Appell
functions in terms of products of Gauss hypergeometric functions of the
type considered earlier by Burchnall and Chaundy [2] and their multiple
variable analogues. Indeed, if we assume n = p = q = 0 and specialize the
parameters, for example in (5.6), as

(i) k = 0, s = 1, σ1 = 1, σ2 = 1,

(ii) m1 = 1, n1 = r1, p1 = r1, q1 = s1, (c
(1)
j , δ

(1)
j ) = (1 − bj , 1),

j = 1, . . . , r1, (d
(1)
1 , δ

(1)
1 ) = (0, 1) and (d

(1)
j , δ

(1)
j ) = (1 − cj , 1), j =

2, . . . , s1,

(iii) m2 = 1, n2 = r2, p2 = r2, q2 = s2 + 1, (c
(2)
j , δ

(2)
j ) = (1 − b′j , 1),

j = 1, . . . , r2, (d
(2)
1 , δ

(2)
1 ) = (0, 1) and (d

(2)
j , δ

(2)
j ) = (1 − c′j , 1), j =

2, . . . , s2,
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and replace z1 by −z1, z2 by −z2 and t by 1, we get

Γ (α + N)

Γ (α)
F 1:r1;r2

1:s1;s2

(

a : (br1
); (br2

);
c : (cs1

); (cs2
);

z1, z2

)

=

N
∑

M=0

(

N

M

)

Γ (β1 + N − M)

Γ (β1)
·
Γ (β2 + M)

Γ (β2)

× r1+1Fs1+1

(

β1 + N − M, (br1
);

β1, (cs1
);

z1

)

× r2+1Fs2+1

(

β2 + M, (br2
);

β2, (cs2
);

z2

)

.

If we put α + N = a and α = a − c, we have

(6.1)
Γ (a)

Γ (c)
F 1:r1;r2

1:s1;s2

(

a + N : (br1
); (br2

);
c : (cs1

); (cs2
);

z1, z2

)

=

a−c
∑

M=0

(

a − c

M

)

Γ (β1 + a − c − M)

Γ (β1)
·
Γ (β2 + M)

Γ (β2)

× r1+1Fs1+1

(

β1 + a − c − M, (br1
);

β1, (cs1
);

z1

)

× r2+1Fs2+1

(

β2 + M, (br2
);

β2, (cs2
);

z2

)

,

provided

(i) a − c > 0 is a positive integer, c = β1 + β2,

(ii) |z1| < 1, |z2| < 1,

(iii) θ1 ≡
1

2
(r1 − s1) − Re

(

r1
∑

j=1

bj −

s1
∑

j=1

cj

)

< 0,

θ2 ≡
1

2
(r2 − s2) − Re

(

r2
∑

j=1

bj −

s2
∑

j=1

cj

)

< 0,

which is of a different form than that of eq. (242) of Srivastava and Karls-
son [15].

For particular values r1 = 1, s1 = 0, r2 = 1, s2 = 0, b1 = b, b′1 = b′ this
takes the form

(6.2)
Γ (a)

Γ (c)
F1(a, b, b′; c; z1, z2)
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=

a−c
∑

M=0

(

a − c

M

)

Γ (β1 + a − c − M)

Γ (β1)
·
Γ (β2 + M)

Γ (β2)

× 2F1

(

β1 + a − c − M, b;
β1;

z1

)

2F1

(

β2 + M, b′;
β2;

z2

)

and the condition of convergence reduces to

(i) a − c is a positive integer, c = β1 + β2,

(ii) |z1| < 1, |z2| < 1 and

(iii) 1/2 − Re(b − c) < 0 and 1/2 − Re(b′ − c′) < 0.

Proceeding in a similar manner from (5.7) to (5.11), we have respectively:

(6.3)
Γ (a)

Γ (c)
F

(r)
D (a, b1, . . . , br; c; z1, . . . , zr)

=

a−c
∑

M=0

(

a − c

M

)

Γ (β1 + a − c)

Γ (β1)
·
Γ (β2 + m)

Γ (β2)

× F
(r−1)
D (β1 + a − c − m, b1, . . . , br; c, z1, . . . , zr−1)

× 2F1(β2 + m, br; β2; zr),

provided a − c is a positive integer and c = β1 + β2;

(6.4)
Γ (a)

Γ (c)
F

(r)
D (a, b1, . . . , br; c; z1, . . . , zr)

=
a−c
∑

M=0

(

a − c

M

)

Γ (β1 + a − c)

Γ (β1)
·
Γ (β2 + m)

Γ (β2)

× F
(r1)
D (β1 + a − c − m, b1, . . . , br1

; β1; z1, . . . , zr1
)

× F
(r−r1)
D (β2 + m, br1+1, . . . , br; β2; zr1+1, . . . , zr);

(6.5)
n
∏

i=1

Γ (ai)

Γ (ci)
Fn:p1;p2

n:q1;q2

(

(an) : (b
(1)
p ); (b

(2)
p );

(cn) : (c
(1)
q ); (c

(2)
q );

z1, z2

)

=

a1−c1
∑

m1=0

. . .

an−cn
∑

mn=0

n
∏

i=1

(

ai − ci

mi

)

Γ (β
(i)
1 + ai − ci − mi)

Γ (β
(i)
1 )

·
Γ (β

(i)
2 + mi)

Γ (β
(i)
2 )

× p1+nFq1+n

(

(β
(n)
1 + an − cn − mn), (bp1

);

(β
(n)
1 ), (cq1

);
z1

)

× p2+nFq2+n

(

(β
(n)
2 + mn), (bp2

);

(β
(n)
2 ), (cq2

);
z2

)
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provided ai − ci is a positive integer and ci = β
(i)
1 + β

(i)
2 , i = 1, . . . , n;

(6.6)
n
∏

i=1

Γ (ai)

Γ (ci)
Fn:p1;...;pr

n:q1;...;qr

(

(an) : (b
(1)
p1 ); ...; (b

(r)
pr );

(cn) : (c
(1)
q1 ; ...; (c

(r)
qr );

z1, ..., zr

)

=

a1−c1
∑

m1=0

. . .

an−cn
∑

mn=0

n
∏

i=1

(

ai − ci

mi

)

Γ (β
(i)
1 + ai − ci − mi)

Γ (β
(i)
1 )

·
Γ (β

(i)
2 + mi)

Γ (β
(i)
2 )

× pr+nFqr+n

(

(β
(n)
2 + mn), (bpr

);

(β
(n)
2 ), (cqr

);
zr

)

× Fn:p1;...;pr−1
n:q1;...;qr−1

(

(β
(n)
1 + an − cn − mn), (bp1

); ...; (br−1
pr−1

);

(β
(n)
1 ), (cq1

); ...; (cqr−1
);

z1, ..., zr

)

provided ci = β
(i)
1 + β

(i)
2 , i = 1, . . . , n, and ai − ci are positive integers.

The above results can be combined to yield interesting identities but for
reasons of brevity we omit the details.
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