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Normal structure of Lorentz—Orlicz spaces

by PEI-KEE LIN (Memphis, Tenn.) and HuryING SuN (Harbin)

Abstract. Let ¢ : R—R;U{0} be an even convex continuous function with ¢(0)=0
and ¢(u) > 0 for all u > 0 and let w be a weight function. ug and vy are defined by

ug = sup{u : ¢ is linear on (0,u)}, wvp = sup{v: w is constant on (0,v)}
(where sup ) = 0). We prove the following theorem.

THEOREM. Suppose that Ag ,(0,00) (respectively, Ay 4,(0,1)) is an order continuous
Lorentz—Orlicz space.

(1) Ay has normal structure if and only if ug = 0 (respectively, SSO d(ug) - w < 2
and ug < 00).

(2) Ay, has weakly normal structure if and only if SSO d(up) - w < 2.

1. Introduction. Let {2 denote either [0,1] or [0,00) and m denote the
Lebesgue measure on (2. For a measurable function = on {2, the distribution
function d, and the decreasing rearrangement x* are defined by

d(t) =m(|z| >t), a"(t)=inf{s>0:d.(s) <t}.

An even convex continuous function ¢ : R — R, U {0} is said to be a Young
function if $(0) = 0 and ¢(u) > 0 for all u # 0. A function w : 2 — R, is
called a weight function if it is a nonincreasing left continuous function and

1

Vw(t)dt = 1.

0
For a Young function ¢ and a weight function w, the associated Lorentz—
Orlicz space Ay .,(£2) (or Ay, for short) is the set of all real measurable
functions  on {2 such that

00 (\) = [ B0 O)ult) dt = | 60w < o0
0 0
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for some A > 0. The norm of x € Ay ,, is defined by
|z|| = inf{e > 0: py(x/e) < 1}

Recall that a mapping ¢ : Ry — R, is said to be a measure preserving
transformation if for any measurable set D, m(D)=m(c~1(D)). It is known
that for any measure preserving transformation o and any x € Ay, 2 =
(roo)* and

o) > [olzywo o

It is also known that for z € Ay, if m(supp(z)) < oo (or respectively,
m(supp(z)) =00), then there is (cf. [2]) a measure preserving transformation
o:RT — R* (respectively, o : supp(z) — R, ) such that

(1) §g d(2)woo =7 ¢(z*)w;

(ii) if |z(¢)] < |z(s)]|, then o(t) > o(s).
For a Lorentz-Orlicz space Ay .,(£2), ¢ is said to satisfy the Ay condition if
one of the following holds:

(iii) 2 = [0,00) and there exists | > 0 such that ¢(2u) < l¢(u) for all
u > 0.

(iv) £2 = [0,1] and there are [ > 0 and ug > 0 such that ¢(2u) < lp(u)
for all u > ug.

In [7], Kaminska proved the following theorem.

THEOREM A. For a Lorentz-Orlicz space Ay ., the following are equiv-
alent:

(1) Ay is order continuous. So the Kdithe dual of Ay, is the dual of
Apa-
(2) Ay does not contain any isometric copy of lo.
(3) ¢ satisfies the A condition and Sgo w =00 if 2= (0,00).
(4) For any x € Ay, 04(x) =1 if and only if ||z| = 1.
Let X be a Banach space. For any bounded subset A of X, define
r(z,A) = sup{|jxr —y|| :y € A} for any = € A;
R(A) = inf{r(z, A) : z € A};
0(A) = sup{r(z,A) : z € A} = diam A.
A bounded closed convex set A is said to have normal structure if for any
closed convex subset B of A either R(B) =0 or R(B) < §(B). X is said to
have (weakly) normal structure if every bounded (weakly compact) closed
convex subset of X has normal structure. Kirk [9] showed that every non-

expansive mapping on a weakly compact convex set with normal structure
has the fixed point property.
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Recall that a sequence {z,} in X is said to be a limit-constant sequence
if for any = € co{x,},

lim ||z — z,| = diam{z, }.
n—oo

Note that here we require the limit to converge to the diameter of co{z,, :
n €N} (cf. [10]). A sequence {z,} is said to be a unit limit-constant sequence
if {x,,} is a limit-constant sequence with diam{z,,} = 1. It is known that a
Banach space X has (weakly) normal structure if and only if X contains no
(weakly convergent) unit limit-constant sequence [10]. In [3], Chen showed
that if ¢ is an N-function (for definition see [3]) which satisfies the A,
condition, then the Orlicz space L4 has weakly normal structure. Recently,
Carothers, Dilworth, Hsu, Lennard and Trautman [1, 5] studied the uniform
Kadec—Klee property for the Lorentz space L., ;. They proved that L.,
does not have normal structure and they also gave a sufficient condition for
L, 1 to have weakly normal structure. In this article, we study (weakly)
normal structure for Lorentz—Orlicz spaces and give a characterization of
the Lorentz—Orlicz spaces with (weakly) normal structure. For more results
about normal structure of Orlicz function (respectively, sequence) spaces
and Lorentz function spaces, see [1, 3, 5, 6, 8, and 11].

It is known that L; does not have weakly normal structure and /.,
contains an isometric copy of L;. Hence A, ,, does not have weakly normal
structure if Ay ,, is not order continuous. For a fixed Young function ¢ :
R — R, U {0} and a fixed weight function w, let ug and vy be defined by

ug = sup{u : ¢ is linear on (0,u)},
vo = sup{v : w is constant on (0,v)},

where sup() = 0. The following are three examples of unit limit-constant
sequences in Lorentz—Orlicz spaces. The first two are well-known.

EXAMPLE 1 [1]. Suppose that ¢ is linear on (0, c0) and a,, is the number
such that

an

Let e, =nl(g,q,)- It is easy to see that {e, } is a unit limit-constant sequence.
So if Ay.,(0,1) has normal structure, then uy < oo.

Suppose that 2 = (0,00) and ¢ is linear on (0, uq) for some ug > 0. Let
b,, be the number such that

qﬁ(%) bxn w(t) dt = %

A similar proof shows that {e, = (uo/n)1l(p,)} is a unit limit-constant
sequence. Hence if Ay ,,(0,00) has normal structure, then ug = 0.
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EXAMPLE 2. Suppose that there exist two positive numbers u and v
such that ¢ is linear on (0,u), w is constant on (0,v), and Sg d(u/2)w > 1.
Without loss of generality, we may assume that Sg d(u/2)w = 1. Let

U . 2™t .
— -sgn | sin ift <w,
v

0 otherwise.
Then for any = € @o{z; : i« < k} and n > k, ||x — z,|| = 1. This implies
that {z,} is a unit limit-constant sequence. It is known that Ay ., (0,v) is
not equal to L. (0,1) up to equivalent norm. By Proposition 2.c.10 in [13]
(p. 160), {x,} is a weakly null sequence. Hence if A, ,, has weakly normal
structure, then {° ¢(ug) - w < 2.

xn(t) =

\)

EXAMPLE 3. Suppose that ug > 0 and for some v > 0, w is constant on
(v,00). Then there are 0 < u < ugp and v’ > v such that

20’
S d(u)w = 1.
0
Let e, = ul((n—1)v’ ,no)- If ax >0 and Z,ivzl ar = 1, then
N v’ N (k+1)v
0¢ (€N+1 — Z akek) = S d(u)w(t) dt + Z S d(agu)w(t) dt
k=1 0 k=1 kv’
20’
= S d(u)w =1
0

So {e,} is a unit limit-constant sequence.

We claim that {e, } is equivalent to the natural basis of ¢;. So it cannot
be a weakly convergent sequence.

In fact, for any finite sequence {a; }&_, with

g: lax| > %7
k=1 S’U’ (b(u)w

we have

g¢<k§:1akek> Z]ak] S ww > 1.

Hence

|3 o] = Frled

This implies that {e,} is equlvalent to the natural basis of ;.



Normal structure of Lorentz—Orlicz spaces 151

From the above examples, it is natural to ask the following questions:

(1) Does Ay 4, (0,00) (respectively, Ay ,,(0,1)) have normal structure if
vo

ug = 0 (respectively, up < co and §;° ¢(ug) - w < 2)?
(2) Does Ay, have weakly normal structure if §° ¢(uo)w < 27

The following theorem shows that the answer to the above questions is
affirmative.

THEOREM 1. Suppose that Ay ., is an order continuous Lorentz—Orlicz
space.

(1) Ag,w has normal structure if ug = 0 (respectively, §° ¢p(uo)w < 2
and uy < 00).
(2) Ag.w has weakly normal structure if §;° ¢(ug)w < 2.

2. Basic properties of unit limit-constant sequences in Ay ,,.
First, we need the following three lemmas. The first one easily follows from
the definition and the second one was proved in [12].

LEMMA 2. Suppose that v > ¢ > 0 and us > uy > 0. If z is an element
of Ay w such that

m({t € (0,v) : |z(t)] <ur}) >e, m{te (v,00): |x(t) > ux}) > ¢,
then

v v+e
Jo(lehw < o0(@) — (@(uz) — b)) ( | w— | w).

Remark 1. Suppose that either w is not constant on (v—e,v) or w is not
constant on (v,v +¢). Then | _w— SZ+€ w > 0. Hence there is 6 > 0 such
that o4(z) > 0 + | #(x)w whenever z satisfies the assumption of Lemma 2.

LEMMA 3. Let Ay be an order continuous Lorentz—Orlicz space and E

be a set of positive measure and A be a positive number. Suppose that x, y
and z are three elements of Ag ., such that pg(z —y) <1, pg(x—2) <1 and

qs(x(t) - %(y(t) n Z(t))> < o(x(t) —y(t) + d(a(t) — 2(t))

2
for every t € E. Then there is v > 0 such that

Q¢<x—y——;z> <1l-vw

LEMMA 4. Let ¢ be a Young function. For any given § > 0, there exists
e > 0 such that

- A

¢<d2 - %) < %(@(dz —dy) + ¢(d2))

whenever di > ug+ 90 and 0 < dy < di + ¢.
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Proof. If up = 0, then there is ¢ < ¢/3 such that ¢ is not linear on
(e,2¢). If ug > 0, let € = 1 min{up, 6}. Then ¢ is not linear on (e, uo + €).
Hence if d3 > 2¢ + ug and 0 < dy < g, then

o(5™) < 50t + o)

2

Case 1: dy < dy. In this case, do — dy < e, and doy > di > ug + 9 >
ug + 2. So

d do +do —d 1
¢<d2 - 71> = ¢<%> < §(¢(d2 —dy1) + ¢(d2)).
Case 2: dy > dy. If dy < dy/2, then

(o) =oll o) 2o(52) o

If d2 2(11/2, then
dy d d 1
¢<d2— —) <¢>< 2 - 72) :¢<§> < 56(d2).

¢<d2 - %) < %(@(dz —di) + ¢(dz)). =

It seems that the following proposition is known. But we cannot find a
reference. So we present a proof.

[\ |

Hence

PROPOSITION 5. Let {z,} be a sequence in the unit ball of an order
continuous Kothe space E and {B,} be a sequence of disjoint measurable
subsets. If {x,1p,} is equivalent to the natural basis of {1, then {x,} does
not converge weakly.

Proof. Since {z,1p,} is equivalent to the natural ¢; basis, there is z*
in the dual of A, ,, such that (z*,z,1p,) = 1. We claim that

(1) lim lim (z*1p,,,) = 0.

j—00 n—00

By passing to further subsequences of {z,}, we may assume that for any
7 €N, lim, . (a:*lBj , Tp) exists. Suppose the claim is not true. Then there
exist ¢ > 0, L > ||z*||/¢, | and F' C N such that card(F) > L and for any
JEF,
[(x*1p,,21)| > c.
This implies (|z*|, |z;]) > Le¢ > ||z*||, which contradicts ||z;| < 1.
We claim that there is a subsequence {z,, } of {z,} such that

1
[(z"1p, ,zn,)| << foranyl>i+1;

4
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1

By (1), there is ny such that
1
li 1 —.
Jim [(@"1p, o] < 7

We can find an ny > n; such that

. 1
(z*1p,,,z1)| < 1 for any [ > na;
1
|, lyz . B, | < 2] (since E is order continuous);
. X 1
leH;O (21, , 71| < IE] by (1).
Assume that nq,...,n; are selected. Then there is n;;1 > n; such that
1
[(z"1B,,,z1)| < T for any [ > njq1;
1
HxnilUﬁiniH Ba, I < yEEyTP (since E is order continuous);
. X 1
lim [(z"1p,,, . 26| < 77 by (1).

We have constructed a subsequence {z,, } which satisfies our claim. Let
{a; : 1 < j < N} be any finite real sequence, and let

Ey=|/{Bj:a;>0and j <N}, Ey=|J{B;:a;<0andj <N}
Then

N
o[ [ D2 s,
j=1

N
> <:1:*1E1 — $*1E2,Zaj:nnj>
i=1

N
> Z (’a]K‘T*? ]‘Bjxnj>

j=1
j—1
= lagl Wt U} = Jagl - o, e, 5, )
1=1
N Jj+1 1 9 N
2 Y- 5) 25 e
j=1 i=1 j=1

This implies that {x,,} is equivalent to the natural basis of ¢;. So {z,}
cannot converge weakly. m

Suppose that Ay ., is an order continuous Lorentz—Orlicz function space
without (weakly) normal structure. There exists a (weakly convergent) unit
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limit-constant sequence {x,, } in Ay ,,. (From now on, {x,} is a fixed (weakly
convergent) unit limit-constant sequence.) Let

n
1
— / " :
Tn = g Tk, 2z, =sup{z1,...,zn}, 2z, =inf{zy,...,z,}.
k=1

Then {z/, } is an increasing sequence. It converges in measure to an extended
measurable function

2 =sup{z, :n €N} = lim 2.
n—oo
Similarly, {z//} is a decreasing sequence, and it converges in measure to
another extended measurable function

2" =inf{z, :n € N} = lim 2.
n—od

LEMMA 6. m({t: |2'(t) — 2"(t)] > uo}) = 0.

Proof. If ug=o00, then there is nothing to be proved. So we may assume
that ug < co. Suppose that the lemma is not true. Since

{t:2(t) =" O] >uo} = |J {1 |2n(t) = 2m(t)] > uo},

m,neN

there are n and m such that
m({t : |z, (t) — ()] > uo}) > 0.
By passing to a subsequence, we may assume that x,, = x1 and z,, = xs.
Let A= {t: x5(t)—x1(t) > 0}. Replacing x, by (zx—x1)1a—(zr—21)10\ 4,
we may assume that zo > 0. By measure theory, there is § > 0 such that
m({t:|z1(t) — z2(t)| > uo +d}) > ¢ > 0.

By Lemma 4, there is € > 0 such that

1
(2) ¢<d2 - 7) < §(¢(d2 —dy) + ¢(d2))
provided d; > ug+ 9 and 0 < dy < dy + €.

CrLAIM. There are a subsequence {yi}32, of {zn} and a decreasing se-
quence {Cy}72 5 of measurable sets such that

(a) y1 = 71, Y2 = T2;
(b) m(Cyp) = (1/2+1/2")c;
(c) for any t € C,, there is k < n such that
yn(t) — yr()] = € +sup{|yn—1(t) — y;(¢)| : j <n}
— e sup{Jyi(t) — 4 (1) 4, < n}.
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Suppose the claim were proved. Note that if n > 2, ¢t € C), and y,,(¢t) > 0,
then

Yn(t) —inf{y; () : 1 <i<n—1} > e+ sup{|yn_1(t) —y:(t)] : 1 <i < n}.
Similarly, if y,,(t) < 0, then
sup{yi(t) : 1 <@ <n—1} —y,(t) = e +sup{lyn—1(t) — v (1) : 1 <7 <n}.
So for any t € C,, and k < m <n — 1, we have
(Yn(t) — ym () (yn(t) — yi(t)) = 0,
and
Y (t) — ym )] = sup{lyn(t) —y;(t)[ : j <n —1}
—sup{|ym (t) —y;(t) : j <n—1} > e
This implies
card({j <mn —1:[yn(t) —y;()] <le}) <11,

and
RN 1 & ne
[Vn (1) = Tna (O] = — ; [y (t) = 3i(0)] = —— ;w :
Therefore,
m(Cn) ne ne 6/2
S O((Yn — Tp_1))w > S ¢<—>w > ¢<_> S w,
17 o 2 2)

which is impossible if n is large enough. Hence the lemma must be true.

Proof of Claim. Let Co={t: |y1(t) —y2(t)| > uo+3}. (So m(Cs) <
00.) Suppose that yi,...,yx = x,, and Co, ..., ) have been constructed.
For j < k, let

Dj ={t € Cy : |yn(t) — y;(t)]
= sup{lyr(t) —vi(t)] : <k} > sup{lyn(t) —wi(t)] : 7 < j}}-
Then Cy, = Uj—; D;.
SuBCLAIM. There is M; > ny, such that for any n > M;,
m({t € D; : supf{len(t) —vi(t)| - i < k}
> sup{lyx(t) — yi(t)] : i <k} +e}) = (1 - 1/2" " )m(D;).
Suppose that the subclaim were proved. Let nyi1 = sup{M; : j < k},
Yktl = Ty oy and

Che1 = A{t € Ck 2 sup{lyr41(t) —y;(1)| : j < k}
> sup{|yx(t) —y; ()] : j <k} +e}.
Then Cky1 and yi11 satisfy (b) and (c), hence the claim is proved.
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Proof of Subclaim. If m(D;) = 0, then let M; = n; + 1. So we
may assume that m(D;) > 0. By measure theory, there exists L > § + uo
such that

m({t € D : |yn(t) — y;(t)] < L}) > (1 — 1/2*)m(D;)

for any m(D;) > 0, j < k. Note that if ¢t € Dj, then ug+9 < |yx(t) —y;(t)|.
Suppose the subclaim is not true. Then for any N > nyg, there is m > N
such that

B =A{t € Dj : max{|em(t) — yu ()], [2m(t) — y;(t)[}
< Jyr(t) — y;(t)| + € and ug + 6 < |yx(t) —y;(t)] < L}
has measure greater than 2~**2m(D;). For any t € E,, ;, either yy(t) >

y;(t) or yi(t) < y;(t). Without loss of generality, we assume that y(t) >
y;(t) and yi(t) + € > 2, (t) > y,(t) —e. Let di = yg(t) — y;(t) and

do = {yk(t) - xm(t) if xm(t) < yk(t)7
2 T (t) —y;(t) otherwise.

Since [0, L] is compact and ¢ is continuous, by (2), there is A > 0 such
that

2
whenever L > dy > ug + 9 and dy < dqy + €. So

(b(%(yk(t) + Yj (t)) - xm(t)>

<Z5<d2 - ﬂ) < %(¢(d2 —dy) + ¢(da)) — A

= ¢<yk(t) - xm(t) - 9

1
< 5(0Wk(t) = 2m (1)) + 6(y; (1) — 2m (1)) — X
Note that o4 (mm — %(y] + yk)) <1and Sgo w = oo. By Lemma 3, there is
v > 0 (which depends on A, w and m(D;), but is independent of z,,) such

that .
| ¢<<$m - %(yj +yk)>*>w <1-vw

0
Since ¢ satisfies the Ay condition, by Theorem A,

yr(t) — yj(t)>

1
Tm — _(yk +yj) < 17

2

which contradicts the fact that {z,} is a unit limit-constant sequence. So
the subclaim must be true and the proof of Lemma 6 is complete. m

lim inf

m—00

Remark 2. Since {x,} is not a constant sequence, we have ug > 0.
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LEMMA 7. For any l € N and € > 0,
lim m({t:z (t) +e < x,(t) < z(t) —e}) = 0.

Proof. Suppose the lemma is not true. By passing to a further subse-
quence of {z,}, we may assume that there are ¢ > 0 and 6 > 0 such that
for all m > [, the set

Fo={t:2/(t)+e<azn(t) <zt —c}

has measure at least . Let o be a measure preserving transformation such
that

(i) Sgo ¢(zm —T)woo = SSO O(zm — T1)")w;
(i) if |(zm — Z1) ()| < [(xm — T1)(s)], then o(t) > o(s).

Since for any t € F,,,

7 Z‘xm —zg(t)] > < + [zm (t) — T (1)l

by Lemma 3, there is v > 0 (dependent only on [, § and ¢) such that

Jolten =70 = § (a0~ 3 3 Jweo

IN

!

1

72% | Ty —xk]) —v <1 —w.
k=1

This contradicts lim,, o ||Zm — Zi|| =
LEMMA 8. Suppose that there are two positive numbers vy, u; such that
(1) either w(t) < w(vy) for allt > vy or w(t) > w(vy) for all t < vy;
(2) for any i # j, m({t D (t) —x5(t)] > ul}) < .
Then for any ug > uy, m({t: 2/ (t) — 2" (t) > uz}) < vy.
Proof. Since the proofs are similar, we can assume that w(t) < w(vy)

for all t > v;. Suppose that the lemma is not true. There is v > 0 such that
Ug — uyp > 2v and

m({t:2'(t) — 2" (t) > us +2v}) > vy + 2v.
Let
F={t:z/(t)— 2 (t) > us + 3v/2}.
Clearly, m(F}) < oo for all k € N. Since {F},} is an increasing sequence and

Urey Fie 2 {t : 2/(t)—2"(t) > uy+2t}, there is [ such that m(F}) > v1+3v/2.
Let

Gpn={teF :x,(t) > z(t) —v/4 or z,(t) < 2/ (t) + v/4}.
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By Lemma 6, lim, . m(F; \ G,) = 0. So there is N7 > [ such that if
n > Ny, then m(G,,) > v; +v. This implies that for any measure preserving
transformation o of (2,

m({t € G, :t€ o (vy,00)}) >v.

Fix n > Nj. By the definition of G,,, for any t € G, either z,,(t) > z/(t) —
v/4or z,(t) < z/'(t)+v/4. Without loss of generality, x,,(t) > z/(t)—v/4. Let
j < lsuch that z;(t) = 2/'(t). Then

|20 () — 25 ()| > 2, (¢) — 2" (t) — v/4 > uy + 5v/4.

Note that {z,} is a unit limit-constant sequence. For any A > 0, there are
n > N; and a measure preserving transformation ¢ such that

(i) §o(zn —TNwo o = [o((zy — 7)) )w > 1 - X
(ii) if |(zy, — 7)) (t)] > [(x, — T1)(8)|, then o(t) > o(s).

For any k£ </, let
Hy, = o0 v, 00) N {t: |z, (t) — 24 (t)| > uy + 5v/4}.

Clearly, Uﬁc:l Hy, D {te G, :tec o vy,0)}. Hence there is k < [ such
that m(Hy) > v/l. By (2), the set {t € 071(0,v1) : |2 (t) —zx(t)| < ui} has
measure at least m(Hy). By Lemma 2 and Remark 1, there is 6 > 0 such
that ¢ is only dependent on uy, v, vq,l, and

Vo2 (t) = zi(t))w o o(t) dt < o4 (xn — z1) — 6.

This implies, for any A > 0,

l
1—A§S¢(wn—fl)w00§ %ZS@(ZEn—ij)wOO

IN
~| =
s
<
8
S

|
8
<
~

|

It is impossible if A < 0/1. m
We have the following two corollaries.
COROLLARY 9. If vg = 0, then 2z’ and 2" are finite almost everywhere.

Proof. Since vg = 0 and w is left continuous, for any § > d; > 0, there
are 0 < do < 6; and uy > 0 such that gg(u1l(0,5,)) > 1 and w(t) < w(dy) if
t > d9. Since {x,} is a unit limit-constant sequence, for any m,n we have
06(Tm —x,) < 1. So

m({t : |zn(t) — zm(t)] >u1}) <6 for all n,m € N.
By Lemma 8, we have

m({t:2'(t) — 2" (t) > us}) < o
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for any us > uj. Since (52 is arbitrary 2" and 2” are finite almost every-
)
where. m

COROLLARY 10. Suppose that w is not constant on (v,o0) for any v > 0.
Then for any e > 0,

m({t: 2/ (t) — 2" (t) > 2¢}) < o0.

Proof. Since Sgo w = oo and w is not constant on (v, co0) for any v > 0,
it follows that for any € > 0, there is L > 0 such that w(t) > w(L) for all

t> L and
m{t: |z, (t) — z,(t)| >} < L
for all n,m. By Lemma 8, we have
m({t:2/(t) —2"(t) >2}) < L< 0. m

PROPOSITION 11. Suppose that there is 1 > § > 0 such that one of the
following conditions holds:

(1) For any M > 0, there is n such that 04(n1 (s, t)|>Mm}) > 6.
(2) For any € > 0 there is n such that 04(n1{s|a, (t)|<c}) > 0-

Then {z,} does not converge weakly.

Proof. Since the proofs are similar, we only prove the proposition when
(1) holds.

Suppose the proposition is not true. Then there is a weakly convergent
unit limit-constant sequence {z,} satisfying (1). Lemma 6 yields uy = oc.
By assumption, there exist sequences { Dy}, {dy} and {ny} such that for all
k iN we have 8¥dy, < 8* Dy, < ddy 1 < 6Dy 1 and Q¢($nk1{t:dk§|xnk(t)|§Dk})
> 0. Let

Ap={t:dp < |z, ()| <D}, Be=Ar\ |J 45
Jj=k+1

m(Ag)

Since 0¢(xn,) < 1 and |z, (t)| > dy for every t € Ay, |

1/¢(dk). So

w(t)dt <

06 (@, 1) > 06(@n 1a) — D 04(wn,14,)
j=k+1
= 1 § 26
>5— Y ¢(Dy) >0 -5 ==
Pt ¢(d;) 33

We claim that {x,, 15, } is equivalent to the natural basis of £;. Without
loss of generality, we assume that
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By, = <j:§k§rlm(3j)’j§:.;m(Bj)>,

and |z,, |1p, is decreasing on By. Then

SQS(xnlek)w
By
m(By) oo 0o
= S gb(:nnk)(t—l— Z m(Bj))w<t+ Z m(Bj)>
0 j=k+1 j=k+1
m(Bg) oo 00
> | ) (t+ Y mB))wt) — (D) Y 1/é(d;)
0 j=k+1 j=k+1
2 Q¢(xnlek) - g 2 %6 - g = g

Q¢<Za3x"3133) 2 qu(ZGJ:E”JlBJ)w = S ¢(a1x"3)w
Jj=1 Jj=1 j=1B;
=3 | ajp(zn,)w > Z\aﬂé >1

This implies that {z,, 1p,} is equivalent to the natural basis of ¢;. By
Proposition 5, {x,,} does not converge weakly. m

PROPOSITION 12. Suppose that for any v > 0, there are a sequence {n;}
and a measurable set A such that 0 < m(A) < vy and

06((Tn, —Tn;)1a) >1—v  whenever i > j.
Then §° ¢(ug)w > 2.

Proof. It is clear that vg > 0. If ug = oo, then there is nothing to
be proved. So we may assume that ug < oco. Replacing z,, by =, — z1 if
necessary, we may also assume that z; = 0. By Lemma 6, both 2z’ and
2" are bounded. Since ¢ is linear on (0, vp), without loss of generality, we
further assume that ¢(t) = ¢ for all 0 < ¢t < up and w(t) = 1 for all ¢ < vy.
To prove the proposition, it is enough to show that vy > 2/ug.

Let K be a fixed natural number. For any a < b and any 0 < [ < 2K,
let {ar : 1 < k < 2K} be a finite sequence such that

an — {a if k£ <I,
b otherwise.
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Then
> aj—al = 2K -1+ 1)1 —1)(b—a) < K*(b—a).
i<j<2K

Let 0 < d < vg be any positive number such that

: 1
0

By assumption, there are a measurable set A and a natural number N such
that 0 < m(A) < vy and

06((Tn, — Tn;)1a) > 1—1/K*  whenever k > j > N.
By the definition of 2z’ and z”, there exists [ such that

m{t eA: () — 7)) > Tl"“ug} < g,
m{t €A () — 2 ()] > L} <2
2K4’U0 3
By Lemma 7, there exists a finite subsequence {ki,...,kox } of {ni} such

that for any j < 2K,

1 1 0
N/ /
m<{t€A.zl (t)+2 4U0<xkj<zl—72 4UO}><—3.

Let
B; = {t € A2 (t) —mp, (t)] > ! and |z, (t) — 2'(t)| > ! }
‘ — Kty ! — Kty
Then for all i < 2K, B; has measure at most 4. For each i < 2K, let y; be a
measurable function such that y;(t) € {2/(t), 2" (t)} and for any t € A\ B;,
lyi(t) — 2, (t)| < 74— Then

K4'U0
1
K(2K — 1)(1 - ﬁ) < Z 06 ((Tr, — x1;)14)
i<j<2K
= Z S\xki—xkj]dt
i<j<2K A
< > View —wil +lys =yl + ly; — o, | dt
i<j<2K A
dt
< > Vwdt+ Juodt+ | -
i<j<2K \B; B; avp, -0

dt
+ S KTUO‘FU%—%‘C”)
A\B; A
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4
< K(2K — 1)@ + S Z 1yi — v
Ai<j<2K

< + K2UO'U0.

16
K?
This implies

_ 2 16 1
o 2 (uo) 1<2K2‘K—ﬁ—ﬁ>ﬁ

Since K is arbitrary, vg > 2/ug. =
For any subsequence {z,, } of {z,}, define

p(xn, ) = sup{u : m({t : sup{zy, }(t) — inf{z,, }(t) > u}) = cc}.

LEMMA 13. Suppose 2’ and 2" are finite almost everywhere. Then there
is a subsequence {x,, } of {xn} such that for any further subsequence {yx}

of {‘T'ﬂk}7 p(‘r'ﬂk) = p(yk)
Proof. For any subsequence {z,, } of {z,}, clearly, p(z,)>p(z,, ). Let

q(zn,) = inf{p(yr) : {yr} is a subsequence of {z,, }}.

By induction, there exists a sequence {x;, : n € N}22, of sequences such
that

(a) for any j, {x;, : n € N} is a subsequence of {z;_ 1, :n € N};
(b) for any j,
pj =p({zjn:j €N}) <gj1 +1/2
where ¢;_1 = ¢({zj_1,, : n € N}).
Note that {p,} is a decreasing sequence, {q,} is an increasing sequence

and [p, — gn—1] < 1/2". Further,

uy = lim p, = lim g,
n—oo n—oo

exists. We claim that p({z,,,, : n € N}) = ugy = ¢({zp,n : n € N}).
Let {yx} be any subsequence of {z,, , : n € N}. Then for any m € N,
{yr : k> m} is a subsequence of {z,, ,, : n € N}. So

plyr) = lim p({yx : k =m}) > lim_gm = us.
For any ¢ > 0, there is m such that p,, < uq + /4. Let
A= {t:sup{xpn:n>m}t) —inf{x,, :n>m}t) > us +e/4}
B ={t:|x;;(t)| > e/4 for some j < m}.

o

Since {;"w = oo and p({znn : n > m}) < ug +¢/4, both A and B have
finite measure.
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Ifj,k<mandt¢& AU B, then
|25,5(t) — zr(t)] < /2 < ug + 3e/4;
|sup{an,n : n = m}(t) — ;;(t)|
<|sup{@n,n : n > m}t) = Ty (B)]| + [Zm,m (t) — x5, (t)] < ug + 3e/4
and
[inf{z, , :n>m}(t) —x;,;(t)]
< |inf{xp . :n > mpt) — Tpm ()] + [Tm,m (t) — 25,5 ()] < wa + 3¢/4.

This implies that for any ¢t ¢ AU B, sup{x,, ,, }(t) —inf{z, » }(t) < us+3e/4,
and

p{xnn:n€eN}) <ug+e.
But ¢ is arbitrary, so p({zpn :n € N}) <uy. =

LEMMA 14. Let uy, § and v be positive real numbers. Suppose that {x,} is
a unit limit-constant sequence such that for any subsequence {x,, } of {x,},
we have

us = p({zn :n € N}) = p({zn, : k € N}),
m({t : sup{x,, : k € N}(t) — inf{z,, : k € N}(t) > 3v}) > vy + 30.
Then there is a further subsequence {x,, } of {zn} such that for almost all t,
sup{zy, }(t) — inf{z,, }(t) < uy.

Proof. We only prove the lemma when vy = 0. Suppose the lemma is
not true. Then there is v/6 > ¢ > 0 such that the set

Gy ={t:2'(t) = 2"(t) > us + ¢}

has measure at least €. Replace § by €/2 if necessary. We may assume
that 0 < e. Since vy = 0, there is 0 < §; < §/6 such that if ¢ > 07, then
w(t) < w(d1). Note that for any subsequence {x,, }, p(,, ) = us. Applying
Lemma 8 and passing to subsequences, we may assume that for any n # m,

(4) m{t:|zn(t) — xm ()] > us + 2¢/3}) > 01.
Let
Gy ={t:2'(t) —2"(t) > uq +¢/2}.
Then 0; < m(G2) < oo, and there is [ such that
Gs={teGy:2'(t)— 2(t) > /12 and 2] (t) — 2" (t) > g/12}

has measure less than 0;/10. By Lemma 7, there is N3 such that for any
n > N3z, the set

Gy ={t € G2\ G3 : either |2/(t) — z,(t)| < e/6 or |2]'(t) — z,(t)] < e/6}
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has measure at least m(Gsz) — d1/5. Let
Gs =G4 NGy ={t € G1 \ G3 : either |z/(t) — x,(t)| < e/6
or |z/'(t) — xn(t)] < e/6}.

Then m(Gs) > m(G1) — 61/5 and for any t € G5 (respectively, t € Gy),
there exists k1 < [ (respectively, ko < [) such that

|0 () — 2, (8)] = max{[zn () — 21(D)], [2a(t) — 27 (B)[} = ua +€—€/3,
or respectively,

|20 (t) — Tk, ()] = min{|zn () — 21(£)], l2n (t) — 2 ()]} < £/6).
Since {z,, } is a unit limit-constant sequence, for any A > 0, there are n > N3
and a measure preserving transformation ¢ such that

(i) §g ¢lan —Twoo =7 ¢((zn —T) Jw > 1= \;
(ii) if |(zy, — 7)) (t)] > [(x, — T1)(8)|, then o(t) > o(s).
Case 1: m(o=1(0,81) NGy) > 281 /5. For any k <, let
Hy={t:tco 0,6) and |z, (t) — x1(t)| < /6}.
Since Uizl Hp O G4nNo71(0,61), there exists k < [ such that m(Hy) >
261/(51). By (4),
m({t € 071 (d1,00) : |wp (t) — 2 (t)] > ug + 2¢/3}) > 26, /(51).

Case 2: m(oc71(0,01)) NGy4) < 261 /5. Note that G5 C G4 C G5 and
m(Gs3) < 61/5+ m(Gy4). We have

m(O’il(O,(Sl) \ Gg) Z 51 — m(O’il(O,él) N G4) — 51/5 2 251/5,
and
401/5 )
G5) = m(0_1(51, OO) N G5) + m(a_1(0,51) M G5)
1 )ﬁG5)+m(0’*1(0,51)ﬂG4)
0'_1((51,00) N G5) + 251/5.

INIA IA A

This yields
(5) m(o~1(01,00) N G5) > 46, /5 — 201 /5 = 251 /5.
Let
H; ={t€ o (61,00) : |2, (t) — g (t)] > ug + 2¢/3}.
Let ¢ be an element of G5 No~1(d;,00). Then
2(t) = 2"(t) > us +¢

with either |2](t) — z,(t)| < &/6 or |2/ (t) —zn(t)| < e/6. Sot € Hj, for some
k <1. By (5), there is k < [ such that m(H},) > §;/(5l). On the other hand,
if t € 071(0,81) \ Ga, then |z, (t) — x1(t)] < 2/(t) — 2" (t) < uyq +¢/2.
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By Lemma 2 and Remark 1, for both cases, there is do > 0 (which is
dependent only on 67,1, uy, ) such that

0¢(Tn — 1) > Scb(a:n — xp)w o o + dg.

This implies, for any A > 0,
1
1—)\<S< _72: >
1
1 02
72 Tn— ) =S 1-

This is impossible if A < d3/1. »

60 — 2w o0

I/\
~|
»MN

1

<
Il

IN

3. Proof of Theorem 1. Let A;,, be an order continuous Lorentz—
Orlicz space such that §(” ¢(ug)w < 2. We claim that if Ay ,, contains a unit
limit-constant sequence {z,}, then

(a) {z,} does not converge weakly;
(b) if Apw = Apw(0,1), then uy = oco.

Condition (a) implies that if Sgo d(ug)w < 2, then Ay, has weakly nor-
mal structure. By Lemma 6 (cf. Remark 2), (b) yields that ug > 0 if Ay,
does not have normal structure. Moreover, if Ay, = A4, (0,1) does not
have normal structure, then either Sgo d(up)w > 2 or ug = 00.

Let {z,} be a unit limit-constant sequence in Ay ,,. Suppose that {z,}
satisfies one of the following conditions:

(c) For any M > 0, there is n such that og(2n1{s|a, ¢)|>Mm1) > 6.
(d) For any € > 0 there is n such that o4 (251140, 1)|<e}) > 0.

By Proposition 11, {z,} does not contain any weakly covergent subse-
quence. By Lemma 6, (c¢) yields ug = oo.

Suppose (d) holds. Since Ay ,, is order continuous, for any ¢ > 0 there is
€ > 0 such that p4(1(0,1)) < 6/2. Hence, if 04 (2n sz, 1)|<c}) > 6, then we
must have Ay ,, = Ay ,(0,00). Hence we may assume that neither (c) nor
(d) holds.

Since SSO ¢(up)w < 2, by Proposition 12, there exists v > 0 such that for
any subsequence {z,, } of {z,},

(6) m({t : sup{x,, : k € N}(t) —inf{z,, : k € N}(t) > 3v}) > vy + 3v.

The same assumption yields either ug < oo or vg = 0. By Lemma 6 and
Corollary 9, both 2z’ and 2" are finite almost everywhere. Applying Lem-
mas 13 and 14 and passing to further subsequences of {x,, }, we may assume
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that for any subsequence {z,, } of {z,},

ug = p(n) = p(n,),

and
(7) sup{z, }(t) — inf{x, }(t) < uy.

If ug = 0, then {x, } contains a constant subsequence. This contradicts the
fact that {z,} is a unit limit-constant sequence. So u4 must be positive,

(8) m({t : sup{a, }(t) — nf{z, }(t) > 15us/16}) = oo,
and 2 = (0,00). By Corollary 10, there is v such that w is constant on
(v,00). Let

v; = inf{v : w is constant on (v, c0)}.
If v1 = 0, then vg = oco. This contradicts our assumption SSO d(ug)w < 2.
So v1 > vg and v > 0.

By (8) and Lemma 8, there exists a subsequence {z,, } of {z,,} such that

for any j < m,

m{t : [vp;, —2p, | > Tus/8)}) > v1.

Replacing {zx} by {x,, } if necessary, we may assume that for any n > m,
(9) m({t : [xn(t) = zm(t)| = Tus/8)}) = v

CLAIM. There are a subsequence {x,, } of {zn} and a sequence of pair-
wise disjoint measurable sets {By} such that m(By) > 2v1/3, and for any
meN, t € B,

|Zn,, (1) — T, ()] > 3ug/d  if k <m.

Suppose the claim were proved. By the proof of Example 3, {(z,, —
Tn,_,)1B, } is equivalent to the natural basis of /1. By Proposition 5, {z,}
does not converge weakly. Hence we only need to prove our claim.

Proof of Claim. Letn; = 2. Suppose that ny,...,n are selected.
For any | > ny, with o4(z; — (1/k) Z?Zl Tp;) >1— A, let 0 be the measure
preserving transformation such that

. o0 k oo k *

(i) S() (xy — (1/k) Zj:l ‘Tnj)w °00 = Sg o((x1 — (1/k) Zj:l ‘Tnj) Jw >
1— X

(i) 1F | (21 — (1/k) 25—y @, )] 2 [ = (1/k) 25— @, ) (5)], then o(t) >
o(s).

If m({t € o=1((0,v1)) : |@1(t) — @y, (t)] < Bug/4}) > v1/47 for some
j <k, then by (9), we have

m({t € o7 (v1,00) : @y (t) — @, (t)] > Tua/8}) > v1 /4.
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By Lemma 2 and Remark 1, there is §3 > 0 independent of ¢ such that

[ee]

K
| ¢<$l— %Za:nj)woa <1—ds.
j=1

0

Since Ay, is order continuous and {x,} is a unit limit-constant sequence,
there is ngy1 > ny such that

o0

R 5
Z 3
é < E ya )w o0 > 1— E
The above proof shows that for any j < k,

m({t € o7H(0,v1) ¢ Ty, (t) — 20, (1)] < Bug/d}) < vy /4.
Let

Biy1 ={t €07 (0,v1) : for any j <k, |z;(t) — 2, (t)] > 3us/4}.

Then .
m(By41) = v Z

Let ¢t be an element in By and i, j two natural numbers such that ¢ < j < k.
Then

- 3

- |

(1+1/16)ug > |2n, (t) — 20, (t)] > 3us/4 by (7).
If (20, () — 2n; () (20, () — (t)) < 0, then

‘xm (t) - xﬂj (t)’ = ‘xﬂk (t) - xﬂj (t)’ + ‘xﬂk (t) — Tn, (t)’
3U4 3U4
>2— = —.
4 2
This is impossible. So for almost all ¢ € By and for i < j < k, sgn(zp, (t)—
T, (t)) = SgH(JEnk (t) — Tn, (t))7 and
|0, (t) — @, (8)] < ua/4.

This implies ¢t ¢ B; and {Bjy} is pairwise disjoint. We proved our claim, and
hence also Theorem 1. =m

Remark3. (1) The results in Sections 2 and 3 are still true for Lorentz—
Orlicz sequence spaces {4 ,,. Hence if /4 ,, is an order continuous Lorentz—
Orlicz sequence space (i.e. ¢ satisfies the Ay condition for small values and
o2 w(i) = o0), then ¢4, has normal structure if and only if ug = 0.

(2) Let {z,, } be a limit-constant sequence in an order continuous Lorentz—
Orlicz sequence space 4 ,,. We claim that {z,} does not converge weakly.
By passing to a subsequence and then translating it, we may assume that
for any n > m,

ln| Alzmllleo < 1/n.
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If for any € > 0 there is n € N such that ||z, || < €, then by Proposition 11,
{z,} does not converge weakly. In this case, we are done. So we may as-
sume that there is N and € > 0 such that ||z, ||cc > € for all n > N. By
Corollary 10, there is v > 0 such that w is constant on (v, 00). By Proposi-
tion 5 (cf. Example 3), {z,} does not converge weakly. Hence every order
continuous Lorentz—Orlicz sequence space {4 ,, has weakly normal structure.
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