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On existence and uniqueness of solutions
of nonlocal problems for hyperbolic differential-functional
equations in two independent variables

by Tomasz CzrAPINSKI (Gdansk)

Abstract. We seek for classical solutions to hyperbolic nonlinear partial differential-
functional equations of the second order. We give two theorems on existence and unique-
ness for problems with nonlocal conditions in bounded and unbounded domains.

1. Introduction. If X,Y are any metric spaces then we denote by
C(X;Y) the set of all continuous functions from X to Y. Let Ry = [0, 00),

ag,bo € Ry and @ > 0,b > 0. We put 2 = [0,a] x [0,b], 2 = [—ag,a] x
[—bo,b], Qg = [—ao,a] X [—bg,b] \ (0,(1] X (O,b] and B = [—ao,O] X [—bg,O].
If z : 2 — R then for any (z,y) € £2 we define a function Z(z,y) B — R by
2y (s, 1) = z(x + 5,y + 1), (s,t) € B.

In this paper we will deal with the following nonlinear hyperbolic differ-
ential-functional equation:

(1) nyu(:n,y) = f(x,y,u(ny),Dxu(x,y),Dyu(x,y)), (gj,y) € Q)
where f : 2 x C(B;R) x R? — R, together with the nonlocal conditions

(2) U(z,0) + Z(hi)(m,o)u(m,bi) = P02 €[0,al,
=1
m

(3) w0 + D900 Uas0 = S0y Y €08,
j=1

where ¢ : 20 — R, h; : [—ag,a] x [~by,0] = R, i =1,...,m, g; : [—ap,0] x
[—bo,b] = R, j=1,...,m,and a;,j =1,...,m, b;, i = 1,...,n, are finite
numbers such that 0 < a1 < ... < am <a, 0 < by <...<b, <b. The
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nonlocal conditions (2), (3) may also be written in the form

) u(z,y)+ Z hi(z, y)u(z,b; +y) = ¢(z,y),
(z,y) € [~ao,a] x [~bo, 0],

(3,) u(m,y) + Zgj(x,y)u(aj + ‘Tay) = (b(a:,y),

! (2,9) € [~a0,0] x [~bo.b].

Remark 1. Note that the domains on which the nonlocal conditions
(2"), (3') are considered overlap. To ensure compatibility we need addi-
tional assumptions on the functions h;,g;. In the sequel we will assume
that h;(z,y) = g;(z,y) =0 for (z,y) € B, i=1,...,n, j=1,...,m.

If ap = 0, by = 0 then the differential-functional problem (1)—(3) reduces
to a differential nonlocal problem. A problem of this type, in which g; =
0, j=1,...,m, was considered by L. Byszewski [2]. The nonlocal conditions
were introduced for the first time by J. Chabrowski [3] in the study of
linear parabolic problems. Conditions of this type can be applied in the
theory of elasticity with better results than the initial or Darboux conditions.
Nonlinear differential problems of parabolic type with nonlocal inequalities
together with their physical interpretation were considered by L. Byszewski
[1]. His results concerning nonlocal problems are generalizations of those

given in [4], [7] since in case h; = g; =0, i =1,...,n, j =1,...,m, the
nonlocal conditions reduce to the classical Darboux conditions (see also [6],
[8])-

In this paper we consider nonlocal problems for the differential-functional
equation (1), i.e. for the equation in which the right hand side is an operator
on the function space C'(B;R) with respect to the third variable. The Dar-
boux problem for nonlinear hyperbolic differential-functional equations in a
Banach space was studied in [5] with the use of the Kuratowski a-measure of
noncompactness. In this paper we give a theorem on existence and unique-
ness of classical solutions of the problem (1)-(3). We also give an analogous
theorem for a problem on an unbounded domain, with (2,[0,a] and [0, ]
replaced by Ri, R, and R, respectively. The proof is based on the Banach
fixed-point theorem and it is close to that given in [2].

2. Theorems. By C'(£2;R) we denote the space of all functions u €
C(£2;R) which have continuous derivatives Dyu, Dyu on {2. Let U be the
set, of all functions u € C ((NL R) which are C'! on {2 and such that the mixed
derivative D, u exists and is continuous on 2, and let || - || denote the usual
supremum norm in C(B;R).
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THEOREM 1. Suppose that

(i) f € C(2 x C(B,R) x R%;R) and there is a nonnegative constant L
such that for all (z,y) € 2, 2,z € C(B;R), p,P,q,7 € R, we have

(11) qb € C(QﬂvR) and ¢(07 ) € Cl([()’a];R)y ¢(70) € Cl([ovb]vR)a
(111) h; € C’l([—ag,a] X [—bo,O];R), 1 =1,....n, g; € Cl([—ag,O] X
[—bo,b;R), j=1,...,m, and

(5) hl(xay):()’ gj(xay)zov ($7y)6B7Z’:l)"'anajzlv"'am;

(iv) K, M are nonnegative constants such that for all (x,y) € 2, i =
1,...,n, j=1,...,m, we have

l9j(z, )| < M, |Dygj(z,y)| < M;
(v) there is a positive constant C' such that

2C +1
(7) % + 2nNeCl + 2mMeCom < 1.

Then there is a unique solution of the problem (1)—(3) in the class U.

Proof. Let U be the set of all functions u € C’((NZ;R) which are C! on
2. In U we introduce the norm

lulle = llulle.o + lullea + llulle.2,

where
[ullco= sup e CEH|u(z,y)],
(z,y)ER
Julley = sup e T |Du(z, y)l,
(z,y)€R
Jullce = sup e T |Dyu(z,y)|.
(z,y)€R

We define the following operator on U:
@) (Tu)(z,y) = ¢(<E 0) + ¢(0,y) — ¢(0,0)

—tho (x,b;) Zg]Oy u(aj,y)
Jj=1
zy
+ S Sf 5,t,U(s,t), Deu(s,t), Dyu(s,t)) dt ds,
00

(z,y) € 02,
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9)  (Tu)(w,y) = dla,y) = Y hilz,y)ulz,bi +y),

=1
(z,y) € [~ao,a] x [~bo,0),

(10)  (Tu)(z,y) = ¢(z,y) — Zgj (z,y)u(a; + z,y),

(x,y) € [—ap,0) x [—bo,b].
The above definition is correct even though the domains in (9) and (10)
overlap. Indeed, if (z,y) € B then by (5) we see that (Tu)(x,y) = ¢(x,y)
in (9) as well as in (10).

It is casy to see that if u € U then T is continuous on {2 \ 2 and C* on
2. The continuity of Tw on £2, i.e. the continuity on {0} x[0,5]U[0, a] x {0},
follows immediately from (5). Therefore, 7" maps U into itself.

If w € U is a solution of the problem (1)—(3) then integrating (1) on
[0,2] x [0,y] and making use of (2), (3) we find that u is a fixed point of
T. Conversely, if u € U is a fixed point of T then from (8) we see that u
has a continuous derivative D,,u on {2, and that equation (1) holds true.
Morover, (2), (3) follow immediately from (9), (10). Thus we will seek for a
fixed point of the operator T

If u,w € U then by (4), (6), (8)~(10), we have

[(Tu)(z,y) — (T7)(z, y)]

Ty

< L\ sy — Tl
00

+ |Dyu(s,t) — Dyu(s, t)| + |Dyu(s,t) — Dyu(s, t)|] dtds

n

+ Z i, 0)] - [ua, b;) — a(x, b;)| + Z 19,0, 9)| - lu(a;, y) — T(aj,y)]

=1

Ty
< LY lllu —allc.o + llu —alle, + llu =l c,2]e” di ds
00

n m
+ 3 NeCOHT |y — gl + D M+t |y — | g
i=1 =1
< Claty)

L
X {@Hu —llc + [nNer" + mMecam]Hu - UHQO} for (z,y) € £2,
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=1

n
<Y NP FTly — @) g0
=1

< ec("”y)nNer"Hu —llco for (z,y) € [—aog,a] x [~bo, 0],
and

|(Tu) (2, y

~—

— (Tw)(z, y)|

l9;(x,y)| - [u(a; +x,y) —u(a; + x,y)|

NE

<.
Il
—

Mec(“f”*y)uu _ UHC,O

NE

Jj=1
eC(JCer)mMecamHu _UHC@ for (xay) € [—(10,0] X [_b07b]

IN

From the above estimates we get

(11) ||Tu—Tulco < u—T1l|lc+ [nNer" + mMeC“m]Hu —Tllc0-

L
Zi
In the same manner from (4), (6), (8), and from the estimates

| Da(Tw)(x, y) —me(Tﬂ)(%y)\

< LS [”u(r,t) - ﬂ(m,t)”
0
+ |Dgu(zx,t) — Dyu(x,t)| + |[Dyu(x,t) — Dytu(z, t)|] dt

+ 3 " [Dyhi(@,0)] - [u(, b;) — Tz, b;)]
i=1

+ 3 |hi(@,0)] - |Dyu(, b;) — DyTi(x, b;)]
=1

and
| Dy (Tu)(x,y)
<

L

Dy(Tu)(z,y)|

[Hu(s,y) - ﬂ(s,y) ||

g |

+ |Dﬂcu(s7y) - Dxﬂ(svy” + |Dyu(37y) - Dyﬂ(S,y)H dS
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+ > 1Dyg;(0,9)] - ulag,y) —ulay, y)|
j=1

+ Z |g](07 y)| ’ |Dyu(ai, y) - Dyﬂ(aiv y)|7
j=1
which hold true for (z,y) € 2, we get

(12)  Tu-Tales < Sl alle +nNe™ u— oy
+nNe® Ju —1|c,,

(13)  Pu-Talles < Sl ale + mMeC fu — o
+mMeCm ™ ||lu — | ¢

Therefore, by (11)—(13), we get

L(2C +1)

2
This together with (7) yields that T is a contraction. By the Banach fixed

point theorem we conclude that T" has a unique fixed point in U , which
completes the proof of Theorem 1.

|Tu — Tallc < { + 2nNefln +2mMeC“"}Hu—ﬂHC.

Remark 2. The proof of Theorem 1 still goes when the condition (iii)
is replaced by: For alli=1,...,n, j=1,...,m, we have

(a) hl € O([_aova] X [—b0,0],R), gj € C([_aovo] X [_bﬂvaR)a

(b) h; is C* on [0,a] x [—b,0] and g; is C* on [—ao, 0] x [0, b];

(C) hz(xay) = g](xay) = 07 for (xay) € B.

Now, we consider the problem (1)—(3) with £2, [0, a] and [0, b] replaced by
R%r, R, and Ry, respectively. Consequently, in the definitions of the spaces
U, ﬁ, of the operator T', and of the norm || - ||, we replace (2, 2 and {2y by
R? , [—ag, 00) X [—bg,00) and [—ag, 00) X [—by,o0) \ (0,0)?, respectively.

THEOREM 2. Suppose that

(i) f € C(RE x C(B;R) x R%R) and there is a nonnegative constant
L such that for all (z,y) € Ry, 2,z € C(B,R), p,D,q,7 € R, we have

(ii) ¢ € C([~ap,0) x [~by,00) \ (0,00)*R) and $(0,-) € C'(Ry;R),
¢(70) S CI(RJMR);

(iii) h; € CY([—ag, @) x [=by,0;R), i = 1,...,n, g; € C'([—ao,0] x
[—bo,00);R), j=1,...,m, and
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(iv) there are nonnegative constants M, N such that for all (z,y) € R3,
i=1,...,n,7=1,...,m, we have
(15)
|9 (@, y)| < M, [Dyg;(x,y)| < M;
(v) there is a positive constant C such that
L(2C +1)
2
(vi) there are nonnegative constants Ky, Ko such that
(16) |6(x,0)] < K1€“%,  [Dpé(x,0)| < K1e“ for z € Ry
6(0,y)| < K1, |Dyo(0,y)| < K1e®  fory € Ry,
(17) [f(2,5,0,0,0)| < K2e“CH for (z,y) € Ry
Then there is a unique solution of the problem (1)—(3) in the class of func-
tions u € U such that ||u|| < oo.

+ 2nNeCbr + 2mMeCom < 1;

Proof. Let U be the space of functions u € U such that t [Jullc < oo. We
first prove that the operator T' defined by (8)—(10) maps U into itself. By

the same argument as in the proof of Theorem 1, if u € U then Tu € U. It
remains to show that ||Tu|lc < co. Note that

(18)  (Tu)(x,y)
= ¢(z, 0) +¢(0,y) — (0, 0)

—tho (x,b;) ZgjOy u(aj,y)
+ § tau(s,t)nyu(s7t)7Dyu(s7t)) - f(87t7 0707 0)] dtds

+\\ f(5,£,0,0,0)dtds for (z,y) € R,

Qe 8 Ot 8

)
0
S
0
and hence, by (14)—(
[(Tu)(z, y)| < |o(2,0)] +[6(0,y)] +[6(0,0)]

# 2 o0 fue 0] + 3 by 0)] - e )
. 2

17), we get

Yy
L\ sl + [Douls, 6)] + [Dyuls, )] dt ds
0

|f(87t707 0,0)| dt dS

© - QO!/:H

_|_
O e 8
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< Kie + K€% + K+ Y NPt u o g
i=1

+3° ML jullc
j=1

Ty Ty
+ L\ lulleo + lulon + ullo2)eCtD deds + | | Koe®eT dt ds

00 00
< 3K,CY) 4 [nNeCb + mMeCrm | ||ul| ¢ 0eC @Y

+ ZglElulle + Kol for (z,y) € R

Since the above estimate also holds for (z,y) € [—ag, %0) X [—bg, 00) \ (0, 00)?
we see that

(19) ||Tullco < 3K1 + [nNeCP + mMeC]||ullc.o + =5 [Llullc + Ka).

o2 [
Analogously, by (14)—(18), and by the estimates

Dy (Tu) (0, y)| < IDM(w 0)]

—I-Z]Dh (x,0)] - Ju(z, b; ]—l—Z\h (2,0)] - |Dyu(z,b;)|
+ |f($7tau(x,t)nyu($7t)vDyu(x’t)) - f($7t707070)| dt

+1f(,t,0,0,0)[ dt

Ot Q@ Ot @

n
< K197+ 3 NeCOH) [l + [lul]
=1
Yy

+ L\ (lullco + llullea + llulle2)e” ) dt
0

Y
+ SKQEC(I+t) dt
0
< K190t 4 nNen [[lullco + [[ulle, ]
1
+ 6 [LHUHC + Kg] ec(r“’)

and
Dy (Tu)(z,y)| < IDycb(O y)|

+Z‘Dygj 0,9 - lulaj,y H‘Z’gj 0,9)] - [Dyula;, y)|
j=1
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+ ’f(37 Y, U(s,y)» Dxu(37 y)? Dyu(37 y)) - f(x, t, 07 07 O)’ ds

+\1/(s,4,0,0,0)|ds

Ot 8 O e B

m
< Kie® 43 MeCC D [lulo + ulles]

j=1
T xT
* LS lullco + llulle,s + llullo2)e” ) ds + SKzeC(Sﬂl) ds
, 0

< KyeCeH s mM e ullc + lullc, )o@+
+ SlLlulle + Kale®E ),
which hold for (z,y) € R, we get
(20)  [Tullos < Ki +nNeChullullco + fulloa] + 5 [Elulle + Ko,
1) [Tulcs < K +mMeConllullco + lulloal + & Elullc + ol

Thus from (19)—(21) we obtain

1+2C L(1+2C
ITul|c < 5Ky + TKQ + {% + 2nNeCn + 2mMeca"}Hu||c,

which yields || Tul|c < oo. Therefore, the operator T maps U into itself.

As in the proof of Theorem 1 we show that u € U, |ullc¢ < oo, is
a solution of the problem (1)—(3) if and only if it is a fixed point of the
operator T'. Repeating the coresponding computations from Theorem 1 we
prove that T is a contraction. Applying the Banach fixed point theorem
completes the proof of Theorem 2.

Remark 3. Theorem 2 remains valid with condition (iii) in a weaker
form, analogous to that stated in Remark 2.
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