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On definitions of the pluricomplex Green function

by ARMEN EDIGARIAN (Krakéw)

Abstract. We give several definitions of the pluricomplex Green function and show
their equivalence.

1. Introduction. We denote by E the unit disc in C. Let D be a
domain in C”. Put

gp(a, z) :==sup{u(z) : w € PSH(D),u < 0,
IM,r > 0:u(w) <M +log|lw—al|, we B(a,r) C D}, a,z€ D,

where PSH(D) denotes the set of all plurisubharmonic functions on D and
B(a,r) denotes the ball with center at a and radius r. The function gp has
been introduced by M. Klimek (cf. [K]) and is called the pluricomplex Green
function.

In this paper we give several equivalent definitions of the pluricomplex
Green function.

Following E. Poletsky (cf. [P-S], [P1], [P2]) for a domain D C C™ and
a,z € D, a # z, we define

gh(a,z) = inf{ Z ordy(¢ —a)log || :
A€p~1(a)

¢ € O(E.D), a € (E), ¢(0) =z},

g5 (a, z) == inf{ Z ordy(¢ —a)log || :
A€p~1(a)

¢ € O(E,D), a e (B), p(0) =z},

1991 Mathematics Subject Classification: Primary 32H15, 32F05; Secondary 30C25,
30D50.

Key words and phrases: pluricomplex Green function, Blaschke product, Riesz rep-
resentation.

Research supported by KBN grant No 2 PO3A 060 08.

[233]



234 A. Edigarian

g (a,z) == inf{ Z log|Al: ¢ € O(E, D), a € ¢(E), (0)= z},
ep—1(a)

ghla,2):=inf{ 3 logAl:p € OF,D), acp(B), p0) =z},
A€p~1(a)

where O(FE, D) denotes the set of all holomorphic mappings £ — D and
ordy (¢ — a) denotes the order of vanishing of ¢ — a at A\. Note that in the
whole paper for any holomorphic mapping ¢ : E — D by ¢~ !(a) we mean
¢ 1(a) N E and it is always a finite set provided ¢ is nonconstant.

We put gh(a,a) = g% (a,a) = g3 (a,a) = gh(a,a) = —oo.

Remarks. 1. For any z € D\ {a} there exists ¢ € O(E, D) such that
©(0) = z and a € ¢(FE) (cf. [J-P], Remark 3.1.1). So, the above functions
are well defined.

2. Note that g}, < g%, g3, < gb, 9b < g3, and ¢% < gb,.

Define

kp(a,z) := inf{logo : Jp € O(E, D) : ¢(0) = a, p(0) =z, o > 0},

27
1 .
5 s 10 .
gpla,z) = 1nf{—2ﬂ (S] kp(a,e(e™))do :

0 € O(E, D), ¢(0) :z}, a,z € D.

Note that g% (a,-) is the envelope of kp(a,-) in the sense of Poletsky (see
Theorem 11).
The main result of the paper is the following

THEOREM 1. Let D be a domain in C"™. Then
9p =9p =9 = 9b = 9p = 9b-

Remarks. The most difficult problem in Theorem 1 is the equality
gp = g%. It was proved in [P1]. We present a much simpler and complete
proof. The equality gp = g}, was stated in [P2].

2. Definitions and auxiliary results. Let D be a domain in C" and
let ¢ : E — D be a holomorphic mapping. For a point a € D we define

A—(
Upay(A) = Y orde(p —a)log L
(ep—1(a) -

H(p,a) = uy,q)(0).

For convenience we put ) ; = 0 in the whole paper. For a constant mapping

AEE,
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» = a we put u(, 4) = —00. In this notation we have
9p(a,2) = inf{H(p,a) : ¢ € O(E, D), ¢(0) =z}, a,z€D.
For the functional H we have the following

LEMMA 2. Let ¢ : E — D and h : E — E be holomorphic mappings.
Then for any a € D such that ¢ Z a we have

H(poh,a)= SSlog CIA(ug,q) © R(C)).

Proof. Note that if <,0( (0)) = a then
1

H(poh,a) = |Jlog[¢|A(u(e.a) © h(C)) = —o0.
E
So, we may assume that p(h(0)) # a. Put
. P = A

Note that ¢; € O(E) and 9;(0) # 0. Hence using the Jensen formula (see
[R], Theorem 15.18) we have

where \; € o1 (a).

N 27
1 .

1 (0)] = log || + — \ 1 ('] de,

o8 145(0) = 3 log | + 5§ log s (c")
where aq,...,ayn are the zeros of 1; with multiplicities. But on the other
hand by the Riesz representation we have
2m
| log [¢h;(c™)] d6 + | {1og [¢|Alog [¢5;(C)]).
0

E

1
log [4(0)] = 5

Hence,

N
> log lam| = {{log|¢|A(log [v;(C))).
m=1 E

From this we derive the desired result. m

LEMMA 3 (cf. [P1], Lemma 3.2). Let v be a plurisubharmonic function
in some neighborhood of E? such that v(0,0) # —oo and v(0,e") # —oo,
0 €[0,27). Then

27 27
1

% S (“log|<|AC(U(eiaC,C))> da < % S (“lOg|<|AgU(C,ew)> do.
0 E o B

Therefore, there exists ag € [0,2m) such that

127r

Jlog <lc(v(e™¢.)) < 5 | (§§1081¢14c0(C, ) ) do.
E E
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Proof. By the Riesz representation we have

27
v(0,0) = — | v(0,¢")do + || log || Acv(0,¢)
E
27 27

L d8|{1og [ClAcu(C, ) + | J1og ] Acw(0, ).
0 E E

Again by the Riesz representation for any fixed « € [0,27) we have

27
(1) v(0,0) = % S v(e @0 i) g + “log (| Acv (e, €).
0 E

Hence, integrating (1) in « € [0,27) we obtain

2w 21 27
v(0,0) = ﬁ [S) [S) v(e @t ) df do + % [S) [SESlog|§|Agv(emC,C) do.
So,
1 2m ' 1 2 '
o 1 [Sog1¢1ac0(e¢, Q)] da = o | d0{{10g ¢l Acu(C, )
ToE ™o E
+ ) log [¢[A¢v(0,¢)
1 i” A
<o § dexExlog|<|A<v<<,e“’>- .

As a corollary we have the following

LEMMA 4. Let ¢ : E — D and h: E? — E be holomorphic mappings.
Then for any a € D such that a & ¢(h({0} x OF)) and ¢(h(0,0)) # a there
exists ag € [0, 2m) with

‘ 1 %7 .
H(p o h(€*°¢,¢),a) < o | H(poh(¢,e™),a) db.
0

Proof. Take v := u(, ) o h. Then the result follows from Lemmas 2
and 3. m

Recall that a holomorphic function ¢ : E — F is called inner if |¢*({)| =
lim, 1 |¢(r¢)| = 1 for almost all ¢ € OE. Any Blaschke product is an inner
function. A simple example of an inner function but not a Blaschke product
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is the function e(\,c) := ecA=D/(A+1) "¢ > 0. Tt plays an important role in
our considerations. Put

A4 eme/k
lk(A,C)—m, AGE,C>0,I€GN
We have
LEMMA 5. (a) For fized ¢ > 0 and 7 € E\ {0} the function
e(\c) —
A = 2O T
o) 1—7Te(Ac)

1s a Blaschke product.
(b) For fized ¢ > 0 we have l;;(\,¢) — 1 and I§()\,c) — e(\ c) locally
uniformly on E as k — oo.

Proof. (a) Note that ¢ is an inner function. By Theorem 2 in Chapter I11
of [N], any inner function which has no zero radial limits is a Blaschke
product. By simple calculations we see that ¢ has no zero radial limits.

(b) Tt is enough to note that

A—1
= _eky 2~
k(A e)=1+(1—-e )1+6_C/k/\.-
Recall the following approximation result:

LEMMA 6. Let F € C(V x OF) and F(-,¢) € O(V), ¢ € OF, where V is
a domain in C™. Forv=1,2,... put

27171/ Z Z ( S ze<k+1>) d9>Ck

J=0k=—j
Then:
(1) F, are holomorphic w.r.t. £ € V and rational w.r.t. ¢ with pole of
order <v —1 at { = 0;
(2) {F,} converges locally uniformly to F on V x OF;
(3) if F(0,¢) =0, then F,(0,{) =0, ¢ € OF.

Proof. It is enough to prove (2), because (1) and (3) are evident.
Put

Then (see [H], Chapter II) 5= |/ " K,(0)df =1 and
27 27

F(E ) = 5= | FIE Ky (0= 0)d0 = o | P&, ), 0) do.
0 0

2
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For 6 > 0 we have

us

() — F(&,e") = = | (P(€, ¢ — F(¢,e")K, (6) db

2 o
1 6
= 7 S (F(&, ei(t—e)) — F(&, eit))K,,(H) a0
—6
+ 1 S (F(g, ei(tfe)) CF(, M) K, (0) df.
27 7>0|>6

Suppose that K = L x OF, where L € V. Then

‘FI/(§7 eit) - F(Sa eit)’
< sup |F(E,eD) — F(¢, ) +2||Fllx sup K, (6),
—0<0<0 T>|0]>6
where ||[F|lx = sup( ¢)ex [F(§:¢)]- Recall that lim, o Sup,- ;55 £ (0)
= 0. Since F is a continuous mapping, we conclude the proof. m

3. Proof of Theorem 1. We will prove Theorem 1 in several lemmas.
We prove consecutively that g}, = g% = g3, = g} (Lemma 7), g% > ¢%
(Lemma 9), gp = g% (Lemma 10), and finally, gp < ¢ (Lemma 12). In
this way we will have proved Theorem 1. In the whole section we assume
that the domain D and points a,z € D are fixed. Note that if a = z then
the assertion of Theorem 1 is evident, because all the functions are equal to
—00. So, we may assume that a # z.

LEMMA 7. gh(a,2) = g3 (a,2) = gb(a,2) = gh(a,2).

Proof. It is enough to prove that

(1) gp(a,2) = gp(a, 2),

(2) gp(a,2) = gpl(a, 2),

(3) 9b(a,2) = gpl(a, 2).

(1)-(2) We know that g}, (a,2) < g%(a,z) (vesp. g%(a,2) < g} (a,2)).
Fix A > g} (a, z) (resp. A > g3 (a,z2)).

There exists a holomorphic mapping ¢ : E — D such that ¢(0) = z,
a € p(F), and

Z ordy(p —a)log |A\| < A (resp. Z log |A| < A).
Aep~1(a) Aep—1(a)

Let o~ (a) = {\; : j = 1,2,...}, where );’s are counted with multiplic-
ities (resp. without multiplicities). We may assume that [A;| < |[A2] < ...
There exists N > 0 such that Z;.V:l log |\;| < A. Let @(\) = ¢(RA), where
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R € (]An],1). Note that $ € O(E, D) and $(0) = z. Then we have

N
> orda(F—a)log|Al <> (log|A;| —log R)
=1

A€@~1(a)

J
N

(resp. > log|A[ < (log|A;| —log R)).
j=1

A€p~1(a)

So, if R is close enough to 1 then

g5 (a,z) < Z ordy(p —a)log A\ < A
G (a)

(resp. gh(a,2) < > log|A| < A).
AEP~1(a)

Hence, g% (a, 2) < gh(a,2) (resp. gb(a,2) < gb(a,2)).

(3) Let ¢ : E — D be a holomorphic mapping such that ¢(0) = z # a
and a € ¢(E). Suppose that ¢(p) = a and ord, (¢ — a) = m. Note that
w# 0. Let

6= BEZR 0 ) (=) 0, A,
where p1,..., uy are pairwise different, pi...pu, = p™, and pq, ..., tm
are very close to u (1). Note that if yy,. .., i, are close enough to u then
¥ € O(FE, D) and ¥(0) = (0) = z. Moreover, 1)(\g) = a iff p(\g) = a and
Ao # p,or Ao € {u1,..., m}, and

Z ordy(p — a)log|A| = Z ordy (1) — a) log || +Zlog | 1451
A€p~1(a) Aey 1 (a) j=1
>‘€{,U‘17¢/J‘m}

Note that the multiplicities of ¢ at j1;, j = 1,...,m, are equal to 1. Applying
this technique N times, where N is the number of zeros of ¢ — a in E, we
obtain the result. m

The following result is basic for the proof of Theorem 1.

LEMMA 8. Let @ : E — D be a holomorphic mapping such that ®(0) = z
and a ¢ P(OF). Then

27

1 A
(2) o | kp(a,@(e"))db > g} (a,2).
0
(1) For instance, if p = re’ then let Wy = 7“@1‘0]'7 j=1,...,m, where 01,...,0n are

pairwise different, close to 6, and such that 61 + ...+ 0m = m#é.
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Remark. From the definitions we see that kp(a,w) > g% (a,w), w € D.
So, a priori (2) states less than the subaverage property of the function
g5(a,-). But it turns out that (2) is sufficient to show that g% (a,-) is a
plurisubharmonic function, hence has the subaverage property. It is worth
noting that we assume that —oo is a plurisubharmonic function.

Before we present the proof of Lemma 8 note the following immediate
corollary.

LEMMA 9. g% (a,2) > g% (a,2).

Proof of Lemma 8 Take any A € R such that
1 2m
i0
o § kp(a, () df < A.

It is sufficient to show that g_2D(a, z) < A. Note that kp(a,®(-)) is an upper
semicontinuous function in E (see the proof of Lemma 10). Hence, we can
find a continuous function ¢ : OF — R such that kp(a, ®(§)) < q(§), & € OF,

and
27

% § q(e?)do < A.
For any & € OF there exist ¢ € O(F, D) and o¢ € (0,1) such that p¢(0) =
D(&), pe(og) = a, and
log oe < ¢(§).
Note that for any £ € OF there exists ¢(§) > 0 such that for any ( €
B(&,t(€)) we may define a mapping y¢ ¢ € O(F, D) as follows:

Pec(N) = pe(N) + (P(0) — D(§))(1 — Moe), A€E.
Observe that ¢¢ ¢(0) = @(¢) and ¢ ¢(0¢) = @e(oe) = a. Taking smaller
t(§) > 0 if necessary we have

logoe <q(¢), ¢ € B(&t(¢)),

and ¢¢ ¢((£) € D for any ( € OF N B(£,t(£)). Taking even smaller ¢(£),
we may choose 1,...,& such that OF C Ve, U...U Vg and Vg, NV, =0
if 1 <Jk—j|l <l-1,kj=1,...,1, where Vg, := B(t(§)). We put
6 :=minj—; . ;0¢, and C := [|q]|.

Fix £ > 0. Note that there exists 71 > 1 such that @, ¢, - € O(r1F, D)
for (eVe,, j =1,...,1. We may assume that logr; < e. Take 0 < #'(§;) <
t(&;), 5 =1,...,1,such that for I; := 0ENB(;,t'(§;)) we have I,NI;, = () for
J # k and m(U;:1 I;) > 27 — ¢, where m denotes the Lebesgue measure on
OFE. Take a closed subset I" C |J I, and a continuous function 7 : 0E — [0, 1]
such that m(I") > 2r —e, 7=1on I', and 7 = 0 outside J I;.
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For ¢ € OF put
o(¢) == {O‘gj/T(C) if o¢;/r1 < 7(¢) and ¢ € I},

71 otherwise.

Note that o is a continuous function on OF and if o({) < r; then
T(Q)a(C) = og,.
For A € 1 FE and ¢ € OF we put
Pe, . (T(QA) if ¢ € 1,
. 1
(C) it cg U, L.
Note that ¥ (A, () is holomorphic with respect to A and continuous with

respect to (A, (). Moreover, ¥(-,¢) € O(r1E, D) and ¥(0,¢) = ¢({) when
¢ € OF,

w00 = {

(3) w(U(C)v C) =a if O'(() <7y,
and

1% 1

— S logo(e?) df < — Slog o(e?) df + logry

27 27

0 r
1% 1
i0 i0
0 [0,2m)\
<A+e+Ce.

Now we want to approximate ¥ and o by holomorphic (actually mero-
morphic) mappings. But applying Lemma 6 to 1) and o we may loose the im-
portant relation (3). So, we “separate” in v the part related to (3). Namely,
we have

A A
VOO = a4 (1 - m)sﬁ(o (= o)A 0),

where
w()V C) - a% ]
Yo\, €) == (©) (C)
A—a(¢) a(¢)
Note that ¥o(A, ) extends as a continuous mapping in r1 £ X OE and holo-

morphic with respect to .

We denote by o,(¢) and g, (\,¢) the approximations of o¢(¢) and
Yo(\, ¢) given by Lemma 6 and define

A A
T,Z)V()\, C) = GT(C) + (1 - m)é(g) + ()‘ - JV(<))¢OV(>‘7 C)
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If v is large enough, then
° mingeaE ’O’,,(C)’ > 5/2,
e ,(-,¢) € O(raE, D) for ¢ € OF, where 1 < ry <11,
e maxcer |0, (Q)| <1,
1 27 ‘ 1 2 A
* 5 (S] log |0, (€?)] df < o (S) logo(e?)df 4+ e < A+ 2¢ + Ce.
We fix v so large that the above conditions are satisfied.
Note that there exists ¢ > 1 such that miny ,<|c|<, |0w(¢)] > 6/2, and,

therefore v, (0,(¢),¢) = a if 1/0 < |{] < 0.
Let (1, (s, ... be the zeros of g, in E counted with multiplicity. Note that
I¢j] < 1/0 and it is a finite sequence. It is easy to see from Lemma 6 that

¢ 2H< . >%(A <)

is a holomorphic mapping in (r3FE)?, Where 1 <73 < min{ry, o}. We know
that 1,(0,¢) = ®(¢) and, therefore, ¥, (0,-) is a holomorphic mapping on
rsF. Hence, for any k > 2v — 2,

fOn m(x’ﬂ(c CJ) )

is a holomorphic mapping in (r4E)?, where 1 < r4 < r3 is such that

H< =G > ersE  for (\,¢) € (raE)2.

Note that r4 depends on k. We want to show that we can take k so large
that f € O((r4F)?, D). Note that there exists a neighborhood W; C C of
OFE such that ¢, (rsE x Wy) C D and a neighborhood W5 C C of 0 such
that 1, (Wy x r3E) C D. We can take k so large that

< CkH<f ng ) ) G(TgEXWl)U(WQXT?,E) if ()\,C)E(T4E>2.
—¢;¢
For such fixed k we have f € O((r4E)?, D). Put
~ a,(¢)
Q) = CRT ( ¢—=¢; )
1-¢,¢
Let us collect the facts that we have just proved and that we shall need

in the sequel (we change the notation, putting o in place of o and r( in place
of r4).

There exist a holomorphic mapping f_: (roE)? — D, 1o > 1, and a
holomorphic function o € O(roE \ (1/r9)E) such that
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27

. % (g] log [o(¢%)[df < A+ 2 + Ce,

o f(0(¢),¢) =aif [o(Q)] <ro and 1/ro <[] <o,

e mingeop 0(C)] > 9/2,

e maxcer |o(C)| <1,

 f(0,¢) =2(¢), C € .

Note that f(0,0) = ¢(0) = z and a ¢ f({0} x OF), hence there exists
00 > 0 such that a # f(&,() for any £ € poF and any ¢ € C such that
1— 00 <[¢] <1+ go.

Fix {p € I" and ng € OE. For ¢ > 0 consider the function

_ noe(A,¢) —a(Co)
PN S Gmen e

We have |0({p)| < 1, so ¢, is holomorphic in E. But also o((y) # 0, hence
by Lemma 5, ¢, is a Blaschke product. Therefore |¢.(0)| = H;il |Aj|, where
the A\; are the zeros of ¢, counted with multiplicity. Note that

| e = a(Co)
19:(0)| = ‘W

So, there exists ¢ > 0 such that log |¢.(0)| < log|o({o)| + € and e~ ¢ < gq.
Fix such a ¢ > 0. We can take s € N so large that

— [o(Co)|  as ¢ — oo

S lo | < loglo(Go)l + <.

j=1
We may find r < 1 such that

S )\
Zlog‘r—”’ <log o ()| +,
j=1

and max;—1 . s|A;| <7 < 1. Fix such an r < 1.

There is a neighborhood Uy of (y such that |o(¢)| < 1 for ¢ € Uy. By
Lemma 5 for large enough k& we have (ol (r¢, c) € Uy. Therefore, for £ € OF
we have

(4) f(U(Colk(Tg,C)), C()lk(Tg,C)) = a.
Consider the functions gx(€) = nolf(ré,c) — a(Colip(ré,c)) and goo(€) =

noe(ré, c) — a((y) for € € E. Note that gx — goo uniformly on E. We know
that goo(X;/7) =0, j =1,...,s. By the Hurwitz theorem for large enough k

we know that gi has zeros X} /r,..., A, /r close to A1/r,..., As/r such that

—~. [Nl
Zlog - < log |o(Co)| + €.
j=1
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So, f(moli (N, ¢), olk(Nj,¢)) =a, j=1,...,s (use (4)). Therefore, for large

—c/k

enough k it follows that 1 — gy < e and

(5) H(f(molf(r€, ¢), Goli(ré, ¢)),a) < log|a(¢o)| + €.

Hence, for any fixed {y € I' and ng € OF there exist ke Nandr < 1,¢>0
such that (5) is satisfied. Therefore we may find k € N, r < 1, ¢ > 0, and
Q C OFE x I' such that m(Q) > 4n? — 4me and for any (n,¢) € Q, (5) is
satisfied, e ¢ < gp, and 1 — gy < e~ /%,

Let Q* denote the image of Q under the mapping (1, ¢) — (n¢~*,¢). The
Jacobian of this mapping is equal to 1 on F x JF, hence m(Q*) = m(Q).
So, there exists v € JF such that

m({¢ € 0E : (v,() € Q*}) > 21 — 2¢.
Note that
H(f (VM (rés e), Cli(r€, 0), a) < logla(C)] +e
on S :={(€dE: (v,{) € @} C I'and m(S) > 2r — 2¢. Consider the
mapping ¢(§) = f(véF,€), € € E. Note that ¢(0) = f(0,0) = ¢(0) = z.
Put

—c/k
6.0 = Clulré.c) = ¢

Note that h(,¢) € O(E?), a € ¢(h({0} x OE)), and ¢(h(0,0)) = z # a.
Therefore, by Lemma 4 there exists ag € [0, 27) such that

£, e OF.

27

H(p o h(e*0¢,C),0) < o | Hlgp o h(G,e™),a) db.
0
Put G(€) i= p(h(e*0&,€)). Then § € O(F, D), 3(0) = 2, and
2m
| H(poh( e?),a)do
0

1 . 1 .
<o VH(poh(ge?),a)do < — \log|o(e)df + e
S

H(p,a) = H(p o h(e"¢,€),a) <

¥ =

pe 27
17 1
_ i0 i
=5 Slog]a(e )]dé’—i—&?—% S log |o(e™)| d
0 [0,2m)\ 8
)
<A+3+Ce— Elog—.
s 2

Hence, g% (2) < A+3e+ Ce — (¢/m)log(d/2). Since € > 0 was arbitrary the
proof is complete. =

LEMMA 10. gp(a,z) = g% (a, 2).
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Before we go into the proof of Lemma 10 recall the following result
(see [P2]):

THEOREM 11 (Poletsky). Let G be a domain in C™ and let u be an upper
semicontinuous function in G. Then
2m

t(w) = inf {% (S] u(p(e?))df : ¢ € O(E,G), ¢(0) = w}, w e G,

s a plurisubharmonic function in G. Moreover, it is equal to the supremum
of all plurisubharmonic functions v such that v < u.

Proof of Lemma 10. Let us show first that for any a € D the
function kp(a,-) is upper semicontinuous in D.

Let zg # a and kp(a,zp) < A. There exists a holomorphic mapping
¢ : E — D such that ¢(0) = 29, ¢(¢) = a, 0 > 0, and logo < A. Let

Vw(N) == p(A\) + (w — 20)(1 — N/o), XN€E.
For some neighborhood V of zy we have ¢,,(E) C D, w € V. Note that
©w(0) = w and ¢, (o) = a. Hence,
kp(a,w) < A, weV.

Assume now that zp = a. Then kp(a,zp) = —oo. Fix A < 0 and let
0w(N) == w+ e 4(a — w). Note that ¢, (0) = w and ¢w(e?) = a. For
some neighborhood V' of a we have ¢, (F) C D, w € V. Hence, kp(a,w) <
loged = A, weV.

Hence, by Theorem 11, we conclude that g3, is a plurisubharmonic func-
tion which is a supremum over all plurisubharmonic functions not greater

than kp. But so is gp, because gp(a,w) < kp(a,w) <log||lw — al| — log R,
w € B(a, R), where R is such that B(a,R) C D. m

LEMMA 12. gp(a,2) < g} (a, 2).
Proof. Let u € PSH(D), u < 0, be such that for some M > 0 we have
u(w) < M +log||lw—al for w near a.

Take ¢ € O(E,D) with ¢(0) = z and a € ¢(FE). Let \j, j = 1,...,N,
denote the solutions in F of the equation ¢(A) = a without multiplicity
(if one takes solutions with multiplicities then one will get the inequality
gpl(a,z) < g%(a,z), cf. [J-P], Chapter 4). Define

N
A=A
A) = —_
f =115
j=1 J
Put v := wo ¢ —log|f|. It is clear that v is a subharmonic function in

E\{\1,..., Ay} and v is locally bounded above on E. Hence v extends
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subharmonically to F. By the maximum principle v < 0. In particular,
N
u(z) = u(p(0)) < log |£(0)] = 3" log |yl
j=1

Hence gp(a,z) < gh(a,2). =
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