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Abstract. Given an abelian k-linear rigid monoidal category V, where k is a perfect field,
we define squared coalgebras as objects of cocompleted V ® V (Deligne’s tensor product of ca-
tegories) equipped with the appropriate notion of comultiplication. Based on this, (squared)
bialgebras and Hopf algebras are defined without use of braiding. If V is the category of k-vector
spaces, squared (co)algebras coincide with conventional ones. If V is braided, a braided Hopf
algebra can be obtained from a squared one.

Reconstruction theorems give equivalence of squared co- (bi-, Hopf) algebras in V and corre-
sponding fibre functors to V (which is not the case with the usual definitions). Finally, squared
quasitriangular Hopf coalgebra is a solution to the problem of defining quantum groups in braided
categories.

Introduction. Classical reconstruction theorem (e.g. Saavedra [7, Section 2.3.2.1])
asserts that a k-coalgebra can be reconstructed from the underlying functor from its
category of comodules to vector spaces. Saavedra [7, Section 2.6.3 a)] and later Schauen-
burg [8] also prove that an essentially small abelian k-linear category equipped with an
exact faithful functor w to the category of finite dimensional k-vector spaces is equivalent
to the category of finite dimensional comodules over some k-coalgebra. A direct attempt
to generalise these results replacing the category of vector spaces by an abelian k-linear
rigid monoidal category V fails. For instance, the category of comodules over the coalge-
bra constructed from w is bigger than the initial category (precise results are formulated
by Pareigis [6]). However, if one modifies the definitions of coalgebras and comodules
in a monoidal category, the reconstruction theorem will be recovered. This is the main
conclusion of this work.
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The new notion will be called a squared coalgebra. The monoidal version of the
reconstruction theorem dictates the definition of a squared bialgebra. Squared Hopf
(co)algebras based on V can be also defined, even if V is not braided, but satisfies a
much weaker condition! If V is braided, a squared Hopf (co)algebra determines a braided
Hopf algebra, but not vice versa. Finally, squared quasitriangular Hopf coalgebra is a
solution to the problem of defining quantum groups in braided categories.

All definitions are based on the notion of tensor product of abelian categories given
by Deligne [1]. The squared notions (coalgebras, bialgebras, Hopf algebras) are objects
of the cocompleted tensor square of the initial category V, whence the terminology. The
structure maps — comultiplication, multiplication etc. — are morphisms in tensor powers
of V. The associativity and other properties mean equality of two composite morphisms
in tensor powers of V.

More precisely, we use the cocompletions of tensor powers of V, where the cocom-
pletion of an abelian k-linear category A with finite dimensional k-spaces of morphisms
always means the category A = ind —A, made of filtered inductive limits of objects of
A. If A is essentially small, A is equivalent to the category Homy |, (A°P, k-vect) of left
exact functors A°P — k-vect. (See Grothendieck and Verdier [3].)

We assume that k is a perfect field.

Let us recall the reconstruction theorem in details. If w : € — k-vect is a faithful
exact k-linear functor and C is essentially small, then there is an equivalence F' of C with
the category of C-comodules, where C' is the k-coalgebra

Xece
CZ/ w(X) @k w(X)",

and w is isomorphic to the composite of F' and the underlying functor U : C'-comod —
k-vect. When k-vect is replaced by an abelian k-linear rigid monoidal category V with
finite dimensional spaces Homv (-,-) such that End I =k (I is the unit object) and each
object has finite length, a version of reconstruction theorem holds, although F' is no
longer an equivalence. It turns out that by modifying the definitions of coalgebras and
comodules one can make F' into an equivalence, thus recovering the original form of the
theorem. Namely, instead of the coalgebra in %

Xee
c= [ wmew)” 1)
one can use the squared coalgebra
xee -
C:/ wX)owX) eve v, (2)

where ©® : V xV = V® YV is the canonical functor of exterior tensor product.

To explain the definition of a squared coalgebra, we recall that the tensor product
functor @ : VxV — V can be decomposed as VxV 2 VoV £, V up to an isomorphism.
Using the functor ©® and the diagonal restriction functor ® we can construct various
objects like C130 15 € V&3 (1 is the unit object and the subindices indicate the tensorands
to which an object is placed), or like C1or @ Corg € V@3 (this is the result of applying ®
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on the second and third places to Cio ® C34 € \@), or like Ci11n = ®C € Vv (the dash
and the double dash indicate the order of multiplicands) etc. Notice that ® applied to
(2) gives (1).

The reader is advised to consider the example V = H -comod (finite dimensional H-
comodules) throughout this work, where H is a Hopf k-algebra. Then V = H -Comod (all
H-comodules), V&" = H®" _comod, V@n — H®"_Comod. The functor @ : VxV — V@V
sends a pair of H-comodules (X,Y) to the H ® H-comodule X ® Y (exterior tensor
product of comodules) and the diagonal restriction functor ® : V® V — V sends an
H ® H-comodule to an H-comodule via the homomorphism of coalgebras m : H ®j
H — H — the multiplication. Thus, given an H ®} H-comodule C' with the coaction
d:cr ey ®cp) ®es) € H@g H®g C we get the H®3-comodule C130 Iy = (C,6: c+>
1) ® 1® C2) ®c(3) € H®3 Rk C), the H®3-comodule Cro @ Cong = (C Rk C,c®d—
c1) ® C(g)d(l) & d(g) & ci3) @ d(g) € H®3 Rk C®2), the H-comodule ®C = (C,5 1 C—
C(1)C(2) @ C(3) € H @y C) etc.

Now we may define a squared coalgebra as an object C' € VeV equipped with the
comultiplication Aqs3 : C13 ® I — Cior ® CQ//g/aild the counit € : Cy/y» — Iy, which
satisfy the coassociativity axiom (an equation in V&4, see (2.1.1)) and two axioms for the
counit (equations (2.1.2a)-(2.1.2b) in \7@’\2) A C-comodule is an object X € V equipped
with the coaction § : X1 © Iy — Cio @ X € @, which is coassociative (equation
(2.2.1) in \78’\3) and counital (equation (2.2.2) in \7@\2) It turns out that for any object
Y € V the object Y @YY € V® V has the canonical structure of a squared coalgebra
and Y is a comodule over it. We deduce that the coend (2) is a squared coalgebra as
well. Moreover, the second part of the reconstruction theorem claims that any squared
coalgebra is isomorphic to a coalgebra of the form (2).

Thus, the full form of the reconstruction theorem asserts equivalence of the following
two categories: the category of k-linear exact faithful functors from an essentially small
category to V and the category of squared coalgebras in V. Philosophically, categories
over the category V are fully encoded in terms of coalgebras living in V (in fact, in V@V)
and vice versa. Comparing the category of comodules ¢V over a squared coalgebra C and
the category of comodules OV over the ordinary coalgebra (comonoid) C' = ®C we get
Oy = V@ V. That is expected from the description of the coend reconstructed from the
functor €V — V given by Pareigis [6] in the case V = H -comod for a Hopf algebra H.

The monoidal version of the reconstruction theorem also holds. Namely, the category
of monoidal k-linear exact faithful functors w : € — V (€ is essentially small) and the
category of squared bicoalgebras in V are equivalent. A squared bicoalgebra is defined as
an object of VeV having the structure of a squared coalgebra and of an algebra in the
monoidal category V® V with compatibility axioms which require that the multiplication
and the unit were homomorphisms of coalgebras. (There are several monoidal structures
in V&V and we chose a special one.)

The dual notion, squared bialgebras, is defined as a squared algebra structure plus a
coalgebra structure in V/(STV with compatibility axioms. Unlike the case of vector spaces
the notion of squared bicoalgebra is not self-dual, so it has to be distinguished from
squared bialgebras. The choice of terminology is motivated by our primary interest in
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comodules rather than in modules. We shall simplify it further dropping the adjective
squared and keeping the term bicoalgebra.

Notice that a braiding in V is not required for work with bicoalgebras. However, if V
is braided any bicoalgebra B generates a braided bialgebra ®B in V. Not every braided
bialgebra comes from a bicoalgebra in that way.

To introduce Hopf algebras we require that the second dual XVV of an object X € V
were isomorphic to X via a functorial isomorphism ¢ = (x : X — XVV. Obviously,
this condition is weaker than existence of braiding. Given a squared coalgebra C' in such
V, one can define the opposite coalgebra Cop,. A (squared) Hopf coalgebra is defined as
a bicoalgebra H together with an isomorphism vy : H,, =+ H € V@V - the antipode
— satisfying two equations in V@ V. The reason for introducing Hopf coalgebras is the
following: the category of comodules over a Hopf coalgebra is rigid and the rigid version
of the reconstruction theorem holds: the category of monoidal k-linear exact faithful
functors w : € — V, where € is rigid monoidal (and essentially small), and the category
of Hopf coalgebras in V are equivalent. The dual notion, squared Hopf algebras, is not
equivalent to the notion of Hopf coalgebras.

If, in addition, V is braided, we get the equivalence of the category of monoidal k-
linear exact faithful functors w : € — V, where € is rigid braided, and of the category
of quasitriangular Hopf coalgebras, appropriately defined. In particular, the category of
comodules over a quasitriangular Hopf coalgebra is braided. This is not trivial, and al-
lows to introduce a non-obvious braiding for the bigger category of comodules over the
braided Hopf algebra ® H. However, it seems impossible, in general, to introduce a braided
structure of any kind for the whole category of comodules over a braided Hopf algebra
not related with Hopf coalgebras. Thus the notion of a quasitriangular Hopf coalgebra is
the closest to the idea of a “quantum group in a braided category”.

In particular, applying the (re)construction theorem to the identity functor Id : V —
V, we get a quasitriangular Hopf coalgebra structure of the coend

Xev
C:/ XoXY,

and this is the most interesting case for us. Similar notions exist for ribbon categories.

1. Tools
1.1. Tensor product of abelian categories. In this work k will denote a perfect field.

1.1.1. DEFINITION. We say that an abelian k-linear category A is a category with
length if

1. for any pair of objects X,Y € A the k-vector space Hom 4(X,Y) is finite dimen-
sional, and
2. any object X € A has finite length.

The most impressive result from the theory of such categories is:

1.1.2. PROPOSITION (Deligne [1] Corollary 2.17). Let A be an abelian k-linear category
with length. Assume that there exists an object X € A such that any object Y € A is a
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subquotient of X" = X & ... & X for some n. Then the category A is equivalent to the
category mod- A for some finite dimensional k-algebra A.

From now on k is a perfect field. We shall remind the definition of a tensor product of
abelian k-linear categories, belonging to Deligne [1], in a modified form, using his results,
valid in assumption of perfectness.

1.1.3. DEFINITION (following Deligne [1] Definition 5.1). Let A4, ..., A, be k-linear
abelian categories with length. A k-linear abelian category A; ®...® A,,, equipped with
a k-multilinear, exact in each variable functor

O:AIXx. ... xA, A R...0A,

is called a tensor product of A, ..., A, if for each k-linear abelian category A the induced
functor

Homy , . (A1 ®...® A, A) = Homy  (Ar X ... X Ay, A), F s Fo®

from the category of k-linear right exact functors to the category of k-multilinear right
exact in each variable functors is an equivalence.

1.1.4. Remark. Equivalently, one can use left exact functors in the above definition
(Deligne [1, Proposition 5.13]).

1.1.5. ProPOSITION (Deligne [1] Proposition 5.13). The tensor product of k-linear
abelian categories with length exists and is a category with length. It is unique up to an
equivalence. The functor similar to that of Definition 1.1.3

Homy , (A1 ® ... ® Ay, A) = Homy , (A1 X ... x Ap, A), F s Fo®

with the right exact functors replaced by exact functors is also an equivalence. The natural
map

is an isomorphism.

This follows mainly from:

1.1.6. ProPOSITION (Deligne [1] Proposition 5.3, Corollary 5.4). Let A; be A;-mod,
where A; are finite dimensional k-algebras, 1 <i < n. Then A = A1 Q ... Q A -mod
equipped with the exterior tensor product functor ® : (X1,...,X,) = X1 Q... Qk X, is
a tensor product of Ay, ..., Ay,.

Notice that any category with length A is a filtered inductive limit of its full subcat-
egories of the form (X) — the full subcategory formed by the objects Y € A, which are
subquotients of X for some n. Here X is an object of A. This remark is used together
with Propositions 1.1.2, 1.1.6.

Let Aq,...,An,B1,...,B, be k-linear abelian categories with length and let T; :
A; = B; be k-linear left (resp. right) exact functors. By definition, there exists a k-linear
left (resp. right) exact functor

T =T @A = @;Bs, T(0:X;) = 0;T(X;).
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1.1.7. PROPOSITION (Deligne [1] Proposition 5.14). If T; are exact (resp. exact and
faithful, resp. equivalence of A; with a full subcategory of B; stable with respect to sub-
quotients), then T has the same property.

1.2. Monoidal categories. We shall remind only few definitions here. For the developed
introduction see [5].

1.2.1. DEFINITION. A rigid category € is a monoidal category in which for every
object X € € there exist dual objects XV, VX € € and morphisms of evaluation and
coevaluation

evi X XY 1= XUXV, evi: VXX 1= VXUX,

coev: I - XV @ X = , coev:I - XQVX = ,
x( x x[ Vwx

satisfying standard equations.

In a rigid monoidal category C there is a pairing

XoY)o¥V'eX) S (XY eoYY)eXY —
XeeveX' (¥ g )@ XY 228X, X o XV e T,

which induces an isomorphism j; xy : YY®XY — (X®Y)V, such that the above pairing
coincides with

XeY)o¥VeXY) 24 (XeY)(XeY)" <% 1.
The equation

coevxgy = (I L YV @V ~YV @Iy 190w el

YVWeox'exeY 2L (Xov)V e (X oY)

also holds. Similarly, there is an isomorphism j_xy : 'Y @ VX - V(X ®Y).
There are canonical isomorphisms

X =YX, X —(X)V.

v and Y- inverse to each other (we can

To simplify notations we assume the functors -
always achieve this replacing the category by an equivalent one). We shall denote the
iterated duals by X (V) = XV-+V (n times) and X(—™V) = V-~V X (n times) for n > 0.

The graphical notation for the braiding and its inverse is

X Y Y X

c=(exy : XY =2Y®X)= X e X

Y X X Y
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In a rigid monoidal braided category there are functorial isomorphisms

/

|

|
NS

xW xW WX WX

1.3. Monoidal abelian categories. Let V = (V,®,a,I,r,l) be a monoidal abelian ca-
tegory. Then it has a canonical k-linear structure, where k = Endy I is a commutative
ring, I is the unit object. For A € Endy I, f € Homy(X,Y") the morphism Af is defined
as (X 5 To X 224 ToY 4 Y). We assume that V is a rigid monoidal abelian
category with length and the unit object I such that k = End I is a perfect field. Then
the object I is simple.

The tensor product functor X ®- (resp. -® X) has a right adjoint XV ®- (resp. -®VX)
and a left adjoint VX ®- (resp. - ® XV). Therefore, the functor ® : V x V¥ — V is exact in
each variable and it is k-bilinear by the choice of k-linear structure. By Proposition 1.1.5
there exists a k-linear exact functor ® : VRV — V called the diagonal restriction functor,
such that ® is isomorphic to the composite

VXV 2Vev &
The functors X — XV, X — VX, quasiinverse to each other, are also exact.

1.3.1. PROPOSITION. The functor ® : V®V — V is faithful.

1.4. System of notations. The functors ® and ® have their analogues acting between
categories V®" and such. There are several isomorphic functors of that kind. We denote
their common value by subindices. So, applying the functor

PO PON2 o PONE oy PEP

to (A,B,C,...) we get A;, ® Bj,.
changed to ® or ® for purely aesthetical reasons and contains no additional information.
Everything is encoded in terms of indices, which are all distinct and are taken from the
set

® Cky .. k,. ® ..., where the sign ® may be

iy g Fong

{ila'"ain17j17"'7jn2’k17"'7kn3)"‘}
— (117,17, 12 90 ot gme gl 3me e,

The number means the tensorand in V®P to which the present tensorand goes, and the
superscripts determine the order in which several terms are tensored to get an object of
V — tensorand from V®P. Another way to describe such functor is to give a permutation
from &,, and two partitions n =n; +ng +n3+... =my +ma+... +my.

ExaMpPLES. If X, Y €V, C € V®V then X1/ ® Y1 denotes the usual tensor product
of X and Y, X1» ® Y1r is Y ® X. Similarly, Cy/1~ is ®C and Cy»q is ®PC, where
P:V®V —V®YVis the permutation functor, P(X ®Y) =Y ® X. The three objects
X10Ca3, Xo®C13, Cr120 X3 of V®3 differ by the place where X goes. Applying ® ®Idy :
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V3 5 P82 4o X1 ® Css we get X1/ @ Crrg. Applying Idy @® : VO3 5 P82 1o Cia ® X3
we get Oy @ Xon. The functor Idy @ ® @ Idy : V¥4 — V3 (tensoring the second and
the third places), applied to C' @ C, gives Ci2 @ Carrs.

To use the same system of notations for morphisms we should write indices for both
source and target. However, we shall abbreviate the notation using only one set of indices,
either for the source, or for the target. Thus, instead of

vier s Crr = I,
12/012/ ® 211111E11 1 012/ ® 02/12/// — 012’ ® _[2//
we write € : C1ryv — I and Cia ® 9. Instead of

1230129173 1 C13 © Ig = Crar @ Cons,
1240191914 O I35 : C14 © Iy © I3 = Cho @ Corg © I3

we write Ajgz and Ajos © I3.
Sometimes we simplify X1/, X1, X1, Xqa,... to X1, X2, X3, X4, ...

1.5. Monoidal structures on V® V. Let V be a k-linear abelian monoidal category
with length. Then V ® V has a monoidal structure as well. In fact, there are four monoidal
structures, since we may choose between (V,®) and (V,®op) in both tensorands. The
main monoidal structure, which we fix from now on, is:

®:(VeV)x(VeV) — VeV
(A127B12) — A]’Q" ®Bl”2'
(XOY, VoOW)r— (XeV)o(WaY).

1.5.1. THEOREM. If (V,®) is rigid, then (V@ V,®) is rigid as well.

1.6. Ind-objects. Following Grothendieck and Verdier [3] we consider the category of
ind-objects of a given k-linear abelian category A. Recall that an ind-object of A is
a functor X : I — A from a filtered partially ordered set I, in particular, an arrow
x5+ X; = X5 € Ais given for ¢ < j, 1,5 € I. The set of morphisms from X : I — A to
Y:J—-Ais

ki%nli%nHom(Xi,Yj).

We denote the category of ind-objects of A by Aasa synonym of standard notation
Ind(A). The category A is a k-linear abelian category [3, Exercise 8.9.9]. Small projective
and inductive limits in A are representable in A (Grothendieck and Verdier [3, Proposi-
tions 8.9.1 and 8.9.5]).

1.6.1. THEOREM (Grothendieck and Verdier [3] Theorem 8.3.3).Let A be essentially
small, then the functor

A—s Homy , , (AP, k-Vect),
X:IT->A)— (Y — ligHom(Y, X))
I

with values in the category of k-linear left exact functors is an equivalence of categories.
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If A, B are k-linear abehan essentlally small categories, then any functor F': A — B
extends to a functor F': A — B X — FoX.If Fis k-linear (resp. right exact, resp.
exact), so is F' (Grothendieck and Verdier [3, Corollary 8.9.8]). The functor F' : A—B
commutes with filtered inductive limits [3, Proposition 8.6.3]. If F' is right exact, a
commutes with arbitrary inductive limits.

1.6.2. PROPOSITION. Let any object of A have finite length. Then the category A is
equivalent to its full subcategory consisting of functors X : I — A such that z;; : X; = X;
is @ monomorphism for any pair i < j.

1.6.3. Remark. Let X : I — A be in A and let J C I be a cofinal set. Then the
ind-object X’ = X|; : J — A is isomorphic to X in A.

Let X : I — A be an ind-object such that x;; : X; — X, are monomorphisms, i < j.
We say that X is closed under intersections if

(a) for any subset J C I there is an element ¢ = NJ € I such that ¢ < j for any j € J
and ¢ is the biggest element with this property;

(b) for any subset J C I there is a finite subset J' C J such that for any finite K,
J' ¢ K C J, and any r > K the subobject X; is the intersection of subobjects Xy,
k € K, in X,., that is, the canonical morphism

Xi — m(Xk &) Xr)
kEK
is an isomorphism.
1.6.4. PROPOSITION. (a) Any ind-object is isomorphic in A to an ind-object closed
under intersections.
(b) Let X : I — A, Y : J — A be ind-objects. Assume that Y is closed under
intersections. Then any morphism f: X —Y € A can be represented by a monotonous
map m : I — J and a family of morphisms f; : X; — Y0

2. Squared coalgebras
2.1. Definitions. Let V be a k-linear abelian rigid monoidal category with length.

2.1.1. DEFINITION. A squared coalgebra C' = (C,A,¢) in Vis an object C € Vev
equipped with a comultiplication Ajs3 : Ci3 ® Iy — Cho ® Canvg € V®3 and a counit
€:Cr1n — I €V, such that coassociativity holds:

Ciu0l 0l _ 120 00, @ Chuy O I

A134012 l J{CIZ/®A2N34 (211)

A c
Ciy @ Cany © I, L1228,

and ¢ is the counit:

012/ & 02//3/ & 03//4

(C12 = Cra® Iin Bz o @ Crig <29 T @ Cuig Ci2) =ide  (2.1.2a)
(012 .N_> _[2/ ® 012// 12/2” 012’ ® 02/12/// C®e 012/ ® 12// :—) C12) - ldc (212]3)
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Graphical notations partially explain the choice of indices and help to memorise them.
Comultiplication is denoted

1 c 3

the counit is denoted

The coassociativity equation is

1 C 4 1 C 4
1 C 2/ 2// C 3/ 3// C 4 1 C 2/ 2// C 3/ 3// C 4
the equations for the counit are
1 C 2 1C 2 1 C 2
1/ 1// 1/// — — 2/ 2// 2///
1 o2 1 o2 1 o2

2.1.2. DEFINITION. A squared coalgebra homomorphism (C, A ec) — (D,A,ep) is a
morphism f: C — D € MorV ® V such that

Cis0 I, 212, Oy @ Cong

fls@bl J{fm/@fz//s

Di3®I, 225 Dy ® Dy
commutes and equation
(®C &L ®D <2, 1) = e
holds.

o~

Squared coalgebras form a category denoted Coalgsq(V). Its full subcategory consi-
sting of squared coalgebras, which are objects of V ® V, is denoted Coalgsq(V).

2.2. Comodules

2.2.1. DEFINITION. A left comodule X € V over a squared coalgebra C' is an object
X of V equipped with the coaction

0=0x: X101, - Cia @ Xon € ’\7@'\7,
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which is coassociative:
X10Lol, 200k o 0L @Xyols

013012 JV l Clor®05114 (221)

Oy @I @ Xan 202885 0009 Congr @ Xgn

and counital:
(X%X@I &0, (@C) @ X <&, I®X1>X):idx. (2.2.2)
Graphical notation for the coaction is
I X
(5 =

)
1 02’ 2”X

and it will be explained later. Coassociativity takes the form

1 x 1X
1 C 2/ 2// C 3/ 3I/X 1 C 2/ 2// C 3/ 3I/X
and counitality is
1 X 1X

1/ 1// 1///

L x L x
The definition above should be generalised. Let A be a k-linear abelian category with
length.

2.2.2. DEFINITION. A left comodule X € V@A over a squared coalgebra C' €
Coalgsq(V) is an object X = X719 € V® A equipped with the coaction

0 =0x : X0 @ I — Cior @ Xong € (V@V@A)A
such that coassociativity (2.2.1) in (V®3 ® A)~ and counitality (2.2.2) in V& A hold.
When A = k-vect this reduces to the previous definition.

2.2.3. DEFINITION. A morphism of left C-comodules (X,dx) — (V,dy) in v (resp.
in V®A) isf: X—>Ye€ % (vesp. f: X10 — Y € V®.A) such that

X106L 2% Ci® Xon

f1012 JV JV Clz/®f2”

Viol, 2 Ca® Y
(resp. the same diagram in (V@ V®A)~ ) commutes.



122 V. V. LYUBASHENKO

Left C-comodules form a category, which is denoted cy (resp. CVTSTA). It has a full
subcategory ¢V (resp. €(V ® .A)) formed by objects from V (resp. V ® A).

It is easy to show that if f : X — Y is a morphism of comodules in v (resp. CVTSTA,
Y, ¢(V® A)), and

Ker f X1, ker f X coim f, coim f Coim f ~ Im f 27, im f coker f coker /o Coker f

is its canonical decomposition in % (resp. V®A, v, V®A), then the objects Ker f,
Coim f, Im f, Coker f have unique C-comodule structure such that the morphisms above
are morphisms of comodules. It follows:

2.2.4. PROPOSITION. The category €V (resp. CV® A, OV, C(V ® A)) is k-linear and
abelian and the underlying functor U : SRy (resp. U : CYRA-VR. A, UCV SV,
U:9(VRA) = VRA)is exact and faithful.

Any k-linear exact functor F' : A — B induces a k-linear exact functor V@ F :
VoA — Ve 3B.

_— — ¢
2.2.5. ExaMPLE. (C,A) is a C-comodule from “V® V (resp. V@V ). It is called
the left regular comodule.

2.8. The fundamental theorem on coalgebras

2.3.1. THEOREM. Any comodule from €V (resp. CV@A) is a union, i.e. filtered
inductive limit, of its subcomodules from €V (resp. (V@ A)).

2.3.2. COROLLARY. €V ~ ¥V and (CVRA) =~V A

2.3.3. THEOREM (fundamental theorem on coalgebras). A squared coalgebra C €
Coalgsq(V) is a filtered inductive limit of its subcoalgebras from Coalgsq('V).

Let A be a k-linear abelian category with length and let C be a squared coalgebra
in V.

2.3.4. THEOREM. The functor ¥ : (“V) @ A — (V@A) induced by (°V) x A —
CVeA), (X,M) X oM, is an equivalence.

2.4. The category of fibre functors. Let V be a k-linear abelian category. Extending
the definition of Saavedra [7] let us call a fibre functor to V a k-linear exact faithful
functor a : A — V, where A is a k-linear abelian essentially small category. Following
Schauenburg [8] we define the category of fibre functors.

2.4.1. DEFINITION. Let the category 24 = 2(V) have fibre functors to V as objects
and let morphisms from a : A — V to b : B — V be equivalence classes of pairs (F) ¢),
where F' : A — B is a functor and ¢ : a =% bF is a functorial isomorphism. Two such
pairs (F, ¢) and (G, ) are equivalent if there is a functorial isomorphism ¢ : F' — G such
that

v=(a % bF 25 0G). (2.4.1)

The composite of two morphisms represented by (F,¢) and (G,7y) is represented by
(GF,yF o ¢). Clearly, Homgy/(a,b) is a set.
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Now let V be a k-linear abelian rigid monoidal category with length.

There is a functor ® : Coalgsq(V) — A(V), C + (U : ¢V — V), where U is the under-
lying functor. To a squared coalgebra morphism f : C' — D corresponds the equivalence
class of the pair (F, ¢), where

F(X,6x)= (X, X101, OXy Ciyr @ Xon S8, Diy @ Xor)
and ¢ is the identity automorphism U — U.

Our primary goal is to show that the functor ® is an equivalence.

2.4.2. The coend Let € be a k-linear abelian category vgjth length. The coend C of a
bifunctor B : P x P°P — C is defined in [5] as an object of € which is the inductive limit
of the diagram

B(x, x) E5) pix, vy BUY, pv,y),
where f : X — Y runs over Mor®. That is, C is equipped with a morphism iy :
B(X,X)— C € C for each X € Ob P, the diagram

B(X,v) 2LV Bvy)

B(va)l liY

B(X,X) —x_, C
is commutative for any f: X — Y € Mor P, and C' is universal between such objects. If
P is small, we can say that the sequence
@ B(X7 Y) B(X,f)—B(fY) @ B(X,X) Dix C =0
f:X—=YeMor P XeOb?P

is exact. So in this case the coend exists. More generally, it exists for essentially small P.
It is denoted C = [*<" B(X, X).

Let us consider the particular case. Let p : P — V be a functor from an essentially
small category P, let € =V ®V and let B: P x P — €, B(X,Y) = pX ©® (pY)". The
coend is denoted

C = /XETpX o (pX)Y. (2.4.2)

The object M ® MY € V®V has a canonical squared coalgebra structure for any
M € V. Namely,
Aps=MecoevoMY - MOIoMY - MoMY@Mo MY,
e=ev:MaMY — 1.

Compare these formulae with the graphical notations on page 120. The object M has a
canonical structure of a left M ® M"Y-comodule, namely,

5:M®COGV1M1®IQ *)M1®M2\C ®M2//.
Compare with the graphical notations on page 121. In particular, this holds for M = pX.

2.4.3. PROPOSITION. If the coend (2.4.2) exists, it has a unique squared coalgebra
structure such that the structure morphisms ix : pX @ (pX)V — C are coalgebra mor-
phisms.
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Since pX is a pX ® (pX)Y-comodule, it is a C-comodule as well for any X € ObP.

2.4.4. PROPOSITION. If the coend C' exists, the map ObP — Ob®V, X s (pX,J)
extends to the functor F : P — V), f s pf such that p = (3’ IANACLVCN \7).

2.5. Reconstruction theorems. Now we come back to the case of a fibre functor a :
A — V. Assume that P C A is a full subcategory equivalent to A and O = Ob P is a set.
Denote p = alp : P — V. Notice, that coend (2.4.2) serves as the coend of the bifunctor
APXA—=VRV, (X,Y)— aX © (aY)V as well.

2.5.1. THEOREM. The functor F : A — €V is an equivalence of categories.

In particular case V = k-vect this theorem was proved by Saavedra [7] (see also
Schauenburg [8]).

2.5.2. THEOREM. (a) The map (a : A — V) — C, constructed in Section 2.4.2
extends to a functor

~

U 2A(V) — Coalgsq(V).
(b) The functor Fy : A — ®(U(A)) = “«V constructed in Theorem 2.5.1 together with
id: a = Uo Fy, gives an isomorphism of functors

~

(¢) The functors ® : Coalgsq(V) — 2A(V), C +— YV, and ¥ : A(V) — Coalgsq(\?),
a — Cg, are equivalences, quasiinverse to each other.

In the case of V = k-vect this theorem was proved by Schauenburg [8].
Constructing another adjunction ¥® = Id, is also of practical interest.

2.5.3. PROPOSITION. (a) Let C be a squared coalgebra in V and let X € V. The
structures of C-comodules in X and squared coalgebra homomorphisms X ® XV — C are
in bijective correspondence.

(b) If § : X1 © Iz = Cho @ Xor is a comodule structure, then

Sior ®X;/,,
EE—

Z:ZX = (X1®X§/ l))(1 @Ig/ ®X£///
Cior @ Xonn @ Xg//// M} Cio ® Ion = Cu) (2.5.1)

is a homomorphism of squared coalgebras.
(c) Ifix : X1 ® Xy — C1h2 is a squared coalgebra homomorphism, then

0= (X, @ I Z10c0evey ¥, 6 XY @ Xon 22952, 0 @ Xo)

is a C-comodule structure on X.

(d) There is a unique squared coalgebra homomorphism he : C' &ef U (®C) — C such
that for any X € €V the composite coalgebra morphism ix : X © XV X, ¢ hey € s
the canonical (2.5.1).

(e) The family he : ¥(PC) — C gives an isomorphism of functors h : U& —

IdCoalgsq(R?\) :

2.5.4. COROLLARY. Any squared coalgebra C' is the union of the images of the cano-
nical morphisms (2.5.1) for all comodules X .
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This is a detailed form of the fundamental theorem on coalgebras 2.3.3.

2.6. Comodules over ordinary coalgebras. Let C be a squared coalgebra in V. Then
C = ®C €V is an ordinary coalgebra in V. How big is the category of C-comodules in
comparison with C-comodules?

First of all, any C-comodule is a union of its rigid subcomodules, oY = C‘Av This is
a general fact. It follows from the embedding § : X — C ® X of C-comodules and the
fundamental theorem on coalgebras.

2.6.1. THEOREM. The functor
VXV B Y (X, 6x)xY = (X®Y,0x®Y)
ox = (X =X®I 2%, Cp1r @ Xiw =C®X)
makes ©V into CV & V.
2.6.2. COROLLARY. Let A be a k-linear abelian essentially small category, let w : A —

V be a k-linear exact faithful functor, and C= fXGA wX @ (wX)V. Then the category of
C-comodules €V is equivalent to A ® V.

This is closely related with results of Pareigis [6].

3. Squared bicoalgebras. Before we discuss bicoalgebras, let us consider the opera-
tion of tensor product of squared coalgebras. Notice that a braiding in V is not required.

3.1. Tensor product of squared coalgebras. Recall that V ® V has a rigid monoidal
structure (A@B)lg = A1/2// X B1//2/ (Theorem 151)

~

3.1.1. PROPOSITION. Let A, B € Coalgsq(V). The tensor product AQB has a coalge-
bra structure
AA®B :Al/gl/ ® Bl//g/ @ IQ M} Allg// ® B1//2/ ® B2//3/ ~
A 1ollall 1ol "ol
A1/3// ® B1//2/ ® 12// ® B2///3/ 17273 ®Bl 2 ®32 3 A1/2// ® Bl//2/ ® A21/13// ® B243/’
(3.1.1)

eAOB Al @ B2 A%e, A13 @ 2~ A2 & I (3.1.2)

~

The tensor product AQB is associative and turn Coalgsq(V) into a monoidal category.

Graphical notation and explanation of the comultiplication (3.1.1) and the counit
(3.1.2) is the following

1/ 1// 2/ 2// 2/// 24 3/ 3//



126 V. V. LYUBASHENKO

1! e A 14

E = B /

/)
\\_ B W”m#‘//

It reflects the canonical isomorphism jy : YV ® XY — (X ® Y)Y which is described in
Section 1.2 on page 116.

3.1.2. Remark. Let A= X0 XY, B=Y Y. Then AQB = (X®Y)o (YV®
XV) 2925 (X ®@Y) o (X ® Y)Y is a squared coalgebra isomorphism.

3.1.3. PROPOSITION. Let M € A\A7, N € BY. Then M ® N has the structure of an
AR B-comodule
5M®N:(M1/ ® Nl// @ I2 M} Mll ® B1N2l ® N2//
ZMll ® B1//2/ ® IQ// ® NQIN Mﬂ) A1/2// ® Blllg/ ® MQ/// ® N24). (313)

For L € CT7, both ways to construct an AQBRC-comodule structure on M @ N ® L
coincide.

Graphical notation for the coaction §M®¥ ig

M N
1/ 1//

SMON _—

s (M)

1/ 1// 2/ 2// 2/// 24
3.1.4. Remark. If A= M ® MY, B= N ® NV, the coaction §®V of A®B on
M ® N is mapped by 1 ® ji to the canonical coaction of (M ® N) ® (M ® N)V (see
Remark 3.1.2).

3.2. Bicoalgebras

3.2.1. DEFINITION. A squared bicoalgebra B = (B, A e, m,n) in Visa squared coal-
gebra (B, A ¢) € Coalgsq(f?) equipped with an algebra structure (B, m,n) in (V@V, ®)
(such that the multiplication m : BB — B € V&V is associative and n:I1o1— B¢
V@V is the unit) and such that m, n are squared coalgebra homomorphisms, that is,

B A
Byign @ By @ I, D8 ®2aras, Byi3r @ Byigr @ Bong:

mi13©12 J J/N

Bl3 @ 12 B1/3// ® Bl//zl ® 12// ® B2///3/
Aq23 J J{Alq//y/ ®Bln2/®32///3/

mem

By @ Barrg ——————— B @ Byra @ Bomgr @ Boagy
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B4 ® B23 B®e B3 ® 72 ~ B2

®mJ/ J/E
Bl2 £ I

LOr;0Is

_—

LOLOI; Loy @Iyl

Mm3Ol2 J J{ N12/ QMg

Biz 01 A, B ® Bars

(Il 2% @B 51)=r
hold.

Morphisms of bicoalgebras are those preserving algebra and squared coalgebra struc-
tures. The category of bicoalgebras in V is denoted Bicoalg('V).

3.2.2. Remark. Definition of a squared bicoalgebra is not self-dual. One can define
dually squared bialgebras which are ordinary coalgebras and squared algebras.

For M, N € BV let us define a B-comodule structure on M ® N € V via (3.1.3):
My @ Nyw @ Iy 922 Blign @ By @ Mon @ Noa 2EMON, B o0 @ Mon @ Nor.

Proposition 3.1.3 shows that the tensor product of B-comodules is associative. The asso-
ciativity isomorphism coincides with that one of (V, ®). Therefore, the category (?V,®)
is monoidal with the unit object (I, dr),

or = (Il © I i} Bis ~ By ®12//).
3.8. Monoidal reconstruction

3.3.1. DEFINITION. Let (A, ®) be a k-linear abelian monoidal essentially small cat-
egory. A monoidal fibre functor is a k-linear exact faithful monoidal functor (wa,w™) :
A — V. Let the category of monoidal fibre functors (V) have monoidal fibre func-
tors as objects and let morphisms from (wa,w?) : A — V to (ws,w®) : B = V be
equivalence classes of triples (F, f, ¢), where (F, f) : A — B is a monoidal functor and
¢ (wa,w™) = (wp,w®)o(F, f) is an isomorphism of monoidal functors. Two such triples
(F, f,¢) and (G, g,7) are equivalent if there is a functorial isomorphism ¢ : F' — G such
that (2.4.1) holds. The composite of two morphisms represented by (F, f, ¢) and (G, g,7)
is represented by (G o F,Gf o gp.p,Yr © §).

The functor F' from the above triple is exact and faithful. Forgetting the monoidal
structure we get a functor M(V) — A(V). It is faithful since ws fxy is determined
uniquely by given F, ¢ from the condition ¢ : (wa,w”) = (ws,w?®) o (F, f), and wg is
faithful.

There is a functor @ : Bicoalg(\?) — M(V), B — ((U,id) : BY — V). We want to
prove that this is an equivalence.

Let (wa,w”) : (A, ®) — (V,®) be a monoidal fibre functor. Assume that C4 is the
coend (2.4.2) constructed from the functor w4 (classifying coalgebra of the category A).
Then, A ~ €4V,
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3.3.2. THEOREM. (a) The squared coalgebra Cy is a bicoalgebra. The monoidal functor
wa admits the factorisation

(wﬂ,wﬂ): (A (Fa,f™) Cay (W,id) V),

where Fy is the equivalence from Theorem 2.5.1 and f)f(l’y = w;‘},y.
(b) The correspondence (wa,w™) — Cu extends to a functor

U MmV) — Bicoalg(\?).
3.3.3. COROLLARY. The monoidal functor (Fa, f*) : A — ®(¥(A)) = 4V construc-
ted in Theorem 3.3.2 together withid : (wa,w™) — (U,id)o(Fa, f4) gives an isomorphism
of functors

F Idgm(v) = AV

Proof. We already know by Theorem 2.5.2 that F' is an isomorphism of the forgetful
functor M(V) — A(V) with @T : M(V) — M(V) — A(V). Theorem 3.3.2 implies that
this isomorphism is in M(V). =

3.3.4. THEOREM. The functors ® : Bicoalg(\?) — M(V), B+ BV and ¥ : M(V) —

Y )

Bicoalg(V), (wa,w”™) — Cyu are equivalences, quasiinverse to each other.

Proof. By Theorem 3.3.2 ® is essentially surjective on objects. Corollary 3.3.3 implies
that ® is full. By Theorem 2.5.2 ® is faithful, hence, ® is an equivalence. W is quasi-inverse
to ® by Corollary 3.3.3. m

In the case V = k-vect this theorem was proved by Schauenburg [8].

To construct explicitly the isomorphism W® — Idgy(v) let us use the results for (V).
Let B be a bicoalgebra in f7, let A =BV letwy =U: BV = Vandwt = id. It was shown
in Proposition 2.5.3 that there is a unique coalgebra isomorphism hp : C4 = V®(B) — B
such that for any X € BV the composite X ® XV X, 04 M2, Bis the canonical coalgebra
morphism (2.5.1).

3.3.5. PROPOSITION (bicoalgebra reconstruction). The morphism hp : Cq — B is an
isomorphism of bicoalgebras giving the functorial isomorphism

h:¥® — IdBicoalg(% .

8.4. Relationship with braided bialgebras. Let us consider the case of braided V. Then
it makes sense to consider braided (quasiclassical) bialgebras.

There is a unique functorial isomorphism ¢ : (®X)®(®Y) > ®(XRY), X, Y € V@V,
such that for X = A® B, Y = C ® D it equals

¢=(432)," : (A®B)® (C®D) = (A2 C)® (D® B),

\
o= | 5L
\
Indeed, it extends uniquely to arbitrary X,Y € V ® V via resolutions

0= M3 A B 2" 06D,



SQUARED HOPF ALGEBRAS 129

3.4.1. PROPOSITION. When V is braided, there is a monoidal functor
(®, 0,77 (VeV,e,I0I) = (V,®,1).
3.4.2. PROPOSITION. Let B = (B,A,e,m,n) be a bicoalgebra in V. Denote
B= ®B = B'?,
A= (B2 ~ B3 g I? A, pl2 ® B3,
= (I 25 1o 1 2% @B),
m= (B2 @ B* %, pl4 g p23 _®m, B').
Then (B, A,e,m,7) is a braided bialgebra in V.
3.4.3. PROPOSITION. There exists a k-linear exact faithful monoidal functor
(F,id,id) : BV — BV, F(X,0x) = (X,0x), F(f)=/f.
bx = (X 5 X @I 9%, BgX),

commuting with the underlying functor.

4. Hopf coalgebras. In addition to standard assumptions of Section 1.3 we assume
that XV is functorially isomorphic to X € V. Let us call such categories rigid-involutive.
In particular, braided categories are rigid-involutive. However, we don’t need the braiding
in V and our study of Hopf algebras applies to non-braided V as well.

Let us pick a functorial isomorphism (x : X — XVV. Our notions will explicitly
depend on the choice of (. Different choices lead to isomorphic constructions.

4.1. Opposite coalgebras

4.1.1. PROPOSITION. Letp : P — V be a functor and let p¥ : P°P — V be the composite
functor, p¥ = Vop, that is, p¥(X) = p(X)", p¥(f : X = Y) = (p(f)" : p(Y)¥ = p(X)").
Let Cp, and Cpv be the corresponding squared coalgebras. Then there is an isomorphism
z: PC, = Cpv € V/@)\V, which satisfies the following diagram

pXY ©pX pXVOC pXY @ pXVV

i l Jx (4.1.1)

z

PCp _— va
for each X € Ob®P. There are unique coalgebra structures (pXv ® pX, A° e°P) and
(PCp, A°P,e°P) such that each morphism in diagram (4.1.1) is a coalgebra morphism.
For M = pX this is

A°P. MV oIoM 1Gcoev ©1 MV @MV\/ ®M\/ oM

1O OIOL A o Mo MY 0 M, (4.1.2)
P MY @ M 225 MY @ MYV < I (4.1.3)

4.1.2. DEFINITION. Let C be a squared coalgebra in V. The opposite coalgebra Co, =
(PC, A°P £°P) is the unique coalgebra structure on PC such that Piy : MY @ M — PC
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is a squared coalgebra homomorphism for any C-comodule M € ¢V, where MV ® M is
equipped with coalgebra structure (4.1.2), (4.1.3).

To check the existence of the opposite coalgebra notice that any coalgebra has the
form C, for some P C “V and apply Proposition 4.1.1.

4.1.3. Remark. The duality yields an equivalence of categories (CV)°P — CorV,
(M,0nr) — (MY, 8h,v), where &' is given by
6;\/[\/ _ (M\/ oI MY Gcoev MV @MV\/ ®M\/ MVGC_1®MV
MY oMo MY P (P, @ My,).
This follows by Proposition 4.1.1.

Clearly, another choice of { gives an isomorphic coalgebra structure in PC.

4.1.4. PROPOSITION. Each functorial isomorphism ¢ : X — XVV determines a func-
tor

P Coalgsq(\?) — Coalgsq(\?), h — Ph,
P:(C) = Cyp = (PC, AP £°P) = (PC, AS, ).
All such functors are isomorphic.
4.2. Comparison with opposite coalgebra in braided case. If 'V is braided, we have the

usual notion of an opposite coalgebra. The following proposition shows that the new
notion of opposite coincides with traditional one at the quasiclassical level.

4.2.1. PROPOSITION. Let C' be a squared coalgebra in V, let ¢ = u?: X — XYV and
let Cop = (C, A°P) be the quasiclassical opposite to C':
A% =(C 2 CeC5Cx0).
Then the isomorphism, induced by the braiding
c:Cop = (C2 A% &) — (C? AP °P) = Oy
is a coalgebra isomorphism.
4.8. The antipode. Hopf coalgebras are bicoalgebras, whose categories of comodu-

les are rigid. However, at the moment we use another definition: Hopf coalgebras are
bicoalgebras with an antipode. The first definition will be made a result.

4.3.1. DEFINITION. Let H be a bicoalgebra in V. A right antipode in H (with respect
to ¢) is a morphism v = ¢ : Hop — H € V® V such that

op

ATy
(Hop 1717 [O) 12 i} Hop 11191 X HOpQ”l’ = H1/2// X Hop 17197

H® /// ’
— N Hygr @ Hymgr % Hyo)
= (Hy 0L =25 101, 5 Hi), (4.3.1)
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A
(Il @ H2//2/ & H2//1/ ® Hl//2/ = Hop 1/2// ® Hll’2/
’
o @H
2P Hyvgn @ Hyngr 22 Hi)

= (Il © H0p2/2// IQ—EOP> Lol BIN ng). (432)

A left antipode in H (with respect to ) is a morphism 'y = ¢y : Hop, — H € V&V such
that

(Him © 1 Ve B g @ Hyiyr = Hop1or @ Hyngr
(1020 OH, H s @ Hige Ty His)
= (Hop117 © I CCIENY SO SRN Hi),
(Il ® Hop2”2’ % Hop2”1’ ® Hop vror = Hyrgn @ Hop 1772/
HOMy Hy 10 @ Hyngr s His)
= (I, © Hyar s nehb Hiy).

A (squared) Hopf coalgebra is a bicoalgebra which has a right and a left antipode.

Graphical expression of these equations is the following. Here X is an H-comodule
and ix : X ® XV — H is implicit.

=
>~
<

S
5

<

>< —_

< :

m]

b

[N}

=
-
N -
<
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G

T

5

T
[\
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1 X XV X XV
XVV XV 2/ 2//
C_l
/,7 =
TR
1 H 2 1" g 2

The dual notion is called squared Hopf algebra.

4.3.2. PROPOSITION. Let (H,~',"7y) be a Hopf coalgebra. Then ~','y : Ho, — H are
homomorphisms of squared coalgebras.

4.3.3. THEOREM. The category "V of comodules over a Hopf coalgebra H is rigid.
For the right dual of X one can take

5 ’Y/ QXY
(Xv7(5)(v :XY@IQ A)Hoplgl ® Xy N

for the left dual -

Hiy ® X3),
(X, 0vx 1 VX1 0 I & Hop12r @ Y Xon Mﬁ% Hiy @ YXon).
The evaluation and coevaluation morphisms are the same as in V.
The formulae
Sxv = (XV o1 Xlowey, xvo xWV g xV XIECTEXT vV o Xy @ XY,
M Hop12 ® XQVH % Hiy ® Xg/,,)7
Sux = (VX o [ Xocoev, vy o x o VX CTleXevX XY 0 X @ VXon
@, Hop12 @ Y Xor 8 Hyy @ VX o).
together with definition (2.5.1) of ix imply
XY oX, X9 XyoexyY

Pix l Iixv , (4.3.3)

’

Y
Hop12 Hyo

XY 0 X, LOX VX o X,

Pix J J vy - (4.3.4)

/

Y
Hyp12 R — Hyo

4.3.4. COROLLARY. The right and the left antipodes ',’y : Hop, — H of a Hopf
coalgebra are unique and invertible.

Uniqueness follows from the fundamental theorem on coalgebras (Corollary 2.5.4) and
diagrams (4.3.3), (4.3.4). Invertibility follows from the fact that X — XV, X — VX are
equivalences. If only right antipode exists for H, it need not be invertible.
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4.3.5. Remark. The property of being a Hopf coalgebra does not depend on the
choice of (.

4.3.6. PROPOSITION. Let H be a bicoalgebra in V.

(a) If H has a right antipode ~y; : Hop — H with respect to ( and it is invertible, then
-1y = P’ygl is a left antipode for H with respect to ‘¢,
(b) If H has a left antipode ¢y : Hop — H with respect to ( and it is invertible, then
Yee-1 = P(y’l is a right antipode for H with respect to !¢,
In both cases H is a Hopf coalgebra.

4.4. Comparison with braided Hopf algebras. We recall that if V is braided, the tensor
functor (®, ¢, rl_l) : VRV — V from Proposition 3.4.1 transforms squared bicoalgebras
B into quasiclassical bialgebras B (see Proposition 3.4.2).

4.4.1. PROPOSITION. Let H be a squared Hopf algebra in V. Then H is a quasiclassical
Hopf algebra in V. If v/ is the right antipode for H with respect to ( = u?, then

vg = (H12 £> H21 @_’Y) Hl?)
is the antipode for H. If 'y is the left antipode for H with respect to 5: u?, then
:)/H — ,yél _ (H12 ¢t H21 ®'y Hl?)
H.

is the skew antipode for

5. Quasitriangular Hopf coalgebras. We want to discuss braided monoidal cate-
gories. Naturally, we assume that V is braided. It was shown in Propositions 3.4.1, 3.4.2
that a monoidal functor (®, ¢, ’I“I_l) :(VeV,®,IeI)— (V,®,I) maps bicoalgebras H
to braided bialgebras H = (® H, A, e, m,n). The structure responsible for the braiding in
BY is the R-matrix. Bicoalgebras which admit an R-matrix will be called quasitriangu-
lar. We are going to establish correspondence between k-linear exact monoidal functors
w : € = V which do not preserve braiding and quasitriangular bicoalgebras. Quasitrian-
gular Hopf coalgebra is a natural implementation of the idea of a quantum braided group
[4]. Although there are two R-matrices — Ry and R_, they are linearly expressed one
through another with the help of braiding in V.

5.1. R-matrices in Hopf coalgebras

5.1.1. DEFINITION. A quasitriangular Hopf coalgebra in Vis a Hopf coalgebra H in
V equipped with bilinear forms R, : H® H — I, R_ : H® H — I € MorV called the
R-matrices such that

Ry=(HoH % HeoH 1), (5.1.1)
where  denotes the morphism 1' ® (c*2 0 c¢®) @ 14 : H'? @ H3* — H'? @ H3*,
e=(H~IoH 2% o ),
e=(H~Hol 12 AoH &),
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(HoHoH ™1, i )

—(HoHoH 18185 o Ao HoH (5.1.2a)
H®R+®H 7 ' 7 ' R+
ST LHRI®H~H®H 5 1T),

(HoHeoH 22m 1o 1)
=(AeoHoH 2219 ool H (5.1.2b)

MH@H@H@H%I@IZI),

Ly @H @ Hyngn @ Hyag:

H®A1/// 149/ ®H
%

(Hyo ® Hyngn ~ Hygr @ Hyigr @ Iy
C;”llm®1;11 Hyimn @ Hymgn @ I1a @ Hysor
Hinr @ Hymga @ Hison @ Hyeor M Iy ® Hing ~ H12>

= (Hyry @ Hyigr ~ Hyrgn @ Ine @ Hyngi A8ty H o @ Hyng @ Hyuga
—)T;@C;/}W Hygn ® Hyng @ Iy ® Hyags 222 OHOH,

H1/2// ® H1//2/ ® H2/1124 ® H2526 % ng/ ® 12// ~ H12),
(5.1.3)

It is easier to look at these conditions in graphical form. Equation (5.1.2a) becomes

H H H

H

(5.1.2b) becomes

]

|

=
]

&~ | & ]
and (5.1.3) becomes
X XV vV
/”fv—\
g

With a certain effort one can see that these properties are the dual ones to the equations
for R-matrix written by Drinfeld [2].

5.1.2. THEOREM. Let (H,R4,R_) be a quasitriangular Hopf coalgebra. Then the
categories of comodules 'V and HV are braided and the braiding Rxy : X @Y - Y ®@ X
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is given by

Rxy =(XoV %%, foxeoHey W AeAeYoX

- BN Ty @ X =YV @ X)
—(XoY &Y, feXxeHeY Y- AeHeY®X
TV Toy 9 X ~Y ® X),
or X Y X Y
| | | |
L ox | [ oy | L ox | [y |
Rxy = _| _ = _ . 5.1.4
xv= gl g > gl g (5.1.4)
Ry Y Ry /
Y X Y X

5.1.3. Remark. One can define quasitriangular bicoalgebras in the same way as in
Definition 5.1.1, adding one condition — invertibility of (5.1.4).

5.1.4. Remark. Equation (5.1.3) can be written in 4 equivalent forms. By (5.1.1)
one can replace ¢!, Ry by ¢, R_ in the left and/or, independently, in the right hand
side of (5.1.3).

5.1.5. PROPOSITION. Let H be a bicoalgebra (e.g. a Hopf coalgebra). If #V has a
braiding Rxy : X ® Y - Y ® X, then (H, R4, R_) is quasitriangular, where Ry, R_
are determined by

(Xeox'eyeyY X8, fop )
—(Xex'eYey' X8V, xoyeXxVeY
YoXoX oy YooV yoroy oy oYY o).

v Rxy®XVeYyV
=res -

5.2. Braiding for comodules over a braided Hopf algebra. It seems that there is no
gadget, which would make the whole category of comodules over a braided Hopf algebra
into a braided category. That is why the framework of braided Hopf algebras seems
insufficient for the ideas like quantum braided groups. However, braided Hopf algebras,
which came from quasitriangular squared Hopf coalgebras, make an exception.

Let H be a quasitriangular Hopf coalgebra, and let H = ®H. The category Hy) of
comodules over the braided Hopf algebra H is equivalent to the tensor product 7V ® V
of two braided rigid monoidal categories by Theorem 2.6.1. This allows to introduce a
braiding in ZV.

Indeed, the tensor product

2: VeV x(HveV) & Ve ve fve v

Lerel, iy g iy g ve v 228, Ay gy,
(A@B)lg = Airo90 @ Byran for A, Befvy RV,
(MOX)®(NOY) =(M®N)®(X®Y) for M,N € HV, XY €V,

with the corresponding associativity and unit constraints makes (?V ® V,®,I ® I) into
a monoidal category similarly to Section 1.5.
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5.2.1. PROPOSITION. The functorial isomorphism 1 : A2@B3* — A B*, A B ¢
HY @V, determined by

P=10cR1: MRIXINRQY > MINRXXRQRY
for M,N € BV, X, Y €V, gives a monoidal equivalence
@,¢,77h): (Ve v,e,101) = (1v,,1).
Each of the four isomorphisms
cr+ : MOX)@INOY)=(MN)® (XQY)
Ri1®ci1
S (NoM)oYeX)=NoY)o(M o X)

gives a braiding in (#V ® V,®,I ® I). Thus, the category of H-comodules is braided as
well.

5.2.2. COROLLARY. The category (I'V,®,I) has braidings ¢, . such that
dy=(MeX)e(NeY) 2EL MeaNo XY
Flo, NoMeY @ X 188l (NgY) e (M@ X))
for M,N ¢ HV, XY € V.

6. Ribbon Hopf coalgebras. Let us assume that V is braided. Fix the isomorphism
¢ =u?: X — XVV. We want to discuss ribbon structures in the categories #V. A ribbon
structure in V is not required.

6.1. Ribbon twists

6.1.1. DEFINITION. A ribbon Hopf coalgebra is a quasitriangular Hopf coalgebra H
equipped with a linear form © : H — I € V such that

. g © —;
- I 1.
(I5HS8T)=id (6.1.1)

(H'2 <2 g2 1<, R TEENCN I)=0, (6.1.2)

(HoH 295 HoHoHoH 2299080, o FoloHol
M HoHoH 224 o HeH Ho20H,
HoHoHoH M2 101 = 1)

(6.1.3)

(Hiz = Hyp @ Iy =222 B0 By @ Hymg 928, 10 @ Hyg 2 Hy)
= (Hi2 =~ Hiz» ® Iy Lazay {00 @ Hyngnr 88 Hyp @ Ipn Hi5)(6.1.4)
6.1.2. THEOREM. (a) The category #V of comodules over a quasitriangular Hopf
coalgebra H is ribbon if and only zf H is ribbon.

(b) A linear form © : H — I € V satisfying the equations (6.1.1)—(6.1.4) determines
a ribbon twist in 2V by the formula

O0x=(X L HoX 225 T X ~X)eV.
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(c) A ribbon twist 6 in TV determines the unique functional © with the properties
(6.1.1)~(6.1.4) via the diagram
XoXxv 22X, xexV

H SECEN I
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