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CHAINS OF FACTORIZATIONS IN WEAKLY KRULL DOMAINS

BY

ALFRED GEROLDINGER (GRAZ)

1. Introduction. In a noetherian domain every non-zero non-unit has
a factorization into a product of irreducible elements. In general, such a
factorization need not be unique. A lot of arithmetical invariants have been
introduced to describe the non-uniqueness of factorizations. Most of them
concentrate only on lengths of factorizations. However, there are noetherian
domains which behave as good as possible when lengths are concerned but
whose arithmetic is far from being simple.

The central topic of this paper is an arithmetical invariant, the catenary
degree, which is more subtle than invariants which just control the lengths
of factorizations. It was introduced in [G-L] and is defined as follows. Let
R be a noetherian domain, 0 # a € R and z,2z’ two factorizations of a.
We say that there is an N-chain of factorizations from z to 2’ if a has
factorizations z = zp, 21,...,2; = 2’ such that the distance between two
subsequent factorizations z; 1 and z; is bounded by NV € Nfor all 1 <1 < k.
The catenary degree ¢(R) of R is the minimal N € N U {oco} such that for
all 0 # a € R and any two factorizations z, 2’ of a there is an N-chain of
factorizations from z to 2z’ (cf. Definition 3.2).

In the theory of non-unique factorizations, Krull domains (including in-
tegrally closed noetherian domains) represent the best investigated class of
domains. Most results are achieved by a divisor-theoretic approach using the
fact that a Krull domain admits a (classical) divisor theory (i.e., a divisor
homomorphism into a free abelian monoid). Domains which are not inte-
grally closed admit no divisor theory. In spite of various partial results, their
arithmetic is still far less understood than the arithmetic of Krull domains.

Quite recently were weakly Krull domains introduced to literature
(cf. [A-M-Z]). These domains are not necessarily integrally closed but include
Krull domains and all one-dimensional noetherian domains. Using the close
relationship between divisor homomorphisms and generalized valuations (as
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developed in [G-HK]) F. Halter-Koch showed in [HK3| that a domain is
weakly Krull if and only if it admits a weak divisor theory (i.e., a divisor
homomorphism into a coproduct of primary monoids). This characteriza-
tion provides the algebraic basis for the main result of the present paper
(Theorem 7.3): weakly Krull domains satisfying certain natural finiteness
conditions have finite catenary degree.

The property of being a weakly Krull domain is a purely multiplicative
one; a domain is weakly Krull if and only if its multiplicative monoid is
a weakly Krull monoid. In general, the factorization properties of a do-
main just depend on the structure of its multiplicative monoid. Hence all
notions and most results of this paper are formulated in the context of
monoids. Their relevance, however, lies in their ring-theoretic applications.
Apart from technical advantages, this semigroup-theoretic procedure makes
it possible to describe most clearly the combinatorial structures which are
responsible for the investigated phenomena.

The paper is organized as follows. All relevant arithmetical notions are
introduced in Section 3. Section 4 deals with (general) block monoids as
introduced in [Ge3], which are the crucial combinatorial tool. These tech-
nical preparations are developed to such an extent that they meet future
requirements. Theorem 5.4 in Section 5 states that weakly Krull monoids
satisfying certain finiteness conditions have finite catenary degree. The rel-
evance of these finiteness conditions will become more clear in Section 6,
where we give examples of monoids with infinite catenary degree. In Sec-
tion 7 the semigroup-theoretic result is applied to weakly Krull domains. In
particular, the result is valid for orders in holomorphy rings in global fields,
and it will serve as a basis for quantitative investigations in these domains

(see [Geb]).

2. Preliminaries on monoids. Throughout this paper, a monoid is
a commutative and cancellative semigroup with unit element. If not stated
otherwise, we will use multiplicative notation. We review some necessary
terminology.

For a family (H)),cp of monoids we denote, as usual, by ]
direct product, and by

H H,= {(ap)pep € H H, : a, =1 for almost all p € P}
peP peP

peP H), their

their coproduct. For every Q C P we view HpeQ H), as a submonoid of
[l ep Hp- If all Hy, are infinite cyclic (i.e. H, ~ (N, +)) then [[ . p H, is
the free abelian monoid with basis P and will be denoted by F(P). If P = (),
then F(P) = {1}.
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Every a € F(P) has a unique representation

a = H p”p(a)

peEP

with v,(a) € N and v,(a) = 0 for almost all p € P. Furthermore,

o(a)=> vp(a) N
peP
is called the size of a.
If D is a monoid, then D* denotes the group of invertible elements of D.
D is called reduced if D* = {1}. Q(D) denotes a quotient group of D,

and we always assume D C Q(D). The complete integral closure D of D is
defined as

D={zeQ(D):
there exists some ¢ € D such that cz™ € D for all n € Ny }.

By definition, we have D C D C 9(D).

A subset D’ C D is called divisor closed if for all a,b € D with a|b and
b€ D' we have a € D’.

Let H and D be submonoids of some abelian group. We call

fD/H:{fGH:ngH}

the conductor of D in H. If H C D and fp,y # 0, then Q(H) = Q(D).
We define congruence modulo H in D by

r=ymod H if z~'yec Q(H).

The factor monoid of D with respect to congruence modulo H is denoted
by D/H. For a € D [a] € D/H denotes the class containing a. If H is a
group, then [a] = {ax : v € H} = aH. In particular, we set Dyeq = D/D*.

H C D is called saturated if a,b € H, ¢ € D and a = bc imply that
¢ € H (equivalently, H = DN Q(H)). If H C D is divisor closed, then it is
saturated.

Next we consider monoid homomorphisms. Such a homomorphism ¢ :
H — D induces a unique group homomorphism Q(y) : Q(H) — 9Q(D).
Further,

Cl(p) = Q(D/pH)
is called the class group of ¢ : H — D. It will be written additively.
Obviously we have

Cl(p) ~ Q(D)/Q(p)(Q(H)).
In particular, if H is a submonoid of D, then the class group of the embed-
ding ¢ : H — D will be called the class group of H C D.
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A monoid homomorphism ¢ : H — D is said to be a divisor homomor-
phism if a,b € H and ¢(a) | p(b) imply a | b.

A monoid D is said to be primary if D # D* and if a,b € D and b & D*
imply that a|b™ for some n € Ny. For various equivalent conditions for
being primary and some historical remarks cf. [Ge4; Lemma 1].

Let (Dp)pep be a family of primary monoids and set D = [[ . p D,.
Then the monoids D), are called the primary components of D. For a family
(a™)ser of elements a(?) = (aj(f))pep € D and an element a = (a,),ep € D,
we call a a strict greatest common divisor and write

a= /\(a(i))iel
if the following two conditions are satisfied for all p € P:
(i) ap | az(,i) for all i € I;
(ii) aj(f) | a, for at least one i € I.

If D is factorial, then the strict greatest common divisor coincides with
the usual greatest common divisor (cf. [G-HK; Definition 4.5]).

DEFINITION 2.1. Let H be a monoid.

1. A divisor homomorphism

p:H—D= H D,
peP
into a coproduct of reduced primary monoids D, is called a weak divisor
theory if for all a € D there exist uq,...,u, € H such that a = /\Zil ou;.
If D, ~ (N,+) for all p € P, then ¢ is said to be a divisor theory.
2. H is called a (weakly) Krull monoid if it admits a (weak) divisor
theory.

Weakly Krull monoids were introduced in [HK3]. The weak divisor the-
ory of a weakly Krull monoid is uniquely determined (up to isomorphism).
This uniqueness implies that the group CI(H) = D/@pH just depends on
H. CI(H) is called the (divisor) class group of H (cf. [HK3; Section 2]).
The main examples we cite are the multiplicative monoids of weakly Krull
domains; these will be discussed in Section 7.

Let ¢ : H — D be a weak divisor theory. Since ¢ is a divisor ho-
momorphism, ¢p(H) C D is saturated and the induced homomorphism
¢red : Hred — Dreq is injective (cf. [G-HK; Lemma 2.6]). Hence it means
no restriction to suppose that H C D is a saturated submonoid. We
shall adopt this viewpoint in the sequel. Indeed, if D is free abelian and
H C D saturated, then H is a Krull monoid. However, there are monoids H
saturated in a coproduct of primary monoids which are not weakly Krull
(cf. [HK3; Proposition 2.13]).
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Let G be an abelian group. As usual, we say that elements gy, ..., g, are
linearly independent if each equation Y ;_, n;g; = 0 with integer coefficients
n; € 7 implies n1g1 = ... = n,g, = 0. If G is a bounded torsion group,

then exp(G) denotes the exponent of G.

3. On the arithmetic of monoids. We briefly recall some arith-
metical invariants of monoids and some basic notions from the theory of
non-unique factorizations. For their relevance and properties the reader is
referred to the cited literature.

Let H be a monoid. We denote by U(H) the set of irreducible elements
of H. The factorization monoid Z(H) of H is defined as the free abelian
monoid with basis U(Hyeq). Thus,

Z(H) = F(U(Hrea))

and the elements z € Z(H) are written in the form

z= H u? (%),

uw€U(Hyea)
Let m: Z(H) — Hyeq be the canonical homomorphism. We say that H is

atomic if w is surjective.
Suppose that H is atomic, and let a € H be given. The elements of

Zy(a) = Z(a) = 7 Y(aH*) C Z(H)
are called factorizations of a and
Ly(a) =L(a) ={o(z): z€ Z(a)} CN
denotes the set of lengths of a. For a subset H' C H the elasticity o(H') of
H is defined as (cf. [HK4])

Q(H/):sup{m:aeﬂ’\f[x} € Ny U{oo}.

An atomic monoid H is said to be (cf. [HK2]):

1. factorial if #Z(a) =1 for all a € H,

2. half-factorial if #L(a) =1 for all a € H,

3. an FF-monoid (finite-factorization monoid) if #2Z(a) < oo for all
a € H,

4. a BF-monoid (bounded-factorization monoid) if #L(a) < oo for all
ac H.

The most thoroughly studied invariants, as sets of lengths and the elas-
ticity, consider only lengths of factorizations. However, there are even half-
factorial monoids with bad factorization properties. In [A-A-Z; Example 4.1]
an example of a noetherian domain is given whose multiplicative monoid is
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half-factorial but not even an FF-monoid. Such phenomena make it indis-
pensable to look more closely at factorizations.
Let H be an atomic monoid. For two factorizations z,z" € Z(H) we call

i) =\t () )

the distance between z and z’. This means that, if 2 = uy ... wvy ... v, and
Z'=uy . owwy .. wy With ug, vy, wp € U(Hpeq) such that {v; 1 1 < j <m}
N{wg : 1 <k <n} =0, then d(z,z’) = max{m,n}. Thus d(z,2") = 0 if and
only if z =2'. If 2,2’ € Z(a) for some a € H and z # 2/, then d(z,2") > 2.

The following lemma is trivial but throws a first light on the situation
in non-factorial monoids.

LEMMA 3.1. Let H be an atomic monoid. If H is not factorial, then for
every n € Ny there exists some element a € H and factorizations z,z' €

Z(a) with d(z,z") > n.
Proof. Suppose that H is not factorial. Then there exists some element

¢ € H having two distinct factorizations y,y" € Z(c). So for every n € N
we have y™,y'" € Z(c") and

d(y",y'") =nd(y,y’) > 2n. =

Hence in all non-factorial monoids there are elements having completely
different factorizations. Thus the best we can expect is that these fac-
torizations are somehow connected. This is made precise in the following
definition.

DEFINITION 3.2. Let H be an atomic monoid.

1. Let a € H, 2,2 € Z(a) and N € NU {co}; we say that there
is an N-chain (of factorizations) from z to z' if there exist factorizations
z=20,21,...,2k = 2 € Z(a) such that d(z;_1,2;) < N for 1 <i <k.

2. The catenary degree

cy(H') =c(H') € NU {0}

of a subset H' C H is the minimal N € NU{oo} such that for every a € H’
and any two factorizations z, 2’ € Z(a) there exists an N-chain from z to 2’.
For simplicity, we write c(a) instead of c({a}).

The main aim of this paper is to prove that weakly Krull monoids
satisfying certain natural finiteness conditions have finite catenary degree
(cf. Theorem 5.4).

Remarks. Let H be an atomic monoid and let a € H.

1. We have c(a) = 0 if and only if #Z(a) = 1. Thus H is factorial if and
only if ¢(H) = 0.
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2. By definition, we always have c(a) # 1. If ¢(a) = 2, then #L(a) = 1.
Therefore ¢(H) = 2 implies that H is half-factorial. However, there are
half-factorial monoids with infinite catenary degree (see [G-L; Remark 2
after Definition 2]).

3. If ¢(a) =3, then L(a) = {y,y +1,...,y + k} for some y, k € N;.

4. Suppose that a = []_; a; with max L(a;) < N for some N € Ny .
Further, let z;, 2] € Z(a;) for 1 <i<nandz=[[,_, 2, 2/ =[[;—, 2. Then

=1 7"
there exists an N-chain from z to 2. Indeed, setting y; = [/, 2{ [[;; 1 %

for 0 < j < n, we have yo = z, y, = 2’ and d(y;,y;j+1) = d(zg-ﬂ,zj“) < N.

5. Let ¢ : H — D be a monoid epimorphism onto an atomic monoid D
with o(U(H)) CU(D)UD*. Then ¢ has a natural extension to ¢ : Z(H) —
Z(D) and for z,2’ € Z(H) we have d(pz,pz') < d(z,z'). Furthermore,
c(pH') < ¢(H') for all subsets ) # H' C H.

We introduce a new arithmetical invariant which will be crucial for our
further investigations.

DEFINITION 3.3. Let D be an atomic monoid and D’ C D a non-empty
subset.

1. For uw € D let wp(D’,u) be defined as the minimum of all w € Ny U
{oo} having the following property: if ay,...,a, € D\D* with [[;_, a; € D’
such that u| [];_; a;, then there exists a subset J C {1,...,n} with #J < w
and u | [[;c; ai

2. For a subset U C D we set

wp(D',U) = sup{wp(D',u) : w € U} € N U {oo}.
The following two situations will be of special importance:

(i) U =U(D) and D’ C D a divisor closed subset,
(ii) D’ = D and U = U(H) for a saturated submonoid H C D.

Remarks. Let D be an atomic monoid.

1. For every u € D we have wp(D,u) = wp,_,(Dred, uH*) and hence
wp(D,U(D)) = WDyeq (Dred,U(Dreq))-
2. D" C D' CDand U CV C D are subsets, then by definition

wD(D”, U) < wD(D’, V)

3. Let € Ny and D' = {a € D : supL(a) < 8}. Then D' C D is
divisor closed and wp (D', U(D)) < .

4. Let u € D be a product of primes, say u = p;...p,, and let D" C D
be a divisor closed subset containing u. Then wp(D’,u) = r; in particular,
if w € D is prime, then wp(D,u) = 1. Conversely, if for some v € D\D*
we have wp(D,u) =1, then u is a prime element.
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An atomic monoid is factorial if and only if all its irreducible elements
are prime. Hence D is factorial if and only if wp(D,U(D)) = 1.

PROPOSITION 3.4. Let D be an atomic monoid.

1. If Dyeq s finitely generated, then wp(D,U(D)) < oc.
2. If D =1l,;c; Di and D; C D are non-empty subsets, then

wp ( g Di,U(D)) = supwp, (D}, U(D).

Proof. 1. By the previous remark we may assume without restriction
that D is finitely generated. Let U(D) = {u1,...,us} and let i € {1,...,s}
be given. It suffices to show that wp(D,u;) < oo. For this we consider the
set

Ai:{k:(kl,...,kS)ENs:uil f[u’;v}gNS.
v=1

By [C-P; Theorem 9.18] the set M, of minimal points of A; is finite and we

set
S
w:max{Zky :kEM,-}.
v=1

Let ay,...,a, € D\D* be given with w; | [[,_, a,. Now, if [[[_, a, =
[15_, ulr, then there exists some k € M; with k < 1 and u; | [[}_, ut.
Hence there exists a subset J C {1,...,n} with w;| [[;c;a; and #J <
S _ ke < w.

2. Clearly,

wp, (D}, u) = wD(HD;,u)
jEI

for every i € I and every u € U(D;). Since U(D) = |J,c; U(D;) we infer

that
wp ( H D;,U(D)) = supwp ( H D;,L{(Di))
jel el jel

— supwp, (DLU(D,)). =
iel
PROPOSITION 3.5. Let D be an atomic monoid, D' C D a divisor closed
subset and u,v € D’.

1. sup L(u) < wp (D', u).
2. wp(D',uwv) < wp (D', u) + wp (D', v).
3. sup L(u) < min L(u) - wp (D', U(D)).
1 o(D') < wp(D'U(D)).
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Proof. 1. We show that £ < wp(D’,u) for every k € L(u). Let
u =1 ...vx with each v; € U(D). Then u|v;...v, and hence u| [[;c;v;
for some J C {1,...,k} with #J < wp(D’,u). But this implies that
vr... 0| [[;e;vj and thus J = {1,...,k}. Therefore we obtain k = #.J <
wD(D’, u)
2. Let ai,...,a, € D\D* be given with [ a;, € D’ such that
wv | T, a;. Then without restriction of generality it follows that u | Hle a;
with & < wp(D’,u). If we set H?Zl a; = uag, then v|apagsy ... a,. Again
we may assume that v |agag,1 ... agy; with | <wp(D’,v). Therefore
K+l
uv | uaoagyy .- Ay = H a;,
i=1

which implies the assertion.
3. Let u = vy...v; with v; € U(D) and k = min L(u). Using parts 1
and 2 we infer that

k
sup L(u) < wp (D', u) < ZwD(D’,vi) < min L(u) - wp (D', U(D)).

4. This follows from part 3. m

COROLLARY 3.6. Let D be an atomic monoid and H C D a saturated
atomic submonoid.

1. If D' C D is a divisor closed subset, then H' = HND' C H is divisor
closed and

wy(H'\U(H)) < sup sup Lp(u) - wp (D', U(D)).
weU(H)

2. If D is free abelian, then
wy(H,U(H)) <sup{o(u):ueclU(H)}.

Furthermore, if H — D is a divisor theory with class group G,Gg C G the
set of classes containing primes and Gy = —G, then equality holds in the
above formula.

Proof. 1. Obviously, H' C H is a divisor closed subset. Let v € U(H)
be given.

First we show that wy (H',u) < wp(D’,u). Let ay,...,a, € H\H* with
[1;, a; € H such that u| []}; a; in H. Since H C D is saturated, we have
H* = D*NH. Therefore ay,...,a, € D\D*,[[[_, a; € D' and u| [[}—, a;
in D. So there exists a subset J C {1,...,n} with #J < wp(D’,u) such
that u| [[;c;a; in D. Thus u| [[,c;a; in H and wy (H',u) < wp(D’', u).
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Suppose u = v1 ...vq with v; € U(D). Using parts 1 and 2 of Proposi-
tion 3.5 we infer that

d
wp (D', u) < ZwD(D/,vi) < dwp(D",U(D)) < sup Lp(u) - wp(D',U(D)).

2. Suppose that D is free abelian. Then Lp(u) = {o(u)} for every u € D
and wp(D,U(D)) = 1 by Remark 4 after Definition 3.3. This implies

wy(H,U(H)) <sup{o(u):uecU(H)}

by part 1.
Suppose further that H — D is a divisor theory and that Gg = —G¢ with
Gq as above. Let u = py ...p, € U(H) be given with primes py,...,p, € D.

Case 1: r = 2. Since p; is a greatest common divisor of elements from
H, there is a v € H with v = pya for some a € D with utv. For the same
reason there is some w = pyb € H with b € D and utw. Then u|vw, utv,
ufw, which implies wy (H,u) > 2 = o(u).

Case 2: r > 3. By assumption we may choose primes ¢q; € D such that
v; = piq; € H for 1 < i < r. Because u € U(H) and r > 3, we infer that

q & {p1,---,prf\{pi} for 1 < i < r. Then u]| H2:1 v; but uf [],c;vi for
any I C {1,...,r}, which implies wy (H,u) >r =0c(u). m

PROPOSITION 3.7. Let D be an atomic monoid and D' C D a divisor
closed subset. Then

c(D") <wp (D', U(D)).

Proof. We set w = wp(D",U(D)); if w = oo, nothing has to be done.
So suppose w < oo; then for every a € D',

sup L(a) < min L(a) - w < o0

by Proposition 3.5. So we may argue by induction on max L(a). Obvi-
ously, the assertion is true for all « € D’ with max L(a) < w. Now let
a€D,z=1][_u € Z(a), and 2’ = H;Zlvj € Z(a) with u;,v; €
U(Drea). If r < w and s < w then d(z,2') < w. So we can suppose
that » > w. After some suitable renumbering, we infer that vy |uy ... uq—1.
Hence, there are wy, ..., w; € U(Dyeq) With uy ... ur—1 = viw; ... w;. Since
max L(us ... u,—1) < max L(a) and max L(w; ... wiu,) < max L(a), there
are w-chains from

z=(uy...up_1)u, to 2" = (viw...w)u,
and from

2 =wv(wy...wpu,) to 2 =wv1(va...vs). m
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4. Block monoids. Let G be an abelian group, Gog C G an arbitrary
subset and T" an atomic reduced monoid. A monoid homomorphism

t:F(Go) xT — G

is called a content homomorphism if for every S =[], cq, gvs(%) € F(Gy)
we have 1(S) = >, v4(S)g € Go. Suppose ¢ is a content homomorphism;
then

B = B(Go,T,t) = Ker(t) C F(Go) x T

is called the block monoid over Gy with respect to v and T. Next,

B(Go) = BN F(Go) = { [] 9% € F(Go): > ngg = o}

geGo g€Go

is the (ordinary) block monoid over Gy.
If «(T) = {0}, then B = B(Go) x T; if T'= {1}, then B = B(Gy).
Recall that Davenport’s constant D(Gy) of Gy is defined as

D(Gy) =sup{o(U) : U €e U(B(Gy))} € Nt U {oo}.

If Gy is finite, then D(Gy) < oo ([Gel; Proposition 2]). If Gy is a finite
abelian group, say Go ~ @,_, Z/n;Z with ny | ... |n,, then D(Go) > 1+
>oi_i(n; — 1); equality holds for cyclic groups and for p-groups (cf. [G-S]
for a survey).

Block monoids in the above sense were introduced in [Ge3], where they
were called T-block monoids. If H is a saturated submonoid of an atomic
monoid D, there exists a corresponding block monoid B whose arithmetic
reflects the arithmetic of H. The argument runs as follows.

Let H,D be reduced atomic monoids such that H C D is saturated
with class group G. Let P C U(D) be the set of prime elements of D and
T ={a € D:ptaforany pe P}. Then D ~ F(P) x T (cf. [Ge3; Lemma
2]) and we shall later identify these two monoids. We set Go = {g € G :
gN P # (} and define a content homomorphism

L: F(Go)xT — G

by «(t) = [t] € G for every t € T. Then B = B(Go,T,t) is the block monoid
associated with H C D and the relationship between H and B is established
by the block homomorphism

B:F(P)xT — F(Gy) xT

which is defined by B(t) =t for all ¢t € T" and B(p) = [p] € Gy for all p € P.

Of course, the whole procedure is most powerful if D is free abelian (then
B = B(Gy)) and is completely ineffective if D has no primes (then P = ()
and H = B).

LEMMA 4.1. Let all notations be as above and set G; = {g € G :
gNU(D) # 0}. Then Gy C Gy and we have
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L If a = [l,epp™ [[;i_,t: € H with ty,...,ts € U(T), then A =
[Leplp)™ ITi=, [ti] € B(G1). Moreover, if a € U(H) then A € U(B(G1)).
2. B(H) = B, BU(H)) =U(B) and B~ (U(B)) = U(H).
3. B induces an epimorphism B : Z(H) — Z(B) such that for every
(a

a € H, B(2(a)=Z(B(a)). In particular, sup Lp (@) =sup L (cy)r(B(a)).
4. We have

D(Go) < sup sup Lrgy)xr(U) = sup supLp(u) < D(Gy).
UeuU(B) well(H)
Proof. 1. Obvious.
2 and 3 follow from [Ge3; Proposition 4].
4. We have B(Gy) C B and an element B € B(Gy) is irreducible in
B(Gy) if and only if it is irreducible in B. Hence U (B(Gy)) C U(B) and thus

D(Go) < sup sup Lrgo)xr(U).
UeU(B)

Part 3 implies that for every u € U(H) we have

sup Lp(u) = sup Lr(Gy)x7(B(u))
and by 1 we infer that
sup Lp(u) <D(Gy). =
uwEU(H)
The following proposition reveals the usefulness of block monoids for our
purpose.

PROPOSITION 4.2. With all notations as above, suppose that() # H' C H,
B(H'Y=8B',a€ H and B(a) = A€ B.

1. Let Z,Z' € Z(A) and zo, ...,z € Z(a) with B(z0) =2 and B(zx)=2".
Then B(zo),-..,B(zk) € Z(A) and d(B(zi—1), B(zi)) < d(zi—1,2;) for 1 <
i <k.

2. Let z,2' € Z(a) and Zy, ..., Z€ Z(A) with B(z)=Zy and B(Z')=Z.
Then there exists a chain z = zg,...,zr € Z(a) with B(z;) = Z; and
d(zi—1,2i) = d(Z;—1,7;) for 1 < i < k. Furthermore, there is a 2-chain
Zky ey 21 € Z(a) with zp = 2" and B(z;) = B(2') fork <i <.

3. ¢(B') < e¢(H') <max{c(B),2}.

Proof. 1. Since B : H — B is surjective and B(U(H)) = U(B), the

assertion follows from Remark 5 after Definition 3.2.
2. It is sufficient to verify the following two assertions:

ASSERTION 1. For every Z,7' € Z(A) and every z € Z(a) with B(z) =
Z there exists some z' € Z(a) with B(z") = Z" and d(Z,Z") = d(z,2").

ASSERTION 2. For every z,z' € Z(a) with B(z)=0B(z") there is a 2-chain
z2=20,...,2, =2 € Z(a) from z to 2’ with B(z;) = B(z) for 1 <i<k.
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Proof of Assertion 1. Suppose Z =YB;...B,, Z' =Y(C;...C,
with Y € Z(B), Bi,Cj S U(B), {Bl,...,Br} N {Cl,...,Cs} = 0,
z = yby...b, withy € Z(H), b € U(H), B(y) =Y, B(b;)) = B; and
d(Z,7') = max{r,s}. Clearly, we may choose ¢; € B '(C;) such that
[[j=1¢j =ITi=1 bi- Then 2’ =yci...cs € Z(a) and d(z,2') = d(Z, Z").

Proof of Assertion 2. Let z =[[;", u; € Z(a) and 2’ = [[}_, ]
€ Z(a) be given with

/
T

T j
uZ»:Hpi’y-tZ»GU(H), u;:Hp;’V-tQ-GU(H),
v=1 v=1
where p; ., pj, € P and t;,t; € T. Since B(z) = B(z') € Z(B), we infer
n = m. After a suitable renumbering it follows that, for 1 < i < m,

B(u;) = 5(“;)
and hence

rp=r;, ti=t; and B(pi,) = /B(P;,u)'
Because z, 2’ € Z(a) we obtain

m T mo T

/
1L P =11117:0-
i=1v=1 i=1v=1

Thus, there is some permutation
0:Q={pip:1<v<r, 1<i<m}—Q

such that o(p; ) = pgyy forl<v<r,and1<i<m.

Let 7 : P — P be a permutation with [r(p)] = [p] € G for all p € P.
For b = [[,cpp™ -t € F(P) x T we set 7(b) = [[,cp7(p)" - t. Then
B(b) = B(7(b)) and hence b € U(H) if and only if 7(b) € U(H). Thus 7
has an extension 7 : U(H) — U(H) and a unique extension to a monoid
homomorphism 7 : Z(H) = F(U(H)) — Z(H). If 7 is a transposition, then
clearly d(x,7(z)) < 2 for every x € Z(H). If P' C P is finite, 7(P’') = P’
and b =[] cp p-t € F(P')x T, then 7(x) € Z(b) for every x € Z(b).

To complete the proof of Assertion 2, weextend p: Q — Qtoo: P— P
by o(p) = p for all p € P\Q. Then o(z) = z’. We write o as a product of
transpositions

0= 0r0...00
such that [9;(¢q)] = [¢] for all ¢ € @ and all j € {1,...,k}. If zp = 2z and
zj = 0j(zj—1) for 1 < j < k, then 2z, = o(z) = 2/,d(2,2j—1) < 2 and
B(z;) = B(z) for 1 < j < k.

3. The left inequality follows from 1, and the right inequality follows
from 2. =
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Let G be an abelian group and Gy C G a non-empty subset. We will
write ¢(Gp) instead of ¢(B(Gp)). The rest of this section is devoted to the
study of ¢(Gy).

PROPOSITION 4.3. Let G be an abelian group and O # Gy C G.

L. ¢(Go) < wp(G,)(B(Go),U(B(Go))) < D(Go).

2. If #G <2, then B(G) is factorial, whence ¢(G) = 0.

3. Suppose 2 < #G < oo and let r denote the mazximal p-rank of G.
Then

max{r + 1,exp(G)} < c(G) < wse) (B(G),UB(G))) = D(G).

Proof. 1. The left inequality follows from Proposition 3.7 and the right
inequality from Corollary 3.6.

2. Obvious.

3. By [HK1; §2, Beispiel 6], B(G) — F(G) is a divisor theory such that
each class contains exactly one prime divisor. Hence Corollary 3.6 implies
we(e)(B(G).U(B(G))) = D(G).

It remains to verify that max{r + 1,exp(G)} < ¢(G). Since #G > 3 we
have max{r + 1,exp(G)} > 3. Suppose exp(G) =n > 3 and let g € G with
ord(g) = n. Then

A=(g")(=9)") = (=g-9)" € B(G)
has exactly two factorizations whose distance equals n.
Suppose r > 2 and g¢1,...,9, € G are linearly independent. Setting
go = — Y i, g; it follows that
A= (ng) (H _gi) = H(_gi -9i) € B(G)
i=0 i=0 i=0
has exactly two factorizations with distance r + 1. m

The previous result shows in particular that ¢(G) = D(G) for cyclic
groups and for elementary 2-groups G with #G > 2. However, it is possible
that ¢(G) < D(G).

5. Weakly Krull monoids with finitely primary components.
Finitely primary monoids were introduced in [HK4| and further studied in
[Ged]. Their relevance lies in their appearance in ring theory, as will be seen
in Section 7. For other examples see [Ged].

In the sequel we use all notations concerning the complete integral closure
and the conductor of monoids as introduced in Section 2. Furthermore, for
s € Ny let N® denote the additive monoid (N*¥, ).

DEFINITION 5.1. A monoid D is said to be finitely primary (of rank
s € N, if one of the following two equivalent conditions is satisfied:
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1. D is primary, D ~ N® x D* and fox/p # 0,

2. D is a submonoid of a finitely generated factorial monoid F' contain-
ing s pairwise non-associated prime elements pq,...,ps such that the
following holds:

(a) D* =DNF*,

(b) there exists an a € Ny such that for every a = epf*...phs ¢ F
(with e € F* and k; € N), min{k; : 1 <1i < s} > « implies that
a €D,

(c) if @ = epf* ... pk € D\D* (where ¢ € F* and k; € N), then
min{k; : 1 <i<s}>1.

The equivalence of the two conditions was proved in [Ge4; Theorem 1]
where it was also shown that D = F. If some o € N} satisfies 2(b), then
« is called an exponent of D. If a = ep®* ...pk € F with all notation as
above, then set

vp,(a) =k, foralll<w<s.
We shall frequently use the fact that for a € D,
max Lp(a) < min{v,, (a):1 <v <s}

(cf. [Ge4; Lemma 6] for the details).

PROPOSITION 5.2. Let D be a finitely primary monoid of rank s and
exponent «.

1. If s > 2, then wp(D,U(D)) = oc.
2. If s=1, then ¢(D) < wp(D,U(D)) < 3a/2.

Proof. 1. By [HK4; Theorem 4] we have o(D) = oo and thus Proposi-
tion 3.5 implies the assertion.

2. By Proposition 3.7 it is sufficient to show that wp(D,U(D)) < 3a/2.
Let p € Dhbea prime element. Suppose that ep € D for some ¢ € DX Since
ep is prime in D, it follows that D is factorial by [Ge4; Proposition 5] and
hence wp(D,U(D)) = 1 by Remark 4 after Definition 3.3. Now suppose
vp(a) > 2 for all a € D. Let u = ep! € U(H) be given; we show that
wp(D,u) < [3a/2] = A.

For this it suffices to verify that u divides any product consisting of A
factors. For 1 <i < )\, let a; = ¢;p" € H be given with ¢; € D* and i, > 2.
Then

A

A
b=u""! Hai = (8_1 H5i>p2?=1 li_l,
i=1

i=1
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and hence b € D, since
A
dhi—1z22-(2a-1)>a. =

=1

PROPOSITION 5.3. Let H C D = ]_L-GI D; be a saturated submonoid with

finitely primary monoids D;. Then H is a BF-monoid. If all ﬁf are finite,
then H is an FF-monoid.

Proof. Without restriction of generality we can suppose that D is
reduced (cf. [G-HK; Lemma 2.6], [Ge4; Corollary 1] and [HK2]).

By [Ge4; Proposition 6] all D; are BF-monoids and hence D is a BF-
monoid. This implies that H C D is a BF-monoid by [HK2; Theorem 3].

If all lA)ZX are finite, then all D; are FF-monoids by [Ge4; Proposition 6]
and therefore D is an FF-monoid. Since H is a submonoid of the reduced
FF-monoid D, it is an FF-monoid by [HK2; Corollary 3]. =

THEOREM 5.4. Let H C D = ]_L-el D; be a saturated submonoid with
bounded class group G. Suppose that all D; are finitely primary of some fized
exponent o € Ny and that D(G1) < oo with G; = {g € G: gNU(D) # 0}.
Then H has finite catenary degree. More precisely, we have

c(H) < (a+ B)D(G1)4B + a+ (a+ B)D(G1)(2c — 1)],
where = aexp(G).
Starting with the preliminaries of the proof, we introduce some notation
which will remain valid throughout this section.
Let H C D = [[;c; D;i be a saturated submonoid with bounded class

group G, where all D; are finitely primary of some exponent o € N;. Sup-
pose that i € I, each D; is finitely primary of rank s; € Ny, and p; 1,...,D; s,

are pairwise non-associated primes of ﬁl For any ki,..., ks, € Ny we have
S S G)
kB _ ko P
[ = (Iate) ™ e
v=1 v=1

If a € D, then a has a unique decomposition of the form
a = H CLj
jeI
with all a; € D; and a; = 1 for all but finitely many j € I. For all ¢ € I
and all 1 <v <s; we set
vpi,u (a) = /Upi,l/ (az)‘
LEMMA 5.5. For every i € I let
Dj ={¢; € D; : minfvy, ,(¢;) : 1 <v < s} <a+ G},
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D" =1l,c; D; and H = HND'. Then H' is divisor closed and c¢(H') <
D(G1)(a+ B).

Proof. By Corollary 3.6, H' is divisor closed and we have

c(H") <wy(H',UH)) by Proposition 3.7
< sup supLp(u)-wp(D',U(D)) by Corollary 3.6
u€U(H)
< D(G;) -wp(D',U(D)) by Lemma 4.1
< D(Gy) sup wp, (D;,U(D;)) by Proposition 3.4.
1€

Let ¢ € I; since
D;C D! ={cie D;:supLp,(c;) < a+ S}

and wp, (D}, U(D;)) < a+ [ (cf. Remark 3 after Definition 3.3), the asser-
tion follows. m

LEMMA 5.6. Let J C I be finite and a € HN]]
a factorization z € Zy(a) such that

o(z) < (AB+a)#T + Y vy, (a).
icJ
87;:1
Proof. Let a = [[;c; a; with a; € D;. We set
Ji={icJ vy, (a;)) 228+ aforalll <v < s}

If ¢ € Jp, then

icg Di- Then there exists

a; = aipf’ll Y
with g; € lA?ix and k; = 20l; + o +r; with [; e Ny and 0 <r; < 248. If

2. +r,
bz‘ = (pilll . 'pi,sz )’8 and C; = (8])26»?1“”1 e Zsir Z),

thenb;, € H, ¢; € D; and a; = b;c;. Fort € J\Jl wesetc; = a;, b= HiEJ1 b,

and ¢ = [[;c;¢;. Then a = be with b € H, ¢ € D, and hence ¢ € H since
H C D is saturated.
By construction we have, for all ¢ € J,
min{v,, ,(¢;) : 1 <v <5} <26+«
and hence
max Ly (c) <maxLp(c) = ZmaxLDi(ci) < (284 a)#J.
=
Next we consider the elements b;. Let i € J;. If s5; = 1, then

max LH(bZ) < Upi,l(bi) < Upi,l(G’)'
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If s; > 2, then set
_ 2, —1 _
bi1 = (pi,lpilf L) and bip = P piz - pis,)”
We infer that bi71, bi72 e€H, b = bz"lbLQ and
min L (b;) < max Ly (b; 1)+ max Ly (b;2) < 20.
By combining these results the assertion follows. m

Proof of Theorem 5.4. Let i € I. Since (p;i1...pis;)° € H there
exists an element u; € U(H) N D; with

Up,, (ug) < B for 1 <v <sg

From Lemma 4.1 we infer that sup Lp(u;) < D(G1).
If a € H\H* is given, then there exists a finite subset J C I such that

a = Hai € HDZ
icd icJ
with 1 # a; € D;. For every ¢ € J we write a; in the form
with x; € N maximal such that b; € D;. Then
min{va(bi) 1< < si} <« —|—max{vpiyu(ui) 1< < si} <a+p.

a= H uit b
=
with b = [],c;b;. Since a € H, [[,c;u;* € H and b € D, it follows that
b € H because H C D is saturated.

Define Z C Z(a) as
Z = {Hufl -y:yeZ(b)} C Z(a).

ied

Hence we obtain

For any two factorizations z = [[,c;ui” -y € Z and 2’ = [[,c,;ui" -y € Z,
Lemma 5.5 guarantees the existence of a (D(G1)(a + f3))-chain of factoriza-
tions from z to 2’.

Hence it remains to verify that for every z € Z(a) there exists an
(a+ B)D(G1)[48 + a+ (a+ B)D(G1)(2c — 1)]-chain of factorizations from
z to some 2z’ € Z. Let

A
z= Huf Hvk € Z(a)
k=1

ieJ
be given with o; € N and vy € U(H). The maximality of the x;’s implies
that g; < k;. We set o = ), ; 0; and complete the proof by induction on
ofromo=7> ;K too=0.
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If o = Eiejlii, then z € Z and we are done. So suppose ¢ < Y
Set

icg Fi-

A

Hvk:CZHCiEH

k=1 icJ
with ¢; € D;. We distinguish two cases:
Case 1: For all i € J we have min{v,, (¢;) : 1 < v < 831 < a+f.

If y € Z(b), then [[,c,;u" % -y € Z(c) and by Lemma 5.5 there is a
D(G1)( + B)-chain of factorizations from

z = Hufivl...m to 2/ = Huf(Huffg -y) € Z.
i€ i€ i€
Case 2: There exists some i € J such that v,,  (c;) > a4+ (3 for all
1 <v<s;. Each v, 1 < k < ), is a product of irreducibles in D. Taking
these irreducibles, we obtain a factorization (in D) of each ¢;, say
Cj =Cj1--- Cj,/\j

for all j € J. There exists a ¢/ < min{\;, a« + f} < a + [ such that

’

“w

(9 (Hcm) >a+p foralll<v<s,;.
=1

Now each ¢;; comes from a factorization of some vg. Thus (after some
renumbering), there is a u < p’ such that for

o
i~ TTw
k=1
we have

Vp,,(d)>a+p forall<wv<s;.

We write d in the form
d= ] 4,

jeJ’
with 1 # d; € D;. Since each vy, is a product of at most D(G) irreducibles
in D, it follows that #J' < uD(G1) < (a + B)D(G1).
Next we set
d = uge.

Since vy, , (e) = vp, ,(d) — vp, , (u;) > « for all 1 < v < 54, we infer that
e € HjeJ’ D; and hence e € H. By Lemma 5.6 there is a factorization
y € Z(e) with
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Finally, if

A
!/ __ Qi
ieJ k=p+1
then

(2,) = d ] o) < max{ie 1 + o(9)}
k=1

< (a+ B)D(G1) 46 + a+ (a+ B)D(G1)(2a — 1)].

Now the assertion follows by induction hypothesis. =

6. Monoids having infinite catenary degree. Let H C D =
[1;c; Di be a saturated submonoid with class group G. Theorem 5.4 states
that if G is finite and all D; are finitely primary of some fixed exponent
a € Ny, then ¢(H) < oco. Our first aim in this section is to show that
¢(H) = oo may happen if one of these two conditions fails (cf. Corollaries
6.2 and 6.4). We do even more. We prove that o(H) = oo and that the set
A(H) (defined below) is infinite.

For a subset L C N we set

A(L)={l—Fk:k <, k,l € L and there isnom € L with k <m <[} CN,.
If #L <1, then A(L) = (). For an atomic monoid H we define
A(H) = |J AL(a)).

acH
For the relevance of A(H) cf. [Gel] and [Ge2].

PRrROPOSITION 6.1. Let H, D be reduced atomic monoids, H C D satu-
rated and U* CU(D) a subset having the following two properties:

(a) If uy,...,uy € U* are pairwise distinct, then the product uy ... u,
€ D has unique factorization in D (i.e., #Zp(uy ... up) = 1),
(b) G={[u] € D/H :u € U*} is an infinite group.

Then H has infinite catenary degree, infinite elasticity and A(H) is in-
finite.
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Proof. Let g1,...,9, € G be pairwise distinct and w1, ..., u, € U* with
[u;] = g; for 1 <i < n,suchthata =[[;_, u; € Hand A =[[,_, g; € B(G).
By assumption, a has unique factorization in D. If ) A I C {1,...,n} is a
subset, then

Hui €U(H) and HU’Z la in H
icl iel
if and only if

[[9cuB@) and []sgilA inB@G).

el il
Hence, there is a bijection ¢ : Zg(a) — Zp(q)(A) with o(z) = o(¥(2))
and d(z,2") = d(¢(2),¢(2")) for all z,2" € Zy(a). In particular, cy(a) =
CB(G) (A) and LH(CL) = LB(G) (A)

Therefore it suffices to verify that there exists an element A € B(G)
which is squarefree in F(G), and with cg(e)(A), 08(c)(A) and sup A(L(A))
arbitrarily large.

Let N > 3 be given. We consider two cases:

Case 1: G contains some element g of infinite order. We choose natural

numbers my,...,my—1 € Ny such that m; > Zz;ll m; for 1l <j < N-—1

N-1
and we set mg = —) .=, m;. Then

N-1 N-1 N-1
A= ([T mg)(IT ~mig) = TT (tmig) - (~mig)) € B(@)
=0 1=0 i

1=

has just the above two factorizations. Hence we infer that
N
c(A) =N, o(A) = 5 and A(L(A)) ={N —2}.

Case 2: GG contains 2N non-zero linearly independent elements ¢, . . .
-, g2n. We set go = — Zfivl g; and define

2N N-1
A= (ng) ((—go —gaN—1— g2N) H (—92i-1 — 920)
i=0 i=1

N-1
= ((_QQi—l — 9i) " 92i-1 '922‘)

-
Il

X

1
((—90 —gaN-1—92N) " 90 - 2N-1 'gzN)-

Obviously, A € B(G) and A is squarefree in F(G). The second factorization
is the only one in which gy and —gg—gan_1 —gon are in the same irreducible
block. If gg and —gg—gan—_1—gan are in distinct irreducible blocks appearing
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in a factorization z of A, then o(z) = 2. Therefore,
N
c(A)=N, o(A4) = 5 and A(L(A)={N—-2}. n

COROLLARY 6.2. Let H and D = [[,.; D; be reduced atomic monoids
such that H C D 1is saturated with infinite class group G.

1. Suppose there is a subset U* C U(D) such that g N U* £ ) for every
g € G and with #(U*ND;) <1 forall i € I. Then o(H) = c¢(H) = oo and
A(H) is infinite.

2. Suppose that H is a Krull monoid, H — D a divisor theory, and
that gNU(D) # O for every g € G. Then o(H) = ¢(H) = oo and A(H) is
infinite.

Proof. 1. Obviously, U* has properties (a) and (b) of the previous
proposition.

2 is a special case of 1. m

PROPOSITION 6.3. For every s € Ny and every a > 2 there exists a
finitely primary monoid D of rank s and exponent o with c(D) > a.

Proof. Let s € Ny and a > 2 be given. We set u = (a,...,«a) € N°,
v=(a+1,...,a+1) € N° and define
Dy =D={(ny,...,ns) €EN*:n; >a® for 1 <i<s}
U{ku+lveN°:0<k,l<a}C (N +).
Then D is a finitely primary monoid of rank s and exponent o (cf. Condi-
tion 2 in Definition 5.1). Next we consider factorizations of a = (a(a + 1),
oo ala+ 1)) € D. Clearly, u,v € U(D) and
a=av=(a+1)u.

Let z = Y.._,w; € Z(a) be an arbitrary factorization with w; € U(D)
and suppose z # av. Then v # w; for all 1 < i < r, which implies that
d(aw, z) > a. Therefore we have

¢(D)>cla) > a. =

COROLLARY 6.4. There exists a weakly Krull monoid H with trivial class
group but infinite catenary degree.

Proof. Obviously, H = [[ -, Do is weakly Krull with trivial class
group and a
c¢(H) =supc(Dy) =00 =
a>2
Let H, D be atomic monoids and ¢ : H — D a divisor homomorphism
with finite class group. In [G-L; Theorem 2] it was proved that ¢(D) < oo
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and o(D) < oo imply that ¢(H) < co. (In fact, the terminology in [G-L] is
different; cf. [HK4; §1] for the relationship between o(D) and g, (D).)

Now if D = [[,c; Ds, then o(D) = sup{o(D;) : i € I} (by [HK4; Propo-
sition 4]) and if D; is finitely primary of rank s; > 2 then o(D;) = oo (by
[HK4; Theorem 4]).

Hence Theorem 5.4 is not a consequence of [G-L; Theorem 2]. Even
more, let ¢ : H — D be as above and suppose ¢(D) < oo and p(D) = oo.
Then ¢(H) = oo might occur, as can be seen from the next result.

PROPOSITION 6.5. 1. For every n € Ny there exists a finitely generated
monoid D, and a saturated submonoid H, C D, with D,/H, ~ Z/2Z,
c¢(Dy) =3 and ¢(Hyp) > n+ 1.

2. There exists an atomic monoid D having a saturated submonoid H C
D with D/H ~ 7/27 such that ¢(D) = 3 but ¢(H) = oo.

Proof. 1. Let n € Ny and U,, = {ug, ub, U1, ..., Upn,v1,0], .., Up, 00}
an arbitrary set. We define D,, as the free abelian monoid with basis U,
modulo the following relations:

u0u6 =wvwju; and v, = vi+1v£+1ui+1 for 1 <i<n.

Then D,, is finitely generated with U(D,) = U, and ¢(D,,) = 3. The
element a,, = upuy, € D,, has exactly n + 1 factorizations in D,,, which are
the following:
an = Ugly :vwgnuj for 1 <i<n.
j=1
We define a monoid epimorphism
on Dy — Z/27

by @n(ug) = @n(u;) =0+ 2Z for 0 < i < n and p,(v;) = pu(v;) = 1+ 2Z
for 1 <j <n. Then H,, = Ker(p,) C D, is saturated and Cl(yp,,) ~ Z/27Z.
For every 1 < i < n the elements v;v, € H,, are not irreducible in H,, and
hence

an = upuy = (V) )y, . .. Uy
are the only two factorizations of a in H,,. Thus we infer that
c¢(Hy) > clap) =n+ 1.

2. We set D = ]_[neN+ D,, and define a monoid epimorphism ¢ : D —
7)27 by ¢|D,, = ¢, for all n € N;. Then H = Ker(p) C D is satu-
rated with class group Cl(yp) ~ Z/27Z. Since H,, C H is a divisor closed
submonoid, we obtain

cu(an) =cm, (a,) =n+1

for every n € N, and thus ¢(H) = c0. =
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7. Weakly Krull domains. In this section we discuss weakly Krull
domains with some additional properties. Our main result will be formulated
in Theorem 7.3.

Let R be an integral domain with quotient field K. Then R®* = R\{0}
denotes its multiplicative monoid, R* = R** its group of units and R* =
R*/R* the reduced multiplicative monoid. For a prime p € spec(R), h(p)
means the height of p and d(p) the depth of p. We set X(D(R) = {p €
spec(R) : h(p) = 1}. As usual, R denotes the integral closure of R in its
quotient field K and R=R'U {0} its complete 1ntegra1 closure. Clearly,
RC RC RC K and if R is noetherian, then R = R. If Z(R) denotes the
multiplicative monoid of integral invertible ideals of R and H(R) C Z(R)
the submonoid of principal ideals, then Pic(R) = Z(R)/H(R) is the Picard
group of R. We denote by Z;(R) the monoid of integral ¢-invertible t-ideals
(equipped with t-multiplication) and by Cly(R) = Z;(R)/H(R) the t-class
group (cf. [An]). Clearly, R* ~ H(R), Z(R) C Z;(R) and Pic(R) C CL;(R).
If R= E, then CI(R) means the the divisor class group of R. We say that
R is a local domain if it has just one maximal ideal.

If S/R is a ring extension, then the annihilator of the factor module S/R,

Anng(S/R) = fse/re U{0} = fg/r,
is just the conductor of the ring extension.
Suppose that (V;);cr is a family of overrings of R (i.e., R C V; C K
for all i € I) such that R = (,.; V;. We say the 1ntersect10n is of finite

character if for all 0 # z € K (equivalently, all z € R®) we have z € V.* for
all but finitely many i € I.

DEFINITION 7.1. An integral domain R is said to be a weakly Krull

domain if
R= (] Rr
PeXM(R)
and the intersection is of finite character. If in addition all Rp are discrete
valuation rings, then R is called a Krull domain.

In [A-M-Z; Theorem 1] various ideal-theoretic characterizations of weakly
Krull domains are given. F. Halter-Koch showed that the notion of a weakly
Krull domain is a purely multiplicative one.

LEMMA 7.2. Let R be an integral domain. Then R is a weakly Krull
domain if and only if R® is a weakly Krull monoid. Furthermore, let ¢
R* — D be a weak divisor theory. Then D ~ T;(R), (Rﬁ)PeX(l)(R) are (up
to isomorphism) just the primary components of D and Cl(R®) = Cl(R).
If R is Krull, then Cly(R) = CI(R).

Proof. See [HK3; Theorem 4.6]. m
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The above lemma allows us to apply our main result from monoid theory
to weakly Krull domains.

THEOREM 7.3. Let R be a weakly Krull domain such that for some o €
N, all Rﬁ, P ¢ XM(R), are finitely primary of exponent c.

1. The monoid I;(R) of integral t-invertible t-ideals has finite catenary
degree.
2. If Cl,(R) is finite, then R® has finite catenary degree.

Proof. By Lemma 7.2 both assertions follow from Theorem 5.4. Note
that Z;(R) is a weakly Krull monoid with trivial class group. =

Clearly, Krull domains (hence, in particular, integrally closed noethe-
rian domains) with finite divisor class group satisfy the assumptions of the
above theorem. The following elementary ring-theoretic lemmata provide
further examples of (not necessarily integrally closed) noetherian domains
satisfying the assumptions of Theorem 7.3. Indeed, these “examples” were
our motivation for investigating weakly Krull monoids.

LEMMA 7.4. Let R be an integral domain. Then the following conditions
are equivalent:

1. R® is finitely primary.

2. R is a one-dimensional local domain, R is a semilocal principal ideal

domain and fz,p # (0).
Proof. See [Ge4; Theorem 2|. m
LEMMA 7.5. Let R be a noetherian domain.
1. For every P € X(W(R) the following conditions are equivalent:

(a) Rp is a finitely generated Rp-module.
(b) Rﬁ is a finitely primary monoid.
2. If R is a finitely generated R-module, then all Rﬁ, P e XW(R),
are finitely primary of some fixed exponent o € N .
Proof. 1. Let P € X (R) be given.
(a)=-(b). We check the conditions of Lemma 7.4. Clearly, Rp is a one-
dimensional local noetherian domain; hence Rp = Rp. By the Krull-Akizuki

Theorem [Ma; Corollary to Theorem 11.7], Rp is a semilocal Dedekind
domain and thus a principal ideal domain. Finally, (a) implies that fz /Rp

# (0).

(b)=(a). Since R% is finitely primary, f#r/re = TRo/Re 7 (0) by
Lemma 7.4 and hence Rp is a finitely generated Rp-module (cf. [Ge4;
Lemma 4] for the detailed argument).
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2. Suppose that R is a finitely generated R-module and let P € XV (R)

be given. Then Rp is a finitely generated Rp-module and hence Rﬁ is
finitely primary by part 1. Furthermore,

{7y /R, = Anng,(Rp/Rp)

= Anng ) (R\P) 1 B/R) = (R\P) ™" - Annp(F/R)  (0).
Therefore we have P 2 fg,p if and only if fz,5 N (R\P) # 0 if and only if
(1) = gy g, if and only if Rp = Rp. So, if P 2 fr/ R, then Rﬁ is finitely
primary of exponent 1, and since there are only finitely many P € X (1)(R)

containing fz,p the assertion follows. m

The next lemma shows that Cohen-Macaulay domains (cf. [B-H]) are
weakly Krull.

LEMMA 7.6. Let R be a noetherian domain, P C spec(R) a set of non-
zero prime ideals and Q = | Ass(R/aR).
1. The following conditions are equivalent:

(a) R= ﬂPeP Rp.
(b) For every Q € Q there is some P € P with Q C P.

2. R is a weakly Krull domain if and only if every prime ideal of depth
one has height one.

Proof. 1. (a)=(b). Let @ € Q be given; then ) = Anng(a + bR) for
some a,b € R with a ¢ bR. Since a/b ¢ R, there exists some P € P such
that a/b & Rp, which implies Anng(a + bR) C P.

(b)=(a). By [B-I-V; Lemma 7.15] we have

R= () Re

QEQ

acR®

and thus
RC (Y ReC () Re=R
pPeP QeQ

2. Suppose that R is weakly Krull and take some Q' € spec(R) with
d(Q") = 1. Then Q" C @ for some @ € Q (cf. [Ka; p. 67]) and by part 1
there is some P € X((R) with Q C P. Thus it follows that

1<h(Q) <h(Q) <h(P)=1.

Conversely, suppose that every prime ideal of depth one has height one.
Then Q € XM (R) and thus

R - ﬂ RP - ﬂ RQ = R.
PeX(M(R) Qe
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Since R is noetherian, every a € R® is contained in only finitely many
P ¢ XW(R) and therefore the intersection

R= (] Rr

PeXM(R)
is of finite character. m
Next we consider Z-rings. By definition, an integral domain R is said to
be a Z-ring if it is noetherian and if every invertible ideal is a product of

primary ideals. One-dimensional noetherian domains are Z-rings. If R is a
Z-ring and P € X (R) let

2(P)={Q €U(Z(R)): VQ =P}
denote the set of multiplicatively irreducible P-primary invertible ideals.

LEMMA 7.7. Let R be a Z-ring and P € XD (R).

1. R is a weakly Krull domain, Z;(R) = Z(R) and Cl;(R) = Pic(R).

2. Q(P) ={P} if and only if Rp is a discrete valuation domain.

3. #02(P) < o if and only if R}"f s a finitely generated monoid if and
only if Rﬁ 1s finitely primary of rank 1.

4. Suppose that R is a finitely generated R-module. Then Z(R) has finite
catenary degree. If Pic(R) is finite, then R® has finite catenary degree.

Proof. Assertion 1 follows from [A-M-Z; Theorem 3.3] and 2 from [HK5;
Lemma 2].

3. 2(P) is a generating system of the submonoid Zp(R) C Z(R) con-
sisting of P-primary invertible ideals. Since Zp(R) is isomorphic to Z(Rp)
and since invertible ideals in a local ring are principal, we infer that

Zp(R) ~Z(Rp) = H(Rp) ~ Rp/R}S = RY.

Hence 2(P) is finite if and only if Rﬁ is finitely generated. The second
assertion follows from [Ge4; Corollary 2].
Finally, 4 follows from Lemma 7.5 and Theorem 7.3. m

~ Remarks. 1. Let R be a one-dimensional noetherian domain such that
R is a finitely generated R-module and let f denote the conductor (i.e., Ris
an order in the Dedekind domain R). Then we have an exact sequence (cf.
[Ne; I, §12])
1— R"/R* — (R/)*/(R/f)* — Pic(R) — CI(R) — 1.

Hence if, for example, R has finite class group and the finite norm property,
then Pic(R) is finite.

2. In [HKS5; Satz 1], [Ge2; Theorem 4] and [Ge3; Theorem 3] finiteness

theorems are derived for the arithmetic of a Z-ring R having finite Picard
group, finite set 2(P) for all P € X(V(R), and with £2(P) = { P} for all but
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finitely many P € X()(R). All these results are valid for a weakly Krull
domain R with finite ¢-class group, with Rﬁ finitely primary of rank one
for all P € X(M(R), and with Rp a discrete valuation domain for all but
finitely many P € X(V(R).

REFERENCES

D.D. Anderson, D. F. Anderson and M. Zafrullah, Factorization in inte-
gral domains, J. Pure Appl. Algebra 69 (1990), 1-19.

D. D. Anderson, J. L. Mott and M. Zafrullah, Finite character represen-
tations for integral domains, Boll. Un. Mat. Ital. B (7) 6 (1992), 613-630.

D. F. Anderson, A general theory of class groups, Comm. Algebra 16 (1988),
805-847.

W. Bruns and J. Herzog, Cohen-Macaulay Rings, Cambridge Univ. Press,
1993.

R. Briiske, F. Ischebeck and F. Vogel, Kommutative Algebra, B. 1. Wis-
senschaftsverlag, 1989.

A. H. Clifford and G. B. Preston, The Algebraic Theory of Semigroups II,
Providence, R.I., 1967.

A. Geroldinger, Uber nicht-eindeutige Zerlegungen in irreduzible Elemente,
Math. Z. 197 (1988), 505-529.

—, On the arithmetic of certain not integrally closed noetherian integral do-
mains, Comm. Algebra 19 (1991), 685-698.

—, T-block monoids and their arithmetical applications to certain integral do-
mains, ibid. 22 (1994), 1603-1615.

—, On the structure and arithmetic of finitely primary monoids, Czechoslovak
Math. J., to appear.

—, Chains of factorizations in orders of global fields, this volume, 83-102.

A. Geroldinger and F. Halter-Koch, Arithmetical theory of monoid homo-
morphisms, Semigroup Forum 48 (1994), 333-362.

A. Geroldinger and G. Lettl, Factorization problems in semigroups, ibid. 40
(1990), 23-38.

A. Geroldinger and R. Schneider, On Davenport’s constant, J. Combin.
Theory Ser. A 61 (1992), 147-152.

R. Gilmer, Multiplicative Ideal Theory, Queen’s Papers in Pure and Appl.
Math. 90, Queen’s Univ., Kingston, Ont., 1992.

—, Commutative Semigroup Rings, The Univ. of Chicago Press, 1984.

F. Halter-Koch, Halbgruppen mit Divisorentheorie, Exposition. Math. 8
(1990), 27-66.

—, Finiteness theorems for factorizations, Semigroup Forum 44 (1992), 112—
117.

—, Diwvisor theories with primary elements and weakly Krull domains, Boll. Un.
Mat. Ital. B (7) 9 (1995), 417-441.

—, Elasticity of factorizations in atomic monoids and integral domains, J.
Théor. Nombres Bordeaux 7 (1995), 367-385.

—, Zur Zahlen- und Idealtheorie eindimensionaler noetherscher Integritdtsbe-
reiche, J. Algebra 136 (1991), 103-108.

I. Kaplansky, Commutative Rings, Polygonal Publishing House, 1994.



WEAKLY KRULL DOMAINS 81

[Ma] H. Matsumura, Commutative Ring Theory, Cambridge University Press,
1986.
[Ne] J. Neukirch, Algebraische Zahlentheorie, Springer, 1992.

Institut fir Mathematik
Karl-Franzens-Universitat

Heinrichstrafle 36

8010 Graz, Austria

E-mail: alfred.geroldinger@kfunigraz.ac.at

Received 23 October 1995;
revised 5 April 1996



