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ON SOME SINGULAR INTEGRAL OPERATORS
CLOSE TO THE HILBERT TRANSFORM

BY

T. GODOY, L. SAAL ano M. URCIUOLO (CORDOBA)

Let m : R — R be a function of bounded variation. We prove the
LP(R)-boundedness, 1 < p < oo, of the one-dimensional integral operator
defined by

Tonf () = pv.\ k(2 — y)m(z + y) f(y) dy

where k(z) = > ;2 '0;(27x) for a family of functions {p;};ez satisfying
conditions (1.1)—(1.3) given below.

1. Introduction. We denote by M the space of real functions of
bounded variation on R with the norm || || given by [|m|| = |[|m|le + V(m),
where V(m) is the variation of m on R.

Let {¢;};ez be a family of functions in L' (R) satisfying, for all j € Z,

(1.1) {5 (@) do =0,

(1.2) suppp; C{zx e R:1/2 < |z| < 2},
and for some ¢ > 0,0 < e < 1 and for all j € Z,

(1.3) VIoi (@ +y) — ¢j(@) de < cly|*,

We define cpéj)(x) = 21p;(27x). Let m € M, and let T, ; be defined by
T (2) = Vo (@ = y)m(a + )1 (v) dy.

Our aim is to prove the LP(R)-boundedness, 1 < p < oo, of the one-
dimensional integral operator defined by

T f () = §jzhdf

(N0 0.0

1991 Mathematics Subject Classification: Primary 42B20.
Research partially supported by CONICOR-CONICET-SECYT (UNC).

9l



10 T. GODOY ET AL.

In [R-S] the authors prove the boundedness on L?(R) of T}, in the case
where m € L*°(R) satisfies [m/(x)| < ¢/|x| and the family {¢;},cz gives rise
to the Hilbert kernel, i.e. > ., 2/¢;(272) = r~ L

The boundedness of T}, on LP(R),1 < p < oo, for m € L*>°(R) satisfying
the local Lipschitz condition |m(z + h) — m(z)| < c(|h|/|z])® for || < |z|/2
is obtained in [G-S-U].

We first prove some auxiliary results. Next we begin proving the bound-
edness of T, on LP(R), 1 < p < oo, for m = xja;), the characteristic
function of [a,b]. Moreover, we find that ||T,|| is independent of a and b.
From these facts we derive the general case.

2. The main result. As usual, we denote by S(R) the Schwartz class
of functions rapidly decreasing at infinity. We recall that the convolution
operator K with kernel k =3 _, cp§]) is bounded on LP(R), 1 < p < o0.
The same result holds for the maximal operator given by

M .
K*f(z) = S]l\l/[p‘ 3 o« s

(see [D-R)).

LEMMA 2.1. Let {¢;};cz be a family of functions satisfying (1.1)—(1.3).
Let f € S(R) and m € M. Then

M
lim T i f(x
0 B sy 2 T )

exists and is finite for a.e. x € R.
Proof. Since {p;};ez satisfies (1.3) there exist go > 1 and ¢ > 0 such
that ||p,lq, < c for all j € Z (see [S]). Then

0

Ve (@ = yym(a + ) f(y)| dy
J=N

0 0
< lmlloe S 1915 1 £1@) < Imllse > N5 gl Flly
j=N

j=N

0
= [Imllo > 2D losllql fllo
j=N

0
< cllmlosl| flly Y 27079,
j=N
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and this geometric sum converges as N — —oco. Now
M

V¥ (@ — yym(z + ) f(y) dy

J=0

M
= S {6 (@ — yym(e +y)(f(y) — f(@)) dy

Jj=0

M
ZS (]) m(x + y) dy.

Jj=0

To estimate the first term we observe that

M
S (@ =)l - Im(z +y)| - [ £(y) — f(2)| dy
j=0
M
< mlloe IV Fllse V10 (2 = y)] - & — | dy.
=0

But (1.2) implies that |z — y| < 277 for 27 (z — y) € supp ¢;, thus the last
expression can be bounded by c||m||oo||V £/l zjj\io 277 and this geometric
sum converges.

To estimate the second term we note that for [ € NU{0}, [ < |z| <[1+1
and 27 (z — y) € supp p;, we have |z + y| < 2/ + 4, and thus

M
F@)Y 16 (@ — yym(z +y) dy
=0
J . |
= £(@) Y Vo (@ — y)mz + y)x-2- 22100 (= +y) dy
j=0
M .
= f($)290§j) * (MX[—21—4,214+4)) (27),
=0

and this sum converges as M — oo almost everywhere for |z| € [I,] + 1]
since it is a partial sum of the series defining K (mx[—2;—4,2144])(22). m

For f € LP(0,00) we denote also by f its extension to R by zero on the
negative real axis.

Our next purpose is to construct an analogue to the Hilbert integral. We
will need the result proved in [G-U] that we now state:

LEMMA 2.2. Let q and ¢’ be conjugate exponents, 1 < g < oo, gt +
¢ ' = 1. For g : R* — C define g9 (z) = 20"/ 9g(29x). Let {p;}jez
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and {1;}jcz be two families of measurable functions on R™ with support
contained in {t : 271 < |t| < 2} such that
l@illa <e1 NY5lla < 2
for some qo > q, q1 > ¢', c1 >0, co > 0, and for all j € Z. Then the integral
operator defined by
UF(&) = | K16 —y)Ka(& +9)f (y) dy,
Rn

where K1(x) = ey @53 q)( ) and Ka(z) =3, w(j e )(a;), is bounded on
LP(R™), 1 <p < 0.

LEMMA 2.3. The operator defined by

1))=Y Jle) W)l 1£(y — 2l dy
JEZ

is bounded from LP(0,00) into LP(0,00).

Proof. Since supp f C (0,00), we have, for > 0,

H@=(> T+ 1 )Wl 1fy—-=)ldy.
JEZ 2x<y JEL z<y<2x

We note that the first term equals

> Ve W)X e0 (22 = 9)If (v — 2)| dy

JEL

= > Ve W -1,-1/2 (22 = )y - @)l dy.
7,kEZ

Now, for z > 0 and j > k + 2, the j, k term of the last sum vanishes. So we
only consider j < k + 2. In this case, for 1 < ¢ < qq,

S eV W) 1,-1/2) (2522 — )| £y — 2)| dy

j<k42
= > 27702792777 x L1 1) (25 (22 — )| f(y — )| dy

j<k+2
< >0 120190027y 25 Ly oy (28 (22 — )| f(y — @)| dy
j<k+2
k,
<22/q ZM(’D(](]) ( Q)1/2)(2$_y)|f\/($_y)|dy’

where fY(t) = f(—t).

On the other hand, we observe that for each fixed z the second term
of I(f)(x) is bounded by 5M(|f])(x) where M(f)(x) = sup(|¢?[+/)(x).
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A straightforward application of Lemma 2.2 and the boundedness on LP(R)
of the maximal operator M (see [D-R]) give us the desired result. m

LEMMA 2.4. Let {m;};en be a sequence of functions in L>(R) satisfying

(i) There ezists a > 0 such that ||m;|« < a for all j € N.

(i) m(x) = lim;_,oc m;(z) exists for a.e. zeR.
(iii) If 1 < p < oo, then there exists ¢ > 0 such that for j € N, N, M € Z
and f € S(R),

M
| > Tt < el
k=N
Then, for f € S(R),

EM Toif|| <clfllp and |[Tnfllp < cllfllp-
p
k=N

Proof. We have
M M
H Z ij,kap = S ‘ S Z cpggk)(t)m(%: —t)f(z—t)dt " da.
k=N P k=N

By the dominated convergence theorem and the Fatou lemma the last ex-
pression is bounded by

M
liminfs ‘ S Z gp,gk)(t)mj@x —t)f(x—1) dt‘p dz
k=N

j—oo
M p
=timinf | 3 T, uf| < el £
Jj—00 =N p

A direct application of the Fatou lemma gives us the second assertion. m

We now study the operator T}, in the case where m = x[q,4], the char-
acteristic function of the interval [a,b]. We obtain the following

LEMMA 2.5. Let m = x[qp and f € LP(R), 1 < p < oo. Then there
exists ¢, such that for all N, M € Z with N < M,

M
| 3 Toat]| < el fl
k=N P

Proof. We can assume f > 0.

Case 1: z € (—00,a/2). We will prove that for all M, N € Z,

M
(2.6) | Tkt @) < 1Y (rappe) (/2 — @)
k=N
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where 7,f(z) = f(x — a) and IV is the operator provided by Lemma 2.3
associated with the family {¢) }rez defined by o) (t) = i (—t). Indeed,

(ivakf(x)( = HZ O ()X oy (20 — 1) f(z — t) dt
k=N

2c0—a M
< | Yol —t)d
2x—b k=N
b—2x
= le(k) )| f (@ +y)dy
a—2x k=N
< TSI
a/2—z k=N
o] M
= | S P aph)y - (@/2— ) dy
a/2—1‘ k=N
:SZW [(T—ay2f)jr+(y — (a/2 — x)) dy,

and so we obtain (2.6).

Case 2 z € (b/2,00). Analogously to the first case we obtain

M
(2.7) |3 Tk @)] < 1((paf e ) @ = b/2),
k=N

Indeed,

2x—

M
S Tt | S 0l -
k=N

2c—b k=N

oo

| ZW )Y (t — ) dt

z—b/2 k=N

IN

o0

= Z o ()7 f (t — (& —b/2)) dt
z—b/2 k=N

M
- S Z ‘(‘Dl(ck)(t)‘(Tb/Qf\/)|R+ (t —(z —b/2))dt,
k=N

and so we obtain (2.7).
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Case 3: € (a/2,b/2). We will prove that for all M, N € Z,

M
(28) | D Tonf(@)] < K f(@) + 1V (72 ) )(b/2 — )
k=N

+ I((Tay2f V)t ) (@ — a/2).
Indeed,

2 mmerto] = |(T- 5 - §) 5 bosce-oa

2x—a —00

M
HZ o® (1) —t)dt‘
+‘ OSO IZV[:@(’“) x—t)dt‘

2x—a k=N
2c—b M
+‘ D IRE O —t)dt‘,

—oo k=N

and as before we obtain (2.8).
Next, we estimate the LP-norm of Z,]y:]v Tk f(z). (2.6)-(2.8) imply
that
a/2 b/2 0o

|5 tss@ff = (T4 1+ )| tussio o

—oo  a/2 b/2 k=N

a/2
< VI apphpe)(a/2 = )P da

T

+ V R2IE @) 4 11 (o2 f ) ) (b/2 — )|
a/2

+HI((ap2 ) r+ ) (@ — a/2)"] da

+ V(oY) e )@ = b/2) P da.
b/2

With a change of variables and taking account of the boundedness of
I and IV on LP(R"), we conclude that the sum of the first and the last
integrals is bounded by ¢/ f|b. The boundedness of K* implies that the
central term is also bounded by c[| f[|5. m

LEMMA 2.9. For 1 < p < oo, there exists ¢, > 0 such that for all
feSM), for all a,b € R with a < b, and for all functions m : R — R such
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that m(4.p) is increasing and continuous and suppm C [a,b], we have

M
| 3 Tust| <elmlsclfly and [Tl < cpllmllol 1.
k=N

Proof. We can choose a sequence {my},en of step functions that
converges pointwise to m and such that |[m,llec < 2|m|le. Indeed, if
{a =tg,t1,...,t, = b} is a partition of the interval [a, b], we define m,,(z) =

—1 . .

Z;L:O AiX(t;,5) () With Ao = m(t1) and Aj = m(tj1)—m(t;), 1 <j<n—1

Now, we apply Lemma 2.5 to obtain

M n—1 M
H Z Tmn,ka S Z ’)\j’ H Z TX(tj,b)kaH
k=N P o0 k=N P

< cp(fm(tn)] + m(b) —m(t)[ fllp < 3epllmlloc | 1l

So, the sequence {m,, } satisfies the hypothesis of Lemma 2.4 and the asser-
tion follows. m

THEOREM 2.10. For 1 < p < oo, there exists ¢, > 0 such that for
all functions m of bounded variation on R and for all f € S(R) we have

[T fllp < cplimllce +V(m))I[ flp-

Proof. Lemma 2.4 implies that the theorem follows if we check that
1My T flly < cpllmlloo + V)| Fly for m such that suppm ¢ [a,b]
for some a,b € R, with ¢, depending only on p.

Since m is of bounded variation on [a, b] we denote by V/, 4 the variation
of m on [a,t] and we can write

m(t) = Vv[a,t}m - (‘/[a,t]m - m(t))

Both Vi, 4 and Vi, gym — m(t) are increasing functions on [a,b]; each
of them can be approximated by a sequence of continuous and increasing
functions, with || ||c bounded by Vi, ym and Vi, yym + [[m||o respectively.
So the theorem follows from Lemma 2.9. m
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