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0. Introduction. In this paper we study fundamental solutions for
second order differential operators on connected, simply connected homo-
geneous manifolds of negative curvature. Such manifolds are solvable Lie
groups S with a left-invariant Riemannian structure. By a result of Heintze
[He|, S is a semidirect product of its maximal nilpotent normal subgroup
N =expN and A = RT with the following property:

There is an H in the Lie algebra A of A such that the real parts of the
eigenvalues of ady € End(N) are all strictly positive.

Moreover, every solvable Lie group with this property admits a left-
invariant Riemannian structure with strictly negative curvature.

These groups, which will be called here Heintze groups, are very inter-
esting objects from the point of view of harmonic analysis. As a particular
case we recognize rank one symmetric spaces and, more generally, harmonic
spaces. Harmonic analysis on harmonic spaces has been intensively studied
by various authors ([ADY], [A], [ACD], [CDKR], [DR1], [DR2], [Di], [R]).
The approach developed in the papers mentioned above brings new ideas
also to noncompact rank one symmetric spaces incorporating them into a
new picture. On harmonic manifolds there is a notion of radiality [DR1],
spherical analysis is a particular case of the Jacobi function analysis [ADY],
the Poisson kernel and the fundamental solution for the Laplace-Beltrami
operator are given by formulas [DR1] and the heat kernel has sharp lower
and upper estimates [ADY]. All this makes harmonic analysis there “very
concrete” in a sense.

Nothing of that is available on general N A groups with /N being a homo-
geneous group and A not necessarily one-dimensional. The natural questions
considered in these two extreme settings are clearly different (see [DH]).
Heintze groups are somewhere in between. No radiality or concrete formulas
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are available there, but some conjectures can be made on what is known
for harmonic spaces, as well as analogous results (or generalizations) can be
proved. A step in this direction was made in [DHZ], where sharp pointwise
estimates for the Poisson kernel and its derivatives were obtained.

In the present paper we apply Ancona’s potential theory of negatively
curved manifolds to S. This is a theory which provides tools to describe
global behavior of potentials. We use it to obtain sharp poinwise estimates
for fundamental solutions for a large class of left-invariant subelliptic op-
erators. The estimates we get imply weak type (1,1) of the corresponding
Riesz transforms of the first and the second order.

Let m : S — A, m(xa) = a, be the canonical homomorphism of S onto
A. We consider a left-invariant second order operator

L=Y+...+Y +Y +7,

where Yi,...,Y, generate the Lie algebra S of S, n(L) = (ad,)? — aad, +
and v < a?/4. Under this condition, L+ I for A < a?/4—~ admits a global
Green function G*. Therefore Ancona’s approach to the Martin boundary
theory on negatively curved manifolds can be used. Following Ancona we
formulate certain boundary Harnack inequalities which give sharp pointwise
estimates from above and below for G, A < a?/4 — ~ (Theorem (2.21)).
It is remarkable that using Ancona’s theory we do not need any further
assumptions on L like symmetry or L being the Laplace-Beltrami operator
with respect to the underlying Riemannian metric. Also, the N-part of Y
is arbitrary.

In fact, all the work can be reduced to the case v = 0 thanks to a simple
conjugation of the operator, and then the case @ = @ becomes the most
interesting. It is so not only because the Laplace—Beltrami operator on S
has a = @, but also, because this is somehow a limit case. If a > @Q or
1 < p < oo then the operator f — f * G is bounded on L?(my,), and if A
belongs to the LP(my,) spectrum of —L then R\ > (Q/p)a — Q?/p? >0. This
follows from a very simple calculation, which does not require any pointwise
estimates for G. If @ = Q then f — f * G is no longer bounded on L'(my,)
but it is of weak type (1,1). To prove this we use essentially our pointwise
estimates for G. If a < @, then f — f % G is not of weak type (1,1).

This is an interesting phenomenon, which gives weak type (1,1) of the
first and second order Riesz transforms

f—VI(=L)2f, j=1,2,

for L elliptic with v = 0, a = @, i.e. in the case where L has a spectral gap
on L?(my). (For the first order Riesz transforms we assume additionally
that Y = —Qad, and so L is selfadjoint on L?(my,).) Indeed, the local part
is standard, and by the Harnack inequality the kernel at infinity can be dom-
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inated by GG. This gives also a new proof in the case of the Laplace—Beltrami
operator on harmonic spaces, namely, a proof which does not require heat
kernel estimates as the one presented in [ADY].

The problem of LP, p > 1, boundedness of the Riesz transforms cor-
responding to the Laplace—Beltrami operator on a Riemannian manifold is
solved in a quite general setting. They are bounded on Riemannian mani-
folds with Ricci curvature bounded from below [Bal, [L1]. This is not the
case with weak type (1,1) and the problem is still open. To our knowledge,
the best result about Riesz transforms of integrable functions on Rieman-
nian manifolds with bounded curvature tensor together with its first and
second derivatives has been obtained by N. Lohoué [L2] and it says that

pl{z = [V(=L)2 (@) > BY) < el fllp (L + log 5/2) /8,

where p is the Riemannian volume element on the manifold and L the
Laplace—Beltrami operator. Heintze groups give a partial answer to the
question of weak type (1,1) of Riesz transforms for the Laplace—Beltrami
operator.

The author would like to express her gratitude to Waldemar Hebisch,
Andrzej Hulanicki and Peter Sjogren for helpful discussions on the subject.
A substantial part of the work on this paper was done in the spring of 1996
during her stay at the University of Goteborg in the atmosphere of Peter
Sjogren’s extraordinary hospitality.

1. Preliminaries. Let S be a solvable Lie algebra which is the sum
S =N @ A of its nilpotent ideal A/ and a one-dimensional algebra A = R.
We assume that there is H € A such that the real parts of all the eigenvalues
of ady : N — N are positive.

Let N, A, S be the connected and simply connected Lie groups whose Lie
algebras are N, A, S respectively. Then S = N A is a semidirect product of
N and A =RT.

We consider a left-invariant second order operator

(1.1) L=Y{+.. +Y2+Y 47,

where Y7,...,Y), generate the Lie algebra S. It follows from elementary
linear algebra that L can be written in the form

m
L=BH+Y))’+> Y +Y +7,
j=1
where Y{,... Y, are left-invariant vector fields on S such that Yj(e),...
..., Y (e) € N. We may assume 3 = 1.
The decomposition of S into a semidirect product of the maximal nilpo-
tent normal subgroup N and A = R™ is not unique, i.e. there is no canonical
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choice of A. We are going to make use of this fact and select A in a conve-
nient way.

Let A’ = lin(H +Y}). Clearly the real parts of the eigenvalues of ad H+Y]
are again strictly positive.

Decomposing s € S as

s=xa, *€N, a=exp((loga)(H + Yy))
we have S = Nexp A’ and for an o € R,

(1.2) L=7v+(a0.)® — aad, + > _ D4(X;)? + Do (X),

i=1
where @, = Adexp((log a)( +vy)) and X, Xq,..., X, are left-invariant vector
fields on V.

L satisfies the following Harnack inequality [VSC]:

For every open set §2, every compact set K C {2, every point x € {2 and
every multiindex I there is a constant ¢ such that

(1.3) sup |07 f(y)| < cf (x)

yeK
whenever f >0 and Lf =0 in (2.

Since L is left-invariant, if we take xqf2, oK, xox instead of 2, K, x
we have (1.3) with the constant ¢ independent of xy € S.

We are also going to use a parabolic Harnack inequality, which is satisfied
by L — 0, [VSCI:

For every open set {2, every compact set K C §2, every t1 <ty < it3 <ty
and every multiindex I there is a constant ¢ such that

(1.4) sup ]E?If(y,tg)\ <cinf f(z,t3)
yeK yeK

whenever f >0 and (L —0p)f =0 in 2 X (t1,t4).

Again we will profit from the left-invariance of the above Harnack in-
equality.

Let u; be the semigroup of probability measures generated by L. The
right convolution with g,

Tof(x) =\ flay™") du(y),
S

defines a strongly continuous semigroup of bounded operators on LP spaces,
1 < p < oo, both with respect to the left and to the right Haar measures.
Let u; = pr dmg. Then

(15)  Tuf(x) =\ fay py) dmr(y) = | F@)pely™" o) dmu(y).
S S
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pi(z) is a C* function on S X RT and (L —9;)p¢(x) = 0. Assume for a while
that v = 0. Let

K1 = S e*t,ut dt.
0
Since the right random walk with the law K is transient [C], it follows that

=\ pedt => K;"
0 n>1

is a Radon measure. Moreover, G does not have an atom at e. The density
of G with respect to the right Haar measure will be denoted also by G, i.e.

[ee]

(1.6) G(z) = | pela)dt.

0
Then G is a fundamental solution of L, i.e.

(1.7) LG = —6,

in the sense of distributions. Since S is not a unimodular group we must
choose a measure to define derivatives of a distribution. For a left-invariant
vector field X on S and a distribution F' on S, X F' is defined by

where

(X, ) = {p, X™9)

and

(p,0) = {p@)d(@) dm (@), @9 € C(S).
s
A locally integrable function F' is identified with the distribution Fdmr,.
(1.7) follows from Harnack’s inequality (1.4) which allows us to dominate
derivatives of ¢ * p;. More precisely, for a constant ¢ we have

(1.9) 10 (¢ * pe) ()| < e * pria (@)

for every p € C(S), ¢ >0, every x € S and ¢t > 1.
We come back to L with an arbitrary +. Let L* be defined by

(Lo, ) = (@, L™), ¢, € C(8).
Since @, (X;)* = —P,(X;) and (ad,)* = —ad, + Q, we have
(1.10) L* =7+ Q* — aQ + (ad,)* + (a — 2Q)ad,

£ 0,0 - 0u(X).
=1
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We assume that L in (1.2) satisfies
(1.11) v < a?/4.
Then the same condition is satisfied by L*, i.e.

T+ Q% —aQ < (a—2Q)% /4.
If L satisfies (1.11) then it admits a global Green function. Indeed, let
(112) L'f=a"PL(a’f) = Lf +2Baduf + (8° —aB)f, [fe€C™(3).
If v < a?/4 we can find 3 such that 3% + a3+~ = 0 and so the fundamental
solution G for L can be easily expressed in terms of the fundamental solution
for L', which exists by (1.6), (1.7). We write
(1.13) G(z,y) = Gy ).

Then G is the Green function for L in the sense of potential theory. More-
over, we have

(1.14) Ty f(z) =\ f(ay™")pe(y) dmr(y)
s
and hence G*(z) = G(z) = G(z 1), i.e. G*(z,y) = Gy, x).
Let T; be the semigroup with the infinitesimal generator (1.2). In what
follows we will need the norms of the operators T; acting on LP(my,), 1 <
p < oo. Let f,g € LP(my,). A simple calculation shows that

(Tf. )l < fllzeliglize § @™ dpu.
S

The last integral can be easily computed. Since

7a(L) = (ad,)? — cad, +,

we have
< 1 2 2 2
-Q/p — ot -rQ/p —(r—at)?/(4t) . — (v—(Q/p)at+Q*/p*)t
S a dus =e S e —c dr=e .
VAart
S —00
Therefore,
(1.15) Tl Lo () — Lo () < (7= (Q/P)atQ? /p*)t

2. Estimates for the Green function. In this chapter we give sharp
pointwise estimates for the fundamental solution G of L. They will follow
from certain boundary Harnack inequalities due to Ancona [A1] and adapted
to our case as in [D]. We start with showing that we are in the framework of
Ancona’s theory. In fact, this has already been elaborated in [D] for the case
when the action of H on A is diagonal, and there is no difference between
this particular case and general S = N A considered here.
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First of all, the sheaf of L + AI harmonic functions satisfies Brelot’s
axioms (for the details we refer to [B] and to Brelot’s potential theory as
presented in [A2], [B1], [B2], [H], [HH]).

Next, by (1.12) the global Green function for L 4+ Al with v+ X < a?/4
exists.

Finally, there is a basis R of open subsets of S which are Dirichlet regular
with respect to all the operators L+ A1, v+ A < a?/4 (Theorem 5.2 of [B]).

To proceed with Ancona’s theory we must guarantee a certain good
behaviour of elements of R with respect to the distance. This is immediate
if L is elliptic (the case considered in [Al]) because R contains Riemannian
balls B(z,r) ={y € S : 7(x,y) < r} of sufficiently small radii ». For L as
in (1.1) we need the following lemma

(2.1) LEMMA.(a) There are positive constants c1,co and ro such that for
every 0 < r < rq there is a neighbourhood V,. of e which belongs to R and
B(e,cir) C V. C B(e,car).

(b) Given any compact set K there is 2 € R such that K C (2. =

The proof of Lemma (2.1) is elementary and, provided (1.2), the same
as the proof of Lemma (4.1) in [D]. Since L is left-invariant we immediately
get existence of V,.(z) = 2V, € R such that
(2.2) B(z,ci1) C Vi(x) C Bz, car).
Moreover, we have uniform estimates for G%‘/r(x), which is the Green function
for L+ A\I on V,(x).

(2.3) LEMMA. Given r < rg there is a constant ¢, such that for 0 < X\ <
CJZ2/4 -7
(2.4) G%‘,r(l,) (y,2) > ¢ when y,z € B(z, 1eir),
(2.5) G{\/T(x)(y,z) <c ' whent(y,2) > tcir. m

Clearly it is enough to prove (2.4) for x = e and A = 0, and (2.5) for
xr =e and A\ = a?/4 — v, which is standard.

Let @ : [0,00) — [cg, 00) with @(0) = ¢y be a positive, increasing function
such that lim;_,., @(t) = co. By a @-chain we mean a sequence of open sets
Vi O ... DV, together with a sequence of points z; € 9V, i = 1,...,m,
such that for every ¢ and every z € OV, 1,

(2.6) 7(2,0Vi) > O(7(2,i+1))
and
(2.7) co < T(xiy i) < gt

Notice that S\ Vi C ... C S\ V,, together with zy,...,,, is a ®*-chain
with some @* closely related to @. It is called a dual chain. Clearly after a
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small modification we may have both chains with the same ®. A sequence of
points x1,...,x,, is called a @-chain if there exist open subsets Vi,...,V,,
with x; € OV; satisfying conditions (2.6), (2.7).

Existence of a global Green function and properties (2.2), (2.4), (2.5)

allow us to proceed as in [Al] to get

(2.8) THEOREM. There is a constant ¢ depending only on L and & such
that for every ®-chain x1,...,T, and every 1 < k < m,

(2.9) c_lG(xm,xk)G(xk,azl) < G(Tm, 1) < cG(Tm,2)G(zg,21). =

The crucial point in the above theorem is that ¢ does not depend on a
particular sequence x1,...,x,, provided it is a @-chain. As a consequence
of Theorem (2.8) we obtain some boundary Harnack inequalities which are
going to be our main tool in proving estimates for the Green function. Let
V1 D V4 be two open sets and B(p,r) a Riemannian ball included in V7 \ Va.
(Vi, Vo, B(p,r)) will be called a (P, r)-triple if for every x € 0V} and every
y € OV; there is a @-chain passing through x,p,y. Proceeding as in [Al],
Theorem 2, we obtain

(2.10) THEOREM. Given @ and r there is a constant ¢ such that for every
(®,1)-triple (V1,Va, B(p,r)) and any nonnegative superharmonic functions
f, g with the properties

(a) f is harmonic on the complement of Vy and f is dominated by a
potential there,
(b) g is harmonic in B(p,r),

we have

flx) _ gx)
(2.11) o) < c@ forx Vi m

To get convenient boundary Harnack inequalities we must recognize ap-
priopriate @-chains in S.
Given an arbitrary euclidean scalar product (-,-) in N let
o0
(X, YV)g= ("7 X, e 7Yy dt and | X[z = (X, X)u.
0
We define a norm g by

(2.12) o(exp X) = (inf{a > 0 : [|e°&*2dm X || > 1})~ 1.

Since for X # 0, lim, o [[€!°8 224 X || g = 00, lim, ¢ ||!°8 224 ||z = 0 and
the function a — ||€!°828d# X|| 7 is strictly increasing, for every X # 0 there
is precisely one a such that ||e!° @345 X || = 1. Moreover,

(2.13) o(exp €8 2841 X') — go(exp X).
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Now we proceed as in [Al] and [D], and so it is convenient to write
elements of S as s = za, x € N, a € A. Therefore we will keep this notation
until the end of this chapter. Let

T ={za: o(x) < d, a < d}
and for s € S,
sT4 = {sw:w e T},
In particular, for ¢ € A,
qT¢ = {za : o(z) < qd, a < qd} = T

It turns out that s,sq,...,sq" together with sT% sqT?,...,s¢q"T% is a
@-chain with a @ depending only on ¢ and d. Since left translations are
isometries it is enough to prove that for t = e and n = 1. Then the statement
follows from the following estimate for 7 which is due to Guivarc’h [G]:

(2.14) LEMMA. There is a constant ¢ such that for every x € N and
a € A we have

(2.15) ¢ (log(1 + o(z)) + |logal) < 7(xa) + 1

<
< C(log(1+ o(z)) + |logal +1). m

In fact, we have more:

(2.16) LEMMA. Letd;, < dy < d3. Everyy € 0¢T" and every z € 0qT%
can be joined by a ®-chain passing through vy, qds and z for some © which
depends only on di,ds,ds and does not depend on q. m

The proof goes along the lines suggested in [A1], Lemma 2.6, for a slightly
different setting. For the group S = NA with diagonal action of A on N
the details of the proof are given in [D] (Lemma 5.3).

The above lemma and Theorem (2.10) imply

(2.17) COROLLARY. There is a constant ¢ such that for every q and for
every y € %qu and z1, 2y & 2qT1,

(218) C—IG(ysz) < G(y7 Zl) < CG(y’ ZQ)‘ -

G(Qv ZQ) N G(Q7 Zl) N G(Q7 ZQ)

Before proving estimates for the Green function we need one more lemma.

(2.19) LEMMA. Let a,, — o0 be a sequence such that

. G(s’an)
lim ———= =h
M Glesan) )
exists. Then for every r € N,

(2.20) h(xzs) = h(s).
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Proof. Let x € N. We have
G(zs,an)  G(s,ana,'z™ta,) G(s,an)
Gle,an) G(s,an) G(e, an)

and lim,, . a, 'r7'a, = e. By the Harnack inequality (1.3) for L* there is

¢ independent of n such that
|G (s, ana; 'z a,) — G(s,an)| < er(a;  za,)G (s, an)

provided 7(a,'s) > 1 and 7(a,, 'za,) < 1/2. Therefore

1
lim G(s,ana, 'xzay) _q
n—oo  G(s,an)

and (2.20) follows. m
Now we are ready to formulate our main result.

(2.21) THEOREM. Let L be as in (1.2) with v = 0, a > 0. Given
B(e,r) = B there is a constant ¢ such that

¢ 'h(s) < G(s) < ch(s), s¢& Ble,r),

where s = xa and h is the function

a” if ox) <1, a<1,
(2:22) h(za) = ¢ o()""%a® if o(x) 21, o(z) > a,
a=@ if o(z)<a, a>1.

Remark 1. Theorem (2.21) gives estimates for the fundamental solu-
tion of the operator (1.2) satisfying v < o?/4.

Indeed, taking 5 = (o — v/a? —47v)/2 in (1.12) we obtain

L'f=a"P(L(a"f)) = (a0a)? — (@ — 28)ads + > _ Da(X;)? + Pa(X)
i=1
with « —28 > 0. Moreover, if G and G’ are fundamental solutions for L and
L' respectively then G(za) = G'(za)a®. Since L’ satisfies the assumptions
of Theorem (2.21), for G’ we have estimates (2.22) with o — 2 instead of
« and so appropriate estimates for G.

Remark 2. If S is a harmonic space and L the Laplace—Beltrami
operator then h(za) ~ e~ ?7(*%) where 7 is the Riemannian metric ([DR1]).
This reflects radiality properties of L. In the general case the comparison
of the Green function for the Laplace—Beltrami operator with the function
e~ 97, although possible, is clearly not good enough. More precisely, on
pinched manifolds we have a trivial estimate [AS]

67167(1/6)7' < G < 06767—

outside a ball around the origin but it is far from being optimal. As an
example we can take the operators considered in this paper such that a # Q.
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Therefore, for Heintze groups it seems much better to formulate estimates
in terms of x and a coordinates, as well as to compare with a® rather than
with an exponential of the distance. This is important also for applications
(see Theorem (2.38)).

Proof of Theorem (2.21). In the proof various constants are de-
noted by c. First we prove that
(2.23) G(za) < ca® for o(z) <3, a <3.
We take Vi = 3T, Vo = 2T, f = G, g = a® in Theorem (2.10). Then there
is a constant c such that
(2.24) G(za) < ca®
for za € V1. To extend (2.24) to Vi \ B we use the Harnack inequality for
L* and G* = G. Let ya € V1 \ B and xa € 0V;. Then 7(a 'y~ !,a 1z 1) =
7(zy~1), which is bounded by a constant d when (), o(y) < 3. Therefore
by left-invariance of L*,

G(ya) = G*(a 'y™) < cG*(a '2™!) = G(xa)

with a constant ¢ depending only on B and d, which proves (2.24).
Applying (2.24) to L*, G* and a® instead of a® we obtain

(2.25) G*(a) < ca® fora<1.
Hence
(2.26) G(a) <ca @ fora>1.

Let ¢ > 1. We take Vi = 3¢T", Vo = 2¢T", f = G, g = a® in Theorem
(2.10). Then
G(qzb) < cG(2.5¢)b"
for zb € T with c independent of gq. Therefore by (2.26),
(2.27) G(qzb) < cq~9b*, xbe OT>.
If b =3, (2.27) implies
G(za) < ca™ @ if o(x) <a, a>3.
Since for 1 < a < 3 the above inequality is obvious, we obtain
(2.28) G(za) < ca™®? if p(z) <a, a>1.
If b < 3in (2.27) then o(z) = 3 and o(qxq~') = 3¢q. Therefore (2.27) implies
G(qzq~"qb) < c(gb)*o(qmqg™") @
and so, combining the above inequality with (2.23), we have
(2.29) G(za) < co(z)~9
for o(z) >1, o(z) > a.
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Now we pass to lower estimates. The first one is
(2.30) G(za) > cta® if o(x) <2, a <2
To prove (2.30) we use the dual chain to the one considered above. Namely,
let Vo = (%Tl)c, Vi = (%Tl)c, f =a% g =G in Theorem (2.10). Before
we proceed further we must check that a® is dominated by a potential in
%Tl. Let a,, — oo be a sequence such that

. G(za,an)
1 T\ )
an oo G(e,an)

exists. By Lemma (2.19), h(za) = h(a) and in view of (2.18), h is dominated
by a potential in %T 1 Tt remains to prove that

(2.31) h(a) = a®.

By Lemma (2.16) and Theorem (2.8)
G(a,an) < cG(a, e)G(e,an)
Ge,an) — G(e,ap)

= h(za)

= cG(a).

Now by (2.23),
G(a) <ca®, a€ 3T
Moreover, h is L-harmonic. Therefore h(za) = a®.

Now Theorem (2.10) implies (2.30) for za € $T*. To extend (2.30) for

xa € 2T" we must take care only of the points xa with a < i. We use again
the Harnack inequality for L* and G*. Let ya € 27" and za € %Tl. Then

Ta”ly ™ a e = r(ay ™),

which is bounded whenever o(z), o(y) < 2. Therefore

G(za) = G*(a '2™) < cG*(a ™ y™) = cG(ya)
for a constant c. The next estimate is
(2.32) Gla) >c'a™@ fora>1.

For (2.32) we prove, as above, that a? is dominated by an L*-potential
in %Tl. There are two L*-harmonic functions depending only on a: a®
and a9~%. Proceeding as before and using (2.25) we see that if the limit
lim,, oo G(a,a,)/G(e,a,) exists then it must be equal to a®?. Therefore
we may apply (2.30) to G* and a?, which gives
(2.33) G*(a) > c'a? fora<1
and so (2.32) follows. o o

Let now ¢ > 1 and take Vo = (¢73)¢, Vi = (qT?)¢. If b € 9¢T? then by
Theorem (2.10) applied to f = a%, g = G,
G(qxd)

G(3q)

(2.34) b < c
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If b = 2 then o(qrq—!) < gb so (2.34) together with (2.32) implies
(2.35) G(za) > c a9 fora > o(z), a>1.
If b < 2 in (2.34) then o(qzq~!) = 2¢ and (2.34) together with (2.32) gives
Glqrg™"gb) = ™ o(qzg™") 97 (gb)"
and so
(2.36) G(za) > ¢ lo(x)"9 ™ for o(x) > a, o(zx) > 2.
For 1 < p(x) <2, (2.36) follows from (2.30). m
(2.37) COROLLARY. Under the assumptions of Theorem (2.21) there is
a constant ¢ such that
G(ra) < ca®(1+ o(x)) 97 =
(2.38) THEOREM. Let K be a function on S which satisfies the estimate
1K (20)] < ca®(1+ o(z)) "2
for an € > 0. Then the operator Tf(s) = f * K(s) is of weak type (1,1).

Proof. The proof comes back to the ideas of Strémberg [St]. (See also
[ADY].) We consider

Tf(s) = f(s(ya)™")(1 + o(y) "% “a? dy da.
Then 7T is a compositioj of two operators
Tif(s) =\ flsy™ )1+ o(y)) @ dy
and i
Tpf(s) = | f(sa™")a? da.
A

T} is bounded on L'. To prove that, it is convenient to write elements of S
as s = bx. Then dx db is the left Haar measure. Let f € L'(my,). Then

T2 f ey < § V£ 2y ™)1 + o(y)) =9 dw dbdy
NS

<Ay V(4 0() 9= dy
N

and the boundedness of T; follows.
For T5 we have

Tof(s) = S f(zea™)a 9 da = @ S fzb)b= 9 db = c%ep(z)
A A
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where s = zc. Hence

(2.39) mu({s: |Taf(s)| > M) = | ¢ 9deds
T2 f(s)[>A

= S ¢ ?dedx.
A Qup(x)—1/Q

Given , let co(x) = \/@p(z)~ /2. Then

1 _ 1
S c@de= éco @= Ew(a:)

Integrating first over ¢ then over z in (2.39) we obtain

me({s £ [Taf ()] > A}) = % § o) do = % Ti.
N

Co

which proves weak type (1,1) of T, and hence of T'. =

(2.40) COROLLARY. If vy = 0 and o = @ in (1.2) then the operator
f— f*G is of weak type (1,1).

Theorem (2.21) implies sharp pointwise lower and upper estimates for
the Poisson kernel P corresponding to L with o > 0. P is a smooth,
bounded, integrable function on N, | ~ P(z)dr = 1, such that all bounded
L-harmonic functions F on S are given by the Poisson integrals ([DH], [Ra])

F(xa) = S f(raua™)P(u) du = S fwa " 9Pla™ (z7 w)a) du, feL>®(N).
N N

(If @ < 0 then there are no bounded L-harmonic functions on S [BR].) In
particular,
oPla™(z7'u)a)

P(u)
is L-harmonic as a function of za. If the action of ady on N is diagonal,
sharp pointwise estimates for P were described in [D]. It turns out that
analogous estimates hold for general Heintze groups and the argument is,
in fact, the same as presented in [D]. However, for the reader’s convenience,
we outline the proof.

P,(xza) =a~

(2.41) THEOREM. Let z,a, be a sequence of points in S such that x, —
u € N and a, — 0. Then

Moreover, there is ¢ such that

(2.42) 114 0(z) 9 < P(x) <c(l+o(x)" 9 zeN.
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Proof. First we notice as in [D], Proposition 2.12, that for every u € N,
P,(za) is a minimal L-harmonic function. Secondly, in view of Corollary
(2.17) and Lemma (2.19), if o(z,) + a, — oo then a minimal function
obtained as lim,, ., G(xa,z,a,)/G(e, x,a,) does not depend on x. Indeed,
by Corollary (2.17), all the potentials G(-,v)/G(q,y) are comparable on
%qu as long as y € 2¢T" with a constant independent of q. It follows that
there is a constant ¢ such that for every ¢ and every yi,vs & 2¢T",

c*l G(a:a,yQ) < G(xa7yl) < CG(xC%?D)
G(e7y2) G(eayl) G(eayQ)
and so by Lemma (2.19) the only minimal function we can obtain this way
is h(za) = a®. On the other hand, if z,, — v and a,, — 0 then

. G(za,zpay)
2.4 1 _—
(243) o G(e,xpay)

exists. This follows from Theorem 7 of [A1] applied to the @-chain ug"T* for
a ¢ < 1. Moreover, K, (za) = K(u~'za), P. must be one of these functions
and clearly the others correspond to the translates P, of P, normalized at

e. By (2.22) and (2.43),
K(za) < o(x)" %% if o(z) > a.
This proves that given a neighbourhood U of e in N we have

lir% X K.(za)dz =0,

UC

= K, (za)

which is possible only if K, = P.. Now (2.42) follows from (2.22).

3. Riesz transforms for elliptic operators. In this section we
assume that L is elliptic. Then

(L, ) < e(R(=LF, )+ 1£1I72), | € CE(S),
for a constant ¢ and so T} is an analytic semigroup ([P], §2.5) on LP(mr,)
and its infinitesimal generator will be denoted L. Let £ = —L and for § > 0
let
L

(3.1) L0 = )

oo
S 917, dt.
0

In view of (1.15), if y—(Q/p)a+Q?/p? < 0 then L~ is a bounded one-to-one
operator on LP(my) and £~©O+") = £=0 0 £=7 ([P], §2.5). We define

Eé — (ﬁ_é)_l.
Then £° is a closed operator with domain D(£%) = R(£~?) and moreover,
£50£’8f2£5+*5f
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for every f € D(LY), v = max(d, 3,8 + (). The kernel K? of L7 is given
by

(32) K@) = 757 | £ o) .
0
_ 1 T 5 »
L0f = 6] § " fupy(x)dt,  f € LP(my).

Clearly if v = 0 and a > @ then convolution with K?, § > 0, is a
bounded operator on all LP(my), p > 1. If « = @Q it is so for p > 1
and in view of Corollary (2.40) convolution with K is of weak type (1,1).
This phenomenon has a very nice application to the Riesz transforms. We
assume that L is elliptic and v = 0. Given left-invariant vector fields Y7, Y5
we consider the operator

Rf =YYa(f+G), [eCX2(9),

where G = K! is the kernel of £7!. By (3.1) and the following lemma, R is
bounded on L%(my,) if a > Q/2.

(3.3) LEMMA. If YIf € L?(my) for every multiindex I such that |I| < 2,
then

(34) Y fllz2(me) < eUILFN 22 (me) + 11122 ()

whenever |I| < 2.

For LP boundedness or weak type (1,1) of R it is convenient to write
G = G1 + Go, where G1 = oG with ¢ € CP(S), 0 < ¢ <1l and p =1
in a neighbourhood of e. Since the behaviour of the “local” part R;f =
Y1Ya(f * Gy) is well understood, only the “global” part Rof = Y1Ya(f *G2)
matters. In view of (3.1) and the Harnack inequality (1.3), R is bounded on
all LP if o > @Q. Therefore if o > @ then the second order Riesz transforms
R are trivially bounded on LP(mp), p > 1, and only the case a = @Q is
interesting. It contains, in particular, the Laplace—Beltrami operator for a
left-invariant Riemannian metric on S. If a < @ our methods do not give
any decisive results. Therefore, we formulate our next theorem under the
assumption v = 0, a« > Q. B(z,r) is, as before, the Riemannian ball with
centre x and radius r.

(3.5) THEOREM. Assume v = 0 and o > Q. Then the operator R is
bounded on LP, p > 1, and of weak type (1,1). Let G. = ¢.G, where p. €
C®(G), 0 <. <1, p(x) =0ifx € Bleye), pe(x) =1 if v & Ble,2e).
Then given f € LP, 1 < p < oo, the limit lim._,o R f(x) = lim._q f *
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Y1YoG.(z) exists for almost every x in S and
Rf = lir% R.f.

Proof. Let ¢ € C(S), 0 < ¢ <1 and ¢ =1 in a neighbourhood of e.
Let

pe(x) dt,
0

|
| pe() dt + (1 - 9)G(a).

Go(z) = p(x)
Goo(2) = ()
We split R as
(3.6) R = Ry + R,
where

Rof =Y1Ya(f % Go), Roof =Y1Ya(f * G).
By the Harnack inequality for both L and L — 9; (see (1.9)),
(3.7) Y1Y2G oo (2)| < ¢G(x)
and

Roof = [ x 1Y2G .

Therefore boundedness of R, on LP and weak type (1,1) follow from (3.1)
and Corollary (2.40). In particular, Ry is bounded on L?(mpg,).

To prove weak type (1,1) of Ry and boundedness on LP, 1 < p < 2,
we show that it is a Calderén—Zygmund type singular operator with kernel
K =Y1Y2Gy. For f € C® and x & supp f, we have Rof(x) = f * K(x). In
view of [Heb],

where n + 1 = dim .S and so, for a constant c,
IVE ()] < cf|lz[ 72

This shows that if suppf is contained in a fixed compact set U the assump-
tions of Theorem 3, §4, Chapter 1 in [S] are satisfied and so Ry is of weak
type (1,1) and bounded on LP(U), 1 < p < 2, with a constant depending on
U. Moreover, the maximal function associated with the truncated singular
integral R.f,
Mf =sup|R.fl|,
e>0

is of weak type (1,1) and bounded on LP(U), 1 < p < 2 (see [S], Chapter 1,
§7). Since lim. g R.f = Rf for f € C°(S), lim._o R. f(x) exists for every
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felP(U),1<p<2 and so
(3.9) Rf=lmR.f, [€L'U).

To get rid of the support assumption and to extend (3.9) to LP(S), 1 < p < 2,
we use the following lemma:

(3.10) LEMMA. Given e,6 > 0 there exist a sequence x1,xa, ... of points
of S and positive integers my, mo such that

(i) S =U, xrB(ee).
(ii) Fach point x € S belongs to at most my of the sets x;B(e,¢).
(iii) Fach point x € S belongs to at most ms of the sets xpB(e,e + 9).

For the proof of Lemma (3.10) see [An], [GQS].

To prove boundedness on LP, p > 2, we use the adjoint kernel K =
(Y1Y2Go) = YlYQGO, where Y is a rlght invariant vector field. Since the
support of G is compact and G* =G(x~ ) (see (1.14)), LP boundedness and
weak type (1,1) of the convolution with K follow from the above argument
applied to L*. Although L*1 # 0 if a > @, the condition v — (Q/p)a +
Q?/p? < 0 is satisfied provided it is satisfied by L, and so the argument for
L* is the same as for L. m

For the first order Riesz transforms we restrict ourselves to Lg of the
form

Lo = (ad,)? — Qad, + Z:nga(XZ 2
i=1
where X1,..., X, is a basis of N. Given a left-invariant vector field Y let
Rf =Y(f*K?), where KY2=(~Lo) "/

(3.11) THEOREM. The operator R is bounded on LP, p>1, and of weak
type (1,1). Let KM? = 0 K12, where . is as in Theorem (3.5). Then
given f € LP, 1 < p < oo, the limit

lim R.f(z) = lim f * YKM?(2)
exists for almost every x in S and ]A%f = lim._,g Eaf.

Proof. Let Yy = a0, and Y; = &,(X;). First we notice that
(312) Z ||}/’Lf||%2(1nL) = <_L0f7 f>7 f €C c 7
i=0

which implies that R is bounded on LZ. Indeed, substituting f x« K'/? €
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D(Ly) in (3.12) we obtain
D Yilf 5 K)oy = (= Lo(f « K'72), £+ K2

= [[(=Lo)/2(f * KV 72 = | £1IZ--

As before we split R into two parts. Let ¢ be as in the proof of Theorem
(3.5) and let

Ko(z) = 1/2 (S)t V2p, () dt,
Koo(z) = (1/293)[3)15—1/2 pe(x) dt + (11/2 §t_1/2pt(x)dt.

Then R = Ry + Roo, where Rof Y(f * Ky) and Roof = Y(f *x Ky). For
Ry we proceed as before. For Ro, we notice that by (3.8) and (1.4) given a
compact set U there are constants ¢y, co such that

Y Koo (z0)] < 1 (G(z) + e~ @) forueU, z € 8S.
Therefore,
Rof=f*YKy, [fe€CX(S9),

and by (1.15) and Corollary (2.40), R is bounded on LP, p > 1, and of
weak type (1,1).
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