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A REMARK ON VAPNIK-CHERVONIENKIS CLASSES

BY

AGATA SMOKTUNOWICZ (WARSZAWA)

We show that the family of all lines in the plane, which is a VC class
of index 2, cannot be obtained in a finite number of steps starting with
VC classes of index 1 and applying the operations of intersection and union.
This confirms a common belief among specialists and solves a question asked
by several authors.

Notations and definitions. For an abstract set I the family of all
subsets of I is denoted by 2/. The indicator function of a set A is denoted
by X a; #A denotes the cardinality of A and A’ stands for I\ A. If F,G C 2!
then we put 7/ = {A" : A e F}, FANG={ANnB: AecF, Be G},
FVvGg={AUB:AeF, Beg} IfAcTand F C 2! then FAA =
FA{A} ={ANB:BecF}.

If FAA = 24 then we say that F shatters A. The index of F is
defined by ve(F) = sup{#A : A C I, F shatters A}. We will say that F is
a VC class if ve(F) < oo.

A family F C 27 is said to be a chain (on I) if F is linearly ordered by
inclusion, i.e., for each A, B € F either AC Bor B C A. If F4,...,F, are
chains on I then F; A ... A F, is called a p-chain.

If J is a finite set and f, g are functions on J then (f,g) = > .., f(a)g(a).

Introduction. The concept of VC class, with a different notation, was
introduced by Vapnik and Chervonienkis for purposes of the theory of em-
pirical distributions and it plays an important role there (cf. [1], also [5],
Ch. XIV). Later on, it found applications in other branches of mathematics.
It is a fundamental concept in the theory of learning and in the theory of
additive processes. Knowledge of the structure of VC classes would have
many strong consequences for these theories. However, this seems to be a
rather hopeless task. Only in the case of VC classes of index 1 we know a
complete description of their structure (cf. [1], Sect. 4.4). If F is a chain
then ve(F) = 1; conversely, if (), I € F and ve(F) = 1 then F is a chain.

1991 Mathematics Subject Classification: Primary 60CO05.

(93]



94 A. SMOKTUNOWICZ

If 7, G are VC classes then F', FAG, FVG are also VC classes. Therefore
a natural question is whether each VC class can be obtained by the opera-
tions /, A, V starting from families with lower index. If so, then we would
be able to obtain each VC class applying the operations A, V and starting
with chains, because as will be shown in the next section, for each VC class
F of index 1 there are chains Gy, Go, G3, G4 such that F C (G1 AG2)VG3VGy.

The following question was asked by S. Kwapien [4]:

Is it true that for each VC class F there exist £ € N and k-chains
Gi,...,Grsuch that F C Gy V...V Gp?

A more general question was asked by J. Hoffmann-Jorgensen, K.-L. Su,
and R. L. Taylor [3] (cf. Remark (2) after Theorem 2.5):

Is it true that for each VC class F of subsets of I there are numbers
k € N, r > 0 and a k-chain G such that for each finite subset J C I and
each A € F we can find real numbers \; and B; € G, i = 1,...,m, with
ot |Ai] < r such that

m
(1) XANJ = Z AiXB;ng !
i=1
To see that it is really more general assume that 7 C G; V...V G, where
Gi,i=1,...,p, are p-chains. If A= By U...UB, where A € F, B; € G;,
1=1,...,p, then
p .
XA = Z (_1)Z+1 Z XBy,N...NBy,
i=1 Ii>..>1,
and B, N...N B, € G1A...NG, if I € G;, i =1,...,p, which can be
assumed without loss of generality; thus y 4 has the representation (1) with
r=2P, k=p?and G =G A...AG,, which is a p?-chain.
The aim of the paper is to show that the above questions have negative
answers.

Deriving VC classes from chains. Let £ denote the family of all
lines in the plane R2. It is a VC class of index 2. We will show that it is
a counterexample to the questions from the introduction. Namely, we will
prove the following

THEOREM. Let G be a k-chain of subsets of R? and r > 0. If p and
n are integers such that p > rk, n > (4p*k)** and J = {(i,j) € R? : i =
1,...,n, j=1,...,p} then there exists a line L € L such that the indicator
function xpny cannot be written in the form xpny = Zf;l AiXB;nJ where

S il <rand B; €G.

Proof. The well known Erd6s-Szekeres Theorem [2] states that each
sequence of numbers of length N contains a monotone subsequence of length
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at least v/N. Since each maximal chain on a set T' may be identified with
a linear ordering of T' this theorem can be interpreted as follows: given two
maximal chains Fy, F; on T there exists a subset Ty C T with #Ty > /#T
such that either F; A Ty = Fo ATy or Fi ATy = F) A To. Hence by an
easy induction we can prove that if Fqy, F1, ..., Fi are chains on T and Fy is
maximal then there exists To C T with #Tp > (#1)"/ 2" such that for cach
i = 1,...,k we have either F; ATy C Fo ATy or F; ATy C FyANTp. Let
G=F1A...NF, where Fi,...,F; are chains on R? defining G. Applying
the above we deduce that for each ¢ > 2, ¢ € N we can split J into disjont
sets: J = JoUJ1U...UJ; such that #Jy < qQk, #J;=qforj=1,...,land
either F; A J; C Fo A Jj or Fi A Jj C Fy A Jj where Fy is a fixed maximal
chain on J.

Let C={LNJ:LeL, #LNJ=p}. If 1 <i,j <n are integers such
that % < j —1i < 2=! then the line L which contains the points (i,1) and

p—1
(7,2) satisfies LN J € K. Therefore

n—1 n?
2 #Kzn[ } > —.
(2) p— »
We will show that not for all K € K,

(3) XK = Z/\z'XBmJ,
=1

where >0 [N <r,B;€gG,i=1,...,m.

Assume the contrary; we will show that it leads to a contradiction
with (2).

Let Ko ={K € K: KNJy#0}. Then #K; is less than the number of
pairs of elements in J such that the first one is in Jj.

Hence #Ky < #Jo#J < qzknp. For K € K define a function gx on J
by 95 = > ek (X{a} — X{a+}) Where a and a* are in the same .J;, a* is the
immediate successor of a in the linear order on J; defined by Fy if a is not
the last element of J;, and a* is the immediate predecessor of a otherwise.

Let K. ={K € L\ Ko : (XK, 9K) = D _qcs XK (a)gK (a) < p}.

If K € K_then a* € K for some a € K and therefore #/_ is less than or
equal to the number of pairs {a,a*} such that a € J; for some i =1,...,1.
Thus #K_ < ¢l < np. Finally, let K € K\ (Ko UK_). Then assuming
a representation as in (3) we obtain p < (xk,gx) = Doy MilXBinJs 9K )-
Since >_1; || < 7 we have |(xB,nJs,9x)| > p/r > k for some 1 < i < m.
Let B; = A1 N...N A, where Aj € fj, j=1...,k If <XBiQJ,gK> =
Y ack (XBins(a) — xB,ns(a*)) > k then there exists 1 < j < k such that
for at least two elements a € K we have a € A; and a* ¢ A;. Similarly,
if (xB;nJ,9Kx) < —k then there exists 1 < j < k such that for at least two
elements a € K we have a ¢ A; and a* € A;. Therefore #/C\ (KoUK ) is at
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most the number of pairs {a,b} C J\ Jy such that there exist 1 < j < k and
A € Fj such that either a,b € A and a*,b* € A, or a,b € A and a*,b* € A.

Ifl1<ts<land1l < j < k are fixed integers then the number of
pairs {a,b} such that a € J;, b € J; and either a,b € A, a*,b* ¢ A or
a,bg A, a*,b* € A for some A € F; does not exceed 2¢. This is so because
if A is fixed then there is at most one such pair and since F; is a chain,
#F; N (Js UJy) < #Js + #J; < 2q. Thus #K \ (Ko UK_) < 12k2q. Since
I < np/q we finally obtain

HK < ¢* np + np + 2k(np)?/q

and this contradicts (2) if we choose ¢ such that

1/(2k)
1
16kp® < ¢ < <4;2> . m

To prove the statement opening the paper we have to prove the claim
about VC classes of index 1 from the introduction which is contained in the
following

PROPOSITION. Let F be a VC class of index 1 of subsets of I. If ) € F
then there exists a 2-chain G on I such that F C G. In general, there are
2-chains G1,Go on I such that F C Gy V Gj.

Proof. If Fisa VC class of index 1 and A € F then FA A" and F' N A
are VC classes of index 1 which contain (}; moreover, F C (FAA")V ((F' A
A) ANA). Thus the second statement is an easy consequence of the first one.

In the case when [ is a finite set the first statement can be proved by
induction on the number of elements in F as follows. If #F = 2 there is
nothing to prove. If #F > 2 choose A, B € F such that B\ A # () and ANB
is maximal in {FFNG : F,G € F, F # G}, i.e. AN B is strictly contained
in no other member of that family. Using the fact that vc¢(F) = 1 and that
) € F we prove easily that D = (A\ B) U (B \ A) is disjoint from each
C e F,C # A, B. By the induction assumption there exist chains Py, Po
such that F\ {A} C Py AP2. Let B = P, N Py where P, € P;, i = 1,2.
Define two new chains on I:

Q={P\D:PecP,PCP}U{P\(A\B)}
U{PUD:Pe€P,P CP}
Qy={P\D:PePy,PCPR}IU{(PRRU(A\B))\ (B\A)}
U{PUD:P¢€Py, P,CP}.
For R, € P;, i =1,2, put

{Ri\D if R, C P,

(2
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Since A = (PLUD)N((P,U(A\B))\(B\A)) € Q1ANQs, B= (P1\(A\B))N
(P,UD) € Q1 A Qy and since for each C € F, C # A, B with C = R; N Ra,
where R; € P;,t = 1,2, we have C' = Ry N Ry € Q1 A Qo; this is because
by the maximality of A N B at least one of the inclusions R; C P;,i = 1,2,
holds and C N D = (). Thus F C Q; A Q5 and the induction is completed.
To prove the case of infinite I it is enough to prove that if F is a family
on I such that for each finite J C I there are chains P}, P% on J with
F ANJ C Py AP3 then F is contained in a 2-chain on I. The proof follows
easily by the method of ultrafilters. Let H = {J C I : #J < oo} and let h
be an ultrafilter on H, i.e., h is any family of subsets of H which satisfies:

0. 0 €h,

l.if JeH then{KeH:JCK}e€h,

2. if G1,Go € h then G; NGy € h,

3. if G C H then either G e hor H\ G € h.

Given any family (Ay)jen of sets we define Limy Ay = {(ay)jen :
ay € Ay for each J € H} where we identify two elements (a;)jen, (b)sen
whenever {J € H:a;=0b;} € h.

If Ay is a class of subsets of A; for each J € H then we can identify
Limy Aj; with a class of subsets of Limy A;; the identification is given by
the relation

(aj)jen € (Ap)jen ={J€H a5 € As} € h.

Let I = Limy J, F = Liinth J and for i = 1,2 lgt P, iLiH&Pf,.ﬁIt
is very easy to check that P;, ¢ = 1,2, are chains on I and 7 C Py A Pa.
Moreover, I can be identified with a subset of I by the relation

i:(iJ)JGHE{JEHIi:iJ}Gh.
We check easily that with this identification, F C FA L. m

COROLLARY. The class L of index 2 cannot be obtained by applying the
operations N,V a finite number times to VC classes of index 1.

Remark. We do not know if there is a VC class of index 3 which cannot
be obtained from VC classes of index 2 by applying the operations A,V a
finite number times. It seems that the family of all planes in R? is a good
candidate.
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