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Let {2 C R™ be a bounded, connected, open set, and let X;,...,X, be
real smooth vector fields defined in a neighborhood of 2. We will say that
Xi1,...,X, satisfy Hormander’s condition of order m, or that they are of
type m, if X1,..., X, together with their commutators of length at most m
span R™ at each point of £2. It is well known that it is possible to associate
with Xi,...,X, a canonical metric g as follows ([FP], [NSW]): we say that
an absolutely continuous curve v : [0, T] — 2 is a subunit curve if

(' (), 6 < Z (X5 (v(8)), )

for all ¢ € R™ and a.e. t € [0,T], and we define o(z,y) for z,y € 2 by
o(z,y)=inf{T : 3 a subunit curve v : [0, T]— 2 with v(0) ==, v(T)=y}.

The geometry of the metric space (§2, o) is fully described in [NSW]; in
particular, it is shown there that ({2, ¢) is a metric space of homogeneous
type with respect to Lebesgue measure, i.e. and there exist C > 0 and
do > 0 such that

(1) [B(x,26)] < C|B(x,0)|

for all x € 2 and § < &y, where B(z,7) = {y € 2 : o(z,y) < r} is a metric
ball, and for any measurable set E, |E| denotes its Lebesgue measure. In
particular, it follows from the doubling property (1) that there exist a > n
and ¢ > 0 such that

(2) |B(x,6t)| = ct|B(x, 6)|
for all x € 2, ¢t € (0,1) and § < &.
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The exponent « in (2) plays an important role in many critical inequal-
ities associated with the vector fields, by replacing the dimension n of {2 as
a manifold. In particular, in the last few years, isoperimetric inequalities
have been proved for (£2, ) in which « gives an estimate of the isoperimet-
ric dimension ([FGaW1,2], [FLW], [CDG], [G]). In its simplest form, the
isoperimetric inequality can be stated as follows:

THEOREM 0. Let E be an open, bounded, connected subset of {2 whose
boundary OF is an oriented C' manifold such that E lies locally on one side
of OE. If ro is sufficiently small and B = B(x,r) is any ball with x € 2
and 0 < r < rg, then

1/2
(3)  wmin{|BOELB\E} e <o | (SX500%) dH,
OENB J

where « is the exponent in (2), v is the unit normal to OF, and the constants
¢, ro are independent of E and B.

It is possible to show that if the exponent « is sharp in (2), then the
isoperimetric inequality cannot be improved. However, the result is not
in general fully satisfying because the dimension can change from point to
point, so that a global result can only be expressed in terms of the “worst
exponent”. To illustrate this phenomenon, let us consider the following two
situations, which exemplify the “good” situation and the “bad” situation.
First of all, let n = 3, and put Xy = 0y +2x203, Xo = 02 —2x103 (Heisenberg
group). Here it is easy to see by Theorem 1 of [NSW] that |B(x,§)| ~ §* for
x € {2, so that the dimension is uniformly equal to 4 and the isoperimetric
inequality is satisfying. Next choose n =2, X; = 01, Xo = xf 0y for g € N
(Grushin vector fields). In this case, |B(z,0)| ~ 62(|z1|?+8°%) if x = (21, 22),
so that in order to obtain a global estimate we must choose o = 2+ 3. This
exponent cannot be improved if we consider sets around the origin as in
[FGaW1,2], but it is not sharp for small balls away from the line z; = 0,
where the natural dimension is 2.

If we try to sharpen the estimate (3) by working locally, i.e., by allowing
«a to depend on the size and position of the ball B, then the constant ¢
that appears on the right side of (3) may also vary. In fact, the argument
in [FLW] shows that this constant can be chosen independent of B only by
using a value of a which works globally. By re-examining the argument in
[FLW], we find in the general case that, for a given ball B = B(z,r), the
corresponding value of the constant ¢ in (3) is actually ¢;7|B|~Y, where ¢
depends only on §2, o and the constant ¢ in (2) restricted to subballs of B.
This “constant” clearly varies with v and B. For example, in the Grushin
case mentioned above,

(4) err| BT = err[r® (| |+ 7)%)
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if @« =2+ (3, then ¢; can be chosen independent of z; and r, and (4) equals
ez ] /r + 1)—5/(2+6) < e,

but if & = 2 and r is small compared to |z1|, then (4) is essentially ¢ |z1|~?/2
with ¢; independent of ;.

The fact that the constant ¢ on the right in (3) can be chosen to be
c17|B|7Y* (= e1r| B|(/9~1 in the notation of [FLW]) is not explicitly stated
in [FLW] but can be proved by following the reasoning there. In particular,
we use the estimate preceding (4.3) of [FLW] but leave that estimate in
terms of B rather than the larger balls of radius r¢ described there.

In general, we can then localize (3), and so obtain a more precise esti-
mate, by dividing both sides of (3) by 7|B|~/® and rewriting the estimate
as

(3)/ |B|1/a

min{|B N E|,|B\ B[}*~D/

<a S <Z<Xj,’/>2>1/2dHn—1

OENB 7

where ¢; depends only on §2, ry and the constant ¢ in (2) restricted to
subballs of B. The value of a may of course vary with B.

By applying the weighted isoperimetric inequalities proved in [FGaW1,2]
and [FLW], we will show that there are cases when it is possible to stabilize
(3)" by replacing the left side by

min{u(B N E), u(B\ E)}'/*,

where p is a fized measure and s is chosen globally with s > 1. Moreover,
the constant on the right side of the estimate will be a global constant. This
occurs when there exists what we shall call a compensation couple (u, s). The
aim of the paper is to discuss this idea and to show that such a couple exists
in many important examples, such as the case of the Grushin vector fields
we considered above. Compensation couples also exist for vector fields of the
type studied in [F], which are not smooth and so not of Hérmander type (see
the remark after the proof of Proposition 5 below). Whenever |B N E| and
|B\ E| are comparable, the version of the isoperimetric inequality involving
(i, 8) will be equivalent to (3)’, and we will eventually show there are cases
when it is better. On the other hand, there are also situations when the
Lebesgue estimate (3)’ is sharper.

At this point, we make a short remark intended to help avoid misinter-
pretation of our starting inequality (3) in Riemannian settings. We would
like to point out that the volume which appears in the isoperimetric inequal-
ity (3) does not coincide with the Riemannian volume when the distance p
comes from a Riemannian metric, i.e., when p = n and X,,...,X, are
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linearly independent. In fact, the Riemannian measure in this case is ab-
solutely continuous with respect to Lebesgue measure with a density given
by the square root of the reciprocal of the determinant of the matrix as-
sociated with the quadratic form } . (X;,§ )2, On the other hand, in more
general situations which are not Riemannian in nature, this natural weight
is not suitable, since it is easy to see in many elementary situations (e.g.,
the Heisenberg group in R? with its two standard vector fields) that such
a weight would be identically oo. This surprising phenomenon can be ex-
plained in two ways: first, the Lebesgue measure which appears in (3) reflects
the fact that Lebesgue measure appears in Sobolev and Poincaré inequali-
ties associated with the vector fields, and this measure in turn arises from
the weak formulation of the equation _, X? = f € L*(2). But perhaps a
deeper explanation of the reason that the natural volume form is infinite lies
in the fact that the “true” dimension of ({2, ¢) is in general much larger than
its dimension n as a manifold (as we can see in all our dimensional inequal-
ities); thus, it is not surprising that the formal n-dimensional Riemannian
measure, which is a lower dimensional measure, is infinite.

We will further discuss some facts and examples related to the two
isoperimetric estimates in §2. A point xy € OF is called a characteristic
point of OF for {X;} if OF is a C'! manifold in a neighborhood of zy and if
each X (o) lies in the tangent space of OF at o, i.e., if

> (X;(x0), v(0))* =0,
J

where v(z() is the unit normal to OF at zy. We will give a simple proof of
the fact that the characteristic points of a smooth manifold are few in the
sense that the set of characteristic points has Hausdorff dimension at most
n — 2 (see Theorem 8). Moreover, in Theorem 7, we will show that if B is
a small ball centered at a noncharacteristic point of OF, then |B N E| and
|B \ E| are comparable, and consequently the two isoperimetric estimates
for B are the same. Examples showing when these two estimates are not
comparable are given at the end of the paper.

Finally, we note that the existence of a compensation couple can be
used in other situations to deal with problems arising from the fact that
the isoperimetric dimension fails to be constant. For instance, some of the
estimates in [FGuW] that involve studying the continuity of operators of
potential type whose kernels are related to strong-A., weights rely on the
existence of a compensation couple (g = AN~ and s = N/(N — 1) in
the notation used there).

1. Facts about compensation couples. First of all, let us recall
the formula given in Theorem 1 of [NSW] which expresses the measure of a
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generic ball B(z, ). In order to state this formula, let {Y7,...,Y,} be the set
of all commutators of Xy,..., X, of order < m, and let us set length Y; = d;;
if I = (i1,...,4,)1s an n tuple of indices in {1,...,q}, set |I| = d;; +...+d;, .
Then we have, for a suitable L > n,

B(z,d
(5) 0<a < Z%:/\j(!ﬂ)& < ¢,
where
(6) M) = (3 etV ) @)
1=

Note that each )\ is continuous since the Y; are smooth, and that A;(z) > 0.
Throughout this paper, if w is a weight function (i.e., we Ll (£2),w > 0)

we put w(E) = |, wdx for any measurable set E. Moreover, if f € L{, (E),

we put %E f(z)dr = (1/|E]) SE f(z)dz.
We can now define the notion of a compensation couple.

DEFINITION. Let p € L (£2) be a nonnegative function, and let s > 1
be a real number. We say that (u, s) is a compensation couple if there exist

constants ¢, C > 0 such that

(7) c(|B|/6)* < | uly)dy < C(|B|/3)*

for every ball B = B(x,6), z € £2, § < Jo.

A motivation for the definition is that in case |B N E| and |B \ E| are
comparable (and so are each comparable to |B|), (7) implies that the left
side of (3)" is u(B)/* for any value of o

Although we restrict our attention to metrics in Euclidean space asso-
ciated with Hormander vector fields, a similar definition could be given in
any space of homogeneous type in the sense of [CW].

With the notation of (5), (6), we have:

PROPOSITION 1. Let d = min{j € {n,...,L} : X\j(z) £ 0 in 2}. Ifa
compensation couple (u,s) exists, then s = d/(d — 1) and we can choose
(@) = Aa(z)"/ @D,

Proof. Let z be a Lebesgue point of p such that A\y(x) # 0. Then by
(7) and (5) we have

6—0

L
w(z) = lim S w(y) dy ~ %E%Z/\j(x)sflég(sfl)fs‘
B(z,d) j=d

Since p(x) < oo, we must have d(s — 1) > s, i.e., s > d/(d — 1). On the
other hand, since the equivalence above holds at any Lebesgue point of u,
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if we had s > d/(d — 1) then p would vanish a.e. on {2, which is impossible
by (7). Thus, s = d/(d — 1) and pu(z) ~ Ag(x)*™ " = Ag(z)/ (@D ae.

By A and A,, 1 < p < oo, we mean the corresponding weight function
classes with respect to metric balls, and we refer to [C] for a discussion of
these classes. We also say that u € RH., with respect to metric balls if

(RH) esssup p ~ § e dy;
B B
see [F], [FGuW] and [CUN] for facts about this class.

PROPOSITION 2. If (u,s) is a compensation couple, then u € RH, with
respect to metric balls. In particular, u € Ao with respect to metric balls.

Proof. Let y € B = B(z,d). By Proposition 1,
N(y) — )\d(y)l/(d—l) — 6—d/(d—1)[5d)\d(y)]1/(d—1)
< c(;fd/(dfl)‘B(yj 5)‘1/(d71)
< ¢67%|B|Y@=1 by (5) and doubling
< elBI* [ (B by (1)
B

1
_CE;M7

and the result follows.

PROPOSITION 3. With the notation of (5) and (6), if a compensation
couple ezists, then for any j € {d,...,L} we have

® (I ) et (D)
B B

for any metric ball B = B(x,6), x € £2, § < §g. Conversely, if (8) holds for
all j, then ()\lli/(dfl),d/(d — 1)) is a compensation couple. Moreover, (8) is
equivalent to

: d-1
(8) sup ¢ \j(y) < céd( S Aa(y)t/ @D dy> .
y€B(x,5) B(z,5)

Proof. By (5), for all y € B = B(x,?),
A 1
Ai)o? < —|B(y,0)] < c| B

by doubling. Hence, taking the power 1/(d — 1) and integrating over B, we
get

(9) §7/(d=1) § )\j(y)l/(d—l) dy < ¢|B|/ @1,
B
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If a compensation couple (u, s) exists, then by Proposition 1 and (7),

B s—1
By = 5B (’5 < e8I A ()Y dy,
B

and the first assertion follows.
Suppose now that (8) holds. By (9) with j = d and B = B(z, ),

V Aa() /4D dy < (| B /6)4 D,
B

Thus it will be enough to prove the reverse inequality. Again by (5) and
doubling,

’B‘l/(dfl) < CZ )\j(y)l/(dfl)(;j/(dfl)7 y € B.
J
Integrating over B, we get
|B|%/(4=1) < CZ S /\j(y)l/(d—l) dy - §7/(@=1)
i B
< s Ay dy by (8),
B

and the second assertion follows.
Finally, to see that (8) implies the stronger estimate (8)’, note that since
N (y) < c|Bs(y)| < ¢|Bs(2)] for all y, z € B(z,§) = B, we have

. d—1
Sup I A;(y) < e § |Bs(z) 0 d)
B

d—1
< 05d< [ Aa(z)/ @0 dz) if (8) holds,
B

which gives (8)’. This completes the proof of Proposition 3.

Compensation couples do not always exist. Consider for instance the
following simple situation in R3: X; = 91 + 22203, Xo = 05 — 22105, X3 =
:E182. Then [Xl,XQ] = —483 and

|B(x,0)| ~ 216° + &%,
so that if a compensation couple exists, then by Proposition 1, s = 3/2

and p(x) = |z1|. Choose now a ball B(0,6); by [NSW], Theorem 7, we can
assume that

B(075) = (_57 5) X (_57 5) X (_52762)7
so that

| Ja1]de~ 6%, whereas (|B(0,6)]/5)*? ~ 6°2.
B(0,5)
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We now give some examples of vector fields for which compensation
couples exist.

PROPOSITION 4. Suppose the vector fields Yi,...,Y, are free of order
m, i.e., the commutators of length at most m satisfy no linear relationships
other than antisymmetry and the Jacobi identity. Then (1,Q/(Q — 1)) is
a compensation couple, where Q = > ., im;, m; denoting the number of
linearly independent commutators of length i.

Proof. The proof is trivial once we note that A\;(z) =0if j < Q.

PROPOSITION 5. Suppose that Xi,...,X, satisfy Hormander’s condi-
tion with p =n and X; = p;(x)9;,j = 1,...,n. Then (][, | () [/ (=1,
n/(n—1)) is a compensation couple. Moreover, || € RHy forj=1,...,n.

Proof. We can use the characterization of metric balls given in [F],
Theorem 2.3. To this end, if x € 2,7 >0 and j=1,...,n, let
cj(x,r) ={u;(t) : 0 <t <r, where u= (u1,...,u,)
is any subunit curve with «(0) = z}.

Then we set

My (z,r) = sup{\,uk(s)\ 15 € ﬁcj(x,r)},
j=1

Q(z,r) = H(xk — rMy(x,r), z, + rMg(x,r)).
k=1
It follows from [F], Theorem 2.3, that there exists b > 1 such that

(10) Q(z,r/b) C B(z,r) C Q(z,7)
for any x € 2, r < ro.
We will prove that

(11) B(z,r) C ch(a:,r) C B(x,20br).
J
Obviously, B(z,r) C [[;¢j(z,r). Let us now show that [[;c;(z,r) C
Q(z,r); then (11) will follow from (10). Arguing by contradiction, suppose
that this assertion does not hold. Then there would be j € {1,...,n} and a
subunit curve v : [0,7] — R™ such that v(0) = z and y(T) =y with T' < r
and |z; — y;| > rM;(z,r). Then y € Q(z,r), but y € B(z,r) C Q(z,7),
which is a contradiction. This proves (11).
By (11), it k € {1,...,n},

sup |pk(y)| < sup k()| = Mi(z,7),

B(z,r) i@
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and

sup |ur(y)| > sup \x(y)| = My (z,7/(20)).
B(x,r) 1, cj(x,r/(2b)

On the other hand, My(z,r) is doubling in r uniformly with respect to z
since

Q(z, 2r)| | B(z, 20r)|
My (z,2r) = <
(4r)™ [Tz, M (2, 2r) = (4r)™ [ 1y, My (2, 2r)
|B(,r)| |Q(z, )|
<ec <ec < My (z,r).
™ .20 M (@, 2r) ™ [ e M (2, 7)
Hence,
(12) cMy(z,7) < sup |ug| < Mg(z,7),
B(z,r)
and therefore
(13) 1Bz, )| ~r" ] sup |uxl-
e1 B(z,r)

Due to the diagonal nature of the X} and the Hérmander condition, it
follows that My (x,rg) > ¢ > 0 for some c and all x € 2 and k € {1,...,n}.
Therefore, by the doubling property of M (x,r) in r, there exists ay > 0 so
that

(14) My (z,7) > cr*  for all z € 2 and 7 < ry.

Using the Taylor expansion of uj with center x and order v — 1 = [ag], we
have

pk(y) = Po(z;y) + Ry (23 y),

with
IR, (z;9)| < clz —y|¥ forallyc (2,
so that
(15) V lw@)ldy > | IP(my)ldy—c | Jz—y["dy.

B(z,r) B(z,r) B(z,r)
On the other hand, by (10),
Py (x,7) == sup |px(y)| < sup |ux(y)| < sup |P,(z;y)| +c sup |z —yl”

B(a,r Q(x,r Q(x.r) Q(z,r)
< sup |P,(z;y)| +cer”,
Q(z,r)

since Q(z,7) C B(x,br) C Beye(x, cr), where for the last inclusion we use
the fact that o(z,y) > c|x — y| by Proposition 1.1 of [NSW]. By (12) and
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(14), and since v = € + o, where € = [ay] — o + 1 > 0, there exists 79 > 0
such that if r < ry then Cr” < $&(z,7), and hence

(16) Pi(x,7) < 2 sup |Py(z;y)]-
Q(x,r

Analogously,

(17) |z =yl dy < c[Bz,r)|r" < erf|B(, )| @ (7).
Q(z,r)
Now, since the space of all polynomials of degree < v —1on {|n;| <1:j =
1,...,n} is finite-dimensional and hence all norms are equivalent, we have
DBy, (x
| 1By dy = S ) %(y—x)ﬁ'dy.
Q(z,r/b) ly;—z;1<(r/b)M; (z,7/b) " |B]<v ’

On putting y; = x; + n;(r/b)M;(x,r/b), j =1,...,n, this equals

5 %G)w

o™ H Mi(z,r/b) |

[ni <10 |Bl<v
X Mfl(x,r/b) e M,’f"(m,r/b)n’fl ---775" dn
DB
> o|Ba,n)| 3 [ 2D 1800 ) M )
|Bl<v
>c|B(x,7)| sup [P, (z;y).
Q(z,r)
Hence by (15), (10) and (17),
1 £
S e (y)| dy > m S |Py (x5 y)| dy — cr®®y(z, 1)
B(z,r) ’ Q(x,r/b)
> ¢y sup |P,(z;y)| — er*®y(a,r)
Q(Iﬂn)

v

%@k(x,r) —cr*®p(z,7) by (16)

> Lop(a,r) = < sup |ul,

4 4 Bar)

if r < rg, ro sufficiently small. This proves the last assertion in Proposition 5.

Now, if B = B(z,r),

Vlpa - 7D dy < (sup | - sup |pa )/ VB
B B B

< e(|B|/r)"/ "D by (13),
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and then the second inequality in the definition of compensation couple is
proved.

To prove the opposite inequality, recall the following facts shown in
[FGuW], Proposition 2.3:

(i) if w € RHy and u € Ay, then wu € Ay;
(i) if w € RHo, then w® € RH, for any 3 > 0.

Hence we can write

Vlpa gD dy = § |V g [V dy,

B B
where |1 |V € RHoo, |pg - - - o]/ ™Y € Ay, and thus |ps - - - |2/~
€ A, for some p > 1. Then

VIpa D g e g V7D dy
B

p
> o § 1m0 dy) | e a0 dy
B B

> c(sup )OI g | dy by (i)
B

> c(sgp lpeq] - - - Slép ln)Y™=Y|B| by iterating the same argument

> (| B|/r)™/ "D by (13),
and Proposition 5 is completely proved. m

Remark. It follows from the proof of the previous result that the exis-
tence of a compensation couple for Hormander vector fields p101, ..., 4,0y
relies on the fact that the functions |u1],...,|un| are RHy weights with
respect to the metric o, and the main point of the proof consists in show-
ing that the supremum of |4;| on a metric ball is bounded by its average
on the same ball. Thus, a compensation couple still exists if we drop the
smoothness assumptions on pq,..., u, provided that the metric o associ-
ated with them is finite and continuous with respect to the Euclidean topol-
ogy, and that |u1],...,|u,| are weight functions in RH.,. This happens
for instance if pq, ..., u, satisfy the assumptions (H2), (H3) and (H4) of
[F]. The continuity of o follows in fact from Remark 4, p. 133, therein.
Thus, let us prove that p; (>0) belongs to RHy, for j = 1,...,n. Let
u= (1/\/n,...,1/y/n), and denote by D the set of points £ of the form
€ = An, with A > 0,|n —u| < 1/(2y/n) and such that 1/2 < || < 1. If
|n —u| < 1/(2y/n), then n; > 1/(2y/n); on the other hand, if { = An € D,
then 1/2 < [£| < Aln| < 3)/2, so that 1 > §; > 1/0\/n = €, and then, with
the notations of [F], D C B(0,1) N A,,.
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Now, by [F], Remark 3 on p. 133 and Proposition 3.1, we have for x € 2
and ¢ € (0,0),

1

S ,Uj(y) dy > m S Mj(y) dy
B(x,5) T H(8/v/m,x,D)
1 oH
= m}) det 8—5(5/\/579675) i (H(8/v/n,x,€)) dE
> e | py(H(6/v/n,x,0) d

D
1

=c | dw | p(HE/Vn, 2, 0w))do
DNSn=1 12

1
=c | dw | p(H(es/vn,2,w))do,
DNSn—1  1/2

since H(0s,x,&) = H(s,x,0¢), by the definition of H and the uniqueness of
the Cauchy problem. On the other hand, putting 0d/\/n = s, we see that
the last integral is bounded below by

5/
c S dw S pi(H(s,z,w))ds
DnSn—1 0

> c¢M;(z,8/+/n) by hypothesis (H.4) in [F]
> cMj(x, ),

by doubling ([F], Proposition 2.5). Since all constants in the above inequality
are independent of § and (locally) of =, we have proved that |u;| € RHs
forj=1,...,n.

2. Isoperimetric estimates. Let us now show how the existence of
a compensation couple can be used to improve the isoperimetric inequal-
ity (3)’. We first recall from [FLW] that if w;,wy are doubling weights
such that w; is continuous and belongs to A;, and wy is doubling (i.e., the
measure ws(z) dz is doubling), then the isoperimetric inequality (3)" can be
replaced by

(37) % min{ws(B N E), w(B\ E)}/?

S C1 S <Z<Xj,l/>2) 1/2'101 dHn,1
OENB J
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where ¢ is such that

r(I) (wa(D)\Y?  wi (1)
(18) r<J><w2<J>> = ()

for all metric balls I,J with I ¢ J C B, where r(I) denotes the radius
of I and ¢; depends only on the constant ¢ in (18) corresponding to the
particular ball B, and the (local) A; constant of w; and doubling constant
of wo. Again, as in the case when wy = wsg = 1, this estimate is not explicitly
stated in [FLW], but it follows for two weights w;,ws in the same way that
we indicated in the introduction when wy,ws = 1.

If (i, s) is a compensation pair and we choose wy; = 1 and wy = p (which
is doubling since it belongs to A,), then (18) takes the form

r(g) O
19) <Wm> =

which is trivially satisfied uniformly in B if ¢ = s. Thus we have the
following result.

THEOREM 6. Let E,B and v be as in Theorem 0. If a compensation
couple (, s) exists, then

(20) min{ | ) dy, | u(y)dy}l/s

BNE B\E
<o | (Swxw?)

OENB J

1/2
dHn—l

with ¢ independent of E and B.

Starting from the relative isoperimetric inequality (20), by a covering ar-
gument, we can pass to a global one. This global result can also be obtained
directly from the corresponding weighted global inequalities in [FGaW1,2].

We now discuss some facts concerning relationships between the two
isoperimetric estimates (3)" and (20). As mentioned earlier, the two are
equivalent if |[BNE| and | B\ E| are comparable. We first prove the following
result concerning the noncharacteristic points of a smooth boundary 0E. As
always, {X;} denotes the fixed collection of Hérmander vector fields.

THEOREM 7. Let X denote the boundary of E, where E is a bounded,
connected subset of §2 lying on one side of X. If xq € X, X is of class C*
in a neighborhood U of g, and x¢ is not a characteristic point of X for
{X;} (i.e.,zj<Xj(£L'g),I/($0)>2 > 0, where v(xg) is the outer unit normal
to X), then |B(xzo,r) N E| and |B(xg,r)\ E| are comparable to |B(xq,r)| for
sufficiently small r > 0.
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Proof. Without loss of generality, we may assume that xq = 0. Let
D(0) denote the vector space generated by X;(0),...,X,(0). By hypothesis,
v(0) is not orthogonal to D(0), so that if we express

v(0) =vx +u with vx € D(0),u L D(0),

then vx # 0.

Let 1) solve the Cauchy problem 1) = > A X; (1), 9(0) = 0, where the
Aj are chosen so that vx = 37, A;X;(0). We will prove that deuc(1(r), XNU)
~ r as r — 0+, where de,. denotes the usual Euclidean distance. Using a
rotation and shrinking U if necessary, we may assume that there exists

f € CHU,R) such that X NU = {z € U : f(z) = 0} and Vf(0) = e, =
(0,...,0,1). Then vy = (¢,0), with ¢ € R~ and § € R, 0 # 0: indeed, if
f = 0, then we would have

0= ((0),vx) = lvx* + (vx,u) = vx|?,
a contradiction. Thus we can consider the map F': U — R™ defined by

F(zy,...,2n) = (x1,...,2p_1, f(x)).

Keeping in mind that the Jacobian matrix of F' at x = 0 is the identity, and
by shrinking U if necessary, we obtain

[F(x) = F(y)| ~ |z —y| ifz,ycU
It is easy to see that F(X'NU) = F(U) N{y, = 0} and that

donc(F(4(r)), F(ENU)) = f((r)) = r{(V (@ (t,)), 4 (t)
for a suitable ¢, € (0,7). But when r — 0+,

(VF@(t), ¥(tr)) — (VF(0),vx) =0 #0,

and then dewc(¢(r), X NU) ~ 1 as r — 0+.
On the other hand, by definition of ¢, there exists a positive constant ¢
such that v (ct) is a subunit curve, and then

o(y(r),0) < err

(in fact, it is easy to see that o(¢(r),0) ~ r). For o,e > 0 to be chosen,
consider the ball B = B(¢(er),or). If y € B, then

0(y,0) < o(y,v¥(er)) + o(¢(er),0) < or + crer < r

if 0, are small enough, and hence B C B(0,7). Also, since |z — y| <
CQQ($,y),§ C Beuc(¥(er),coor). Thus, for any y € Band z € UN X, we
have
ly — 2| = |z = bler)| = [(er) —y| = |z = (er)| — coor
> C3eT — Co0T > %6367' >0
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if o is small enough. Hence, BN X = () and then B C B(0,7)\ E. On
the other hand, by doubling, |B| ~ |B(0,7)]. We may repeat the same
argument with v(0) replaced by —v(0), and then we have proved that both
|B(0,7)N E| and |B(0,7)\ E| are equivalent to |B(0,)|. This completes the
proof of Theorem 7.

Let us now prove a result concerning the size of the set of characteristic
points. We use H, to denote vy-dimensional Hausdorff measure in R".

THEOREM 8. Let X be a C' manifold of codimension 1 in R™, and let
Yo be the set of characteristic points of X (i.e., the set of points x € X such
that X;(z) is tangent to X at x for j = 1,...,p). If n > 2, then for any
€>0,Hp 24cp(Xo) = 0. If n =2, the set Xy consists of isolated points.
Moreover, these results are sharp.

Proof. To show that the result is sharp, we consider the following
example in R3:

X1 =01, Xo=z10,, X3=203

and X = {zo = 0}. In this case, Xy = {1 = x5 = 0} is a linear manifold of
dimension 1 in R3.

Let T € Xy be a characteristic point. By a local change of variables, we
can map 7 into the origin and X into {x,, = 0}. Thus, since the Hérmander
condition is invariant under diffeomorphisms, we can restrict ourselves to
proving the assertion in a neighborhood U of the origin where X' = {z,, = 0},
so that if we use the notation x = (2/,z,) with 2’ € R"™1, z,, € R, and let
¢nj(x) denote the coefficient of 0,, in X, then X is given by

Yo=A{x=(2',0) €U :cpi(2,0) = ... = ¢pp(a’,0) = 0}.
Next, we will prove that there exists at least one index ¢ € {1,...,p}
and a multi-index 8 € (NU {0})"~! such that
(21) DP,¢,i(0) # 0.

To show this, we will argue by contradiction, proving that if this statement
does not hold, then the Hérmander condition fails to be true at the origin.
More precisely, we will prove that each iterated commutator of Xi,..., X,
has zero nth component at the origin, and so lies in X, a contradiction since
then 0,, does not belong to the Lie algebra generated by Xi,..., X, at 0. It
will be enough to prove the following assertion:

Let X =), ¢0, and Y =, d;0; be smooth vector fields. If DS c,(0) =
D%d,(0) =0 for every a € (NN{0})"~!, then the same is true for [X,Y],
1.€.,

D ([X,Y].)(0) =0  for every a € (NU{0})" L.
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Now
o[ X, Y], = Dy (ch(aldn)) — Dy (Zdl(alcn)) =1 — .
! !

Let us prove that, for instance, I; vanishes at x = 0. By Leibniz’ formula,

n= Y (%) Swra)ws o,

y<a v l
= Z Z( > D’Y/Cl 3,_”’81dn)
I<n—1~v<a
3 (%) 0o 0, -
<«

at = 0, since (D), ¢,)(0) = 0 and (D5, 79,d,,)(0) = 0 where | < n — 1,
since the derivative is taken only with respect to the first n — 1 variables.
Thus (21) is proved.

Suppose now n > 2. Since Xy C {(2/,0) € U : ¢ui(2',0) = 0}, where
i is as in (21), it will be enough to prove that the function f defined in a
neighborhood U’ of the origin in R”~! by

f(2") = cni(2',0)
vanishes on a set of Hausdorff dimension at most n — 2. Arguing as in [S],
p. 343, there is a vector & € R?~1, |¢/| = 1, such that

(" Va)" F(0)] >0 for k=]3].

Then, by using a rotation and denoting the generic point ' € R™~! by
(t,2"), t € R, 2" € R""! we may assume that
ak;
—kf(t’ 33”) > 0.
ot (ta)=(0.0)

Moreover, without loss of generality, we may also assume that

11
%f(t,x”) =0 forl=0,1,...,k—1,

(t,z'")=(0,0)

so that we can apply Malgrange’s preparation theorem (see [H], Theo-
rem 7.5.5) and write, by shrinking U’ if necessary,

ft, 2"y = g(t, 2" (t* + ap_1 (@")F 1+ ..+ ap(2”))
with g(¢,2”) > 0in U’ and a,(0) = 0 for j =0, ...,k—1. Thus, the theorem
will be completely proved for n > 2 by showing that
k
(22)  {(t,2") e U : th+ar (@ 1+, 4 ap(z") =pi(t,z”) =0} C U Vi,

where each Vj is an (n — 2)-dimensional manifold.
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To prove (22), we will argue by induction on k. If & = 1, the set
{t + ao(z”) = 0} is an (n — 2)-dimensional manifold in R"~!. Suppose
now that (22) holds for k£ and let us prove that it also holds for k + 1. We
can write

1 " a "
(ennlt.a”) =0} = {pra(ta”) = 0. gipnr(ta”) 0}

0
U {pk+1(t7wu) = 07 —pk+1(t,ﬂf,l) = 0}

ot
The first set above is an (n — 2)-dimensional manifold. The other one is
contained in {%pk+1(t,$/,) = 0}, which is contained in the union of k

submanifolds of dimension n — 2 by the induction hypothesis since % Pit1 18
a polynomial in ¢ with the same structure as p,. This completes the proof
for n > 2.

In case n = 2, by applying Rolle’s theorem repeatedly, it follows that
the set of zeros of f(z’) cannot have accummulation points, or else the
derivatives of all orders of f would vanish at 0. Hence the point z/ = 0 is
isolated, and the proof of Theorem 8 is complete.

Let us show that inequality (20) improves some known isoperimetric
inequalities for Grushin vector fields, and let us consider the case n = 2
for simplicity. If X; = 01, X2 = w*fag,ﬂ € N, then by Proposition 5, the
pair (u,s) = (J#1]%,2) is a compensation couple. We will check (20) for
sets that are not far away from the degeneration line ;7 = 0 and that
do not intersect this line in a large set. (However, note that in any case
1/s=1/2<(a—-1)/a=(8+1)/(8+2) with a = f+ 2 as in (2), for B
with center 0.) Thus, consider (by a simple limit argument) sets E of the
form E, 5 = {(z1,22) : 0 <21 <9, |z2] <z} for0<d<landy>pg3+1
We can choose, by the characterization of the balls for Grushin type vector
fields ([FL], [F]), B = [-4,d] x [-0°F1,6°T1], so that the left-hand side of
(20) takes the form

g 1/2
(S |3:1|5+7 dZL'l) ~ 5(,6’+7+1)/2’
0

while the left-hand side of (3)" or (3) is

(

Since (B+~v+1)/2 < (y+1)(B+1)/(8+2) when v > S+ 1 and since
0 < 60 < 1, it follows that (20) is a better estimate than (3)’ in the sense
that (20) implies (3)’.

DB/ (5+2)

(B+1)/(8+2)
‘.Z'l ‘7 dl’l)

O e O
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On the other hand, if we instead pick E to be the set xo > |z1|” and
choose v < (3 + 1, we obtain an example where (3)" is better than (20):
in fact,

|13|1/a

5— win{[BNE||B\ E}eV/a | B E|B+D/(B+2)

§B+1
N < S x;/ﬂ/ dx2) (B+1)/(B+2) N 5(B+1)2(7+1)/7(6+2)7

0
but

min{u(B N E), u(B\ E)}'/* = p(BN E)"/*?

1
§56+1 xz/v

:< SS ]g;lyﬁdajl dx2>1/2 ~< S < S a;'fdm) dx2>1/2

BNE 0 0
~ §BFD(BHYH1)/(27)

Since B+ 1 > v, this last exponent is larger than the other one, and conse-
quently (3)" implies (20) for small §. Note that by choosing v > 1, 9E is a
C'! curve in this case and the origin is a characteristic point for X, X».
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