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Loop spaces and homotopy operations
by

David Blanc (Haifa)

Abstract. We describe an obstruction theory for an H-space X to be a loop space,
in terms of higher homotopy operations taking values in 7«X. These depend on first
algebraically “delooping” the Il-algebras m«X, using the H-space structure on X, and
then trying to realize the delooped Il-algebra.

1. Introduction. An H-space is a topological space X with a mul-
tiplication; the motivating example is a topological group (G, which from
the point of view of homotopy theory is just a loop space: G ~ 2BG =
map, (S!, BG). The question of whether a given H-space X is, up to ho-
motopy, a loop space, and thus a topological group (cf. [Mil, §3]), has been
studied from a variety of viewpoints—see [A, B, DL, F, H, Ma2, St1, St2,
Ste, Su, Z], and the surveys in [St3], [St4, §1], and [Ka, Part II]. Here we ad-
dress this question from the aspect of homotopy operations, in the classical
sense of operations on homotopy groups.

As is well known, the homotopy groups of a space X have Whitehead
products and composition operations defined on them; in addition, there
are various higher order operations on m,X, such as Toda brackets; and
the totality of these actually determine the homotopy type of X (cf. [BI3,
§7.17]). They should thus enable us—in theory—to determine whether X is
a loop space, up to homotopy. It is the purpose of this note to explain in
what sense this can actually be done:

First, we show how an H-space structure on X can be used to define the
action of the primary homotopy operations on the shifted homotopy groups
G, = m.—1X (which are isomorphic to 7, Y if X ~ V). This action will
behave properly with respect to composition of operations if X is homotopy-
associative, and will lift to a topological action of the monoid of all maps
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between spheres if and only if X is a loop space (see Theorem 5.7 below for
the precise statement). The obstructions to having such a topological action
may be formulated in the framework of the obstruction theories for realizing
II-algebras and their morphisms described in [B13], which are stated in turn
in terms of certain higher homotopy operations:

THEOREM A (Theorem 6.24 below). An H-group X is H-equivalent to a
loop space if and only if the collection of higher homotopy operations defined
in Section 6 below (taking values in homotopy groups) vanish coherently.

The question of whether a given topological space X supports an H-space
structure to begin with was addressed in [Bl4], where a similar obstruction
theory, in terms of higher homotopy operations, was defined.

1.1. Notation and conventions. T, will denote the category of pointed
CW complexes with base-point preserving maps, and by a space we shall
always mean an object in 7., which will be denoted by a boldface letter:
A B,...,X, S”, and so on. The base-point will be written * € X. The
full subcategory of 0-connected spaces will be denoted by 7y. A[n] is the
standard topological n-simplex in R**1.

The space of Moore loops on Y € 73 will be denoted by (2Y. This is
homotopy equivalent to the usual loop space, that is, the space map, (S!,Y)
of pointed maps (see [W, III, Corollary 2.19]). The reduced suspension of X
is denoted by X'X.

AbGp is the category of abelian groups, and ¢grAbGp the category of
positively graded abelian groups.

DEFINITION 1.2. A is the category of ordered sequences n = (0, 1,...,n)
(n € N), with order-preserving maps, and Ay the subcategory having the
same objects, but allowing only one-to-one morphisms (so in particular,
morphisms from n to m exist only for n < m). AP, A% are the opposite
categories.

As usual, a simplicial object over any category C is a functor X : A°P —
C; more explicitly, it is a sequence {X,,}5°, of objects in C, equipped with
face maps d; : X, — X,_1 and degeneracies s; : X, — Xpy1 (0 <4,5 <n),
satisfying the usual simplicial identities ([Mal, §1.1]). We often denote such a
simplicial object by X,. The category of simplicial objects over C is denoted
by sC.

Similarly, a functor X : A9” — C is called a A-simplicial object over C;
this is simply a simplicial object without the degeneracies, and will usually
be written X2. When C = Set, these have been variously called A-sets,
ss-sets, or restricted simplicial sets in the literature (see [RS]). The category
of A-simplicial objects over C is denoted by AC. We shall usually denote the
underlying A-simplicial object of a simplicial object Y, € sC by Y2 € aC.
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The category of pointed simplicial sets will be denoted by S, (rather
than sSet,); its objects will be denoted by boldface letters K, L, M, ... The
subcategory of fibrant simplicial sets (Kan complexes) will be denoted by
SKan“and that of reduced Kan complexes by SFn. |K| € 7, will denote
the geometric realization of a simplicial set K € S,, while SX € SKan
will denote the singular simplicial set associated with a space X € 7. G is
the category of simplicial groups. (See [Mal, §§3, 14, 15, 17] for the defini-
tions.)

For each of the categories C = T, 7o, SKa0, SKa1 or G, we will denote
by [X,Y]c¢ (or simply [X,Y], if there is no danger of confusion) the set of
pointed homotopy classes of maps X — Y (cf. [Mal, §5] and [K, §3]). The
constant pointed map will be written c,, or simply *. The homotopy category
of C, whose objects are those of C, and whose morphisms are homotopy
classes of maps in C, will be denoted by hoC. The adjoint functors S and |- |
induce equivalences of categories ho7, ~ hoSX"; similarly hoSE*" ~ hoG
under the adjoint functors G, W (see §5.1 below).

DEFINITION 1.3. An H-space structure for a space X € 7, is a choice
of an H-multiplication map m : X x X — X such that m oi = V, where
i: XV X — X x X is the inclusion, and V : X V X — X is the fold map
(induced by the identity on each wedge summand). If X may be equipped
with such an m, we say that (X, m) (or just X) is an H-space. (If we only
have moi ~ V, we can find a homotopic map m’ ~ m such that m’oi =V,
since X is assumed to be well-pointed.)

An H-space (X, m) is homotopy-associative if mo(m,idx ) ~ mo(idx,m):
X x X x X — X. It is an H-group if it is homotopy-associative and has
a (two-sided) homotopy inverse ¢ : X — X with mo (t X idx) 0o A ~ ¢, ~
m o (idx xt) o A (where A : X — X x X is the diagonal). In fact, any
connected homotopy-associative H-space is an H-group (cf. [W, X, Theo-
rem 2.2]).

If (X,m) and (Y,n) are two H-spaces, a map f : X — Y is called an
H-map ifno(f x f) ~ fom:X xX — Y. The set of pointed homotopy
classes of H-maps X — Y will be denoted by [X, Y]y

One similarly defines H-simplicial sets and simplicial H-maps in the
category Si.

1.4. Organization. In Section 2 we review some background material on
Il-algebras, and in Section 3 we explain how an H-space structure on X
determines the Il-algebra structure of its potential delooping. In Section 4
we provide further background on (A-)simplicial spaces and II-algebras, and
bisimplicial groups. In Section 5 we show, in the context of simplicial groups,
that the Il-algebra structure on 7,_1X can be made “topological” if and
only if X is a loop space (Theorem 5.7).
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Finally, in Section 6 we recall the obstruction theory of [BI3] for realizing
II-algebras in terms of rectifying (A-)simplicial spaces, and explain how it
applies to the recognition of loop spaces (see Theorem 6.24). We also simplify
the general obstruction theory in question, by showing that it suffices to
rectify the underlying A-simplicial space associated with a free simplicial
II-algebra resolution (Proposition 6.14).

I would like to thank the referee for his comments.

2. II-algebras. In this section we briefly recall some facts on the primary
homotopy operations.

DEFINITION 2.1. A IT-algebra is a graded group G, = {G}}?2, (abelian
in degrees > 1), together with an action on G, of the primary homotopy
operations (i.e., compositions and Whitehead products, including the “mi-
action” of G on the higher G,’s, as in [W, X, §7]), satisfying the usual
universal identities. See [Bl1, §3] or [Bl2, §2.1] for a more explicit description.
The category of II-algebras (with the obvious morphisms) will be denoted
by II-Alg.

DEFINITION 2.2. We say that a space X realizes a Il-algebra G, if there
is an isomorphism of II-algebras G, = m,X. (There may be non-homotopy
equivalent spaces realizing the same IT-algebra—cf. [BI3, §7.18].) Similarly,
a morphism of [I-algebras ¢ : m,X — 7, Y (between realizable II-algebras)
is realizable if there is a map f : X — Y such that 7, f = ¢.

DEFINITION 2.3. The free Il-algebras are those isomorphic to 7, W, for
some (possibly infinite) wedge of spheres W; we say that 7, W is gener-
ated by a graded set L, = {Lx}32,, and write m,W = F(L,), if W =
\/Zoil \/LIZELk SI;?

Fact 2.4. If we let IT denote the homotopy category of wedges of spheres,
and F C II-Alg the full subcategory of free II-algebras, then m, : I — F is
an equivalence of categories. Note that any [l-algebra morphism ¢ : G, —
G’ is uniquely realizable if G, is a free [I-algebra.

For future reference we note the following:
LEMMA 2.5. If A,, B, € F are free 1l-algebras and A, i> B, > A, is

a retraction (roi =1idy, ), then there is a free II-algebra Cy € F such that
B, =A1C,.

Proof. Let Q : II-Alg — grAbGp be the “indecomposables” functor
(so Q(m.W) = H,(W;Z)—see [Bll, §2.2.1]); then Q(A,) and Q(B,) are free

abelian groups, and as Q(A,) e Q(B.) A Q(A,) is a retraction in AbGYp,
there is a graded free abelian group FE, such that Q(B.) = Q(A.) @ E..
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Choosing graded sets {e,},er of generators for E, (in degree 1, choose
generators for the free group Ker(r) C B,), and setting C\ = F({e,} er),
yields the required decomposition (by the Hurewicz Theorem). m

DEFINITION 2.6. Let T : II-Alg — II-Alg be the “free Il-algebra”
comonad (cf. [M, VI, §1]), defined by TG, =[], [,ec 0y W*S?g). The
counit € = e¢, : TG, — G, is defined by L’(“g) — g (where L’(“g) is the canoni-
cal generator of W*S?g)), and the comultiplication ¥ = 9¢g, : TG, — T %G, is
induced by the natural transformation 9 : idz — 7|+ defined by zj — L?xk).

DEFINITION 2.7. An abelian II-algebra is one for which all Whitehead
products vanish.

These are indeed the abelian objects of IT-Alg—see [Bl2, §2]. If X is an
H-space, then 7, X is an abelian II-algebra (cf. [W, X, (7.8)]).

3. Secondary Il-algebra structure. We now describe how an H-
space structure on X determines the IT-algebra structure of a (potential)
classifying space.

3.1. The James construction. For any X € 7., let JX be the James
reduced product construction, with A : JX — 23X the homotopy equiva-
lence of [W, VII, (2.6)], and jx : X — JX and ix : X — 2XX the natural
inclusions.

If (X,m) is an H-space, then there is a retraction m : JX — X (with
mojx =idx), defined by

(3.2) m(xy,xo, ..., xn) =m(...m(m(x1,x2),23),...,2n)
(cf. [J, Theorem 1.8]).

DEFINITION 3.3. Let X be an H-space. Given homotopy classes o €
[YA, YB| and g € [B, X], we define the derived composition a* 5 € [A, X]
as follows:

Choose representatives f : YA — YB and g : B — X for a, 3 respec-
tively, and let A~! : 2XX — JX be any homotopy inverse to A. Then a* /3
is represented by the composite

. 1 __
A4 0oxA 2 oryB2L B2 gx XL

FacT 3.4. Note that if « = Y@ for some @ : A — B, then ax 3 = a”f
(this is well-defined, because X is an H-space).

We shall be interested in the case where B is a wedge of spheres and
A = S", so * assigns a class w* ((1,...,0;) € 7, X to any k-ary homotopy
operation w# : T, 11(=) X ... X 7, 11(—) — Tpi1(—) and collection of
elements 3, € m,, X (i =1,..., k).
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In particular, if w : SPT9+l — Sp+1 v/ S9+1 represents the Whitehead
product, one may define a “Samelson product” w % (—, —) : X X 1, X —
Tp+qX for any H-space X, even without assuming associativity or the exis-
tence of a homotopy inverse (compare [W, X, §5]).

However, in general this w * (—, —) need not enjoy any of the usual
properties of the Samelson product (bi-additivity, graded-commutativity,
Jacobi identity—cf. [W, X, Theorems 5.1 & 5.4]). To ensure that they hold,
one needs further assumptions on X.

First, we note the following homotopy version of [W, VII, Theorem 2.5],
which appears to be folklore:

LEMMA 3.5. If (X, m) is a homotopy-associative H-space, then any map
f A — X extends to an H-map f : JA — X, which is unique up to
homotopy.

Proof. Given f: A — X, define f: JA — X by

f('r17' . .,er) = m( : m(m(f($1),f($2)),f(l‘3)), . af(xr))

This is an H-map by [N, Lemma 1.4]. Now let g : JA — X be another
H-map, with a homotopy H : f ~ g := go ja. Since g is an H-map, there
is a homotopy G : no (g x g) ~ gom (where m : JA x JA — JA is
the H-multiplication). Moreover, by [N, Lemma 1.3(a)] we may assume G
is stationary on JA V JA.

For each r > 0, let J. A denote the rth stage in the construction of JA,
with 57 : JobA — J.A and j° : J;A — JA the inclusions, starting with
JoA = x and J;A = A. We define T, A to be the pushout in the following
diagram:

J A—"5 ] AxA

it
| i
JTAﬁTTA

for r > 1 (so YA = AV A); then J, 1A is the pushout in

Yr=(i1,j; " xid)
—_—

T.A JrAXA
SOT:(iCLQr)l lqr‘kl
JA Jri1A

r+1

Now let fr = f|; a and G, = §|s. a; we shall extend H : f ~ g to a

)

homotopy H : f ~ g by inductively constructing homotopies ﬁT D fr =G
(starting with Hy = H) such that H.|; _,a = Hy—1: let n, : X" — X
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denote the n-fold multiplication n,(z1,...,2z,) = n(...n(z1,22),...),2s)
and g. : A" — J,.A the quotient map, so that n"o fr= jA} o G-

As a first approximation, define H, 1 : fr X f~g.-xgon J.Ax A in
the above pushout to be the sum of homotopies Hy i1 =no(H, x H+Go
(7 X ja). This does not quite agree with H, o ©r on T, A, but since G is
stationary on JA V JA we have H,i1|7.a =no (H, xid) + (stationary) =
HT+(stat10nary) and H, 1|7 _,AxA = no(HT 1 ><H)+Go(j’"_1 xja) = H,.

As Hy = H, we see that Hy|p,a = (H + (stationary), H), while H o ¢,
= (H, H). Thus we may assume by induction that there is a homotopy of
homotopies F : ﬁr_l’_l = I;Tr o,. Since T, A — J.A X A is a cofibration,
the inclusion

T,Ax I?U(J, A x A) x ({0,1} x TUT x {0}) = (J,A x A) x I*
is a trivial cofibration, and thus we may use the homotopy extension prop-
erty to obtain a new homotopy F on (J,A x A) x I? which restricts to
Hr+1 fT X f ~g.-xgon J.Ax A xIx{l}, such that H’r‘+1 extends
H,o ¢r, and thus may be combined with H, to define a homotopy Hr+1 as
required. m

COROLLARY 3.6. If X is a homotopy-associative H-space, then for any
A € T, the inclusion ja : A — JA induces a bijection j% : [JA, X|g —
(A, X]7.

Proof. Since X is a homotopy-associative H-space, the retraction n =

idy : JX — X is an H-map, by Lemma 3.5, so we may define ¢ : [A, X]r, —

[JA,X]u by o([f]) = [m o J(f)], and clearly j3(6([f])) = [m o J(f)
o ja] = [f]. On the other hand, given an H-map g : JA — X we have

mo J(goja)oja =~ go ja, which implies that m o J(g o jao) ~ g by
Lemma 3.5 again. Thus also ¢(j%([g])) = [g]. =

3.7. Notation. If X is a homotopy-associative H-space, we shall write
7HX for [2St, Xy = [JS!1, X]g 2 m 1 X.
PROPOSITION 3.8. If X is a homotopy-associative H -space, then
ax(Bx7) = (a"f)x~
for any o € [¥A,YB], § € [¥B, XC], and v € [C,X].

Proof. It suffices to consider « = idx;5, and so to show that

0B -2~ oxc 2L oxx

ng lﬁ

0YX ——=X



82 D. Blanc

-1
commutes up to homotopy (where m is the composite 2XX AL X
", X)—or, since 3% is defined to be the composite m o 2Xv o 28 oig,
that the two composites ¢ = M o 2Xv o0 23 and ¥ = Mo NXMm o (2X)%yo
X023 o £2X)ip are homotopic.

Now if X is a homotopy-associative H-space, then m is an H-map by
Lemma 3.5, so ¢,9 : 2B — X are H-maps. By Corollary 3.6 it suffices
to check that ¢poig ~ 1 oig—i.e., that m o 23~ o 25 oip is homotopic to
the composition of

B iz, QYB 2%in, (QX)?B 22026, (25)2C

(220, (Q¥)?X 2xm, O¥X @ X.

But 2Xv 0 26 0ip is adjoint to (X7) o 3, while the composition of

B iz, QXB 2Zin, (X)?B L2028, (X)2C (227, (05)?X es@m, QXX

is adjoint to X (mo 2X~vo2Foip) which is equal to X' (mo (Xv) o §) (where
f denotes the adjoint of f). Since for any f : Y — Z the adjoint of X f is
NXfoiy, wesee moXf ~ f, which completes the proof. m

It is readily verified that when X ~ Y, the secondary composition is
the adjoint of the usual composition in m,Y; thus we have:

COROLLARY 3.9. If X is an H-group, then the graded abelian group G
defined by Gy, := WEX ~ 11X (with 7 € Gy, corresponding to vy € w1 X)
has a Il-algebra structure defined by the derived compositions; that is, if
Y emp(Sh V... vSt) and 7, € Gy, for 1 < j < n, then

w#(ila DRI 7771) = w*(’Yh cee 7’}/77,) € Gk
If X ~ Y, then G, is isomorphic to m, Y as a Il-algebra.

DEFINITION 3.10. For any H-group (X, m), the IT-algebra structure on
the graded abelian group G, of Corollary 3.9 will be called the delooping of
X, and denoted by 277, X (so in particular N 1. 0Y = 7 Y).

Remark 3.11. Note that Corollary 3.9 provides us with an algebraic
obstruction to delooping a space X: if there is no way of putting a II-algebra
structure on the graded abelian group G, = 7,_1 X which is consistent with
Fact 3.4, then X is not a loop space, or even a homotopy-associative H-space.
(This is of course assuming that the I[l-algebra 7,X is abelian—otherwise
X cannot even be an H-space.)

EXAMPLE 3.12. Consider the II-algebra G, defined by Gy = Z(x) (i.e.,
z generates the cyclic group Gs), G = Z/2(n¥z), G4 = Z/2(n¥n? z), and
Gs = Z/2(17f77#17§£x>, with Gy = 0 for t # 2,3,4,5 and all Whitehead
products zero.
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There can be no homotopy-associative H-space X with 7, X 2 G, since
the IT-algebra G’ = 271G, cannot be defined consistently: we would have
s =), Gy = 2/2(n} 7), G5 = Z/2(n} nf @), and G = Z/2(nd nf i @)
by Fact 3.4; but 76S? = Z/12(a) with 6a = nfnfng, and thus a#7 € Gj
cannot be defined consistently with the fact that (6a)#Z # 0.
(We do not claim that G, is realizable; but the obstructions to realizing
G, by a space X € 7, require secondary (or higher order) information, while
the obstructions to its realization by an H-group are primary.)

4. Simplicial spaces and [I-algebras. We next recall some back-
ground on (A-)simplicial spaces and II-algebras, and bisimplicial groups:

DEFINITION 4.1. Recall that a simplicial object over a category C is a
functor X : A°? — C (§1.2); an augmented simplicial object Xq — A over C
is a simplicial object X, € sC, together with an augmentation ¢ : Xo — A
in C such that

(42) €Od1 :€Od0.
Similarly for an augmented A-simplicial object.

DEFINITION 4.3. A simplicial [l-algebra A,, is called free if for each
n > 0 there is a graded set 7™ C (A.), such that (A,), is the free II-algebra
generated by T, and each degeneracy map s; : (Ay)n — (As)n41 takes T™
to TnH+L,

A free simplicial resolution of a Il-algebra G, is defined to be an aug-
mented simplicial [I-algebra A,, — G4 such that A,, is a free simplicial
Il-algebra, the homotopy groups of the simplicial group Ay, vanish in di-
mensions n > 1, and the augmentation induces an isomorphism mgAge = G.

Such resolutions always exist, for any II-algebra G,—see [Q1, II, §4], or
the explicit construction in [Bl1, §4.3].

4.4. Realization. Let W4 € s7, be a simplicial space; its realization (or
homotopy colimit) is a space |W,| € 7, constructed by making identifica-
tions in [[)2 W, x Aln] according to the face and degeneracy maps of
W, (cf. [S1, §1]). There is also a modified realization ||W,|| € 7., defined
similarly, but without making the identifications along the degeneracies; for
“good” simplicial spaces (which include all those we shall consider here) one
has |[W,|| = [W,]| (cf. [S2, App. A]). Of course, | W2|| is also defined for
A-simplicial spaces W2 € aT,.

For any reasonable simplicial space W, there is a first quadrant spectral
sequence with

(4.5) E2, = my(miW4) = oyt Wa|
(see [BF, Thm. B.5] and [BL, App.]).
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DEFINITION 4.6. For any connected X € 7, an augmented simplicial
space W, — X is called a resolution of X by spheres if each W, is homo-
topy equivalent to a wedge of spheres, and 7, W, — 7, X is a free simplicial
resolution of [I-algebras (Def. 4.3).

Using the above spectral sequence, we see that the natural map Wy —
|[W,| then induces an isomorphism 7, X = 7,|W,|, so [W,| ~ X.

5. A simplicial group version. For our purposes it will be convenient
to work at times in the category G of simplicial groups. First, we recall some
basic definitions and facts:

5.1. Simplicial groups. Let F' : S, — G denote the free group functor
of [Mi2, §2[; this is the simplicial version of the James construction, and in
particular |[FK| ~ J|K|.

Let G : Sx — G be Kan’s simplicial loop functor (cf. [Mal, Def. 26.3]),
with W : G — S its adjoint, the Eilenberg—Mac Lane classifying space
functor (cf. [Mal, §21]).

Then |GK| ~ 2|K| and |K| ~ |[WGK]|. Moreover, unlike 7,, where
we have only a (weak) homotopy equivalence, in G there is a canonical
isomorphism ¢ : FK = GXYK (cf. [C, Prop. 4.15]), and there are natural
bijections

(5.2)  Homg, (XL, WFK) = Homg(GXL, FK)
2", Homg (FL, FK) = Homs, (L, FK)

for any L € S, (induced by the adjunctions), and similarly for homotopy
classes of maps.

Thus, we may think of F'S™ as the simplicial group analogue of the
n-sphere; in particular, if K is in G, or even if K is just an associative H-
simplicial set which is a Kan complex, we shall write 7/ K for [F'S!™1 K]y
(compare §3.7). Similarly, F'e™ is the G analogue of the n-disc in the sense
that any nullhomotopic map f : FS"~! — K extends to Fe".

Remark 5.3. The same facts as in §4.4 hold also if we consider bisim-
plicial groups (which we shall think of as simplicial objects G, € sG) instead
of simplicial spaces. In this case the realization [W,| should be replaced by
the diagonal diag(G,), and the spectral sequence corresponding to (4.5),
with

(54) Eit = Ty (WtG.) = Ts4t dlag G.7
is due to Quillen (cf. [Q2]).

The above definitions provide us with a functorial simplicial version of
the derived composition of §3.3:
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DEFINITION 5.5. If K € SKa is an H-simplicial set which is a Kan
complex, one again has a retraction of simplicial sets m : FK — K, defined
as in (3.2). Given a homomorphism of simplicial groups f : FA — FB and
a map of simplicial sets g : B — K, the composite mo Fgo f : FA — K
will be denoted by f x g.

Note that if f: YA — WF]} and f : A — FB correspond to f under
(5.2), the composite 7 o F'g o f corresponds to f x g, and represents the
derived composition [f] x [g] in [A,K]s, = [|A], |K]]z,.

Remark 5.6. The simplicial version of the x operation defined here is
obviously functorial in the sense that (e* f)xg = e*(fxg) fore: FC — FA
in G, and fx(g*h) = (f xg)*h for any H-map h : (K, m) — (L,n) between
fibrant H-simplicial sets which is strictly multiplicative (i.e., no (h x h) =
hom:KxK — L).

However, Proposition 3.8 is still valid only in the homotopy category,
and this is in fact the obstruction to K being equivalent to a loop space:

THEOREM 5.7. If K is an H-group in SX*" such that

(x)  fx(g*xh)=(f"g)xh forall f: FA— FB and g: FB — FC in G
and h: C — K,

then K is H-homotopy equivalent to a simplicial group (and thus to a loop
space); conversely, if K € G (in particular, if K = GL for some L € Sy),
then (x) holds.

Proof. Assume that K is an H-group in SX®" satisfying (*). We shall
need a simplicial variant of Stover’s construction of resolutions by spheres
(Def. 4.6), so as in [Stv, §2], define a comonad L : G — G by

(5.8) LG =] 11 Fsiul] 11 Felt!,
k=0 ¢€Homg (FS*,G) k=0 $cHomg (Fert1,G)
where Fef{fl, the G-disc indexed by @ : FeFt! — G, is attached to FS];,
the G-sphere indexed by ¢ = @|pgert1, by identifying Foekt! with FSF
(see §5.1 above). The coproduct here is just the (dimensionwise) free prod-
uct of groups; the counit ¢ : LG — G is “evaluation of indices”, and the
comultiplication ¥ : LG — L?G is as in §2.6.
Now let

S [e%S)
— k k+1
W= \/ \/ Sy U \/ \/ ep
k=1 feHomg (S*,K) k=1 FeHomsg, (eb+1,K)

(the analogue for S, of LG, with the corresponding identifications), and let
z : W — K be the counit map. Then z induces an epimorphism z, : T, W —
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. K of IT-algebras. (K is a Kan complex, but W is not, so we understand
7« W to be the corresponding free II-algebra = m,|W|—cf. §2.3).

Likewise, we have an epimorphism of II-algebras Z 1T YW — G, where
G, = 27 '7,K is the delooping of m,K—or equivalently, z, : 77 FW —
7HK, induced by 2 =mo Fz: FW — K (cf. §5.5).

Let M,, = L"FW for n = 0,1,..., with face and degeneracy maps
determined by the comonad structure maps e, ¥—except for d,, : M,, —
M,,_1, defined by d, = L™ 'd, where d : LFW — FW, restricted to a
summand FA, in LFW (A = S* e**1) is an isomorphism onto FAg —
FW, where §: A — K is the composite (% z) 0 ja.

Because (*) holds exactly, we may verify that doT'd = doTs : My — My,
so that M, is a simplicial object over G. Moreover, the augmented simplicial

Il-algebra 7, M, N G, is acyclic, by a variant of [Stv, Prop. 2.6]. Thus
the Quillen spectral sequence for M, (see (5.4)) has E2, = 0 for s > 0,
and Egy* =~ G, so it collapses, and 7 diag M, = G, = 72 K. Therefore, if
we set L = diag WM, (which is isomorphic to W diag L,) we obtain a Kan
complex L such that K ~ GL—so |K| ~ 2|L|.

The converse is clear, since if K € G then j4 : A — F'A induces a one-
to-one correspondence between maps f : A — K in S, and homomorphisms
p: FA — K in G, by the universal property of F'. m

6. Rectifying simplicial spaces. Theorem 5.7 suggests a way to de-
termine whether an H-group X is equivalent to a loop space. Note that in
fact we need only verify that 5.7(x) holds for A, B, and C in S, which
are homotopy equivalent to wedges of spheres. We now suggest a universal
collection of examples which may be used for this purpose, organized into
one (very large!) simplicial diagram. First, some definitions:

DEFINITION 6.1. A simplicial space up-to-homotopy is a diagram "W,
over 7, consisting of a sequence of spaces Wy, W1, ..., together with face
and degeneracy maps d; : W, — W,_; and s; : W,, — W14 (0 < 4,5
< n), satisfying the simplicial identities only up to homotopy.

Note that such a diagram constitutes an ordinary simplicial object over
hoT,, so we can apply the functor =, : 7, — II-Alg to "W, to obtain
an (honest) simplicial IT-algebra m.("W,) € sIl-Alg. Similarly for a A-
simplicial space up-to-homotopy "WZ2.

Remark 6.2. Note that diagrams denoted by W,, "W,, W2, and
hW 2 each consist of a sequence of spaces W, W1, ...; they differ in the
maps with which they are equipped, and whether the identities which these
maps are required to satisfy must hold in 7, or only in ho7,.



Loop spaces and homotopy operations 87

DEFINITION 6.3. An (ordinary) simplicial space V, € s7, is called a
rectification of a simplicial space up-to-homotopy "W, if V,, ~ W,, for
each n > 0, and the face and degeneracy maps of V, are homotopic to
the corresponding maps of "W, (see [DKS, §2.2], e.g., for a more precise
definition). For our purposes all we require is that 7,V be isomorphic (as a
simplicial IT-algebra) to 7, ("W). Similarly for rectification of A-simplicial
spaces, and (A-)simplicial objects in hoSX* or hoG.

6.4. A A-simplicial space up-to-homotopy. Given an H-group X, we
wish to determine whether it is a loop space, up to homotopy. We start
by choosing some free simplicial II-algebra A,, resolving G, = 27 '7,X.
By Remark 2.4, the free simplicial Il-algebra A,, corresponds to a sim-
plicial object over the homotopy category, unique up to isomorphism (in
hoT,), with each space homotopy equivalent to a wedge of spheres. There-
fore, it may be represented by a simplicial space up-to-homotopy "W,,
with 7, ("W,) = A,, (§6.1). We denote its underlying A-simplicial space
up-to-homotopy by "WZ2.

In light of Theorem 5.7 it would perhaps be more natural to consider the
corresponding simplicial object up-to-homotopy over G, or S,, but given the
equivalence of homotopy categories ho7, = hoG = hoS,, we prefer to work
in the more familiar topological category.

Now "W, may be rectified if and only if it can be made oco-homotopy
commutative—that is, if and only if one can find a sequence of homotopies
for the simplicial identities among the face and degeneracy maps, and then
homotopies between these, and so on (cf. [BV, Corollary 4.21 & Theorem
4.49]). An obstruction theory for this was described in [BI3], and we briefly
recall the main ideas here, mainly because we wish to present a technical
simplification which eliminates the need for [B13, §6]: as we shall see below,
it suffices to rectify "W2; so we describe an obstruction theory for the
rectification of A-simplicial spaces up-to-homotopy. For this, we need some
definitions from [BI3, §5]:

DEFINITION 6.5. The k-dimensional permutohedron Py is defined to be
the convex hull in R**! of the (k + 1)! points (o(1),0(2),...,0(k + 1)) €
R*+1 indexed by permutations o € Yy (cf. [Zi, 0.10]). Its boundary is
denoted by 0P.

For n > 0 and any morphism § : n+1 — n—k in A7’ (see §1.2 above), we
may label the vertices of P, by all possible ways of writing § as a composite of
face maps (cf. [Bl3, Lemma 4.7]), and one can similarly interpret the faces
of P,. We shall write Py(9) for Py so labelled (thought of as an abstract
combinatorial polyhedron).
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DEFINITION 6.6. Let "W 2 be a A-simplicial space up-to-homotopy, and
§ :n+1 — n—k some morphism in AZ”. We denote by C(§) the collection
of all proper factors of —that is, v € C(§) & ' oyoy” =6 and 7/, v are
not both id.

A compatible collection for C(§) and "W2 is a set {97} yec(s) of maps
g7+ P x W, — Wj_q, one for each v = [(ig,...,i,)] € C(4), such

that for any partition (ig,...,%e, | Gey+1s---s005 | «o- | G0, 41y---,in) Of
ik, ..., 4, into r blocks (where v = d;, o...od;, in AZ), with v = di, ©
codiyy ooy Y = di,0...0d;, ., and we set P = Py _p—1(m) x

Po,—0,(72) ... Py—p,_, (), then we require that ¢”|pxy, be the composite
of the corresponding maps ¢, in the obvious sense. We further require that
if v = [i;], then g7 must be in the prescribed homotopy class of [d;,] €
[Wit1, Wl

We shall be interested in such compatible collections only up to the
obvious homotopy relation. Note that for any 6 : n+1 — n—k in A", any
compatible collection {g”},cc(s) induces a map f = fo: 0P, x Wy —
W.,._i, and compatibly homotopic collections induce homotopic maps.

DEFINITION 6.7. Given "W 2 as in §6.4, for each k> 2 and 6 :n+ 1 —
n—ke Agp, the kth order homotopy operation (associated with hW2 and
§) is a subset ((§)) of the track group [X*~'W,, 11, W,,_;], defined as follows:

Let S C [0P; x W11, W,,_] be the set of homotopy classes of maps
f = f%:0P.(6) x Wyy1 — W, _, which are induced as above by some
compatible collection {g”},cc(5).- Choose a splitting

OPu(8) x Wy = SF 1 W, ~SF P AW, 1 VW, 41,

and let (6) C [X*'W,, 11, W, 1] be the image under the resulting pro-
jection of the subset S C [0P; x W41, W,,_g].

6.8. Coherent vanishing. It is clearly a necessary condition in order for
the subset ((0)) to be non-empty that all the lower order operations (for v €
C(9)) vanish—i.e., contain the null class; a sufficient condition is that they do
so coherently, in the sense of [BI3, §5.7]. Again one may define a collection of
higher homotopy operations in various track groups [Y'W,,,, W, _,], whose
vanishing guarantees the coherence of a given collection of maps (see [BI3,
§5.9]). One then has

PROPOSITION 6.9 (see Theorem 6.12 of [B13]). Given a A-simplicial space
up-to-homotopy "W 2, it may be rectified to a strict A-simplicial space V2
if and only if all the sequence of higher homotopy operations defined above
vanish coherently.

6.10. Adding degeneracies. Now assume given a A-simplicial space W2 €
AT, to which we wish to add degeneracies, in order to obtain a full sim-
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plicial space W,. Note that because the original A-simplicial space up-to-
homotopy "W2 of §6.4 above was obtained from the simplicial II-algebra
A.., in the case of interest to us W2 is already equipped with degeneracy
maps—but these satisfy the simplicial identities only up to homotopy!

In this situation, a similar obstruction theory was defined in [B13, §6] for
rectifying the degeneracies; but it was conjectured there that this theory is
actually unnecessary ([B13, Conj. 6.9]). We now show this is in fact correct.

DEFINITION 6.11. Given a A-simplicial space V2, its nth matching space
M, V2 is defined to be the limit

MnV.A = {(.%'0, Ce ,H?n) € (Vn_l)n+1 ’ dixj = dj—lxi
for all 0 <i < j < n}.

The map 6, : V,, — M, V2 is defined by 0, (x) = (doz,...,d,x). (See [Hi,
XVII, 87.17], and compare [BK, X, §4.5].)

DEFINITION 6.12. A A-simplicial space V2 is called Kan if for each
n > 1 the map 6, : V,, — M, V2 is a fibration. (See [Hi, XVII, 88.2] or
[DHK, XII, §54], where this is called a Reedy fibrant object.)

LEMMA 6.13. For any A-simplicial space X2, there is a Kan A-simplicial
space V2 and a map of A-simplicial spaces fo : X2 — V& such that each
fn is a homotopy equivalence.

Proof. This follows from the existence of the so-called Reedy model cat-
egory structure on a7, (see [Hi, XVII, Thm. 88.3]); V2 may be constructed
directly from X2 by successively changing the maps 6, into fibrations as in
(W, 1, (7.30)].

Thus the proof of [B13, Conj. 6.9] follows from:

PROPOSITION 6.14 (compare Theorem 5.7 of [RS]). If V2 is a Kan A-
simplicial space which rectifies the A-simplicial space up-to-homotopy "W 2
of §6.4, then one can define degeneracy maps on V2 making it into a full
stmplicial space.

Proof. Using the singular functor S : 7, — SX*" we may work with
simplicial sets, rather than topological spaces; the maps 8, : V,, — M, V2
are now assumed to be Kan fibrations in S,.

By induction on n > 0 we assume that degeneracy maps s; : Vi — Vi
have been chosen for all 0 < j < k < n, satisfying all relevant simplicial
identities.

Let X denote the subcategory of A°P with the same objects as A°P,
but only the degeneracies as morphisms. For each k£ > 0, let X'/k denote
the “over category” of k. By assumption V2, together with the existing
degeneracies, defines a functor V : ¥/n—1 — S,. Denote its colimit by



90 D. Blanc

L,,; this may be thought of as the sub-simplicial set of V,, consisting of the
degenerate simplices; i.e., U?:_Ol Im(s;). We also have an associated “free”
functor X¥'/m — S, for each m > 0 (with the same values on objects as
V', but all morphisms trivial). Its colimit, denoted by D,,, is the coproduct
(i.e., wedge) over Obj(X'/m) of the spaces Vi (0 < k < m), indexed by
all possible iterated degeneracies s;, o...o0s; . : k — m. This comes
equipped with structure maps 6;’171 : Vi1 — Dy (0 < 5 < m). See
[Mal, p. 95] or [Bl1, §4.5.1] for an explicit description. For example, Ly =
DO = X, Ll = D1 = Vo, but D2 = (Vl)so V (VO)slsg V (Vl)sla Whlle
Ly = (V1)so U(vy).,., (V1)s, (the pushout).

In fact, if we define Y, € sS, by Y,, := V,, V D,,, with the obvious
degeneracies (defined by the structure maps e7') and face maps (induced
from those of V& via the simplicial identities), then F(VZ') := Y, defines
a functor F' : AS, — sS, which is left adjoint to the forgetful functor
U : sS, — aS,, and there is a natural inclusion ¢ : V,A — UFV.A.

Note that the degeneracies up-to-homotopy S;- :'V,, — V,,, which ex-
ist because V2 rectifies U("W,) (where 7, ("W,) = A,, as simplicial II-
algebras), define a map o7, : Dypy1 — Vg1

Our objective is to define inductively a retraction ¢ : UFVZ — V2
in AS,, starting with oy = idvy,, such that o,, ~ o/, for all n. This map o
must commute with the degeneracies defined so far: that is, at the nth stage
we must choose a map oy,41 : Dyy1 — Vy41 homotopic to o7, , 1, and then
define s7 : V, — V1 by

n

(6.15) S} 1= Opy1 0 €]

j O L.

Moreover, together with the face maps of V2, the degeneracies chosen so
far determine a map g, : D41 VS — M, 1 V2, by the universal properties
of the limit and colimit; the simplicial identities in "W, guarantee that
dn+1 00, 41 ~ On+1- Note than in order for the simplicial identities d;s; =
Sj—ldi (fOI‘ 1< ]), dij = 04185 = ld, and diSj = dei—l (fOI' 7 > j + ].) to
be satisfied, it suffices that

(616) 6n+1 O 0n+1 = On+1,

that is, 0,41 must be a lift for the given map g, +1. On the other hand, in
order that s;s; = s;415; hold for all j <4, it suffices to have

n

Jotpoo, forall0<j<n

(617) On+41 © 6? =0Op410€

(where ¢, : V,, — (UFV?Z),, is the inclusion).
Now D, ; has a wedge summand D, such that D, 3 = D, 1 V
Vio(Vi)s;, and o741 @ Dpyr — Vipqy thus defines a map @), =

Ol |5n+1 : Dpy1 — Vyi1. Since §,,41 is a fibration, one may use the homo-
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topy lifting property to obtain a map 7,41 ~ 57,@+1 such that d,4100,41 =
Qn+1’ﬁn+1'

Note that L, = Im(o,), by induction, so (6.17) for n — 1 and (6.15)
imply that, for each 0 < j < n, the map 7,41 o e? : D, — V, 41 induces a
map gy : L, — V1.

Because A,, is a free simplicial II-algebra (Def. 4.3) and 7, ("W,) = A,,,
Lemma 2.5 guarantees that there is a Z,, € S., weakly equivalent to a
wedge of spheres, and a map f, : Z, — V, which, together with the
inclusion h,, : L, — V,, induces a weak equivalence of simplicial sets
(hn, fn) : LnVZy, = V... Since h,, is a cofibration, using a minimal complex
for Z,, (see [Mal, §9]) we may assume that (h,, f,) is a trivial cofibration
in S, (cf. [Q1, II, 3.14]). Again the fact that d,,+1 is a fibration implies that
there exists a lifting o : Z,, — V4 for Qn+1|(Vn)sj ofn:Zy — My V2.
Thus the left lifting property (cf. [Q1, I, 5.1]) for the solid commutative
square

Ln \ Zn (gj’aj) > Vn+1
\L (U'n+1)sj — 7 \L
triv. cof. (hn,fn) _ On+1 fib.
(Vn)Sj Mn+1V.A

Qn+1|(Vn)Sj

guarantees the existence of a dashed lifting (0n11)s; @ (Va)s; — Vg
for ont1l(v,, )ay and these liftings, for various j, together with 7,1, define
On+1 : Dpy1 — Vi satisfying (6.17) (and of course (6.16)), as required.
(6.15) then defines s; : V,, — V4 for all 0 < j < n, completing the
induction. m

COROLLARY 6.18. If V& is a A-simplicial space such that m, V2 is a

free simplicial IT-algebra (Def. 4.3), then there is a spectral sequence with
B2, = 7ms(m V) = mene [V

Proof. See §4.4 and 4.5, noting that the definition of the homotopy
groups of a simplicial group is also valid for a A-simplicial group (see [Mal,
§17]), and that in the proof of Proposition 6.14 we did not use the fact that
A,. was a resolution of G,. m

If the higher homotopy operations described in §6.7 vanish coherently,
then the A-simplicial space up-to-homotopy "W2' of §6.4 may be rectified
to a strict A-simplicial space W2, which may in turn be replaced by a
Kan A-simplicial space V2 using Lemma 6.13, with 7, V2 = A,,. The
spectral sequence of Corollary 6.18 then implies that Y := ||[VZ| satisfies
Y =2 G, = 27 '7,X. We have thus realized the algebraic delooping of

m+X by a space Y.
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Remark 6.19. As in any obstruction theory, if one of the homotopy
operations in question does not vanish (or if there is a non-vanishing ob-
struction to coherence, as in §6.8), one must backtrack, changing choices
made at previous stages. On the face of it, if all such choices show that the
A-simplicial space up-to-homotopy "W 2 cannot be rectified, we must then
try other choices for the resolution A., — G.. However, we conjecture that
in fact if one free simplicial II-algebra resolution of G, = 2~ '7,X is realiz-
able, then any resolution is realizable (so that any obstruction to rectifying
hW, shows that X is not a loop space).

6.20. Realizing II-algebra morphisms. It remains to ascertain that the
space Y which realizes G, is in fact a delooping of X. In other words, we
have an abstract Il-algebra isomorphism ¢ : m,2Y = mX (cf. Corollary
3.9), which we wish to realize by a map of spaces f : 2Y — X. Now,
there is an obstruction theory for the realization of II-algebra morphisms,
simpler than but similar in spirit to that described above, which we briefly
recapitulate. For the details, see [BI3, §7], as simplified in [Bl4, §4.9] (and
see [BI5, §4] for an algebraic version).

We start with some A-simplicial resolution of £2Y by wedges of spheres—
i.e., an augmented A-simplicial space V2 = QY such that 7, V2 is a A-
simplicial Il-algebra resolution of 7,2Y = 7,X, and each V,, is homotopy
equivalent to a wedge of spheres (see [Stv, §1]). The spectral sequence of
Corollary 6.18 then implies that [V&| ~ QY.

By Fact 2.4, we can realize € : m,Vy — 7. X by a map ey : Vo — X, and
then define e, : V,, — X by e, := e,_1 od, for n > 0. By the simplicial
identities for m, V& — 71,02Y, we know Tw(€n) = mi(en—1) o d;, so that
e, ~ e,—_10d; for all 0 < i < n. If we can make this hold on the nose,
rather than just up to homotopy, then V& £ X is also a (strict) augmented
A-simplicial space, so the spectral sequence of Corollary 6.18 now implies
that |V2| ~ X, and thus £2Y ~ X. This is where the appropriate higher
homotopy operations (defined as follows) come in:

DEFINITION 6.21. Let D[n] denote the standard simplicial n-simplex,
together with an indexing of its non-degenerate k-dimensional faces D[k] ™)
by the composite face maps vy =d;, , o...o0d;, :n — k —1in A°. Its
(n — 1)-skeleton, which is a simplicial (n — 1)-sphere, is denoted by dDIn].
We choose once and for all a fixed isomorphism (") : D[k]) — D[k] for
each face D[k]") of DIn].

DEFINITION 6.22. Given V£ as above, for each n € N we define a 9D[n]-
compatible sequence to be a sequence of maps {hx : D[k] x Vi — X}Z;é

such that hg = eg, and for any iterated face maps § = di;,, 0...0d;, and
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v =d;;06 (0 < j < n)wehave hjo(id xd;,;) = h;y10(e) xid) on D[j]x V41,

where ¢} := ¢° 010 (¢7)71, and ¢ : D[] — D[j + 1](¥) is the inclusion.

Any such dD[n]-compatible sequence {hy, : D[k] x V}, — X}?Z} induces
a map h : OD[n] x V,, — X, defined on the “faces” D[n — 1](4) x V,
by E|D[n_1](di)b<vn = hp—1 o (id xd;), and for each n > 2, the nth order
homotopy operation (associated with V2') is a subset ((n)) of the track group
[Xn=1V,,, X] defined analogously to §6.7.

Again as in §6.8, the coherent vanishing of all the operations {(n)) }°%
is a necessary and sufficient condition for 2Y ~ X.

Remark 6.23. We observe that if we choose to work in the category
SKan rather than 7., we replace 2Y by G(SY), and we may then use the
resolution M, — G(SY) of Theorem 5.7 (or rather, M2 — G(SY)) instead
of V& — QY. The obstruction theory that arises is of course equivalent to
the one we just sketched, but it fits directly into the philosophy of Section 5,
since our theory implies that X is a loop space if and only if the H-group
augmentation up-to-homotopy from the given bisimplicial group M, to SX
can be rectified.

We summarize the results of this section in

THEOREM 6.24. An H-group X is H-equivalent to a loop space if and
only if the collection of higher homotopy operations defined in §6.7 and §6.20
above (taking values in homotopy groups of spheres or in m, X, respectively)
vanish coherently.

Remark 6.25. The obstruction theory described here is not applicable
as such to the related question of the existence of A, -structures on an H-
space X (cf. [St1, §2]). An alternative approach to the loop-space question,
more closely related to Stasheff’s theory, but still expressible in terms of
homotopy operations taking values in homotopy groups (rather than higher
homotopies), will be described in a future paper, with a view to such an
extension.
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